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We perform a renormalized mean-field study of the two-dimensional repulsive Hubbard model, focusing on
the intricate interplay and possible coexistence of magnetic, charge, and superconducting orders. We improve
on conventional mean-field theory by utilizing a renormalization group framework that captures high-energy
fluctuations. This method generates effective magnetic and d-wave pairing interactions, and allows for an
unbiased exploration of coexisting phases at weak and moderate interaction strengths. Unrestricted mean-field
calculations of the effective Hamiltonian on large finite lattices are combined with analyses in the thermodynamic
limit, revealing a rich phase diagram with extensive regions of coexisting orders. We find that d-wave supercon-
ductivity coexists with Néel order on the electron-doped side. On the hole-doped side, superconductivity is
found to coexist with spiral or stripe magnetic orders. Within the stripe-ordered region, the superconducting
order parameter is spatially modulated, with a period that follows the charge modulation of the stripes. Below
Van Hove filling, pairing provides the primary energy gain, while the stripe order yields only a small, and hence
fragile, additional energy lowering.
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I. INTRODUCTION

The Hubbard model is a prototypical lattice fermion model
for correlated electrons. Its two-dimensional version on the
square lattice captures much of the essential physics of elec-
trons in the copper-oxide planes of cuprate high-temperature
superconductors [1]. The complexity of the Hubbard model
arises from the competition between the kinetic energy
and the on-site repulsion, which gives rise to a variety of
competing phases, including magnetism, charge order, and
unconventional superconductivity. In spite of significant ef-
forts and progress, only fragments of the phase diagram of
the two-dimensional Hubbard model, as a function of hopping
amplitudes, coupling strengths, electron density, and temper-
ature, have been firmly established [2,3].

Magnetic order in the two-dimensional Hubbard model has
been studied for decades. While a Néel antiferromagnetic state
is well established at half filling, the scenario at finite doping
is quite rich—and still under debate. Most calculations yield
either planar spin spirals [4–18], or spin-charge stripes with
collinear spin order and concomitant charge-density waves
[19–36], as energetically most favorable. An unbiased mag-
netic phase diagram involving Néel, spiral, and stripe order
has been constructed only recently, but only at weak coupling
within unrestricted Hartree-Fock theory [37,38].
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The possibility of d-wave pairing adds another level of
complexity to the problem. Magnetic fluctuations gener-
ate d-wave pairing, while magnetic order competes with
d-wave superconductivity. However, magnetism and su-
perconductivity may also coexist. Coexistence of d-wave
superconductivity with magnetic Néel order in the Hubbard
model has been found, for example, in Refs. [39–44], and
with spiral order in Refs. [14,18]. Recently, coexistence be-
tween stripe order and superconductivity has been found in
the ground state at various choices of the electron density [45].

Magnetic and charge order can be studied most eas-
ily within the Hartree-Fock mean-field approximation. This
method can be applied directly in the thermodynamic limit by
restricting the order to ferromagnetic, Néel [46–48], or spi-
ral states [10,12]. Alternatively, generic magnetic and charge
orders can be captured by using an unrestricted Hartree-Fock
theory on finite lattices [20,25,27,37]. Although Hartree-Fock
theory generally overestimates the stability of ordered states,
it provides a valuable guide for more advanced studies.

However, superconductivity in the (repulsive) Hubbard
model is fluctuation driven, and therefore cannot be captured
by plain mean-field theory. To overcome this limitation, one
may use a renormalized mean-field theory [44], where high-
energy degrees of freedom are integrated out via the functional
renormalization group [49]. This procedure leads to an ef-
fective nonlocal pairing interaction capable of giving rise to
d-wave superconductivity. This method has already been used
with a restriction of magnetic order to Néel or spiral, yielding
coexistence of magnetism and superconductivity in a broad
region of the phase diagram [14,17,44].

In this paper, we present an extensive renormalized mean-
field study of the competition and coexistence of magnetism,
charge order, and superconductivity in the two-dimensional

2469-9950/2026/114(18)/185107(15) 185107-1 Published by the American Physical Society

https://orcid.org/0000-0001-6995-6922
https://orcid.org/0000-0002-7465-7043
https://orcid.org/0000-0001-7585-6127
https://orcid.org/0000-0003-1433-0505
https://ror.org/005bk2339
https://ror.org/03vek6s52
https://crossmark.crossref.org/dialog/?doi=10.1103/8ck6-482h&domain=pdf&date_stamp=2026-09-08
https://doi.org/10.1103/8ck6-482h
https://creativecommons.org/licenses/by/4.0/


SCHOLLE, BONETTI, METZNER, AND VILARDI PHYSICAL REVIEW B 114, 185107 (2026)

Hubbard model at moderate interaction strength. We construct
an effective Hamiltonian with effective interactions in the
magnetic, charge, and pairing channels. The spin and charge
order pattern is thereby not restricted a priori, but obtained
without any bias by minimizing the free energy. Renormalized
unrestricted mean-field calculations on large finite lattices are
complemented by analyses in the thermodynamic limit. Our
results show that Néel, spiral, and stripe orders are the dom-
inant magnetic phases at intermediate interaction strengths.
This sequence of magnetic phases is similar to that of a pure
Hartree-Fock analysis of the Hubbard model [37,38]. We now
find additionally that these magnetic phases can coexist with
d-wave superconductivity at low temperatures. Stripe order
induces a modulation of the superconducting amplitude that
follows the charge modulation of the stripes. We go beyond
the pure Hartree-Fock studies of Refs. [37,38] not only by
allowing for d-wave superconductivity, but also by renormal-
izing the magnetic interactions, leading to a reduced magnetic
region.

The renormalized mean-field theory yields phases with
spontaneously broken continuous symmetries and corre-
sponding long-range order even at finite temperatures, violat-
ing thus the Mermin-Wagner theorem [50]. This is because
order parameter fluctuations are missing in this approach.
However, the results from such a mean-field approach are
still very useful in the context of electron fractionalization,
where electrons are described, for example, in terms of a
fermionic chargon field and a spinon field that captures mag-
netic fluctuations [51–53]. In this framework, a renormalized
mean-field calculation can serve as a description of the char-
gons, and the spinon fluctuations restore the broken spin
symmetry. Similarly, the superconducting transition obtained
in the mean-field theory actually describes only the formation
of Cooper pairs, while the true (Kosterlitz-Thouless) super-
conducting transition occurs at lower temperatures, and can
be computed from the superfluid stiffness obtained from the
mean-field theory [17].

The paper is structured as follows: In Sec. II, we introduce
the renormalized mean-field procedure, and a classification
scheme of the magnetic states we find. We then present our
numerical results in Sec. III. Combining results obtained on
large finite lattices with results obtained directly in the ther-
modynamic limit, we present a comprehensive phase diagram
of the Hubbard model in filling and temperature, at a fixed
moderate interaction strength. Finally, we conclude with a
summary and outlook in Sec. IV.

