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The study of entanglement in strongly correlated electron systems typically requires knowledge of the reduced
density matrix. Here, we apply the parquet dynamical vertex approximation to study the two-site reduced density
matrix at varying distance, in the Hubbard model at weak coupling. This allows us to investigate the spatial
structure of entanglement in dependence of interaction strength, electron filling, and temperature. We compare
results from different entanglement measures, and benchmark against quantum Monte Carlo.
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I. INTRODUCTION

Entanglement is one of the key manifestations of quantum
mechanics and builds on correlations beyond the limits of
what is classically possible [1]. Despite its importance, quan-
tifying and characterizing entanglement in strongly correlated
electron systems remains a significant challenge, especially
at finite temperatures. Here, the fundamental model is the
Hubbard model which remarkably captures many essential
features of strongly correlated electron systems, including
superconductivity in cuprates [2–4] and nickelates [5], pseu-
dogaps [6–8], kinks [9,10], waterfalls [11], and the Mott
transition [12,13].

To this date, various approaches have been applied to
study entanglement in the Hubbard model, yet little is known
about the spatial structure of entanglement. On the one hand,
multipartite entanglement probes such as the quantum Fisher
information have proven to be valuable because they of-
fer experimental accessibility via susceptibility measurements
[14–18]. In particular, multipartite entanglement has been de-
tected in the pseudogap [19] and strange metal regime [20].
However, the quantum Fisher information characterizes the
entanglement depth of a system, offering no insight into the
spatial structure of entanglement.

On the other hand, bipartite entanglement in the pseudogap
has been detected based on CDMFT [21], a cluster extension
to the dynamical mean field theory (DMFT). Both DMFT
and CDMFT have also been applied to study entanglement at
the Mott transition [21–26]. CMDFT and similar calculations
with exact diagonalization (ED) [27,28] are, however, limited
to small clusters and thus yield only little information on the
spatial structure of entanglement.
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Similarly limited to small two-dimensional systems, and
by entanglement itself [29], are matrix product state (MPS)
methods. Nevertheless, they have provided an in-depth anal-
ysis of momentum space entanglement in the ground state of
the two-dimensional (2D) Hubbard model [30].

Aside from these examples, entanglement has been stud-
ied quite intensively in the one-dimensional Hubbard model
[27,28,31–35]. Additionally, logarithmic corrections to the
area law have been detected on the honeycomb lattice [36],
and the entanglement spectra of exact excited eigenstates
have been analyzed [37]. On the practical side, the study of
entanglement can be relevant, among others, to detect phase
transitions [38,39] and in quantum metrology [38]. In gen-
eral, entanglement offers a new, augmented perspective for
understanding solid state phenomena. Turning to the two-site
approach in particular, which is at the focus of this paper,
it has been used to investigate ground-state phase transitions
and crossovers [28], can provide valuable insights for the op-
timization of MPS based numerical algorithms [40]. Finally,
for spin systems, it has been shown that entanglement between
pairs of lattice sites can be extracted and used for quantum
information processing [41].

In this paper, we aim at studying the spatial structure
of entanglement in the two-dimensional Hubbard model at
finite temperatures. To this end, we calculate the two- and
four-point Green’s functions with the parquet dynamical ver-
tex approximation (pD�A) [42–44]. From these we obtain,
with the methodology developed in Ref. [27], the two-site
reduced density matrix (2s-RDM) ρi, j for two lattice sites i, j
at arbitrary distance (see Fig. 1). The 2s-RDM allows us in
turn to calculate bipartite entanglement measures such as the
mutual information Ii j [45,46] and the (fermionic) negativity
NF

i j [47–50].
Unlike the case of ED calculations in Ref. [27], we can-

not benchmark the results against a direct evaluation of the
2s-RDM since we now consider significantly larger systems.
To provide nevertheless an independent validation, we bench-
mark our results for one of the entanglement measures, the
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FIG. 1. Tracing out all but two lattice sites i, j provides the
two-site reduced density matrix ρi, j , computed here from two- and
four-point Green’s functions with the pD�A. From ρi, j , entangle-
ment measures such as the mutual information I and fermionic
negativity NF between any two lattice sites can be evaluated. This
entanglement includes spin and charge degrees of freedom.

Rényi mutual information, against auxiliary field quantum
Monte Carlo (QMC) [51–56]. For the Hubbard model on a
square lattice with weak to intermediate interaction strength
U , we study how entanglement changes with U , filling n,
and inverse temperature β. We find a close relation between
entanglement and nesting of the Fermi surface. In contrast
to entanglement in pure spin systems, our approach features
entanglement between charge and spin degrees of freedom.

The outline of the paper is as follows: In Sec. II we in-
troduce the von Neumann and Rényi mutual information as

well as the fermionic negativity. In Sec. III the Hubbard model
and the formalism to compute the 2s-RDM are recapitulated.
We then apply this postprocessing routine and benchmark it
against QMC in Sec. IV. In Sec. V, the entanglement in the
Hubbard model as function of distance is analyzed. Further-
more, in Sec. VI we analyze which correlation functions are
dominant in the system to provide a physical interpretation of
our findings. We dub this approach “correlation diagnostics.”
We summarize our findings and discuss future research appli-
cations in Sec. VII.

II. ENTANGLEMENT MEASURES

The central quantity considered in this work is the 2s-
RDM, which can be computed between any pair of lattice sites
(see Fig. 1). Following Ref. [27], the matrix elements of the
2s-RDM are given by

ρnm = 〈Anm〉, (1)

with n, m ∈ [1,16] and

An,m = 1√
2 + 2δnm

(|vn〉〈vm| + |vm〉〈vn|). (2)

The corresponding basis vectors |vn〉 are defined in Table I,
and only real-valued elements Anm exist [57]. Due to particle
number and spin conservation, most matrix elements are zero,
and we obtain ρi j in particle number block-diagonal form

ρi j =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

ρ1,1
ρ2,2 ρ2,4

ρ3,3 ρ3,5
ρ2,4 ρ4,4

ρ3,5 ρ5,5
ρ6,6 ρ6,8 ρ6,9 ρ6,11

ρ7,7
ρ6,8 ρ8,8 ρ8,9 ρ8,11
ρ6,9 ρ8,9 ρ9,9 ρ9,11

ρ10,10
ρ6,11 ρ8,11 ρ9,11 ρ11,11

ρ12,12 ρ12,14
ρ13,13 ρ13,15

ρ12,14 ρ14,14
ρ13,15 ρ15,15

ρ16,16

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

(3)

Based on the 2s-RDM, any bipartite density matrix-based
entanglement measure between two lattice sites i, j can be
calculated. Since our calculations are at finite temperatures,
we consider entanglement of mixed states. As there is not
one definitive measure for entanglement, we will proceed
by focusing on an “upper bound” and a “lower bound” for
entanglement, such that both measures combined provide a
complete picture. Here, we restrict ourselves to a quick in-
troduction of the applied entanglement measures (for detailed
reviews of the topic we refer the reader to Refs. [58–60]).

As the first entanglement measure, we consider the mu-
tual information [45,46]. The mutual information is defined
through the von Neumann entropy as a measure of all correla-
tions in a system

Ii j ≡ tr[ρi j ln ρi j] − 2tr[ρi ln ρi], (4)

where ρi = tr jρi j = ρ j = triρi j is the one-site reduced den-
sity matrix. I = 0 corresponds to a separable and completely
uncorrelated system, while I > 0 indicates entanglement but
also classical correlations between i and j. We elaborate on
this by showing analytical results for the antiferromagnetic
Heisenberg dimer in Appendix A. Since the mutual infor-
mation does not discriminate between quantum and classical
correlations, it is an upper bound to entanglement, in the
sense that zero mutual information implies no correlation
and consequently no entanglement. A maximum is reached
at I = 2 ln(dim ρi ) = 2 ln(4), with 4 spin and charge degrees
of freedom per site.

For comparison with QMC, the Rényi mutual information
[55,61] is computed as well:

IR
i j ≡ ln

[
trρ2

i j

]− 2 ln
[
trρ2

i

]
. (5)
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TABLE I. Occupation number basis of all two-site states v, ex-
pressed in terms of the occupations of the two sites i and j and two
spin species ↑ and ↓; ψi and ψ j denote the basis states for sites i
and j from which the product state v is made up. Horizontal lines
separate subspaces with different occupation numbers n.

ψi ψ j

i↑ i↓ j↑ j↓
v1 0 0 0 0
v2 0 0 0 1
v3 0 0 1 0
v4 0 1 0 0
v5 1 0 0 0
v6 0 0 1 1
v7 0 1 0 1
v8 1 0 0 1
v9 0 1 1 0
v10 1 0 1 0
v11 1 1 0 0
v12 0 1 1 1
v13 1 0 1 1
v14 1 1 0 1
v15 1 1 1 0
v16 1 1 1 1

The latter differs from the mutual information by the exponent
by which ρ contributes, here 2, i.e., ρ2 [62]. Due to its possi-
ble negativity [63,64], IR is not a well-defined entanglement
measure.

