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Crystalline topological insulator nanowires with a magnetic flux threaded through their cross section display
Aharanov-Bohm conductance oscillations. A characteristic of these oscillations is the perfectly transmitted mode
present at certain values of the magnetic flux, due to the appearance of an effective time-reversal symmetry
combined with the topological origin of the nanowire surface states. In contrast, amorphous nanowires display
a varying cross section along the wire axis that breaks the effective time-reversal symmetry. In this work, we
use transport calculations to study the stability of the Aharanov-Bohm oscillations and the perfectly transmitted
mode in amorphous topological nanowires. We observe that at low energies and up to moderate amorphicity
the transport is dominated, as in the crystalline case, by the presence of a perfectly transmitted mode. In an
amorphous nanowire the perfectly transmitted mode is protected by chiral symmetry or, in its absence, by a
statistical time-reversal symmetry. At high amorphicities the Aharanov-Bohm oscillations disappear and the
conductance is dominated by nonquantized resonant peaks. We identify these resonances as bound states and
relate their appearance to a topological phase transition that brings the nanowires into a trivial insulating phase.
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I. INTRODUCTION

A strong three-dimensional (3D) topological insulator in
the quasi-one-dimensional (quasi-1D) geometry of a nanowire
behaves differently than in a 3D geometry. In 3D the energy
spectrum hosts an odd number of Dirac cones at the surface
[1] and is thus gapless. The electronic states at the surface are
spin-momentum locked and protected from localization by the
interplay of time-reversal symmetry and topology [2-7]. In a
topological nanowire the energy spectrum is gapped, and there
is an even number of modes [8] at every energy [7,9-13]. The
gap is due to the spin of the electrons acquiring a w Berry
phase when taking a closed trajectory around the circumfer-
ence of the nanowire [9,11,12,14]. Threading a magnetic flux
¢ through the cross section of the nanowire allows to change
the number of modes from even to odd. At ¢ = ¢o/2 and up
to integer multiples of the flux quantum ¢y = e/h, the gap
closes, restoring a Dirac cone and resulting in an odd num-
ber of modes at any Fermi energy. This occurs because the
Aharanov-Bohm phase exactly cancels the spin Berry phase
at these particular values of the magnetic flux [12].

The interplay between the number of modes and the time-
reversal symmetry has consequences for the conductance of
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the nanowire [13]. Although the time-reversal symmetry is
broken due to the magnetic flux, it is effectively recovered at
the surface for ¢ = (2n + 1)¢o/2. Intuitively, the symmetry
results from electrons traveling in opposite directions around
the circumference of the nanowire, picking up the same phase
factor. The odd number of modes, together with time-reversal
symmetry, implies that at ¢ = (2n + 1)¢/2 at least one re-
flection eigenvalue vanishes due to the antisymmetry of the
reflection matrix [15]. A perfectly transmitted mode protected
from backscattering appears then in the nanowire. The con-
ductance displays Aharanov-Bohm oscillations with varying
magnetic flux and a quantized value at ¢ = (2n + 1)¢o/2
[7,12,14]. The oscillations are a signature of the topological
nature of the surface state in a 3D topological insulator [13].
Topological nanowires have been studied in experiments
[16-25] and are potential candidates for technological ap-
plications, for example as electrical interconnects [26-33].
The resistivity of traditional copper-based interconnects in-
creases due to finite-size effects as their dimensions are
reduced to the nanoscale [34,35]. The absence of backscat-
tering of topological surface states in nanowires may
circumvent this problem. This strategy is already being inves-
tigated in topological-insulator [27,28] and Weyl-semimetal
[29,30,32,36] nanowires. Another possible application is
in the context of quantum computation. Analogously to
semiconducting nanowires with strong spin-orbit coupling
[37-39], topological nanowires in contact with a supercon-
ducting substrate can be brought to a topological super-
conducting state with a Majorana zero mode at their ends
[25,40-47], which can be used as a topological qubit.
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The feasibility of these technological applications depends
on the properties of topological nanowires being robust to,
among other effects, disorder and structural imperfections that
are common in real materials. Conversely, it is important to
find materials that provide versatile and scalable platforms
to create these nanowires. Amorphous topological materials
[48-59] are one such platform, as they are easier to grow than
perfectly crystalline structures. Recent experimental progress
in which the surface state of amorphous Bi,Se; [60,61]
has been observed by ARPES measurements [62,63] exempli-
fies their effectiveness as candidates for topological materials.
When other topological materials are grown amorphous they
still display transport effects often attributed to a nonzero
Berry curvature [64—70]. Another example is the recent obser-
vation that electrical resistivity in thin films of noncrystalline
CoSi and NbP is lower than in conventional metals [29,30],
potentially useful for nanoelectronic applications.