II. MODEL AND METHOD

We consider the Hubbard Hamiltonian for spin- 1
2 fermions

on a square lattice with intersite hopping amplitudes t j j′ and a
local repulsive interaction U > 0:

H = H0 + Hint =
∑
j, j′,σ

t j j′c
†
jσ c j′σ + U

∑
j

n j↑n j↓, (1)

where c jσ (c†
jσ ) annihilates (creates) an electron with spin

orientation σ ∈ {↑,↓} on lattice site j and n jσ = c†
jσ c jσ . The

hopping matrix depends only on the relative distance between
lattice sites j and j′. We choose t j j′ = −t , if j and j′ are

nearest-neighbor sites, t j j′ = −t ′ if j and j′ are next-nearest-
neighbor sites, and t j j′ = 0 otherwise. Fourier transforming
the hopping amplitudes yields the bare dispersion relation:

εk = −2t (cos kx + cos ky) − 4t ′ cos kx cos ky. (2)

A. Real-space mean-field Hamiltonian

We analyze the Hubbard model using a renormalized
mean-field approach [14,44], with an unbiased and unre-
stricted solution of the renormalized mean-field equations as
in Ref. [37]. A direct Hartree-Fock decoupling of the Hubbard
Hamiltonian would yield a mean-field Hamiltonian that does
not capture superconductivity. We therefore use a functional
renormalization group (fRG) flow to obtain a renormalized
magnetic effective interaction U m, which also couples to the
charge degrees of freedom, and an effective nonlocal pairing
interaction U p by integrating out high-energy degrees of free-
dom [44]. We provide more details on the fRG method in
Sec. II C. The resulting mean-field Hamiltonian takes the form

HMF = H0 + Hm + Hp + const, (3)

where the terms Hm and Hp represent the magnetic and pairing
contributions, respectively. The latter can trigger supercon-
ductivity. The magnetic term, which may also lead to charge
order, is given by

Hm =
∑

jσ

(Ajσ̄ − μ)n jσ

−
∑

j

(Aj−c†
j↑c j↓ + Aj+c†

j↓c j↑), (4)

with the conventions ↑̄ =↓ and ↓̄ =↑. The pairing term,
including arbitrary spin singlet pairing between nearest neigh-
bors on the lattice, has the form

Hp =
∑

j

[�x
j (c

†
j↑c†

j+x̂↓ − c†
j↓c†

j+x̂↑)

+ �
y
j (c

†
j↑c†

j+ŷ↓ − c†
j↓c†

j+ŷ↑)] + H.c.. (5)

The parameters Ajσ and Aj± are determined self-consistently
through the following relations:

Ajσ = U m〈n jσ 〉, (6a)

Aj+ = A∗
j− = U m〈c†

j↑c j↓〉. (6b)

These parameters are directly related to the local charge and
spin expectation values via

〈n j〉 = Aj↑ + Aj↓
U m

, (7a)

〈
Sz

j

〉 = Aj↑ − Aj↓
2U m

, (7b)

〈
Sx

j

〉 = Aj+ + Aj−
2U m

, (7c)

〈
Sy

j

〉 = Aj+ − Aj−
2iU m

, (7d)

where n j = n j↑ + n j↓ and 	S j = 1
2 c†

j 	σc j, with the Pauli matri-
ces 	σ = (σ x, σ y, σ z ).
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The pairing gaps are related to pairing expectation values
and the pairing interaction by

�x
j = 1

2U p(〈c j↑c j+x̂↓〉 − 〈c j↓c j+x̂↑〉),

�
y
j = 1

2U p(〈c j↑c j+ŷ↓〉 − 〈c j↓c j+ŷ↑〉). (8)

There are thus two complex superconducting order parameters
per site, �x

j and �
y
j , corresponding to the adjacent bonds in

the x- and y direction, respectively. Homogeneous d-wave
superconductivity and homogeneous extended s-wave super-
conductivity are recovered as the special cases where �x

j =
−�

y
j = � and �x

j = �
y
j = �, respectively.

If we set U p = 0, which implies �
x/y
j = 0, the mean-field

Hamiltonian in Eq. (3) reduces to a conventional Hartree-
Fock decoupling of the Hubbard Hamiltonian with interaction
strength U m [37].

Note that Eq. (8) accounts exclusively for the singlet pair-
ing component. While triplet pairing can theoretically emerge
in states coexisting with magnetic order, its contribution has
been found to be negligible relative to the singlet component
in this regime.

The total renormalized mean-field Hamiltonian can be
written in a compact matrix form as

HMF = 1

2

∑
j, j′

∑
σ,σ ′

∑
α,α′

d†
jσαHσσ ′αα′

j j′ d j′σ ′α′ + const, (9)

where the index α ∈ {+,−} distinguishes between normal
(d jσ+ = c jσ ) and anomalous (d jσ− = c†

jσ ) operators. The ma-

trix Hσσ ′αα′
j j′ ∈ C4N×4N depends on 8N real parameters that

must be determined self-consistently.
To calculate the expectation values from Eqs. (7) and (8),

we first define the matrix

Mσσ ′αα′
j j′ =

4N∑
�=1

(
v�

jσα

)∗
v�

j′σ ′α′ f (ε�), (10)

where f (x) = (ex/T + 1)−1 is the Fermi function, and � labels
the 4N eigenvalues ε� and corresponding eigenvectors v�

jσα of
H.

From this matrix, we obtain the charge, spin, and supercon-
ducting expectation values as

〈n jσ 〉 = 1
2

(
Mσσ++

j j − Mσσ−−
j j + 1

)
,

〈c†
j↑c j↓〉 = 1

4 (M↑↓++
j j + M↓↑++

j j

∗

− M↑↓−−
j j

∗ − M↓↑−−
j j ),

〈c j↑c j′↓〉 = 1
4 (M↑↓−+

j j′ − M↓↑−+
j′ j

+ M↓↑+−
j′ j

∗ − M↑↓+−
j j′

∗
). (11)

We solve this system self-consistently by an iterative pro-
cedure. We begin with a random initial set of parameters
{Ajσ , Aj±,�x

j,�
y
j}, which are used to construct the Hamilto-

nian matrix H. We compute its eigenvectors and eigenvalues
and update the expectation values using Eq. (11). This process
is repeated until the expectation values converge.

Since we work at a fixed particle density n rather than a
fixed chemical potential, we adjust the chemical potential in
each iteration, as detailed in Appendix A. The free energy is

given by

F = −T

2

∑
�

ln(1 + e−βε� ) + (μ + U m/2)
∑

j

〈n j〉 − μN

− 1

U m

∑
j

(Aj↑Aj↓ − Aj+Aj−)

+ 2

U p

∑
j

(
�x

j�
x∗
j + �

y
j�

y∗
j

)
. (12)

B. Classification of magnetic states

In this section, we introduce a classification scheme for
the obtained magnetic patterns. We classify the different
states based on their spin pattern, following the approaches
of Refs. [37,54]. In line with Ref. [54], we generally find
that the modulation of the charge density is approximately
proportional to the square of the spin amplitudes, that is,

〈n j〉 ≈ const 〈	S j〉2 + const, (13)

as can be deduced from the lowest-order coupling between the
spin- and charge-density-wave order parameters in a Landau
theory [55].

To classify a magnetic state defined by the spin expectation
values 〈	S j〉, we start from the Fourier representation,

〈	S j〉 =
∑

q

	Sq eiq·r j , (14)

where 	Sq is the Fourier component of the spins corresponding
to the wave vector q, and r j is the real-space coordinate
of lattice site j. Since the spin expectation values are real
valued, its Fourier components obey the relation 	Sq = 	S∗

−q.
The sum runs over the N = NxNy momenta allowed by the
periodic boundary conditions of the finite-size system. Since
we always choose Nx and Ny as even numbers, the allowed
momenta can be written as

q ∈
{(

π − 2π
νx

Nx
, π − 2π

νy

Ny

)∣∣∣∣να ∈ {0, 1, . . . ,Nα − 1}
}
.