Aside from the “upper bound” Ii j , we consider as a “lower
bound” the negativity N . It investigates the physicality of the
density matrix under the application of the partial transpose
on site j only. Here, the partial transpose acts on any operator
O in the Hilbert space of i ∪ j, and is elementwise defined as

〈ψi, ψ j |OTj |ψ̄i, ψ̄ j〉 ≡ 〈ψi, ψ̄ j |O|ψ̄i, ψ j〉. (6)

Here, ψi, ψ̄i, ψ j, ψ̄ j, are four (possibly different) state vectors
on sites i, j. For the partial transpose of ρ, this transforma-
tion is performed on all matrix elements, i.e., all physically
allowed combinations of basis vectors v defined in Table I. If
a density matrix is separable ρi j = ρi ⊗ ρ j , its partial trans-

pose ρ
Tj

i j = ρi ⊗ ρT
j remains a physical density matrix and is

positive semi-definite. Conversely, if the partial transpose ρ
Tj

i j
is not physical, the density matrix is not separable [47,48]. To
detect an unphysical partially transposed density matrix, one
investigates if ρ

Tj

i j is positive semidefinite, by summing over
all its negative eigenvalues λ:

N ≡ −
∑
λ<0

λ. (7)

If the negativity N is nonzero, the original matrix ρi j is not
separable, this is known as Peres-Horodecki or positive partial
transpose criterion. The opposite statement is not true since
bound entangled states may exist with N = 0. Therefore, the
negativity provides a lower bound to entanglement in the
sense that a nonzero negativity proves the existence of entan-
glement [65]. Oftentimes, the negativity is rewritten in terms

of the trace norm ‖ρ‖tr = tr
√

(ρρ†) as [66]

N =
∥∥ρTj

i j

∥∥
tr − 1

2
. (8)

The measure is closely related to the logarithmic negativity
EN = log2 ‖ρTj

i j ‖tr [66,67]. Unfortunately, the negativity can-
not be directly applied to fermionic systems [68], as illustrated
in Appendix B.

Instead of the negativity, we thus consider a recent exten-
sion thereof, based on the partial time-reversal transformation
[49,50]. We adapt the definition of the partial time-reversal
operation from Shapourian et al. [50] to the case of a two-site
density matrix with spin- 1

2 particles. The partial time-reversal
operation applied on an operator O yields

〈ψi, ψ j |OTR j |ψ̄i, ψ̄ j〉 ≡ 〈ψi, ψ̄ j |O|ψ̄i, ψ j〉(−1)φ, (9)

where the phase factor

φ = ni(ni + 2)

2
+ n̄i(n̄i + 2)

2
+ n̄ jn j

+ nin j + n̄in̄ j + (n̄i + n̄ j )(ni + n j ) (10)

is given in terms of the number of electrons ni = ni,↑ + ni,↓
of each matrix element. For example, |↑,↑↓〉〈↑,↑↓| has ni =
n̄i = 1 and n j = n̄ j = 2. In simple terms, this accounts for the
number of minus signs picked up by permuting the fermionic
operators in the process of taking the partial transpose. Equiv-
alently to Eq. (8), the fermionic negativity is

NF ≡
∥∥ρTR j

i j

∥∥
tr − 1

2
. (11)

And similar to the partial transpose, NF is only nonzero if
ρi j is not separable. Therefore, a nonzero fermionic negativity
detects an entangled state. Moreover, one expects that any
entangled state will necessarily lead to a nonzero fermionic
negativity [49].

In Appendix B, we compare results from the four measures
discussed here, i.e., I , IR, N , and NF , as well as the nonfree-
ness [69–71].

III. MODEL AND METHOD

We investigate the one-band Hubbard model with nearest-
neighbor (NN) hopping t ,

H = −
∑
〈i j〉,σ

t (c†
i,σ c j,σ + c†

j,σ ci,σ )

+ U
∑

i

ni,↑ni,↓ − μ
∑
i,σ

ni,σ , (12)

where μ is the chemical potential, U the onsite Coulomb
repulsion, ni,σ = c†

i,σ ci,σ the occupation number operator, and

ĉ(†)
iσ is the fermionic annihilation (creation) operator that anni-

hilates (creates) an electron at site i with spin σ . We consider
the square lattice in the paramagnetic phase, which implies
SU(2) symmetry. For a more detailed introduction of the
Hubbard model, see for example Refs. [72–74]. The Fourier
transform of the kinetic term gives, for the NN hopping, the
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tight-binding dispersion relation

εk = −2t (cos kx + cos ky), (13)

where the momentum k = (kx, ky) is measured in units of the
inverse of the lattice constant a. In the following, we set h̄ =
kB = a = 1 and measure all quantities in units of t ≡ 1.

To solve the Hubbard model, pD�A in the multiboson
exchange formalism is applied [75]. For vertices and the self-
energy, calculations are performed on a 16 × 16 momentum
grid with periodic boundary conditions. A 10× finer mo-
mentum grid is applied for sums over one-particle Green’s
function (coarse graining [76]). For comparison with QMC,
data without coarse graining is used. The difference in the en-
tanglement measures between results with and without coarse
graining is shown in Appendix C.

A. Parquet dynamical vertex approximation

The pD�A method uses as its basis the local two-particle
fully irreducible vertex �, which is obtained from the solution
of the DMFT impurity problem. In this work, the DMFT was
solved with the continuous-time QMC in the hybridization
expansion as implemented in the W2DYNAMICS code [77].
The resulting � is then used as input to the parquet equations.

The parquet equations are a set of exact relations between
different classes of two-particle vertices and between the
self-energy and the full two-particle vertex [78,79]. A good
introduction to the formalism is provided in [80]. In this
work, we use data generated with the multiboson exchange
implementation of the method as presented in [75,81]. This
allows for a careful treatment of the Matsubara frequency
asymptotics needed in calculations of infinite sums. For some
of the values of the parameters (i.e., for U = 2 and 3 out of
half-filling), the parquet approximation (PA) was used. In the
PA, the fully irreducible vertex � is approximated as U . While
for weak coupling at U = 2, the pD�A is essentially reduced
to PA for the range of the temperatures considered (� from
DMFT is practically equal to U ), for U = 3 this is not the case
and we show results for both pD�A and PA, in the half-filled
case.

The pD�A is the computationally most involved diagram-
matic extension of the DMFT [44] and therefore currently
only relatively high temperatures and small grid sizes are
available (there are, however, promising computational devel-
opments [82]). The reason for this is that the vertices retain
their full frequency and momentum dependence that reflects
best spatial correlations. The method treats, by construc-
tion, all scattering channels equally, as well as the interplay
between them. In cases where a clear dominance of one
scattering channel is present, a simpler approach that retains
dependence on one momentum only, the transfer momentum
in the dominant channel, can be used. This simplification lies
at the core of the ladder D�A method [44].

B. Calculating 2s-RDM from pD�A output

The 2s-RDM can be calculated as a postprocessing step
using the method developed in Ref. [27], where the Heisen-
berg equation of motion links all symmetry-allowed matrix
elements of ρi j to frequency sums over two- and four-point

Green’s functions. While all the details are provided in
Ref. [27] and the relation between Green’s functions and 2s-
RDM recapped in Appendix D, we briefly sketch here which
quantities obtained from pD�A are used in calculations in this
work.

For completeness and also to introduce the notation, we
start with the definition of the one-particle Green’s function

Gk = −
∑
i, j

∫ β

0
dτ eiντ e−ik(ri−r j )〈Tτ ĉi,σ (τ )ĉ†

j,σ (0)〉, (14)

with τ denoting the imaginary time and β ≡ 1/T the inverse
temperature. We use a joint four-vector notation in which k =
(ν, k) labels the combination of discrete fermionic Matsubara
frequency νn = (2n+1)π

β
, n ∈ Z, and momentum vector k. We

omit the spin index of Gk since due to SU(2) symmetry the
one-particle Green’s function is the same for both spins.

Analogously, we define the two-particle (four-point)
Green’s function

Gkk′q
σ1...σ4

=
∑

i, j,l,m

eikri e−i(k+q)r j ei(k′+q)rl e−ik′rm

×
∫ β

0
dτ1

∫ β

0
dτ2

∫ β

0
dτ3eiντ1 e−i(ν+ω)τ2 ei(ν ′+ω)τ3

× 〈Tτ ĉi,σ1 (τ1)ĉ†
j,σ2

(τ2)ĉl,σ3 (τ3)ĉ†
m,σ4

(0)
〉
, (15)

where we additionally have a bosonic frequency-momentum
index q = (ω, q), with bosonic Matsubara frequency ωn =
2πn
β

and momentum q. Due to SU(2) symmetry, the num-
ber of spin components that need to be computed reduces
to the following: Gσσσ ′σ ′ , which we will denote by Gσσ ′ ,
and Gσ (−σ )(−σ )σ , which can be shown to be equal to Gσσ −
Gσ (−σ ). Furthermore, since Gσσ ′ = G(−σ )(−σ ′ ), we only need
to compute G↑↑ and G↑↓ [44].