Although promising, nanowires with an underlying amor-
phous structure can break the effective time-reversal sym-
metry of the surface due to the variation of their cross
section [71]. It is thus pertinent to ask under which conditions
the Aharanov-Bohm oscillations and perfectly transmitted
mode survive in an amorphous nanowire. This question has
been discussed for disordered nanowires [7,12,72], but studies
on amorphous nanowires remain scarce. Ref. [71] studied
nanowires with longitudinal ripples using a surface theory ap-
proach, Ref. [73] studied cone-shaped wires, while Ref. [74]
focused on transport calculations in a tight-binding model of
a diamond lattice with connectivity defects.

In this work, we perform transport calculations on amor-
phous nanowires, both in the case of a constant cross
section along the axis and in a fully amorphous case where
there is no notion of a well-defined cross section. We use
a tight-binding model with a crystalline limit describing the
family of Bi,Se; materials, one of the most prominent ex-
amples of 3D topological insulators both in crystalline and
amorphous forms. We investigate the presence of a perfectly
transmitted mode and Aharanov-Bohm oscillations, and relate
their robustness to the topological phase of the bulk of the
nanowires by using local topological markers [75-81].

II. MODEL

We consider two types of amorphicity: layered amorphic-
ity and full amorphicity. We define a layered-amorphous
nanowire as a stack of identical two-dimensional amorphous
layers stacked along the z direction. The (x,y)-site coor-
dinates are drawn from a normal distribution of standard
deviation w and mean value at the position of a square lattice.
In fully amorphous nanowires, all three site coordinates are
drawn from a normal distribution with standard deviation w
and mean value at the site of a cubic reference lattice. The
reference lattice’s cross section is spanned by N, and N, sites,
and has L sites along the z direction. We refer to w as the
amorphicity of the lattice.

We endow the amorphous nanowires with a Hamiltonian
adapting Fu and Berg’s model [1,82,83] for a 3D topological
insulator with spin-1/2 and two p, orbitals to the noncrys-

talline case. The resulting Hamiltonian reads

H= E 6r’hrr’ér’s
rr’
i
hyr = (€11 — EFt0)8pr — e T1 — 5 T2 cos 6

+ %A,m(az cos@sind — oy singsind), (1)

where € is an onsite energy, #,» and 7, are hopping ampli-
tudes, A, controls the strength of the spin-orbit coupling,
8 1s the Dirac § function, and Ef is the Fermi energy. The
Pauli matrices t; and o; act on the orbital and spin degrees
of freedom, respectively. The fermionic operators at position
r are defined as & = (a4, Gy, Bm, B, " )T, where 4, b refer to
each of the two orbitals. The angles ¢ and 6 are the spherical
coordinate angles between r and ' [84]. The hopping ampli-
tudes and spin-orbit coupling depend on the position of the
sites as

for = fO(r — 7| — rg)e” "1 for

r#r, (2

where f € {t, n, A}, and vanish for r = #. The cutoff length
ro determines the maximum distance between sites connected
by the Hamiltonian, and we have set the lattice constant of the
reference cubic lattice a = 1.

The model has a time-reversal symmetry

Th.T " =hy, with T =ioy, 3)

and is in symmetry class AIl [85-87] since 72 = —1. In
the crystalline limit, 6 € {0, 7 /2, 7w}, ¢ € {0, =7 /2, 7w}, and
ro =1, it hosts a strong topological phase for A,n >0
and 2t <e <6t. Weuset=1,e =4, 2=1,n=1.8 and
take r9p = 1.3 in all numerical calculations unless explicitly
stated.

A magnetic flux threaded through the cross section of
the nanowire is included in the model through Peierl’s sub-
stitution. We fix the vector potential gauge A(x, y) = —ByX
so that the magnetic field B = BZ = Aimfﬁ is parallel to the
axis of the nanowire (see the inset in Fig. 1), with ¢ the
flux and A, the cross-section area of the reference cubic
lattice. The hopping amplitudes and spin-orbit coupling are
modified as

2mi [
S —> frr €Xp _2/ A-dl
¢)O r

= frr exp (in%%ﬁ) for f e {t,n, A}
@

To compute the electronic transport we connect the
nanowire to two semi-infinite translation-invariant leads de-
scribed by the crystalline limit of Eq. (1). The leads are
threaded by the same magnetic flux and have the same hop-
ping and spin-orbit parameters as the nanowire, together with
an additional chemical potential w such that Er is replaced
by Er — u [88]. The zero-bias conductance of the lead-
nanowire-lead system is given by the Landauer formula [89]