(15)

In the majority of cases, only a single mode with a fixed wave
vector q (together with its partner −q) contributes signifi-
cantly to the spin pattern 〈	S j〉. This dominant wave vector
typically takes the form

Qx ≡ (π − 2πηx, π ) or Qy ≡ (π, π − 2πηy), (16)

where the parameters ηα are commonly referred to as “in-
commensurabilities”. In a finite system, ηα is restricted to
integer multiples of 1/Nα [see Eq. (15)]. We also checked
for magnetic order with diagonal wave vectors of the form
Qxy ≡ (π − 2πη, π − 2πη), but wave vectors of this kind do
not occur in any of the states we obtained.

We can therefore express 	Sq as

	Sq = 1
2 ( 	S δq,Q + 	S∗ δq,−Q), (17)

where Q has the form Qx or Qy. We distinguish between five
different phases. Configurations that can be transformed into
each other by a point-group symmetry operation of the lattice

185107-3



SCHOLLE, BONETTI, METZNER, AND VILARDI PHYSICAL REVIEW B 114, 185107 (2026)

(rotations and reflections), a spatial translation (changing the
phase of 	S), or by a global SU(2) rotation of the spin frame,
belong to the same phase. In the following, we describe each
phase using a representative spin configuration.

In principle, also other spin configurations are possible, for
example the phases F and G in the classification of Ref. [54],
as well as the coplanar or collinear bidirectional stripes of
Refs. [37,54], but we do not find them in the parameter regime
explored in our calculations.

1. Paramagnetic

In the paramagnetic phase, the expectation value of the
spin on each site vanishes, that is, 〈	S j〉 = 0, and the charge
distribution is uniform, 〈n j〉 = n.

2. Néel antiferromagnetism

In a Néel antiferromagnet, only 	S(π,π ) is nonzero. In real
space, adjacent spins are collinear and point in opposite di-
rections. All spins have the same amplitude, and the charge
distribution is homogeneous.

3. Spiral order

A magnetic spiral state is characterized by a single Fourier
mode with a wave vector Q, and (as a representative)

	S = S0

⎛
⎝1

i
0

⎞
⎠, (18)

with a real S0. In real space, the corresponding spin pattern
takes the form

〈	S j
〉 = S0

⎛
⎝cos(Q · r j )

sin(Q · r j )
0

⎞
⎠. (19)

The spin amplitude |〈	S j〉| is constant (independent of j), and
thus there is no charge modulation in this state. The wave
vector Q has the form Qx = (π − 2πη, π ) or Qy = (π, π −
2πη), that is, only one component differs from π . The Néel
state is the special case of a spiral with Q = (π, π ).

4. Stripe order

A (unidirectional) stripe state is a spin pattern described by
a single q mode such that

	S = S0

⎛
⎝1

0
0

⎞
⎠, (20)

and the corresponding real-space representation

〈	S j
〉 = S0

⎛
⎝cos(Q · r j )

0
0

⎞
⎠. (21)

As in the spiral state, the wave vector Q takes either the
form Qx or Qy. The spins are ordered collinearly with their
amplitude modulated along the x- or y axis.

In this state, the charge order is a unidirectional charge-
density wave with wave vector 2Q, that is, 〈n j〉 − n ∝
cos(2Q · r j ). The minima of the charge modulation coincide

with the minima in the spin amplitude. For Q = (π, π ) one
again recovers the Néel state as a special case.

5. Strange orders

Some magnetic states do not fit into any of the previ-
ously described categories. Such states do not have a simple
spin structure in momentum space and often exhibit complex
charge patterns. Throughout this work, we will refer to those
orders as “strange order”. In the thermodynamic limit, these
states most likely disappear, as shown in Ref. [37].

C. fRG and effective interactions

In this section, we detail the calculation of the effec-
tive magnetic and pairing interactions, U m and U p, for the
mean-field (MF) Hamiltonian in Eq. (3). These interactions
are derived using the functional renormalization group (fRG)
[49], which integrates out high-energy degrees of freedom
to obtain effective low-energy interactions. This fRG + MF
procedure was introduced in Ref. [44], where renormalized
mean-field equations were systematically derived from a sim-
plified flow in the symmetry-broken phase. Here, we use the
temperature-flow approach [56] in an approximation used pre-
viously in Ref. [53]. Since the temperature-flow calculation is
performed within a static approximation for the two-particle
vertex, the effective interactions entering the resulting gap
equations are also static by construction.

Temperature can be used as a flow parameter after rescal-
ing the fermionic field as ψ j 
→ T 3/4ψ j , and defining a
rescaled bare Green’s function GT

0 (k, νn) = T 1/2/(iνn + μ −
εk ), where νn = (2n + 1)πT is the fermionic Matsubara fre-
quency, with n an integer. The flow proceeds continuously
from high to low temperatures, and thus involves a successive
integration of degrees of freedom from high to low energies
[56].

We approximate the fRG flow by a second-order (one-
loop) flow of the two-particle vertex V T , discarding self-
energy feedback and contributions from the three-particle
vertex. In the symmetric regime of the flow, the vertex has
the spin SU(2) invariant structure:

V T
σ1,σ2,σ3,σ4

(k1, k2, k3, k4) = V T (k1, k2, k3, k4)δσ1σ3δσ2σ4

− V T (k2, k1, k3, k4)δσ1σ4δσ2σ3 ,

where V T (k1, k2, k3, k4) = V T
↑↓↑↓(k1, k2, k3, k4), and the vari-

ables ki are combined momentum and frequency variables.
We discard the frequency dependence of the vertex function,
which is irrelevant in power counting. To parametrize the mo-
mentum dependence, we use the channel decomposition [57]

V T (k1, k2, k3, k4) = U

+ φm,T
k1+k4

2 ,
k2+k3

2

(k2 − k3) + 1

2
φm,T

k1+k3
2 ,

k2+k4
2

(k3 − k1)

− 1

2
φc,T

k1+k3
2 ,

k2+k4
2

(k3 − k1) − φ
p,T
k1−k2

2 ,
k3−k4

2

(k1 + k2), (22)

where the functions φm,T , φc,T , and φp,T capture fluctuation
contributions in the magnetic, charge, and pairing channels,
respectively. The dependencies of these functions on the
linear combination of momenta in brackets are much stronger
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than those in the subscripts. Hence, we represent the latter
dependencies by a small number of form factors [57].

We run the fRG flow from T = ∞ down to the critical
temperature T ∗, at which V T diverges. In a broad region
around half filling, the divergence occurs in the magnetic
channel, and in the d-wave pairing channel at larger electron
or hole doping. To enter the symmetry-broken regime at tem-
peratures below T ∗, we simplify the flow by decoupling the
various channels, and allow for magnetic and superconduct-
ing order parameters in the form of anomalous self-energy
contributions. One can show that this simplified flow can be
formally integrated, yielding mean-field equations for the or-
der parameters with renormalized effective interactions [44].
These renormalized interactions are the two-particle irre-
ducible parts of the full vertex V T in the symmetry-breaking
channels, and can be computed from the full vertex by solving
a Bethe-Salpeter equation.