To compute all elements of the 2s-RDM it is enough
to know the one- and two-particle Green’s functions. These
quantities can be reconstructed from the output of pD�A. It is,
however, more convenient and computationally cheaper to use
the direct output of pD�A in the calculations because many
of the expressions for the correlators needed in ρi, j contain
summation over momenta or frequencies, which reduce the
two-particle Green’s functions to smaller objects (dependent
on fewer arguments), like susceptibilities χ , screened interac-
tion W , and the fermion-boson vertex γ . Only some elements
require the knowledge of the full two-particle vertex F , which
has the same number of arguments as the two-particle Green’s
function. Below, we define all the quantities that were taken
from the pD�A calculations and used in expressions in Ap-
pendix D to obtain the 2s-RDM.

The full two-particle vertex F is defined by subtracting
disconnected parts of the four-point Green’s function and by
“amputating the legs,” which results in the following expres-
sion [44]:

Gkk′q
σσ ′ = GkGk′

δq0 − GkGk+qδkk′δσσ ′

− GkGk+qF kk′q
σσ ′ Gk′

Gk′+q. (16)

To make the connection between the vertex and the physical
susceptiblities, we introduce the following spin combina-
tions: magnetic Xm = X↑↑ − X↑↓ and density Xd = X↑↑ + X↑↓
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I R I R I R

FIG. 2. Rényi mutual information IR as a function of distance d comparing pD�A (color) and QMC (gray) for the (16 × 16)-site Hubbard
model at half-filling and, from left to right, U = 2, 3, 4. Solid lines and crosses are measurements along the diagonal of the lattice � = (�, �),
boxes and dotted lines are measured along the NN path � = (�, 0). We denote the real distance d = √

�2
x + �2

y from the reference site on
the x axis. Insets are the same plot with an enlarged y axis. For U = 2, 3 the QMC error bars are smaller than the symbols. Errors only become
significant in the inset for U = 4; here both the statistic and Trotter errors are relevant.

where X is any two-particle quantity such as G, F or the
susceptibility χ . That is, in this notation, the physical suscep-
tibility in the α = m, d channel is given by

χq
α = −2

∑
k

GkGk+q − 2
∑
k,k′

GkGk+qF kk′q
α Gk′

Gk′+q. (17)

Following Ref. [27], we can directly compute some con-
tributions to the 2s-RDM from the susceptibilities. Other
contributions require the screened interaction W q

α defined as
[75,83]

W q
α = Uα − 1

2Uαχq
αUα, (18)

where Ud = U , Um = −U . The susceptibility χ and F are
connected to the fermion-boson irreducible vertex γ

kq
α through

[83]

γ kq
α = 1 +∑k′ F kk′q

α Gk′
Gk′+q

1 − 1
2Uαχ

q
α

. (19)

Both W and γ are direct outputs of the pD�A in the multibo-
son exchange implementation [75,81]. As mentioned above,
in principle, all quantities required for the 2s-RDM can
be expressed only through F and G, as can be seen from
the above equations. The susceptibility χ , screened interac-
tion W and Fermi boson vertex γ have the advantage that
their memory requirement scales with the number of mo-
menta Nkx/y and fermionic frequencies NF as O(Nkx Nky NF ),
O(Nkx Nky NF ), O(N2

kx
N2

ky
N2

F ), respectively, compared to the

scaling O(N3
kx

N3
ky

N3
F ) of F . Hence, pD�A is most efficiently

performed in the single-boson exchange formalism since the
parquet equations can be formulated in terms of these quan-
tities [75]. Further noting that F at high frequencies can be
expressed through γ and W , we exploit the difference in
scaling and replace F by

F kk′q
α = T kk′q

α + γ kq
α W q

α γ k′q
α , (20)

where the memory-intensive multiboson exchange term T
is only computed on small frequency boxes. The memory
requirement of this T is also the limiting factor for the
computation of the 2s-RDM, however, the bottleneck for the
formalism is the complexity of solving the parquet equa-
tions in pD�A. As a rule of thumb, the number of required

frequencies scales as NF ∼ β and the number of momenta
scales with the correlation length ξ as Nkx = Nky ∼ eξ . The
decomposition of F into T + γW γ is particularly important
for contributions to the 2s-RDM coming from derivatives of
the four-point Green’s function that result in the full vertex
multiplied by frequencies: the additional two-point Green’s
functions that appear in those contributions guarantee that
these terms do not diverge, but a careful asymptotic treatment
as explained in the Appendix of Ref. [27] is required.

IV. COMPARISON TO QUANTUM MONTE CARLO

In this section, we benchmark the results for the mutual
information based on Rényi entropy obtained from 2s-RDM
with pD�A against direct quantum Monte Carlo calculation.
Since pD�A is not an exact method, there will be some devi-
ations to QMC, especially at larger U and lower T . For β = 5
and U = 2, on the other hand, it has been shown that there is
quantitative agreement between the parquet equations’ result
(even in parquet approximation) and QMC [74,85], whereas
for U = 3 differences start to be visible [85]. Here we use the
same parameters and compare the Renyi mutual information
for a 16 × 16 lattice with periodic boundary conditions.

A. Obtaining Rényi entropy from QMC

QMC methods solve the many-body problem by stochas-
tically sampling the high-dimensional integral of the grand
canonical ensemble. Where sign-problem-free formulations
exist, this approach allows for error-controlled solutions, mak-
ing it the method of choice for benchmarking other numerical
methods. We use the algorithms for lattice fermions (ALF)
package, which provides an implementation of the finite-
temperature and projective auxiliary-field quantum Monte
Carlo algorithm [54], which constructs the Rényi mutual in-
formation from two independent simulations of the system
[55,56]. For the calculations we have used a symmetric Trotter
decomposition with an imaginary time step set to �τ t = 0.1.
At U/t = 4, Fig. 2 of Ref. [54] shows that this produces a
negligible systematic error for the energy.
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FIG. 3. Rényi mutual information IR (false colors) between a reference point (star) and a second lattice site at distance (�x, �y ), comparing
pD�A and QMC for U = 2, β = 5 and two fillings, i.e., n = 1 (half-filling, two leftmost panels) and n = 0.8 (two rightmost panels) [84].
Note that NN IR is outside the color bar and marked in yellow; from left to right we have for NN IR

01 = 0.5484, IR
01 = 0.5540; IR

R,01 = 0.4982,
IR
R,01 = 0.5031.

B. Comparison between pD�A and QMC

To compare the two numerical methods, we compute the
Rényi mutual information between two lattice sites separated
by � ≡ r j − ri = (�x,�y). In the entire comparison, we do
not apply coarse graining in pD�A as QMC simulates a finite
16 × 16 system.

Figure 2 shows the Rényi mutual information IR at half-
filling (ni = n = 1) and β = 5, for different values of U as
a function of distance d =

√
�2

x + �2
y . Dashed lines show IR

along the x direction � = (�, 0) and solid lines are data along
the diagonal � = (�,�).

While the Rényi mutual information is large between NN
neighbors, it drops off extremely rapidly already for the next-
next-nearest neighbor, necessitating the enlargement of the
insets. This suggests only a weak entanglement, except for
neighboring sites. Interestingly, we encounter a rarely ob-
served negative Rényi mutual information at large distances.

As for the comparison between pD�A and QMC, the
agreement for the smallest interaction U = 2 is very good,
validating the developed pD�A calculation of the Rényi mu-
tual information. For U = 4 and to a lesser extent U = 3,
we find some quantitative though not qualitative discrep-
ancy. The reasons for the observed differences are as follows:
(i) The computation of the 2s-RDM from pD�A requires
infinite Matsubara sums and thus the knowledge of the two-
particle vertex in a sufficiently large frequency range. For
higher values of U this range increases and the finite-box
error grows. This deficiency can hopefully be cured with
the application of novel vertex compression methods [82].
(ii) With larger U there will be corrections to the pD�A
approximation of a local fully irreducible vertex. This is
actually more severe for a small 16 × 16 cluster than for
an infinite lattice since the momentum dependence of the
fully irreducible vertex is more pronounced in small systems
[86]. (iii) For U = 4, β = 5 the antiferromagnetic suscep-
tibility is already very strongly enhanced to χ [ωn = 0, q =
(π, π )] ≈ 30 in QMC. In DMFT, antiferromagentic order
would have already set in (not shown). In the temperature
regime where the susceptibility strongly increases, only a
minor deviation of the onset temperature for this increase
will result in largely different susceptibilities. Such a dif-
ference is observed for the susceptibility in Appendix E for
U = 4, and Fig. 2 shows how this reflects in the Rényi mutual
information.

In Fig. 3, we also present a real space map of the results for
U = 2 at two different fillings n = 1.0 and 0.8. The agreement
between pD�A and QMC is again very good, but for further
neighbors the pD�A mutual information is slightly smaller,
particularly upon doping. Note that the filling n = 0.8 is also
observed at slightly different values of the chemical potential
μQMC = 0.2610, μD�A = 0.2667. Interestingly, at half-filling
there is an alternating pattern of sites with more and less Rényi
mutual information, and thus supposedly entanglement. All of
these alternations are, however, small compared to the NN IR

which has by far (even on another scale) the largest mutual
information. This also holds for the conventional (non-Rényi)
mutual information and other entanglement measures, and
will be discussed in more detail in the next section.