62 .
G= zTr(T'T), (5)
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FIG. 1. Conductance as a function of Fermi energy for a sin-
gle layered-amorphous realization with amorphicity w = 0.1. The
nanowire length is L = 200, the dimensions of the cross section are
N, = N, = 10, and we set the chemical potential in the leads to u =
0. The conductance of the crystalline case is indicated with dashed
lines. The upper inset shows the amorphous cross section for a sam-
ple nanowire of dimensions N, = N, = 5, with the crystalline cross
section depicted in gray. The lower inset shows the full nanowire
constructed from the cross section in the upper inset connected to the
leads (depicted in pink).

with T the transmission matrix at the Fermi energy Er, which
relates the amplitudes of incoming and outgoing modes at the
leads. We numerically calculate G with the software package
KWANT [90]. To relate transport properties to the topology
of the nanowires we use the local markers introduced in
Ref. [80], which characterize the topology of states that
break translation invariance and can be applied to amorphous
materials [80,81].

III. LAYERED-AMORPHOUS NANOWIRES

Layered-amorphous nanowires are a useful starting point
for understanding how amorphicity influences electronic
transport in nanowires, as they maintain translation invariance
along their axis. As a consequence, the magnetic flux is con-
stant along the nanowire and the surface recovers an effective
time-reversal symmetry at ¢ = (2n + 1)¢o/2 that results in a
perfectly transmitted mode.

We demonstrate the presence of a perfectly transmitted
mode by calculating the conductance of a single amorphicity
realization as a function of the Fermi energy, shown in Fig. 1.
In the absence of flux the conductance is zero until Er 2>~ 0.06,
indicating the presence of an energy gap. At ¢ /¢y = 0.56 the
conductance is quantized to G = e?/h for Ep < 0.12, reflect-
ing the perfectly transmitted mode. Note that the conductance
is not exactly quantized down to Er = 0 because the leads
have a finite-size gap at Er = 0 when v = 0. Since the surface
state has a finite penetration length into the bulk, the flux it
encloses deviates from the exact flux threaded through the full
cross section. As a result, the perfectly transmitted mode does
not occur exactly at ¢/¢o = 1/2, but approaches this value
in the limit of large N,, N, [91]. Increasing the Fermi energy
makes the flux value at which the conductance is maximal
alternate between ¢ /¢ = 0 and ¢/¢o = 0.56, as the number
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FIG. 2. (a)-(c) Realization-averaged conductance of a layered-
amorphous nanowire for three different amorphicities as a function
of Fermi energy. The average is performed over 300 layer amorphic-
ity realizations of nanowires with L = 100 and N, = N, = 10. The
chemical potential in the leads is u = —1. The shaded regions indi-
cate the standard deviation of the distribution. (d) Single-realization
conductance at Er = 0 as a function of magnetic flux and for differ-
ent w. The parameters are u = —1, L = 200, and N, = N, = 10. (e)
Band gap for the different nanowires in panel (d).

of modes at the Fermi energy changes between even and odd.
The main difference from the crystalline case is the sharp
conductance resonances seen especially at high Fermi energy.
These come from the interface between the wire and the
leads, where the lattice structure changes from being perfectly
crystalline to being layered-amorphous, allowing electrons to
backscatter and interfere. When the Fermi energy reaches the
bands hosting states with a nonzero bulk contribution, scat-
tering becomes stronger leading to an increase in interference
and the upward trend in conductance gets flattened.

In Figs. 2(a)-2(c) we show the realization-averaged con-
ductance of a layered-amorphous nanowire as a function
of the Fermi energy and at three different amorphicities.
As w increases, the atomic arrangements of the different
nanowire realizations become more distinct from each other.
Since the exact details of each conductance realization depend
on the particular nanowire structure, conductance curves de-
phase when averaged, leading to smoother curves than for
small w. The oscillations in the conductance at small w
are of the same nature as those at high Fermi energies in
Fig. 1, although enhanced by the difference in chemical po-
tential between leads and nanowire, and are present for each
individual realization. Close to Er = 0, the perfectly trans-
mitted mode dominates the conductance and is not affected
by interference as it cannot backscatter. Figure 2(d) shows
the single-realization conductance at Er = 0 as a function of
magnetic flux, and Fig. 2(e) the associated band gap. Con-
ductance peaks coincide with gap closings, deviating from
the crystalline case as either w or ¢ increase. Despite these
deviations, the conductance peaks reach perfect transmission
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up to w = 0.2. Note that this is not the case if we calculate the
average conductance since the flux at which perfect transmis-
sion is attained changes between realizations, decreasing the
height of the peak.