Specifically, in the magnetic channel, the Bethe-Salpeter
equation takes the form

V m,T ∗
k,k′ (q) = V̄ m

k,k′ (q) −
∫

k′′
V̄ m

k,k′′ (q)�ph,T ∗
k′′ (q)V m,T ∗

k′′,k′ (q), (23)

with V m,T
k,k′ (q) = V T (k − q/2, k′ + q/2, k′ − q/2, k + q/2),

and in the pairing channel,

V p,T ∗
k,k′ (q) = V̄ p

k,k′ (q) −
∫

k′′
V̄ p

k,k′′ (q)�pp,T ∗
k′′ (q)V p,T ∗

k′′,k′ (q), (24)

where V p,T
k,k′ (q) = V T (q/2 − k, q/2 + k, q/2 − k′, q/2 +

k′). Here, V̄ m and V̄ p denote the irreducible vertices, and �ph

and �pp are the particle-hole and particle-particle bubbles,
respectively. These bubbles are calculated using the bare
Green’s functions at temperature T ∗,

�
ph,T ∗
k (q) =

∑
νn

GT ∗
0 (k − q/2, iνn)GT ∗

0 (k + q/2, iνn),

�
pp,T ∗
k (q) =

∑
νn

GT ∗
0 (q/2 − k,−iνn)GT ∗

0 (q/2 + k, iνn).

The final effective interactions used in Eq. (3) are then ob-
tained by a form-factor projection of the irreducible vertices:

U m =
∫

k,k′
V̄ m

k,k′ (q = Q),

U p =
∫

k,k′
dkdk′V̄ p

k,k′ (q = 0), (25)

where dk = cos kx − cos ky is the d-wave pairing form factor.
The momentum Q is chosen where the magnetic s-wave inter-
action

∫
k,k′ V

m,T ∗
k,k′ (q) reaches its maximum.

It should be noted that while U p is extracted specifically
from the d-wave projection of the effective interaction, the
real-space functional in Eq. (8) allows for a general nearest-
neighbor pairing. Consequently, the self-consistent solution
is not restricted to d-wave symmetry and may, in principle,
accommodate extended s-wave components and inhomoge-
neous states.

FIG. 1. Effective interactions U m and U p obtained from the fRG
flow as a function of filling n, for a bare interaction U = 4t , and
t ′ = −0.2t .

III. NUMERICAL RESULTS

We now present our numerical results for the phase di-
agram of the Hubbard model. We chose a bare interaction
strength of U = 4t , which is strong enough to obtain an ex-
tended regime of magnetic and superconducting states, while
still remaining within the applicability range of the fRG +
MF method. We set the next-to-nearest-neighbor hopping to
t ′ = −0.2t , which lies in the range of t ′ values applying to
cuprates. In Fig. 1, we show the renormalized magnetic and
pairing interactions, U m and U p, that we obtained from the
fRG flow, as discussed in Sec. II C. The effective magnetic
interaction U m ranges between 2t and 2.5t , while the pairing
interaction U p varies between 0.5t and t . Both interactions
decrease in magnitude for large electron or hole doping.

We use these effective interactions to build a density–
temperature-phase diagram in steps of 0.01 for both n and T/t .
To avoid trapping in local minima above the global minimum
of the free energy, we evaluated each (n, T ) point of the phase
diagram starting from a random configuration of expectation
values twice, and then from the converged solution of neigh-
boring points, that is, (n ± 0.01, T ) and (n, T ± 0.01t ). In
most cases, the self-consistency loop converges to the same
final state regardless of the initial choice. In the few cases
where the various calculations converge to different states, we
retain the state with the lowest free energy.

A. Phase diagram

We now present the phase diagram as a function of the
filling n and temperature T as obtained from calculations on a
28 × 28 lattice. We chose Nx = Ny to avoid any bias in favor
of anisotropic magnetic order. In Fig. 2 we show the various
magnetic states, which partially coexist with superconductiv-
ity. The superconducting gap amplitude will be shown in a
separate plot below. The colored pixels represent the states
calculated on the finite-size lattice, and the black envelope
is the line corresponding to the critical temperature T ∗ in
the fRG flow. If the flow diverges in the magnetic channel,
we draw T ∗ as a solid line, which is the case for 0.83 �
n � 1.09. If it diverges in the pairing channel, we indicate
the divergence by a dashed-dotted line. By construction, the
mean-field equations yield a symmetric phase for T > T ∗ and
a symmetry-broken phase for T < T ∗. The solid and dashed-
dotted black lines coincide well with the onset of magnetic or
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FIG. 2. Magnetic phase diagram for U = 4t and t ′ = −0.2t .
The colored pixels show the results of the real-space calculation
on a 28 × 28 lattice. The black lines have been obtained in the
thermodynamic limit. The solid black line shows the divergence of
the fRG flow and represents the onset of the magnetically ordered
phase. Along the black dashed-dotted lines, the fRG flow diverges in
the pairing channel, signaling the onset of superconductivity as the
leading instability. The dashed line inside the magnetically ordered
regime indicates the transition from Néel order to spiral magnetic
order. The dotted line indicates an instability of the spiral phase
revealed by a divergence of the charge susceptibility.

superconducting order obtained from the finite-size calcula-
tions, respectively. In this respect the 28 × 28 lattice is already
a good approximation to the thermodynamic limit. We iden-
tify the converged spin patterns obtained from our real-space
Hartree-Fock calculations according to the classification in
Sec. II B.

We find a Néel-ordered dome around half filling, with a
maximum critical temperature T ∗ ≈ 0.23t in the slightly hole-
doped regime, at n ≈ 0.97. In the electron-doped part of the
phase diagram, we exclusively find Néel antiferromagnetism.

As we increase the hole doping, a region of spiral states
emerges. These spiral states exhibit an incommensurability of
η = 1

28 (close to the Néel-ordered regime) or η = 2
28 for larger

dopings. Between these two spiral regimes, as well as between
the Néel and spiral orders, we find small regions of strange
states. In these regions, it is energetically unfavorable for the
system to order with one of the allowed spiral momenta from
Eq. (15). Since intermediate momenta are forbidden by the pe-
riodic boundary conditions, the system orders in these strange
patterns, where the dominant wave vectors correspond to the
incommensurabilities of the adjacent spiral (or Néel) regimes.
Analogous to the findings in Ref. [37], where an extensive
free-energy analysis has been performed, we consider these
strange-ordered phases to be finite-size artifacts that disappear
in the thermodynamic limit. While we cannot completely
rule out the possibility of phase separation, which has been
explored in previous Hartree-Fock and slave-boson studies
[12,58,59], the real-space data presented here are consistent
with a spiral state in the thermodynamic limit, with a smoothly
varying, generally incommensurate η, which increases with
increasing hole doping or decreasing temperature.

FIG. 3. Average magnetization m as a function of filling n and
temperature T for the parameters from Fig. 2. The white line repre-
sents T ∗. The magnetization is highest for low temperatures near half
filling.

Directly at the critical temperature T ∗, we can addition-
ally determine the type of magnetic order that emerges in
the thermodynamic limit, based on a Landau theory [38],
which is at T = T ∗ equivalent to the mean-field procedure
we described in Sec. II A. We performed these calculations
for the dopings where a magnetic instability in the fRG flow
occurs, that is, along the solid black line in Fig. 2. We confirm
Néel order for the entire electron-doped side, as well as for
fillings down to n ≈ 0.88. For lower fillings, we find that the
spiral order is the leading instability, in agreement with our
real-space data.