V. RESULTS

Having tested and demonstrated the reliability of 2s-RDM
results obtained from pD�A in the previous section, we now
turn to an analysis of the bipartite correlation and entangle-
ment structure of the 2D Hubbard model. We restrict ourselves
to nearest-neighbor (NN) hopping on the square lattice in the
weakly correlated Fermi-liquid phase.

In Fig. 4, we investigate the structure of entanglement
within real space for different values of interaction strength
U , filling n, and inverse temperatures β. To obtain meaningful
results, we combine the von Neumann mutual information
(I , instead of the Rényi mutual information of the previous
section; top) as an upper bound to entanglement, and the
quantitatively unrelated fermionic negativity (NF ; bottom) as
a lower bound. Both measures follow the same qualitative
behavior, proving that the observed structure indeed resembles
the spatial structure of entanglement.

Entanglement is strong only for NN sites and rapidly de-
creases by approximately one order of magnitude for larger
distances. However, this decrease is neither isotropic nor
smooth as one might naïvely expect or has in a free-electron
gas scenario. In fact, entanglement is modulated by two main
effects.

First, as a universal feature of our results, we observe that
entanglement along the NN direction � = (�, 0) is less long
ranged than entanglement close to the diagonal direction � =
(�,�). This is a direct consequence of the NN hopping t and
the connectivity between different sites. The connectivity of
two sites is given by the number of paths that connect them
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(e) (f) (g) (h)

(a) (b) (c) (d)

FIG. 4. (a)–(d) Mutual information I and (e)–(h) fermionic negativity NF plotted as real-space entanglement between lattice sites separated
by � = (�x, �y ) from a reference site marked by �. From left to right we display (a), (e) U = 3, β = 5, n = 1 where the yellow NN values are
I01 = 0.3014, NF

01 = 0.1646; (b), (f) U = 2 β = 5, n = 1 with I01 = 0.3114, NF
01 = 0.1663; (c), (g) U = 2, β = 14, n = 1.0 with I01 = 0.3196,

NF
01 = 0.1732; (d), (h) and U = 2, β = 5, n = 0.8 with I01 = 0.3181, NF

01 = 0.1417 [84].

with a specific number of NN hoppings. Comparing two sites
that are separated from a reference site by the same number
of NN hoppings (i.e., same “Manhattan distance”), we find
that the connectivity grows the more diagonal a path becomes.
This is illustrated for two example sites in Fig. 5. Hence, sites
that are connected by diagonal paths are expected to be more
strongly entangled.

Furthermore, we observe a second attenuating effect. Even
in the weak-coupling Fermi-liquid phase (U = 2, 3, 4), far
from the antiferromagnetic phase and Mott transition, en-
tanglement at half-filling exhibits a checkerboard pattern,
reflecting the inherent antiferromagnetic tendency of the
square lattice NN-hopping Hubbard model and resembling
Néel order itself. Entanglement favors sites whose spins have
an antiferromagnetic alignment (compare the real-space spin
susceptibility in Fig. 11 with Fig. 4). The same pattern of
entanglement remains in the noninteracting case U = 0 (Ap-
pendix F). That is, the Néel-like pattern does not necessitate
strong interactions, but can also be caused by the perfect
nesting of the Fermi surface [30] εk+(π,π ) = −εk, which leads
to a divergent spin susceptibility at q = (π, π ) [87].

FIG. 5. Three different paths (dashed colored lines) connect sites
i and j with three hoppings each, whereas there is just one path that
connects i and l (solid line) with three hoppings. The Manhattan
distance between i and j is the same as that between i and l , the
Euclidean distance is even larger for the former pair.

Moreover, when a doping lifts this nesting effect and an-
tiferromagnetism is suppressed, we observe at both U = 0
(Fig. 12) and finite U [Figs. 4(d) and 4(h)], that the checker-
board pattern vanishes. Note that at low filling n � 0.8 our
method encounters nonphysical density matrices due to fi-
nite numerical precision. Where such nonphysical negative
eigenvalues were encountered, we optimize for the closest
positive-semidefinite density matrix with unity trace follow-
ing Ref. [88]. Conversely, larger interactions U act favorably
towards the antiferromagnetism, and the checkerboard pattern
becomes more pronounced [compare Figs. 4(a) and 4(e) vs
4(b) and 4(f)]. In accordance with the growing correlation
length at lower temperatures, we also observe that the alter-
nating entanglement pattern becomes more pronounced and
entanglement more long ranged at β = 14 [compare Figs. 4(b)
and 4(f) vs 4(c) and 4(g)].

In Fig. 6, we turn from the qualitative patterning to the
quantitative changes of entanglement. Going away from half-
filling which suppressed the alternating entanglement pattern
in Fig. 4, we observe in Fig. 4 that the magnitude of entan-
glement actually increases in all three entanglement witnesses
studied. This is a bit counterintuitive, at least for the mutual in-
formation, since spin correlations are strongest at half-filling.
However, the 2s-RDM also includes the charge degree of
freedom, which opens an additional channel for entanglement
away from half-filling.

VI. CORRELATION DIAGNOSTICS

To better interpret the entanglement results shown in the
previous section, we investigate the nature of correlations in
the system. Noting that the mutual information is an upper
bound for all correlations K in a system [89], we can interpret
the prevalent correlation function in the system to be the
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FIG. 6. Comparison of the Rényi mutual information IR (left), mutual information I (middle), and fermionic negativity NF (right) at
disttance d for different fillings n; U = 2 (top) and U = 3 (botttom) at β = 5. From left to right we show Rényi mutual information IR, mutual
information I , and fermionic negativity NF . Solid lines and crosses are measurements along the diagonal of the lattice while boxes and dotted
lines are measured along the x (or y) direction. Insets are the same plot with an enlarged y axis.

dominant contribution to the entanglement which is detected
by the mutual information. Specifically, knowledge of the re-
duced density matrix of the two sites allows for the calculation
of any expectation value defined on the two sites and any
correlation function. Then, information on the nature of the
correlation functions as a function of distance, can be obtained
by identifying the largest correlation function according to the
Frobenius norm [90].

Let O(i) be an operator defined at site i and O( j) an operator
defined at site j, both operators are normalized such that
TrO2

(i) = TrO2
( j) = 1. We look for the normalized operators

that maximize the correlation function

K = 〈O(i)O( j)〉 − 〈O(i)〉〈O( j)〉. (21)

This maximum can be obtained for any two subsystems of
any physical system by choosing a basis in the operator space,
writing up a matrix for the correlation functions, which are
bilinear in the operators, and finding the maximal singular
value and the corresponding eigenvalues of the matrix. The
details of the procedure for the general case are given in
Appendix G. In a general quantum state, the operators maxi-
mizing the correlation function can be any linear combination
of all possible operators from the subsystem. However, in the
thermal equilibrium state of the Hubbard model, the particle
number and the electron spin are conserved. It means that
some of the correlation functions are zero, and the maximum
cannot be an arbitrary linear combination of all possible Her-
mitian operators from the subsystem, but has to be a member
of one of the following five disjunct classes: spin-density
correlations, charge-charge correlations, transfer correlations,
pairing, and spin-flip correlations. These are listed together

with example correlators in Table II. A detailed reasoning and
the operators spreading the classes are given in Appendix H.

The nature of the maximal correlation functions is shown
in Fig. 7. For small distances, the largest correlations are
of transfer type, and with distance, there is a crossover to
charge-charge type correlations. This corroborates our earlier
discussion of entanglement and the finding that the spatial
structure is significantly shaped by the nearest-neighbor char-
acter of our model.

VII. SUMMARY

In this paper, we provide proof of principle that the two-
site reduced density matrix can in practice be computed
from Green’s function based methods. The comparison with

TABLE II. Classification of the maximal correlation function.
The first column is the name of the class. The column �S shows how
the basis operators change the spin. The column �N shows how the
basis operators change the particle number. The “example” column
shows typical correlation functions from the class. In the example
correlation functions si = ni,↑ − ni,↓ and ni = ni↑ + ni↓.

Name �S �N Example

Spin density 0 0 〈sis j〉
Charge 0 0 〈(1 − ni )(1 − nj )〉,

〈(2s2
i − 1)(2s2

j − 1)〉
Transfer ±1 ±1 〈c†

i,↑c j,↑〉
Pairing 0 ±2 〈c†

i,↑c†
i↓c j↑c j↓〉

Spin flip ±2 0 〈c†
i↑ci↓c†

j↑c j↓〉
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(a)

(b)

FIG. 7. Correlation functions for β = 5, U = 2, half-filling. (a)
Color map of the maximal correlation functions. Squares denote
transfer-type correlation, triangles denote density-density correla-
tions. (b) K2/2 correlators over distance along the NN direction.

QMC results for the Rényi mutual information validates our
approach. This enables us to simulate systems beyond the
limitations of other methods and to unveil the spatial structure
of entanglement in the 2D Hubbard model.