As amorphicity reaches w = 0.2 the behavior of the con-
ductance changes, exemplified by the G > ¢*/h peak at ¢ =
0. This peak occurs when the gap closes while the number
of modes at the Fermi energy is even. Since these modes
are not protected from backscattering, conductance is not
constrained to G = 2¢?/h. Stronger amorphicity eventually
destroys the conductance oscillations resulting in a nonzero
smooth conductance as the magnetic flux is varied; see the
dotted w = 0.25 line in Fig. 2(d).

IV. FULLY AMORPHOUS NANOWIRE

Fully amorphous nanowires break translation invariance
in all directions and do not have a well-defined 2D layer
structure. Since the area of the cross section varies along the
axis, the magnetic flux is not constant along the nanowire [92].
As a consequence, the effective time-reversal symmetry is not
exact for any value of the flux and cannot protect a perfectly
transmitted mode.

However, there are additional symmetries which can pro-
tect a perfectly transmitted mode, even in fully amorphous
nanowires. One possibility is chiral symmetry, which can
be present at sufficiently low energies at the surface of the
nanowires [71], provided the charge-neutrality point of the
surface state is not buried within the bulk bands. Particularly
in our model, chiral symmetry is not only present at the
surface but it is an exact bulk symmetry, Sh,»S = —h,,» with
S = 0313, at zero Fermi energy and in the absence of scalar
disorder. In this limit, the nanowires are in symmetry class
AIII [85] and chiral symmetry protects the perfectly trans-
mitted mode [93]. Even in the absence of chiral symmetry,
the perfectly transmitted mode may still be protected in an
average sense. Strictly speaking, fully amorphous nanowires
break time-reversal symmetry, but for a long enough nanowire
the local fluctuations of the flux average out if the amor-
phicity is spatially isotropic. This situation is realistic for
amorphous nanowires since we expect disorder to restore
inversion on average [62,63,94,95]. Such average symmetry
parallels those protecting statistical topological insulators in-
troduced in Ref. [96], where it was shown that the surface
state remains gapless when subjected to a time-reversal-
symmetry-breaking perturbation with zero average, and those
protecting against localization in weak topological insulators
[97,98]. Aside from this statistical argument, the effective
time-reversal symmetry at the surface is recovered for a fully
amorphous nanowire with a large enough cross section. This
follows from the fluctuations of the flux §¢ approaching zero
for increasing linear size N of the cross section, as the fluc-
tuations of the amorphous cross-section area scale with the
perimeter A ~ N while the area scales as A ~ N2. Hence,
3AJ/A =8¢/ —> 0 as N grows.

These symmetry arguments suggest that, in the regime
where conductance is dominated by the perfectly transmitted
mode, we expect no fundamental differences between the
analysis with or without chiral symmetry [99]. We numeri-
cally support this argument by comparing the conductance in
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FIG. 3. Effect of chiral symmetry breaking on the conductance of
a single realization of a fully amorphous nanowire for different cross-
section linear size N, such that N, x N, = N x N. We model onsite
disorder by adding the term K,§,,, with K, € [—K, K] drawn from a
random uniform distribution for each r, to the Hamiltonian (1). Chiral
symmetry is broken by the disorder, resulting in the conductance
given by the solid lines. The crosses indicate the conductance for the
same nanowire without onsite disorder. We used w = 0.15, L = 200,
and un = —1.

the chiral limit with the case where chiral symmetry is broken
by weak onsite disorder in Fig. 3. Hence, in the following,
we analyze the transport in fully amorphous nanowires in the
chiral limit unless otherwise stated.

The single-realization conductance at Er = 0 as a function
of flux is shown in Fig. 4(a) for different amorphicities. We
can identify two different regimes. First, for w < 0.3 the
conductance is still dominated by the perfectly transmitted
mode, protected by chiral symmetry. The only effect of amor-
phicity is to broaden the conductance peaks and shift the
values of flux at which they appear from the crystalline
case. At w ~ 0.3 some peaks stop reaching unit conductance
and for w ~ 0.4 the behavior has qualitatively changed to a
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FIG. 4. (a) Single-realization conductance of a fully amorphous
nanowire at Er = 0 as a function of flux and amorphicity. The pa-
rameters are L = 200, N, = N, = 10, and u = —1. (b) Total density
of states per unit area as a function of the cutoff parameter R for
a perfectly transmitted mode (circle), localized mode (triangle) and
resonant mode (star) in panel (a). The meaning of the cutoff R is
sketched below the central panel in panel (c), where R = 0 corre-
sponds to considering only the central point in the cross section of the
nanowires. Each curve is normalized to its total density of states per
area at R = 5. (c) Local density of states for the perfectly transmitted
mode, localized mode and the resonant mode shown in panel (b).
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pattern of various resonant peaks bounded, but not con-
strained, to G = ¢*/h. The change in behavior suggests that
the bulk topological phase of the nanowire is lost due to
the strong amorphicity. In this regime, conductance peaks
are caused by resonant transmission through bound states
appearing within the surface gap. These occur at E ~ O and
at particular values of the flux depending on the exact realiza-
tion.