For low temperatures, the spiral regime extends up to a hole
doping of n = 0.88. This represents a much wider interval
than that obtained from a pure Hartree-Fock analysis [37]
for a comparable t ′. We believe this extended range is due to
the reduced magnetic interaction strength and the coexistence
with superconductivity, which both favor the spiral order. For
even higher hole-doping values, we observe an extended re-
gion of stripe order around n ≈ 0.85. These stripe states have
an incommensurability η = 3

28 .
The dashed line in Fig. 2 shows the Néel-spiral transition

obtained directly in the thermodynamic limit (analogous to
Ref. [37]), which matches our finite-size results remarkably
well. The dotted line marks the divergence of the charge
susceptibility in the spiral state (see Sec. III C), signaling
the onset of more complex orders that eventually evolve into
stripe states [38].

In Fig. 3, we show the average magnetization

m = 1

N
∑

j

√〈
Sx

j

〉2 + 〈
Sy

j

〉2 + 〈
Sz

j

〉2
(26)

as a function of n and T . Within the resolution of our method,
the transition from the paramagnetic state to the magnetically
ordered state appears to be a second-order transition. The
strongest magnetization appears at half filling and for low
temperatures. In the region where the critical temperatures
are due to a magnetic instability in the fRG calculations (that
is, the solid white line in Fig. 3), the magnetization persists
up to the critical temperature, while for the regions where
pairing is the leading instability (dashed-dotted lines), the
magnetization vanishes before reaching Tc.
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FIG. 4. Average superconducting amplitude � in units of t as a
function of filling n and temperature T for the parameters from Fig. 2.
The white line represents T ∗.

The magnetization weakens with increasing hole doping,
with m reaching zero at n = 0.8, before a small region of
weak magnetization reemerges for 0.75 < n < 0.8. In this
region, we find mostly stripe order with an incommensura-
bility of η = 4

28 . For high electron or hole dopings (n > 1.08
or n < 0.75), we find paramagnetic states, in which the spin
expectation values vanish on each site, while the supercon-
ducting order parameter remains finite. In Sec. III E we show
that in the thermodynamic limit, the magnetization disappears
at Van Hove filling and reemerges on both sides in doping.
To show that, we recalculated the unrestricted Hartree-Fock
phase diagram in this region on 40 × 40 lattices, as well as in
the thermodynamic limit restricted to spiral order.

In Fig. 4, we plot the average superconducting ampli-

tude � = 1
N

√
2

∑
j

√
|�x

j |2 + |�y
j |2 as a function of filling

and temperature. In the electron-doped regime, the supercon-
ducting critical temperature rises steeply when moving away
from half filling, reaching its maximum value Tc = 0.07t at
n ≈ 1.04. The superconducting amplitude in this regime re-
mains relatively small, � < 0.05t . On the hole-doped side,
the superconducting critical temperature rises more slowly
than on the electron-doped side. However, the maximal super-
conducting amplitude and the highest critical temperature are
both larger than on the electron-doped side with the average

superconducting amplitude reaching up to � = 0.11t and the
critical temperature peaking at Tc = 0.12t around n ≈ 0.87.
In both regimes, the superconducting state always has dx2−y2 -
wave symmetry.

In a large region of the phase diagram, magnetic and super-
conducting orders coexist. While the Néel and spiral phases
occur with as well as without superconductivity, the stripe
phase always coexists with superconductivity for the set of
parameters we used.

In the stripe phase, we observe a spatial modulation of
the superconducting amplitude, � j = 1√

2
(|�x

j |2 + |�y
j |2)1/2,

as shown in Fig. 5. The modulation in superconductivity has
the same wavelength as the modulation of the charge order
with the maxima of the superconducting amplitude being lo-
cated at the minima of the local fillings.

In general, we find that the relative modulation of the
charge order and the relative modulation of the superconduct-
ing order are proportional to each other, as illustrated in Fig. 6.
In that figure, we present the relative modulations of filling
and superconducting amplitudes along a density scan at a con-
stant temperature T = 0.02t . We see that both modulations
are zero in the spiral phase for n � 0.88. In the stripe phase,
they are proportional to each other, with the superconducting
modulation being roughly 5 times larger in this parameter
region. The superconducting amplitude typically has mod-
ulations of the order of a few percent, in agreement with
recent numerical simulations [45,60,61]. A similar modulated
superconducting amplitude has been observed by scanning
tunneling microscopy (STM) experiments in cuprates [62].

In this regime, the spatial modulation of the supercon-
ducting gap is directly induced by the background density
oscillations of the stripe order. It is important to distinguish
these modulations from those characterizing Fulde-Ferrell-
Larkin-Ovchinnikov (FFLO) states [63]. While FFLO states
are typically defined by a Cooper pair momentum that causes
the order parameter to oscillate through zero, the modulations
observed here represent a spatial ripple superimposed on a
finite, nonzero mean value, a signature of superconductivity
adapting to a preexisting charge-inhomogeneous background.

FIG. 5. Magnetic, charge, and superconducting order pattern for the stripe state we find at T = 0.02t , n = 0.84. Only 10 × 10 sites are
shown here for better visibility. In panel (a) one can see the collinear spin pattern with its amplitude modulated in the x direction. In panel
(b) we see the charge pattern, which is also modulated along the x axis with the lowest filling coinciding with the smallest local magnetization.
In panel (c) the superconducting amplitude � j on each site is shown. It is also modulated along the x axis with the superconducting amplitude
being maximal where the local filling is minimal.
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FIG. 6. Relative modulations of the local density and the super-
conducting amplitude, calculated for different fillings at T = 0.02t .

B. Results of 40 × 40 lattice calculations

To clarify which states remain stable in the thermodynamic
limit, we have repeated our finite-size calculations on larger
40 × 40 lattices. Due to the high computational cost, we fo-
cused these calculations on what we consider to be the most
delicate region of the phase diagram: n < 0.9 and T � 0.07t .
Our results for the magnetic phase diagram on the larger
lattice are shown in Fig. 7. On the 40 × 40 lattice, the spiral
phase remains stable at n = 0.89. For higher doping values,
we once again find stripe order, but this time it is adjacent to a
region of spiral order at lower temperatures. The strange-order
phases seen in this calculation are likely due to convergence
and finite-size issues on the large lattice [37], and we expect
them to vanish in the thermodynamic limit.

An important finding on this larger lattice is the complete
suppression of magnetic order near Van Hove filling, defined
as the filling where the Fermi level passes through the sad-
dle points of the band structure, at which ∇kεk = 0. For the
dispersion considered here [see Eq. (2)], this corresponds to
μ = 4t ′, which for t ′ = −0.2t leads to n ≈ 0.83. At T = 0,
the feature of suppressed magnetic order has already been

FIG. 7. Magnetic phase diagram for the same parameters as in
Fig. 2, this time calculated on a 40 × 40 lattice. The critical tem-
perature (black line) has been obtained in the thermodynamic limit
as before. Due to the high numerical cost, ordered states have been
computed only for n < 0.9 and T � 0.07t .

observed in prior work using the fRG + MF method, where
magnetic order was restricted to spiral [14]. We confirmed
this result by solving the gap equations restricted to magnetic
spiral order and superconductivity in the thermodynamic limit
at zero- and finite temperature. This revealed a vanishing mag-
netization at n = 0.83 for all temperatures, and thus a pure
d-wave superconducting phase. For larger dopings, a dome of
magnetic order emerges in these thermodynamic limit calcu-
lations, similar to the results from the unrestricted 40 × 40
lattice. This indicates that the reemerging magnetic region
below Van Hove filling obtained in the finite-size calculations
survives in the thermodynamic limit.