As regards physics, we observe a strong entanglement
between NN sites in the Hubbard model and further a checker-
boardlike pattern of much smaller entanglement beyond NN
sites. Entanglement is largest in the vicinity of the diagonal
and suppressed along the horizontal and vertical directions.
This diagonal pattern of entanglement can be explained by the
larger number of possible hopping paths (to the same order in
t) along the diagonal. And the checkerboard pattern is caused
by the antiferromagnetic correlations which appear already
at U = 0 for half-filling due to the perfect nesting of the
Fermi surface. Upon increasing U , decreasing T , and towards
half-filling, the checkerboard entanglement pattern becomes
more pronounced as do antiferromagnetic correlations. With
the observed strong entanglement between antiferromagnetic
NN pairs and the checkerboard (albeit weaker) entanglement
pattern between more distant lattice sites, our work shows
that the antiferromagnetic tendency of the Hubbard model is
indeed a quantum (entanglement) effect.

Our interpretation of these results is mostly based on the
characteristics given by the nearest-neighbor hopping nature
of our systems. An observation that is in good agreement with
the dominant correlations in the system, as observed from the
correlation diagnostic.

Our observations of entanglement in the Hubbard model
demonstrate that our method can provide valuable insights

into the quantum nature and entanglement of strongly cor-
related electronic systems. At present pD�A is restricted to
smaller values of U and lattices of the order of 16 × 16. How-
ever, there are promising developments to overcome these
limitations [82,91]. The presented methodology can also be
applied to obtain 2s-RDM from other approximate methods
that provide one- and two-particle quantities, in particular
ladder extensions of DMFT [44].
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APPENDIX A: ENTANGLEMENT
IN THE HEISENBERG DIMER

While the mutual information is a faithful entanglement
measure for pure states, it can not differentiate between clas-
sical correlations and quantum entanglement for mixed states
[49]. To illustrate this, we consider the strong-coupling limit
of the Hubbard model, the isotropic antiferromagnetic Heisen-
berg model [93]

H =
∑
〈i, j〉

JSiS j, (A1)

and investigate the dimer as a particularly simple example.
The density matrix in the basis {|↑,↑〉, |↑,↓〉, |↓,↑〉, |↓,↓〉} is

ρAB = 1

4

⎛
⎜⎜⎝

1 + t3 t1 − t2
1 − t3 t1 + t2
t1 + t2 1 − t3

t1 − t2 1 + t3

⎞
⎟⎟⎠, (A2)

with t1 = t2 = t3 = 1−α−4

3+α−4 and α = e−β J
4 . As long as the con-

dition
∑3

i=1 |ti| � 1 is fulfilled, it can be separated into the
form [94]

ρAB = 1

4

3∑
i=1

2|ti|
[{

(I − σi )A

2
⊗ [I − sgn (ti )σi]B

2

}

+
{

(I + σi )A

2
⊗ [I + sgn (ti )σi]B

2

}]

+ [(I)A ⊗ (I)B]

(
1 −

3∑
i=1

|ti|
)

. (A3)
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FIG. 8. Comparison of IR, I , NF , N , and C2 for U = 2 at β = 5 for a range of fillings n. We show Rényi mutual information IR over
distance d for U = 2, 3, 4 from left to right. Again solid lines and crosses are measurements along the diagonal of the lattice � = (�, �)
while boxes and dotted lines are measured along the NN path � = (�, 0) and we denote the real distance d = √

�2
x + �2

y from the reference
site on the x axis. Insets are the same plot with an enlarged y axis. The first row of data has already been displayed in Fig. 6. For C2 we observe
that it converges towards two times the one-site limit 2C1 (thin constant line).

Here σi are the Pauli matrices. The separability condition is
fulfilled for either T = 0 or βJ � ln 3. However, the mutual
information

I = 2 ln(2) + 3 − 3α−4

3 + α−4
ln(α) − ln(3α + α−3) (A4)

at βJ = ln 3 is I = ln( 2√
3

) > 0. Hence, while we know that
the system is separable at βJ = ln 3, we find a nonzero mutual
information measuring classical correlations and not entangle-
ment. Likewise, the negativity can be computed. As we now
consider a spin system, the partial transpose based negativity
is applied, i.e., Eq. (7). This yields

N =
{∣∣ −1+3α4

2(1+3α4 )

∣∣ if βJ � ln 3 or T = 0,

0 else,
(A5)

which indeed shows the correct limit of separability as it is
an exact measure for qubits [48]. However, the negativity may
not detect non-separable states in larger systems. To conclude,
the limitation of the negativity on mutual information require
a mix of both or ideally even more entanglement measures to
accurately detect entangled states.

APPENDIX B: COMPARISON OF ENTANGLEMENT
AND CORRELATION MEASURES

The 2s-RDM formalism allows for the computation of a
wide variety of entanglement measures. In the main text, we
have limited ourselves to showing results for the von Neu-
mann and Rényi mutual information and fermionic negativity
(Sec. II). Here, we want to compare these results to the plain

vanilla negativity F from Eq. (7) (without fermionic phase φ)
and the nonfreeness [69–71].

First, the negativity defined through the partial transpose
(7) does not indicate any entanglement at all beyond the NN
pair (see Fig. 8); it is zero. This inability to faithfully detect
entanglement in fermionic systems is to be expected [49,50].
Second, the nonfreeness of a density matrix ρ is defined by
the relative entropy from the closest free state �,

S(ρ‖�) = S(ρ) − S(�), (B1)

where C = S(ρ) = −∑dimρ
i=1 λi ln λi is the von Neumann en-

tropy of a density matrix with eigenvalues λ. We can define
two types of nonfreeness. First, the nonfreeness of the two-site
reduced density matrix C2 with the closest free state given
through the one that has the same one-particle correlation
functions as the original density matrix

�2 =

⎛
⎜⎜⎜⎜⎝

c†
i↑ci↑ c†

i↑c j↑
c†

i↑c j↑ c†
j↑c j↑

c†
i↓ci↓ c†

i↓c j↓
c†

i↓c j↓ c†
j↓c j↓

⎞
⎟⎟⎟⎟⎠. (B2)

Second, we can consider the distance-independent nonfree-
ness of the one-site reduced density matrix C1 with free state

�1 =
(

c†
i↑ci↑ 0
0 c†

i↓ci↓

)
. (B3)

Both matrices are directly computable from the quantities
defined in Ref. [27]. In Fig. 8, we show the difference C2. For
large d the result converges towards 2C1 (horizontal lines),
showing that no correlations remain between distant sites.

035152-10



TWO-SITE ENTANGLEMENT IN THE TWO-DIMENSIONAL … PHYSICAL REVIEW B 113, 035152 (2026)

FIG. 9. Same as Fig. 6 but for U = 2, 3, 4 at β = 5, n = 1, comparing no coarse graining (top) to coarse graining (bottom).

To complete the comparison, the fermionic negativity and
von Neumann mutual information both provide the same
qualitative result and provide a clear picture of the genuine
entanglement in the system. Meanwhile, the Rènyi mutual
information is not well suited as it becomes negative at large
distances.

APPENDIX C: THE IMPACT OF COARSE GRAINING

Figure 9 shows a direct comparison of different interaction
strengths U with and without coarse graining at n = 1 and
β = 5. The coarse-grained data have a smoother behavior than
the data without. This is to be expected as the data better
simulate an infinitely sized system where finite-size effects
are not relevant.

APPENDIX D: TWO-SITE REDUCED DENSITY MATRIX
FROM GREEN’S FUNCTIONS

In this Appendix we provide the equations used to com-
pute the 2s-RDM from two- and four-point Green’s functions,
which we define in Sec. III B. Following Ref. [27], the off-
diagonal elements of the 2s-RDM are given by

ρ11,6 = C10, (D1)

ρ8,9 = C11, (D2)

ρ2,4 = ρ3,5 =
(μ

U
− 1
)
C8A + t

U
C12 − 1

U
C4, (D3)

ρ8,6 = ρ8,11 = −ρ9,11 = −ρ9,6

=
(

1

2
− μ

U

)
C8A − 1

2
C8B − t

U
C12 + 1

U
C4, (D4)

ρ12,14 = ρ13,15 = C9 − C8A − t

U
C12 + 1

U
C4 − μ

U
C8A, (D5)

where the two- and four-point correlators C ′s are given explic-
itly below. With the ρ7,7 matrix element

ρ7,7 = ρ10,10

= 1

U 2
C1 − t

U 2
Ct − μ

U 2
Cμ + t2

U 2
Ct2 + μt

U 2
Cμt + μ2

U 2
C5,

(D6)

we define the following additional expectation values:

〈ni↑〉 = 1 − C13, (D7)

〈ni↑n j↑〉 = −1 + 2〈ni↑〉 + C5, (D8)

〈ni↑n j↓〉 = −1 + 2〈ni↑〉 + C6, (D9)

〈ni↑ni↓〉 = −1 + 2〈ni↑〉 + C7, (D10)

〈ni↑ni↓n j↑〉 = −〈ni↑〉 + 〈ni↑n j↓〉 + 〈ni↑ni↓〉

+ t

U
Cμt1 + μ

U
C5 − 1

U
Cμ2, (D11)