Figure 4(b) illustrates the density of states per unit area
for three representative cases: a perfectly transmitted mode,
a localized mode and a resonant mode. These examples are
taken from the data in Fig. 4(a), respectively marked as a cir-
cle, triangle, and star. We take regions delimited by 0 < z < L
and |x — 2%, |y — ¥°| < R, with (x°, y°) the cross-section cen-
ter, and increase R gradually until it covers the entire cross
section of the nanowire. Note that R = 0 corresponds to the
center of the bulk, while R = 5 corresponds to covering the
entire cross section, as Ny = N, = 10. The density of states
in the perfectly transmitted and localized modes is mostly
located in the surface, while in the resonant mode the pene-
tration length into the bulk becomes larger due to the strong
amorphicity. The corresponding local density of states is
studied in Fig. 4(c). The perfectly transmitted mode fully hy-
bridizes with both leads without decaying, as backscattering
is forbidden by the chiral symmetry. There is an increased
local density of states at the hinges of the nanowire, which is
expected for topological states [100] and it is induced because
the sites in these regions have a lower coordination number
than in other parts of the surface. The localized mode decays
through the nanowire not hybridizing with the upper lead,
which causes a decrease in conductance. Finally, the resonant
state hybridizes with the upper lead more faintly than the
perfectly transmitted mode, resulting in G < ¢?/h. The local
density of states of the resonant state is inhomogeneous along
the nanowire, accumulating in the darker regions, and there
is no increase along the hinges, contrasting with the perfectly
transmitted mode.

The difference between the perfectly transmitted mode
at low amorphicity and the conductance resonances at high
amorphicity is further illustrated in Fig. 5. We plot the single-
realization conductance as a function of flux and nanowire
length for w = 0.2 and w = 0.4. We use a parent nanowire of
length L = 200 and take cuts of varying length. This allows
us to keep track of where the resonances appear, as their
position is realization dependent. Figure 5(a) shows that the
conductance of the perfectly transmitted mode stays pinned
to G = ¢?/h regardless of the nanowire length, indicating that
the mode is never localized. The broadening of the peak for
shorter lengths is due to the evanescent modes of the leads
that tunnel through the nanowire with a decay length that
scales as ynner ~ N/L [101], contributing to the conductance.
In contrast to the perfectly transmitted mode, Fig. 5(b) shows
that, at high amorphicity, the height of most resonances de-
creases with the nanowire length. Multiple evanescent modes
may contribute to the conductance in this regime, especially
for short nanowires, where the conductance of certain reso-
nances becomes G > ¢?/h. Figure 5(c) shows an approximate
exponential decay of three different resonances in Fig. 5(b),
indicating the existence of bound states in the wire.

(a) w = 0.20

10 1560 100 ; 140 180
0

20{(b) ; 50 ~83 —116 — 150 — 183
=66 —100 — 133 =166 5200

FIG. 5. Single-realization conductance of a fully amorphous
nanowire at Er = 0 as a function of flux and nanowire length L,
with w = 0.2 in panel (a) and w = 0.4 in panel (b). Nanowires
with different length are taken as cuts of the same parent nanowire
of cross-section dimensions N, = N, = 10 and u = —1. (c) Single-
realization conductance as a function of length for the resonances
indicated in panel (b) with a blue circle, green square and purple
triangle. The dashed lines show a decaying exponential fit for the
three families of resonances.