We note that in the calculations on a 28 × 28 lattice, we
did find magnetically ordered states even at Van Hove filling.
However, as one can see in Fig. 3, the magnetization around
n = 0.83 is rather weak. It seems that the finite lattice size
stabilizes a weak magnetic order that disappears in the ther-
modynamic limit.

C. Instability of the spiral order

In plain Hartree-Fock theory, the instability of the spiral
state upon increasing the hole doping is signaled by a diver-
gence of the charge susceptibility [38]. This divergence leads
to a transition: first to a multispiral magnetic order and even-
tually to stripe order. To investigate this phenomenon in the
presence of superconductivity, we have calculated the charge
susceptibility χ (q) for coexisting spiral and superconducting
orders, using the method described in Ref. [64].

To this end we restrict the magnetic part of the renormal-
ized mean-field Hamiltonian (3) to spiral order, which allows
us to perform calculations directly in the thermodynamic
limit. The spiral order can be described by a simple 2 × 2
matrix Hamiltonian [10,65]. This is extended to include su-
perconductivity by using a Nambu spinor in momentum space
�k = (ck↑, ck+Q↓, c†

−k−Q↑, c†
−k↓) [14]. The Hamiltonian can

then be written as

HMF
sp+sc =

∑
k

�
†
kHk�k, (27)

where

Hk =

⎛
⎜⎜⎜⎜⎝

ξk A 0 �k

A ξk+Q −�−k−Q 0

0 −�−k−Q −ξ−k−Q −A

�k 0 −A −ξ−k

⎞
⎟⎟⎟⎟⎠, (28)

where we defined ξk = εk − μ. Only for this section, we
restrict our calculation to a d-wave pairing gap, �k =
�(cos kx − cos ky), while the magnetic gap, A, is momentum
independent. The Green’s function for this system is then
given by

G−1
k (iνn) = iνn14×4 − Hk. (29)

Following the procedure detailed in Ref. [64], we define
vertex matrices to construct the relevant fermion bilinears in
the coexisting phase,

Ma = (σ a 00 −(σ a)T), (30a)
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h =
(

0 iσ 2

−iσ 2 0

)
, (30b)

� =
(

0 σ 2

σ 2 0

)
, (30c)

with a = 0, 1, 2, 3, where σ 0 = diag(1, 1), and σ 1, σ 2, σ 3 are
the Pauli matrices. These matrix vertices allow us to define a
generalized susceptibility,

χab(q) =
∫

k,k′
〈�†

k+q�
a�k�

†
k′−q�

b�k′ 〉. (31)

Here k, k′, and q are combined momentum and frequency
variables, and

∫
k is a shorthand notation for the Matsubara fre-

quency sum and the momentum integral, with the appropriate
prefactors T and (2π )−2 included. The components of the ver-
tex � = (�0, . . . , �5) = (M0, M1, M2, M3, h,�) capture all
possible charge, spin, and pairing correlations. In particular,
χ00 is the charge susceptibility, and χab with a, b ∈ {1, 2, 3}
are the various components of the magnetic susceptibility.

In the random-phase approximation, the susceptibility is
given by

χ (q, ω) = χ0(q, ω)

1 − 2Uχ0(q, ω)
, (32)

where χ (q, ω), χ0(q, ω), and U are 6 × 6 matrices, with
U = diag(−U m,U m,U m,U m,U p,U p). The matrix elements
of the bare susceptibility χ0(q, ω) can be obtained from the
Green’s function in the form

χab
0 (q, ω) = −1

8

∫
k

f a
k f b

k T
∑
νn

Tr[�aGk+q(iνn + i�m)

×�bGk(iνn)]|i�m→ω+i0+ , (33)

with the form factors ( f 0
k , . . . , f 5

k ) = (1, 1, 1, 1, dk, dk ).
In Ref. [38] it was shown that the momentum dependence

of the off-diagonal component χ12
0 (q) plays a crucial role in

driving the instability of the spiral state towards a state with
spin and charge order. This structure is linked to the shape of
the Fermi pockets in the pure spiral state. We find a similar
behavior even in the presence of superconductivity. As shown
in Fig. 8, for n = 0.86 the absolute value of |χ12

0 (q)| displays
pronounced peaks on the qx axis. These peaks are situated
at crossing points of “2kF lines”, which are formed by the
nesting vectors’ connecting points with parallel tangents on
the Fermi surface of the pockets [66]. Even though the pairing
gap truncates the Fermi surface of the spiral pockets, leaving
only nodal points in the Brillouin zone, the momentum struc-
ture of χ12

0 (q) does not change very much, compared to the
normal (nonsuperconducting) state. In Fig. 8, we retrace, in
the upper half of the Brillouin zone, the 2kF lines of the spiral
state obtained for n = 0.86 and T = 0.04t when neglecting
its superconducting order parameter. One can see that the
maximum of |χ12

0 (q)| occurs at the crossing point of the two
lines.

To further analyze the transition from spiral to stripe order,
we directly study the divergence of the charge susceptibil-
ity component, χ00(q). In Fig. 9 we plot the inverse charge
susceptibility at its minimum, [χ00(Qc)]−1, as a function of
temperature for various fillings slightly above the Van Hove

FIG. 8. Momentum dependence of |χ 12
0 (q)| for n = 0.86 and

T = 0.04t in units of 1
t . The pronounced maxima on the qx axis are

similar to those driving the instability of the pure spiral state toward
charge order [38]. In the upper half of the Brillouin zone, we retrace
the 2kF lines with dashed white lines.

filling. Here, we defined Qc as the momentum where the
inverse charge susceptibility has its minimum. A crossing of
zero indicates a divergence in the susceptibility. At the Van
Hove filling itself, n = 0.83, the spiral order is not observed
and is replaced by a purely superconducting state. We find
that the critical temperature for the spiral instability remains
nearly constant upon approaching the Van Hove filling from
above, saturating at approximately T = 0.079t , before drop-
ping abruptly to zero at the Van Hove filling. This temperature
is notably lower than the critical temperature T ∗ for the onset
of magnetic order. Figure 10 illustrates the critical instabil-

FIG. 9. The minimum of [χ 00(q)]−1 for four different fillings, as
a function of temperature. We marked with the red dashed line the
temperature at which the susceptibility diverges. For higher temper-
atures the spirals are stable. We see that Tc saturates around 0.08t as
we approach Van Hove filling at n = 0.830 from above.
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FIG. 10. Comparison of the phase boundaries between the spiral
and the stripe states. Left: with the effective interactions U m and
U p as obtained from the fRG calculations. The dashed-dotted line
indicates the onset of superconductivity. Right: with U m as obtained
from the fRG calculations, but with U p set to zero. Here, the stripe
regime extends over a larger area of the phase diagram.

ity line that separates the spiral and stripe phases. The left
panel shows this line for our full calculation with the pairing
interaction, while the right panel presents the result for the
artificial case with the pairing interaction set to zero (U p = 0).
A comparison reveals that the spiral phase remains stable over
a significantly wider doping range when the pairing interac-
tion is included. In particular, at T = 0, the spiral-to-stripe
transition shifts from around n = 0.9 in the absence of super-
conductivity to n ≈ 0.86 in its presence. This indicates that
the presence of superconductivity suppresses stripe order and
instead favors a coexistence with spiral order.