〈ni↑ni↓n j↑n j↓〉 = ρ7,7 + 2〈ni↑ni↓n j↑〉 − 〈ni↑n j↑〉. (D12)

Using these, we can compute the remaining diagonal elements

ρ16,16 = 〈ni↑ni↓n j↑n j↓〉, (D13)

ρ1,1 = 〈ni↑ni↓n j↑n j↓〉 − 4〈ni↑ni↓n j↑〉 + 2〈ni↑ni↓〉
+ 2〈ni↑n j↑〉 + 2〈ni↑n j↓〉 − 4〈ni↑〉 + 1, (D14)

ρ2,2 = ρ3,3 = ρ4,4 = ρ5,5

= −〈ni↑ni↓n j↑n j↓〉 + 3〈ni↑ni↓n j↑〉 − 〈ni↑n j↑〉
− 〈ni↑n j↓〉 − 〈ni↑ni↓〉 + 〈ni↑〉, (D15)
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ρ6,6 = ρ11,11

= 〈ni↑ni↓n j↑n j↓〉 − 2〈ni↑ni↓n j↑〉 + 〈ni↑ni↓〉, (D16)

ρ8,8 = ρ9,9

= 〈ni↑ni↓n j↑n j↓〉 − 2〈ni↑ni↓n j↑〉 + 〈ni↑n j↓〉 (D17)

ρ12,12 = ρ13,13 = ρ14,14 = ρ15,15

= −〈ni↑ni↓n j↑n j↓〉 + 〈ni↑ni↓n j↑〉. (D18)

We now proceed by defining the C operators

C5 = (1 − 〈ni↑〉)2

+ 1

4

∑
q

(
χ

q
d + χq

m

)
ei �q(�ri−�r j ), (D19)

C6 = (1 − 〈ni↑〉)2

+ 1

4

∑
q

(
χ

q
d − χq

m

)
ei �q(�ri−�r j ), (D20)

C7 = (1 − 〈ni↑〉)2 + 1

4

∑
q

(
χ

q
d − χq

m

)
, (D21)

C10 =
∑

q

χq
s ei �q(�ri−�r j ), (D22)

C11 = 1

2

∑
q

χq
mei �q(�ri−�r j ), (D23)

C9 = −
∑

k

Gkei�k(�ri−�r j ), (D24)

C13 = 1 − 〈ni↑〉, (D25)

C8A = −(1 − 〈ni↑〉)
∑

k

Gkei�k(�ri−�r j )

− 1

2U

∑
k,q

(
γ

kq
d W q

d + γ kq
m W q

m

)

× GkGk+qei�k(�ri−�r j ), (D26)

C8B = −(1 − 〈ni↑〉)
∑

k

Gkei�k(�ri−�r j )

− 1

2U

∑
k,q

(
γ

kq
d W q

d + γ kq
m W q

m

)

× GkGk+qei(�k+�q)(�ri−�r j ), (D27)

C12 = (1 − 〈ni↑〉)
1

t

∑
k

Gkei�k(�ri−�r j )ε�k

+ 1

2tU

∑
k,q

(
γ

kq
d W q

d + γ kq
m W q

m

)

× GkGk+qei�k(�ri−�r j )ε�k, (D28)

Cμt1 = (1 − 〈ni↑〉)
1

t

∑
k

Gkε�k

+ 1

t

∑
k,q

GkGk+qei �q(�ri−�r j )ε�k

+ 1

2tU

∑
k,q

(
γ

kq
d W q

d − γ kq
m W q

m − 2U
)

× GkGk+qei �q(�ri−�r j )ε�k, (D29)

Cμt2 = (1 − 〈ni↑〉)
1

t

∑
k

Gkε�k

+ 1

t

∑
k,q

GkGk+qei �q(�ri−�r j )ε�k+�q

+ 1

2tU

∑
k,q

(
γ

kq
d W q

d − γ kq
m W q

m − 2U
)

× GkGk+qei �q(�ri−�r j )ε�k+�q, (D30)

C4 = (1 − 〈ni↑〉)
∑

k

iν

(
Gk − 1

iν

)
ei�k(�ri−�r j )

+ 1

2U

∑
k,q

iν
(
γ

kq
d W q

d + γ kq
m W q

m

)

× GkGk+qei�k(�ri−�r j ), (D31)

Cμ1 = (1 − 〈ni↑〉)
∑

k

iν

(
Gk − 1

iν

)

+
∑
k,q

i(ν + ω)

(
Gk+q − 1

i(ν + ω)

)
Gkei �q(�ri−�r j )

+ 1

2U

∑
k,q

i(ν + ω)
(
γ

kq
d W q

d − γ kq
m W q

m − 2U
)

× GkGk+qei �q(�ri−�r j ), (D32)

Cμ2 = (1 − 〈ni↑〉)
∑

k

iν

(
Gk − 1

iν

)

+
∑
k,q

iν

(
Gk − 1

iν

)
Gk+qei �q(�ri−�r j )

+ 1

2U

∑
k,q

iν
(
γ

kq
d W q

d − γ kq
m W q

m − 2U
)

× GkGk+qei �q(�ri−�r j ), (D33)

C1 = −
∑

k

ν

(
Gk − 1

iν

)∑
k′

ν ′
(

Gk′ − 1

iν ′

)

+
∑
k,q

ν(ν + ω)

(
Gk − 1

iν

)

×
(

Gk+q − 1

i(ν + ω)

)
ei �q(�ri−�r j )

+ 1

2

∑
k,k′,q

ν(ν ′ + ω)GkGk+qGk′
Gk′+q

× (F kk′q
d + F kk′q

m

)
ei �q(�ri−�r j ), (D34)
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FIG. 10. Comparison of susceptibilities χ (τ = 0, q) along high-symmetry path � − X − M − � obtained with pD�A without coarse
graining (dotted line in color) to QMC (solid gray line). For (a) U = 2, (b) U = 3, (c) U = 4 at β = 5, n = 1.

Ct1 = 1

t

∑
k

ε�kGk
∑

k′
iν ′
(

Gk′ − 1

iν ′

)

− 1

t

∑
k,q

i(ν + ω)Gk

(
Gk+q − 1

i(ν + ω)

)
ei �q(�ri−�r j )ε�k

− 1

2t

∑
k,k′,q

i(ν ′ + ω)GkGk+qGk′
Gk′+q

× (F kk′q
d + F kk′q

m

)
ei �q(�ri−�r j )ε�k, (D35)

Ct2 = 1

t

∑
k

iν

(
Gk − 1

iν

)∑
k′

ε �k′Gk′

− 1

t

∑
k,q

iν

(
Gk − 1

iν

)
Gk+qei �q(�ri−�r j )ε�k+�q

− 1

2t

∑
k,k′,q

iνGkGk+qGk′
Gk′+q

× (F kk′q
d + F kk′q

m

)
ei �q(�ri−�r j )ε�k′+�q, (D36)

Ct2 = 1

t2

∑
k

ε�kGk
∑

k′
ε �k′Gk′

− 1

t2

∑
k,q

GkGk+qei �q(�ri−�r j )ε�kε�k+�q

− 1

2t2

∑
k,k′,q

GkGk+qGk′
Gk′+q

× (F kk′q
d + F kk′q

m

)
ei �q(�ri−�r j )ε�kε�k′+�q. (D37)

APPENDIX E: COMPARISON OF SUSCEPTIBILITIES

In the calculation of the 2s-RDM the spin, density, and
singlet susceptibilities of Eq. (17) contribute [27]. Since these
can be directly compared between pD�A and QMC they
provide an excellent benchmark. We note that the definition
of Eq. (17) corresponds to the following imaginary-time cor-
relators:

χq
m =

∑
j

e−iq(ri−r j )
〈
Sz

i (τ )Sz
j

〉
, (E1)

χ
q
d =

∑
j

e−iq(ri−r j )〈ni(τ )n j〉 − βδq〈ni〉2, (E2)

χq
s =

∑
j

e−iq(ri−r j )〈ci↓(τ )ci↑(τ )c†
j↑c†

j↓〉. (E3)

We benchmark them as a function of k along the high-
symmetry path � − X − M − � through the Brillouin zone
at imaginary time τ = 0 in Fig. 10. Excellent agreement is
observed at U = 2, which for the same parameters was also
shown in Refs. [74,85] (where also parquet approximation,
valid for U = 2, was applied). At U = 4 the agreement is
only qualitative. The susceptibility at the M point is largely
enhanced in QMC, a trend not yet observed in pD�A at this
T and U as explained in the main text.

035152-13



FREDERIC BIPPUS et al. PHYSICAL REVIEW B 113, 035152 (2026)

FIG. 11. Susceptibilities at U = 2, β = 5 for n = 1.0 and 0.8.
To best visualize the entire data range, we plot sgn[χm(τ =
0, r)] ln[|χm(τ = 0, r)| + 1].

In the context of susceptibilities, we also show the χm(τ =
0, r) susceptibility for n = 1.0 and 0.8 at U = 2, β = 5 in
Fig. 11. This shows the antiferromagnetic Néel-like structure
at half-filling which is suppressed off half-filling.