Figure 6 shows the single-realization conductance as a
function of Fermi energy in the regime of low w, both at zero
flux and at the flux value ¢, that maximizes conductance
at Er ~ 0. At low Fermi energy the conductance shows the
same behavior regardless of amorphicity, dominated by the
perfectly transmitted mode. As in the crystalline and layered-
amorphous case, the two values of the flux allow for a different
number of modes at the Fermi level, resulting in the flux
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FIG. 6. Single-realization conductance of a fully amorphous
nanowire as a function of Fermi energy and amorphicity. The pa-
rameters are L = 200, N, = N, = 10, u = 0. The solid lines indicate
the conductance at zero magnetic flux while the dotted lines indicate
the conductance at the magnetic flux that maximizes conductance at
Er = 0.01. The inset shows the downturn of the ¢ = 0 conductance
curves for different cross-section sizes as the Fermi energy reaches
the bands where the localization length becomes comparable to the
cross-section linear size, N. The nanowires have N, = N, = N and
L = 100. In the x axis, E is weighted by N to account for the change
in level spacing for different cross-section sizes.
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that gives maximal conductance alternating with the Fermi
level. For increasing amorphicity the conductance curves start
to develop a downward turn as the Fermi energy increases.
This occurs because the modes close to the band edge start
populating the bulk of the nanowire, as their penetration depth
into the bulk becomes comparable to the cross-section linear
size. The bulk contribution induces a destructive interfer-
ence and gets more pronounced with increasing amorphicity,
increasing disorder and nanowire length (data not shown).
This is a crossover from surface-dominated transport to bulk-
dominated transport that gives rise to Anderson localization.
The inset demonstrates that the number of modes in the
window of surface-dominated transport increases with in-
creasing cross-section linear size N, as the level spacing
decreases with 1/N.

V. TOPOLOGY OF AMORPHOUS NANOWIRES

Both the Aharanov-Bohm oscillations and the perfectly
transmitted mode are manifestations of the topological phase
of the nanowires. The change in behavior seen in trans-
port, losing the conductance oscillations in place of bound
state resonances, thus hints at a topological transition. In this
section we explicitly characterize the topology of fully amor-
phous nanowires and relate it to the transport characteristics
studied in previous sections.

We expect the topology of the amorphous nanowires to
be protected by the approximate time-reversal symmetry in
the average sense discussed in the previous section. How-
ever, to characterize the topology of the low-energy regime
where the perfectly transmitted mode stands out, we can
restrict to the chiral limit. Since the topological protection
comes from time-reversal symmetry, adding a time-reversal
symmetric perturbation that breaks chiral symmetry, such as
adding weak disorder, will not result in a transition to a trivial
phase, only in a change of the symmetry class. Chiral sym-
metry acts then only as an additional symmetry that facilitates
the topological characterization of the nanowires, as it makes
the computation of a local topological marker more direct.

In the chiral limit, fully amorphous nanowires fall in class
AlIl, and to characterize their topology we use the local chiral
marker of Ref. [80], given by

8mi ..
v(r) = —§euk Z (r, | pSXipX;pXep Ir. ). (6)

where €'/* is the Levi-Civita tensor, {&} denotes the set of
internal quantum numbers such as spin or orbital degrees of
freedom, S is the chiral symmetry operator, X;—; 23 is the
ith component of the position operator and |r, o) denotes
a state localized at position r and with internal quantum
numbers «. The one-particle density matrix is defined as
P = (U] é:érr |Y), and carries all the information about the
quantum state |y) to be characterized.

Local markers are real-space formulations of topological
invariants, usually calculated by computing local expectation
values of a polynomial of the one-particle density matrix,
position and symmetry operators, as in Eq. (6). Averaging a
local marker over a sufficiently large bulk region results in a
quantized value that characterizes the topological phase of the
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FIG. 7. Realization- and bulk-averaged chiral marker for fully
amorphous nanowire as a function of amorphicity and cross-
section size N, with L = 150. For each realization the local marker is
averaged within a region centered at x? = (N; — 1)/2 and spanning
|x; — x| < 0.2N; with x; = x, x, = y and x3 = z, and over N, = 100
realizations. The shaded regions indicate the standard deviation of
the distribution. We used 5000 moments to calculate the one-particle
density matrix with the Kernel Polynomial Method and 5 random
vectors to evaluate the average local marker with the stochastic trace
algorithm. The inset shows an analogous calculation where we set
€ = 3 (in the main panel € = 4).

state. If instead we consider a full system with open boundary
conditions, then the average local marker over the system
necessarily yields zero, as it can generally be expressed as
the trace of a commutator, which vanishes in a finite Hilbert
space. In the following, we use the kernel polynomial method
[102,103] to evaluate the one-particle density matrix of the
nanowires and compute the associated chiral local marker.
We combine this method with the stochastic trace algorithm
[102,103] when performing averages over large regions of the
nanowire.