For some fillings (for example, n = 0.84, 0.85, 0.86), the
inverse charge susceptibility in the spiral state initially de-
creases and crosses zero as temperature is lowered, indicating
an instability, but then rises back above zero at even lower
temperatures (T < 0.03t for n = 0.86; see Appendix B). This
indicates that spiral order may be stable again in this low-
temperature region, or at least metastable. This hypothesis
is supported by our 40 × 40 lattice calculations, where a
small spiral phase reemerges at low temperatures inside the
stripe-ordered dome (see Fig. 7). Given the significant finite-
size effects on the small energy difference between spiral
and stripe states, determining which is the true ground state
in this region would require calculations on even larger lat-
tices. We therefore refrain from computing and plotting the
additional putative transition line associated with a possible
low-temperature reentrant spiral state.

D. Special point: t ′ = 0, n = 7
8 and T = 0

A special point in the large parameter space of the two-
dimensional Hubbard model has become particularly popular
for exact numerical simulations on finite lattices: the ground
state (T = 0) for pure nearest-neighbor hopping (t ′ = 0) at
a density of n = 7

8 [35,36,67]. At strong coupling, strong
evidence for an insulating stripe state has been found [35,36].
We have analyzed this parameter set with the fRG + MF
method, albeit with the same moderate interaction strength
U = 4t as we used for the previously presented results. The
corresponding effective interactions resulting from the fRG
are U m = 2.159t and U p = 0.864t .

FIG. 11. (n, T ) phase diagram for U = 4t and t ′ = −0.2t in
the thermodynamic limit. All the black lines have been computed
directly in the thermodynamic limit. The solid line indicates the onset
of magnetic order. The dashed-dotted lines show the onset of super-
conductivity, and the shaded areas the superconducting regions. The
dotted line indicates the instability of the spiral states, as signaled by
a diverging charge susceptibility. Near the spiral region, the region
labeled as “stripe” may also contain a noncollinear charge ordered
state such as the multispiral state in Ref. [38]. The boundary of the
small stripe-ordered dome at low densities could only be estimated
from the finite-size calculations.

We performed fRG + MF calculations for several differ-
ent lattice sizes, namely, on 28 × 28, 32 × 32, and 40 × 40
lattices. For the 28 × 28 and 32 × 32 lattices, we find a
uniform superconducting solution without any charge modu-
lations or magnetic order. However, for the 40 × 40 lattice we
find stripes with a sizable magnetization of m = 0.06 and an
incommensurability η = 1

20 . These stripes coexist with (mod-
ulated) d-wave superconductivity of strength � = 0.061t .
The free energy of this state is F

N = −1.19671t , which is
slightly lower than that of the optimal purely superconducting
state on this lattice, F only SC

N = −1.19648t , obtained by enforc-
ing m = 0 in each iteration. This suggests that the state of
coexisting magnetism and superconductivity is likely stable
in the thermodynamic limit; however, it is energetically very
close to the purely superconducting case. Therefore, finite-
size effects can easily suppress the magnetization at this point.

E. Thermodynamic limit

In Fig. 11 we present our expectation for the phase di-
agram of the two-dimensional Hubbard model with U = 4t
and t ′ = −0.2t in the thermodynamic limit. It is based on the
insights gathered from our unrestricted real-space calculations
and the restricted calculations performed directly in the ther-
modynamic limit. A similar extrapolation has been performed
previously for a plain Hartree-Fock calculation [37], where
superconductivity is not captured.

The critical temperatures for the onset of spontaneous
symmetry breaking have been obtained directly from the
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fRG flow (in the thermodynamic limit). The solid black
line indicates the critical temperature where the divergence
of the two-particle vertex occurs in the magnetic channel,
whereas a divergence in the pairing channel is indicated by
the dashed-dotted black line. In the hole-doped regime, we
have calculated the transition between Néel and spiral order
directly in the thermodynamic limit, as in Ref. [53], and ob-
tained good agreement with the finite-size results in Fig. 2.
Also, the critical temperatures of the superconducting state
have been computed with both approaches in very good agree-
ment, both on the electron- and hole-doped sides. The critical
temperature rises more steeply on the electron-doped side,
as already seen in Ref. [68], but we find ultimately higher
critical temperatures and larger values of the pairing gap on
the hole-doped side of the phase diagram, in agreement with
the same trend in the cuprates. In the stripe phase, the pairing
gap is modulated with the same wave vector as the charge
order, as analyzed in Fig. 6. This modulation is typically of
the order of a few percent. A spatially modulated pairing
gap has also been observed experimentally by STM in some
cuprates [62].

Fluctuations of the superconducting order parameter would
actually degrade the superconducting transition temperature
obtained in our mean-field theory to a crossover scale for
pairing, while the true transition temperature is lower and
associated with a Kosterlitz-Thouless transition [17,68]. The
reduction of the Kosterlitz-Thouless temperature with respect
to the pairing temperature is particularly pronounced for low
electron doping [68].

The dotted line in Fig. 11 indicates where the charge sus-
ceptibility of the spiral state diverges in the thermodynamic
limit, signaling the transition towards stripe order. This transi-
tion roughly coincides with the onset of stripe order in our
real-space calculations, shown in Figs. 2 and 7. The diver-
gence of the susceptibility indicates a second-order transition
of the spiral state to an intermediate phase, which will eventu-
ally turn into collinear stripe order, as in the pure Hartree-Fock
calculation in the absence of superconductivity [38]. In Ap-
pendix B we show that spiral order may reemerge for low
temperatures below the dotted line.

At Van Hove filling (n = 0.83), the momentum space cal-
culation yields a uniform superconducting state without any
spin or charge order, in agreement with (unrestricted) real-
space calculations on a 40 × 40 lattice, but in contrast to the
coexisting stripe order found on the smaller 28 × 28 lattice.
In the regime below Van Hove filling (n < 0.83), distinct
solutions found with the two methods have extremely close
energy values, making the extrapolation to the thermody-
namic limit difficult. For instance, for n = 0.80 and T = 0,
the momentum space calculation in the thermodynamic limit
yields a purely superconducting solution which is only 10−7t
higher in energy than the solution with coexisting circular
spiral order. On the 40 × 40 lattice, where for this parameter
set we find stripe order coexisting with superconductivity,
the energy gain is 6 × 10−6t , which is larger than for the
spiral order, yet still very close to the purely superconducting
solution. Hence, in this regime the majority of the energy gain
is due to the superconducting order parameter, rather than
magnetism, as observed already in Ref. [14]. The spiral states
found for densities 0.80 < n < 0.83 within the momentum

space calculations exhibit a diverging charge susceptibility,
confirming that stripe order is the preferred magnetic pattern
in this regime, in agreement with the results of the real-space
calculations on the 40 × 40 lattice (see Fig. 7). We schemat-
ically sketched this fragile second magnetic dome below Van
Hove filling, retracing the envelope of the magnetic regions
found on the 40 × 40 lattice.

IV. CONCLUSIONS

We have performed a renormalized mean-field study of the
two-dimensional Hubbard model to explore the interplay and
possible coexistence of magnetic, charge, and superconduct-
ing order. Our approach improves on conventional mean-field
theory by using a functional renormalization group flow
to replace bare interactions in the mean-field equations by
renormalized effective interactions. The strength of magnetic
interactions is thereby reduced, while pairing interactions with
d-wave symmetry are being generated. We have constructed
completely unrestricted solutions of the renormalized mean-
field Hamiltonian in real space on various large finite lattices
(28 × 28, 32 × 32, and 40 × 40), and complemented these by
momentum space solutions in the thermodynamic limit, where
the magnetic order was restricted to spiral or Néel order.