APPENDIX F: MUTUAL INFORMATION
IN THE NONINTERACTING CASE

In this Appendix, we discuss the two-point mutual infor-
mation in the two-dimensional noninteracting lattice, at zero
and finite temperatures. In this case, both the density matrix
of the whole system and the reduced density matrices are
fermionic Gaussian matrices and standard techniques can be
used [95]. One only needs the occupation 〈c†

i,σ ci,σ 〉 and the

hopping expectation value 〈c†
i,σ c j,σ 〉 to reconstruct the two-

site density matrix, and these values can be obtained as

〈c†
i,σ c j,σ 〉 = 1

L2

∑
k

nkeikxdx+ikydy , (F1)

where nk = 1/( exp[β(εk − μ)] + 1) is the fermion occupa-
tion number, and (dx, dy ) is the vector connecting sites i and
j. In the special case of zero temperature, half-filling, and in
the infinite-size limit, one can perform the sum in Eq. (F1):

〈c†
i c j〉 =

⎧⎨
⎩

0, if (ix − jx )2 − (iy − jy )2 = 0,

− (−1)ix− jx −(−1)iy− jy

π2[(ix− jx )2−(iy− jy )2] , otherwise.

(F2)
In the general case, one computes Eq. (F1) numerically and
gets the mutual information as

I = Si + S j − Si∪ j (F3)

= 4 ln〈c†
i,↑ci,↑〉 (F4)

− 4(〈c†
i,↑ci,↑〉−〈c†

i,↑c j,↑〉) ln(〈c†
i,↑ci,↑〉−〈c†

i,↑ci,↑〉) (F5)

− 4(〈c†
i,↑ci,↑〉+〈c†

i,↑c j,↑〉) ln(〈c†
i,↑ci,↑〉+〈c†

i,↑ci,↑〉). (F6)

In the ground state of the half-filled infinite noninteracting
system for large distances, this yields

I ≈
{

0, if (ix − jx )2 − (iy − jy )2 = 0

8
{ (−1)ix− jx −(−1)iy− jy

π2[(ix− jx )2−(iy− jy )2]

}2
, otherwise.

(F7)
Here we expanded the x ln x + (1 − x) ln(1 − x) function ap-
pearing in Eq. (F6) in a Taylor series up to second order

FIG. 12. Left panel: Mutual information in a 1024 × 1024 non-
interacting lattice (U = 0), at half-filling and β = 5. The crosses
denote sites where the mutual information is exactly zero, the col-
orful circles denote the magnitude of the mutual information at the
sites where it is nonzero, according to the scale to the right of the
figure. Right panel: same as left but at n = 0.8.

around its maximum at x = 1
2 , and in this way obtain a

formula which is asymptotically exact for large distances. Nu-
merical comparison shows that the formula has less than 5%
error even when used for the nearest neighbors. Equation (F7)
means that the two-point mutual information decreases with
the fourth power of the distance (I ∼ 1/d4) at zero tempera-
ture, and there is a checkerboard structure in I . This structure
survives at finite temperatures, as it is shown in Fig. 12. If
the system is not half-filled, there are no exactly vanishing
correlations, and no checkerboard structure, as it is shown in
the right panel of Fig. 12.

APPENDIX G: CORRELATION DIAGNOSTICS
IN A GENERAL SYSTEM

We consider two distinct subsystems of a physical system
A and B. The dimensions of the corresponding Hilbert spaces
are dA and dB. The system A ∪ B is described by the density
matrix ρ. OA is an operator located in A and OB is an operator
located in B. Let us assume that the operators are normalized

TrO2
A = TrO2

B = 1. (G1)

We want to find the operators maximizing the correlation
function:

K(OA, OB) = 〈OA〉〈OB〉 − 〈OAOB〉. (G2)

The key observation to find the maximum is that K is
linear in OA and OB. Therefore, if we define two bases on
the operators of HA and HB, we can construct a matrix K,
which represents the correlation functions. (This matrix is the
function of the physical state ρ.)

We set a basis on the space of operators for subsystems A
and B:

b(A)
n n = 1 . . . d2

A, (G3)

Tr
(
bA

n
†
bA

m

) = δn,m, (G4)

b(B)
n n = 1 . . . d2

B, (G5)

Tr
(
bB

n
†
bB

m

) = δn,m. (G6)
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Expansion of a given operator in the basis is then

OA =
d2

A∑
n=1

Tr
(
b(A)†

n OA
)
b(A)

n =
d2

A∑
n=1

α(A)
n b(A)

n , (G7)

OB =
d2

B∑
n=1

Tr
(
b(B)†

n OB
)
b(B)

n =
d2

B∑
n=1

α(B)
n b(B)

n . (G8)

Here α(B)
n and α(A)

n are complex numbers, the expansion co-
efficients. The matrix defining the correlations is a d2

A × d2
B

matrix

Mn,m = 〈b(A)
n b(B)

m

〉− 〈b(A)
n

〉〈
b(B)

m

〉
. (G9)

Equation (G9) can be evaluated using the reduced density
matrix of A ∪ B system

Mn,m = Tr
[
ρA∪Bb(A)

n b(B)
m

]− Tr
[
ρA∪Bb(A)

n

]
Tr
[
ρA∪Bb(B)

m

]
.

(G10)

The value of a correlation function can be written as

K(OA, OB) =
d2

A∑
n=1

d2
B∑

m=1

αA
n Mn,mαB

m. (G11)

To find the pair (OA, OB) which maximizes the correlation
function one can consider the singular value decomposition
of M

M = U�V ∗ (G12)

and the left and right vectors corresponding to the maximal
singular value give the operators maximizing the correlation
function.

APPENDIX H: MAXIMAL TWO-SITE CORRELATION
FUNCTIONS IN THE HUBBARD MODEL

Now we consider the special case where one subsystem is
a given site in the Hubbard model “i” and the other subsystem
is another site denoted by “ j.” The local Hilbert space of a
given site is four dimensional, therefore, the linear space of
operators acting on a given site is 42 = 16 dimensional.

Due to the particle number and spin symmetries, and the
translational invariance of the model, the M matrix (H19) of
the correlation functions splits into subspaces.

There is no correlation between operators from different
subspaces. The operator corresponding to the maximal corre-
lation function can be only a combination of operators from
one subspace. One can characterize the nature of the maxi-
mum correlation function, by giving its subspace. Based on
the subspace structure we use five classes for the maximum
correlations: spin-spin, density-density, charge transfer, pair-
ing, and spin-flip. Some of these categories correspond to a
given subspace, and some of them include two subspaces with
similar properties.

Here, we list the operators used as a basis. There is a basis
for the operators of site “i,” b(i)

n (n = 1 . . . 16) and a similar
basis for site “ j,” b( j)

n (n = 1 . . . 16). These are selected to be
orthogonal under the trace operation, and normalized. While
we used a Hermitian basis, it is not required. We list here the
basis for the i site; the basis of the “ j” site is identical, just

defined on the j site. We list the basis operators, and define
the subspaces in the same time:

b(i)
1 = 1/2. (H1)

Unit operator, not correlated with other operators.
The spin-spin correlation class is defined by b(i)

2 :

b(i)
2 = 1√

2
(ni,↑ − ni,↓). (H2)

The charge density-density correlation class is spanned by
the operators b3 and b4:

b(i)
3 = 1√

2
(1 − ni,↑ − ni,↓), (H3)

b(i)
4 = 1

2
(2(ni↑ − ni↓)2 − 1). (H4)

The electron transfer correlation class with spin up con-
tains correlations between b(i)

5 . . . b(i)
8 and b( j)

5 . . . b( j)
8 :

b(i)
5 = 1√

2
[c†

i,↑(1 − ni,↓) + (1 − ni,↓)ci,↑], (H5)

b(i)
6 = 1√

2
[c†

i,↑ni,↓ + ni,↓ci,↑], (H6)

b(i)
7 = i√

2
[c†

i,↑(1 − ni,↓) − (1 − ni,↓)ci,↑], (H7)

b(i)
8 = i√

2
[c†

i,↑ni,↓ − ni,↓ci,↑]. (H8)

The transfer class with spin down is

b(i)
9 = 1√

2
[c†

i,↓(1 − ni,↑) + (1 − ni,↑)ci,↓], (H9)

b(i)
10 = 1√

2
[c†

i,↓ni,↑ + ni,↑ci,↓], (H10)

b(i)
11 = i√

2
[c†

i,↓(1 − ni,↑) − (1 − ni,↑)ci,↓], (H11)

b(i)
12 = i√

2
[c†

i,↓ni,↑ − ni,↑ci,↓]. (H12)

The pairing correlation, symmetric class is

b(i)
13 = 1√

2
[c†

i,↑c†
i,↓ + ci,↓ci,↑]. (H13)

The pairing correlation, antisymmetric class is

b(i)
14 = i√

2
[c†

i,↑c†
i,↓ − ci,↓ci,↑]. (H14)

The spin-flip, symmetric class is

b(i)
15 = 1√

2
[ci,↑c†

i,↓ + ci,↓c†
i,↑]. (H15)