Figure 7 shows the realization- and bulk-averaged marker
v as a function of amorphicity and cross-section size for
fully amorphous nanowires of length L = 150 and N; = 100
realizations. We also show the standard deviation of the
marker distribution obtained for the different amorphous re-
alizations. For each realization we average the local marker
over all sites within a region centered at x? = (N; —1)/2 and
spanning |x; — x?| < 0.2N; with x; =x,x =y and x3 = z.
In the crystalline limit, when w is close to zero, the chiral
marker approaches the quantized value v = —1 for increasing
cross-section size, which is expected since for the parameters
chosen the crystalline nanowires are in a topological phase. In
this limit different realizations of the amorphous structure are
very similar to each other, and the only source of statistical un-
certainty is in the stochastic trace evaluation. For w = 0.1 the
marker starts deviating from the quantized value and the stan-
dard deviation becomes broader. This indicates a topological
transition away from the v = —1 phase driven by amorphicity,
similar to the disorder- and impurity-driven transitions studied
in crystalline structures [104,105]. The transition results in the
average marker approaching a noninteger value v &~ —0.15
for w 2 0.6 and increasing cross-section size. Presumably,
either the single particle density matrix is not exponentially
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FIG. 8. (a)-(d) Projection onto the xy plane of all sites within a cut spanned by 40.5 < z < 47.5 of a fully amorphous nanowire of length
L = 100 for different amorphicities. Each projection shows 7 different realizations simultaneously, and the color map indicates the value of
the chiral local marker v(r) at each site. (e)—(f) Probability distributions for a site located within an inner and an outer concentric square in the
xy plane having a marker value of v. The parameter R controls the size of the inner and outer squares as in Fig. 4, and the color code indicates
within which concentric squares sites contribute to P(v). The distributions are extracted from the same data shown in the xy projections. The
amorphicity values are (a), (e) w = 0.1, (b), (f) w = 0.2, (¢), (g) w = 0.3, (d), (h) w = 0.4. We used 1000 moments to evaluate the one-particle

density matrix with the Kernel Polynomial method.

localized in this regime or the cross-section size N is shorter
than the localization length, making the topological phase
of the nanowires not well defined and resulting in a larger
statistical uncertainty than at low w. We stress that this sit-
uation is not an artifact of our calculation and holds physical
meaning: due to their finite cross section, nanowires may not
have a well defined topological phase even if the latter is well
defined in the thermodynamic limit. These finite-size effects
are in-built and shape the physics of the nanowires, rather than
only being of numerical importance. We have further checked
(data not shown) that the approach to a non-well-defined
topological phase does not change by fixing the aspect ratio
of the nanowires, ruling out the possibility of a dimensional
crossover effect obscuring the results. Although local marker
calculations cannot give more information about this phase
at high amorphicity, the analysis of the conductance reso-
nances in Figs. 5(b) and 5(c) suggests that the nanowires flow
to a trivial insulating phase with an exponentially decaying
conductance with the nanowire length, which supports the
idea that the localization length of the single particle density
matrix exceeds the size of the cross section. Whether the
amorphicity-driven transition converges to a well-defined triv-
ial phase depends on the exact parameters of the calculation.
We exemplify this in the inset of Fig. 7, where changing the
parameter € results in a topological transition that converges to
atrivial phase vV = 0 at large w. In this particular case, the bulk
band gap in the crystalline limit is reduced as compared to the
main panel in Fig. 7, which may explain why the range of

amorphicities considered is enough to trivialize the nanowires
as opposed to the main panel.

Complementing the average calculation in Fig. 7, the real-
space distribution of the local marker also signals a topologi-
cal transition in the nanowires. In Figs. 8(a)-8(d) we show the
projection onto the xy plane of the sites contained in seven re-
alizations of a cut spanning several cross sections (in the refer-
ence lattice) of a nanowire. The color of each site corresponds
to v(r), with r the position in the xy plane. For each projection,
we compute the probability distribution P(v) of a site situated
within an inner and an outer concentric square having a certain
v. We vary the sizes of the squares, controlled by the R param-
eter defined in Fig. 4, to obtain different probability distribu-
tions associated with different regions in the xy plane, from
regions including sites very close to the center of the cross
section to regions including sites only around the boundary
of the nanowires. The resulting probability distributions are
shown in Figs. 8(e)-8(h). Each vertical panel in the figure cor-
responds to a different amorphicity. For w = 0.1 and w = 0.2
the real-space distribution of the marker is the one expected in
a topological phase. The nanowires have a topological core
with v(r) &~ —1, while the boundary compensates the bulk
contribution with v(r) > 0. This is explained more thoroughly
by the probability distributions P(v), which peak at v = —1
up to R >~ 5 for both w = 0.1 and w = 0.2. Although peaked
at v = —1, the probability distributions for small R broaden
with increasing amorphicity. At R 2 5 for w = 0.1 and w =
0.2 the distributions start to drift toward higher marker values,
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eventually peaking and spreading over positive values of v.
The drift shows how sites at the boundary compensate for the
inner topological core, making clear the distinction between
bulk sites and boundary sites. For w = 0.3 the peaks in P(v)
are not pinned to v = —1, and although there is a drift, the
distributions for the boundary sites generally peak at v =0
and spread to both negative and positive values. This signals
that v(r) in the bulk is not as homogeneously quantized as
for smaller amorphicity, and hence induces less compensation
by the boundary. At w = 0.4 all P(v) peak around v = 0.
The distributions spread mainly to negative values for small
R, consistent with v staying below zero for the range of
amorphicities considered in Fig. 7, while they spread both
to positive and negative values for larger R. Although the
positive values are generally localized close to the surface, the
distinction between the bulk and the boundary becomes faint,
as negative and positive values of v(r) become less probable
than v = 0, see Fig. 8(d), indicating a topological transition.