Explicit results have been presented for an intermediate
bare Hubbard interaction U = 4t , and a sizable next-to-
nearest-neighbor hopping amplitude t ′ = −0.2t has been
chosen in most of the calculations, to mimic the band structure
of cuprates. The (n, T ) phase diagram in Fig. 11 summa-
rizes our results for this parameter set. There are essentially
three types of magnetic order: Néel, circular spiral, and
stripe. Except for half filling, the magnetic order always
coexists with superconductivity at sufficiently low tempera-
tures. The pronounced electron-hole asymmetry is due to the
presence of t ′.

At half filling and on the electron-doped side (n > 1), the
magnetic order is exclusively of Néel type, with coexisting
d-wave superconductivity at sufficiently low temperatures for
any n �= 1.

On the hole-doped side (n < 1), the Néel state first transi-
tions into a spiral state upon increasing the doping, followed
by stripe order. Néel order persists in the hole-doped regime
only at finite temperatures. At sufficiently low temperatures,
the magnetic order is accompanied by superconductivity in
the entire hole-doped regime. While the pairing gap is spa-
tially uniform in the Néel and spiral regimes, it becomes
spatially modulated in the stripe region, following the pat-
tern of the charge order. The strength of the modulation is a
few percent, in agreement with experimental observations by
scanning tunneling microscopy in some cuprates [62]. Com-
paring the complete phase diagram to a phase diagram where
superconductivity is artificially switched off (right panel of
Fig. 10), one can see that pairing reduces the region with stripe
order (and hence charge order) in favor of spiral magnetic
order. Experimentally superconductivity can be suppressed
by a strong magnetic field, which can indeed promote the
emergence of charge order in some cuprates [69,70].

At Van Hove filling the magnetic order is completely sup-
pressed by superconductivity, even in the ground state, so that
a purely superconducting phase remains. This peculiarity has
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already been found previously in a renormalized mean-field
calculation restricted to Néel and spiral order [14]. In the
unrestricted real-space calculation, this feature became appar-
ent only on our largest system, the 40 × 40 lattice.

For hole dopings beyond the Van Hove filling, we find a
region primarily dominated by superconductivity, with some
areas of coexisting stripe order. By comparing the energies
of all solutions, it turns out that the superconducting state
provides the most significant energy gain in this regime, while
the stripe order on top of it lowers the energy only by a tiny
amount, suggesting that this coexisting spin-charge order is
very fragile. Restricting the magnetic order to spiral order,
a similarly fragile coexistence has been found previously,
referred to as “gossamer magnetism” [14].

We have also analyzed the ground-state order at the special
density n = 7

8 for the Hubbard model with pure nearest-
neighbor hopping (t ′ = 0), a special case which has been
particularly popular for exact numerical simulations on finite
lattices. While these simulations yield strong evidence for an
insulating stripe state at strong coupling [35,36], our calcu-
lations for the moderate interaction strength U = 4t yield a
superconducting stripe state. It is plausible that at stronger
coupling the stripe order opens a large charge gap which
prevents pairing.

The perturbative renormalization group flow used to com-
pute the effective interactions limits our technique to weak or
moderate interactions. A leap to strong coupling is possible,
but numerically quite demanding, by starting the renormaliza-
tion group flow from a dynamical mean-field solution, so that
the strong local correlations are taken into account nonpertur-
batively from the very beginning [71,72].

Order parameter fluctuations have been completely ne-
glected in our work. It is clear that they restore the SU(2)
spin-rotation symmetry and the U(1) charge symmetry at
any finite temperature. One could take them into account
a posteriori in the framework of gauge theories of fluc-
tuating order, where the electron is fractionalized into a
chargon, which may break pseudospin and pseudocharge sym-
metries, and a fluctuation part which restores the physical
symmetry [51–54].

ACKNOWLEDGMENTS

We are very grateful to A. Chubukov, P. Forni, A. Georges,
H. Müller-Groeling, S. Sachdev, and Shiwei Zhang for
valuable discussions. P.M.B. acknowledges support by the
German National Academy of Sciences Leopoldina through
Grant No. LPDS 2023-06, by the Gordon and Betty Moore
Foundation’s EPiQS Initiative Grant No. GBMF8683, and by
the NSF Grant No. DMR-2245246.

DATA AVAILABILITY

The data that support the findings of this article are not
publicly available upon publication because it is not techni-
cally feasible and/or the cost of preparing, depositing, and
hosting the data would be prohibitive within the terms of this
research project. The data are available from the authors upon
reasonable request.

FIG. 12. Minimum in q of the inverse charge susceptibility as a
function of T for n = 0.86.

APPENDIX A: NUMERICAL DETAILS
OF MEAN-FIELD LOOP

We have to define a chemical potential μ to enter in Eq. (4).
For that, we start with an initial chemical potential and adjust
it in each iteration via

μnew = μold − α(n̄ − n), (A1)

with the current average density n̄ = N−1 ∑
j〈n j〉 and α > 0

so that the chemical potential increases (decreases) when the
current filling is smaller (bigger) than the desired filling. In
standard Hartree-Fock calculations with a Hamiltonian that
is not of Bogoliubov–de Gennes type, one can directly fix
the chemical potential in each iteration self-consistently [37].
Here, this is not possible, since Hamiltonian (3) does not
depend trivially on μ, which is why we chose this iterative
approach. The chemical potential and the filling converge to
the final correct values. In our calculations, we have mainly set
α = 0.35. We furthermore employ linear mixing of roughly
50% of the expectation values and the chemical potential in
each iteration.

We consider a state as converged if all the parameters Ajα

and � jα change by less than 10−8t between two iterations,
or after 3000 iterations. Further lowering the threshold below
10−8t does not alter the results. The second convergence cri-
terion was introduced to guarantee eventual termination of the
computation. In practice, 3000 iterations are typically suffi-
cient to reach a well-defined state that reflects the same type of
magnetic order as the fully converged solution. Furthermore,
by performing multiple runs for each (n, T ) point with dif-
ferent initial conditions, we are confident that the identified
magnetic order corresponds to the true global minimum for
each parameter set.

APPENDIX B: POSSIBLE REENTRANCE
OF THE SPIRAL STATE

As described in Sec. III C, we determined the border of
the spiral regime by a divergence in the charge susceptibility
in the spiral state. In Fig. 12, we show the minimum in q
of the inverse charge susceptibility as a function of T for
n = 0.86. As we lower the temperature, we first see a positive
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charge susceptibility χ00 > 0 for T > 0.05t , followed by a
regime where χ00(q) < 0 for some momenta in the Brillouin
zone, indicating that the spiral order is unstable. As we keep
lowering the temperature below T = 0.03t , the charge suscep-
tibility becomes positive again, indicating that the spiral order
is at least metastable in this regime. To determine whether

spirals or stripes yield the lowest free energy in this low-
temperature regime in the thermodynamic limit, one would
need to compare their energies on very large lattices, since the
finite-size effects on the lattices we consider here are of the
order of the energy difference between spirals and stripes for
this parameter set.
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One-dimensional metallic behavior of the stripe phase in
La2−xSrxCuO4, Phys. Rev. Lett. 84, 4962 (2000).

[27] M. Fleck, A. I. Lichtenstein, and A. M. Oleś, Spectral properties
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