From this analysis, we conclude that the sharp oscillations
in conductance appear when the topological protection of the
perfectly transmitted mode is lost due to the transition away
from the topological phase driven by amorphicity.

VI. DISCUSSION

We have analyzed the transport properties of both
layered-amorphous and fully amorphous topological insula-
tor nanowires. The low-energy properties up to moderate
amorphicity are dominated by the presence of a perfectly
transmitted mode in both models, as in crystalline nanowires.
In the layered-amorphous case, the perfectly transmitted mode
is protected by the effective time-reversal symmetry of the
surface and is progressively lost for increasing amorphicity.
The resulting regime shows a smooth behavior of the con-
ductance as the magnetic flux varies. In the fully amorphous
case, the perfectly transmitted mode can be protected by chiral
symmetry when Er = 0 and in the absence of scalar disorder,
as well as by statistical time-reversal symmetry for long and
wide enough wires. For strong amorphicity the conductance
shows a proliferation of sharp resonances, in contrast to the
smooth behavior in the layered-amorphous case. These res-
onances follow an approximate exponential decay with the
nanowire length and are attributed to the formation of bound
states.

Using local topological markers, we have seen that the
conductance resonances act as transport signatures of a
phase transition away from a topological phase. In particular,
amorphicity drives the nanowires from a topological phase
characterized by a quantized chiral marker v = —1 to an
insulating phase where the topology may not be well defined.
Although our calculations in the fully amorphous case focus
on the chiral limit, we argued that our results, both in trans-
port and topological characterization, are representative for
the regime where the perfectly transmitted mode is the most
relevant contribution to conductance, even in the absence of
chiral symmetry.

With the parameters chosen in our calculations, the clean
bulk band gap is of the order of AE ~ 2¢, with a Fermi

velocity of vp ~ 1.7, giving a localization length for the sur-
face states in a clean nanowires of & = vg/AE ~ 1 in units
of the lattice spacing. In our calculations N is sufficiently
large compared to & for finite-size effects to be suppressed
in the clean and low amorphicity regime. For the topological
transition to occur, the mobility gap should close increasing
the localization length to values larger than the cross section.
Hence, at large amorphicities the marker may not accurately
capture the topological phase depending on the chosen param-
eters, explaining the lack of quantization of the marker at high
amorphicity.

The nanowires we have used are also accessible in experi-
ments, since amorphous nanowires with a smooth and approx-
imately constant cross section may be achieved by FIB etch-
ing a nanowire [106,107]. Experimentally, the magnetic field
needed to see the phenomena we describe is the same for crys-
talline and amorphous nanowires, and depends on the cross-
section size as the flux needs to be of the order of one flux
quanta. The dimensions of experimental nanowires vary de-
pending on the particular work, but their perimeter ranges usu-
ally from 100450 nm such that the magnetic field required to
get ¢ = h/e ranges from 0.3—10 T [19]. Although in our cal-
culations we cannot reach experimentally relevant sizes, the
behavior we see is relevant for experiments as long as the level
broadening is smaller than the level spacing, as is our case.

Our results contribute to understanding how transport and
local topological markers can be used as a probe for amor-
phous topological states, and explain how certain amorphous
structures and symmetries, including statistical symmetries
[62,94-96], may be important to create amorphous topolog-
ical nanowires for further applications. The methods we used
could also be potentially useful to explain the transport prop-
erties of other amorphous materials, such as for example the
anomalous resistivity scaling with thickness seen in thin films
of amorphous CoSi [29].
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