Spin-flip, antisymmetric class is

b(i)
16 = i√

2
[ci,↑c†

i,↓ − ci,↓c†
i,↑], (H16)

K(Oi, Oj ) =
16∑

n=1

16∑
m=1

αi
nMn,mα j

m. (H17)

The matrix elements of the M matrix are quadratic polynomi-
als of the matrix elements of the ρi j density matrix given by
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Eq. (G10). For example,

M2,2 = 1
2 (ρ10,10 − ρ9,9 − ρ8,8 + ρ7,7) − 1

2 [ρ8,8 − ρ4,4 − ρ5,5 − ρ7,7 − ρ9,9 − ρ10,10 − ρ12,12 + ρ13,13][ρ3,3 − ρ2,2

− ρ7,7 − ρ8,8 + ρ9,9 + ρ10,10 − ρ14,14 + ρ15,15], (H18)

M =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 ← This 0 corresponds to the unit operator
M2,2 ← Spin-spin correlation class

M3,3 M3,4 ← Density-density correlations
M4,3 M4,4

0 M5,6 M5,7 M5,8 ← Transfer with spin up
M6,5 0 M6,7 M7,8

M7,5 M7,6 0 0
M8,5 M8,6 0 0

Transfer with spin down → 0 M9,10 M9,11 M9,12

M10,9 0 M10,11 M10,12

M11,9 M11,10 0 0
M12,9 M12,10 0 0

Pairing, symmetric → M13,13

Pairing, antisymmetric → M14,14

Spin-flip, symmetric → M15,15
Spin-flip, antisymmetric → M16,16

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

(H19)
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F. Franchini, S. M. Giampaolo, and T. J. G. Apollaro, Long-
distance genuine multipartite entanglement between magnetic
defects in spin chains, Phys. Rev. A 111, 032434 (2025).

[36] J. D’Emidio, R. Orús, N. Laflorencie, and F. de Juan, Universal
features of entanglement entropy in the honeycomb Hubbard
model, Phys. Rev. Lett. 132, 076502 (2024).

[37] O. Vafek, N. Regnault, and B. A. Bernevig, Entanglement of
exact excited eigenstates of the Hubbard model in arbitrary
dimension, SciPost Phys. 3, 043 (2017).

[38] G. De Chiara and A. Sanpera, Genuine quantum correlations in
quantum many-body systems: A review of recent progress, Rep.
Prog. Phys. 81, 074002 (2018).

[39] S. Yamashika, S. Endo, and H. Tajima, Quantum Fisher in-
formation as a measure of symmetry breaking in quantum
many-body systems, arXiv:2509.07468.

[40] G. Barcza, O. Legeza, K. H. Marti, and M. Reiher, Quantum-
information analysis of electronic states of different molecular
structures, Phys. Rev. A 83, 012508 (2011).

[41] G. D. Chiara, C. Brukner, R. Fazio, G. M. Palma, and V. Vedral,
A scheme for entanglement extraction from a solid, New J.
Phys. 8, 95 (2006).

[42] A. Toschi, A. A. Katanin, and K. Held, Dynamical vertex ap-
proximation: A step beyond dynamical mean-field theory, Phys.
Rev. B 75, 045118 (2007).

[43] A. Valli, T. Schäfer, P. Thunström, G. Rohringer, S.
Andergassen, G. Sangiovanni, K. Held, and A. Toschi, Dy-
namical vertex approximation in its parquet implementation:
Application to Hubbard nanorings, Phys. Rev. B 91, 115115
(2015).

[44] G. Rohringer, H. Hafermann, A. Toschi, A. A. Katanin, A. E.
Antipov, M. I. Katsnelson, A. I. Lichtenstein, A. N. Rubtsov,
and K. Held, Diagrammatic routes to nonlocal correlations be-
yond dynamical mean field theory, Rev. Mod. Phys. 90, 025003
(2018).

[45] W. H. Zurek, Information Transfer in Quantum Measurements:
Irreversibility and Amplification (Springer, Boston, 1983).

[46] S. M. Barnett and S. J. D. Phoenix, Entropy as a measure of
quantum optical correlation, Phys. Rev. A 40, 2404 (1989).

[47] A. Peres, Separability criterion for density matrices, Phys. Rev.
Lett. 77, 1413 (1996).

[48] M. Horodecki, P. Horodecki, and R. Horodecki, Separability of
mixed states: Necessary and sufficient conditions, Phys. Lett. A
223, 1 (1996).

[49] H. Shapourian and S. Ryu, Entanglement negativity of
fermions: Monotonicity, separability criterion, and classifica-
tion of few-mode states, Phys. Rev. A 99, 022310 (2019).

[50] H. Shapourian, K. Shiozaki, and S. Ryu, Partial time-reversal
transformation and entanglement negativity in fermionic sys-
tems, Phys. Rev. B 95, 165101 (2017).

[51] R. Blankenbecler, D. J. Scalapino, and R. L. Sugar, Monte Carlo
calculations of coupled boson-fermion systems, Phys. Rev. D
24, 2278 (1981).

[52] S. R. White, D. J. Scalapino, R. L. Sugar, E. Y. Loh, J. E.
Gubernatis, and R. T. Scalettar, Numerical study of the two-
dimensional Hubbard model, Phys. Rev. B 40, 506 (1989).

[53] F. Assaad and H. Evertz, World-line and determinantal quantum
Monte Carlo methods for spins, phonons and electrons, in Com-
putational Many-Particle Physics, Lecture Notes in Physics Vol.
739, edited by H. Fehske, R. Schneider, and A. Weiße (Springer,
Berlin, 2008), pp. 277–356.

[54] F. F. Assaad, M. Bercx, F. Goth, A. Götz, J. Hofmann, E.
Huffman, Z. Liu, F. Parisen Toldin, J. Portela, and J. Schwab,
The ALF (algorithms for lattice fermions) project release 2.0.
Documentation for the auxiliary-field quantum Monte Carlo
code, SciPost Phys. Codebases 1 (2022).

[55] T. Grover, Entanglement of interacting fermions in quan-
tum Monte Carlo calculations, Phys. Rev. Lett. 111, 130402
(2013).

[56] F. F. Assaad, T. C. Lang, and F. Parisen Toldin, Entanglement
spectra of interacting fermions in quantum Monte Carlo simu-
lations, Phys. Rev. B 89, 125121 (2014).

[57] In [27], all elements are expressed in terms of second-quantized
operators. Here, we want to point a typo therin. In Eq. (34)
the hopping spins should be flipped: A9,6 = − 1√

2
(c†

i↓c j↓ +
c†

j↓ci↓)(1 − ni↑)nj,↑.
[58] R. Horodecki, P. Horodecki, M. Horodecki, and K. Horodecki,

Quantum entanglement, Rev. Mod. Phys. 81, 865 (2009).
[59] L. Amico, R. Fazio, A. Osterloh, and V. Vedral, Entanglement

in many-body systems, Rev. Mod. Phys. 80, 517 (2008).
[60] N. Friis, G. Vitagliano, M. Malik, and M. Huber, Entanglement

certification from theory to experiment, Nat. Rev. Phys. 1, 72
(2019).

[61] A. Rényi, On measures of entropy and information, Berke-
ley Symposium on Mathematical Statistics and Probability,

035152-17

https://doi.org/10.1103/PhysRevLett.122.067203
https://doi.org/10.1103/PRXQuantum.1.020310
https://doi.org/10.1002/adts.202501224
https://doi.org/10.1103/PhysRevB.110.075115
https://arxiv.org/abs/2507.11276
https://doi.org/10.1103/PhysRevLett.134.076502
https://doi.org/10.1103/PhysRevB.92.235116
https://doi.org/10.1103/PhysRevLett.93.086402
https://doi.org/10.1038/s41598-023-28180-4
https://doi.org/10.1016/j.jmmm.2023.171066
https://doi.org/10.1038/s41467-025-57971-8
https://doi.org/10.1103/PhysRevA.111.032434
https://doi.org/10.1103/PhysRevLett.132.076502
https://doi.org/10.21468/SciPostPhys.3.6.043
https://doi.org/10.1088/1361-6633/aabf61
https://arxiv.org/abs/2509.07468
https://doi.org/10.1103/PhysRevA.83.012508
https://doi.org/10.1088/1367-2630/8/6/095
https://doi.org/10.1103/PhysRevB.75.045118
https://doi.org/10.1103/PhysRevB.91.115115
https://doi.org/10.1103/RevModPhys.90.025003
https://doi.org/10.1103/PhysRevA.40.2404
https://doi.org/10.1103/PhysRevLett.77.1413
https://doi.org/10.1016/S0375-9601(96)00706-2
https://doi.org/10.1103/PhysRevA.99.022310
https://doi.org/10.1103/PhysRevB.95.165101
https://doi.org/10.1103/PhysRevD.24.2278
https://doi.org/10.1103/PhysRevB.40.506
https://doi.org/10.21468/SciPostPhysCodeb.1
https://doi.org/10.1103/PhysRevLett.111.130402
https://doi.org/10.1103/PhysRevB.89.125121
https://doi.org/10.1103/RevModPhys.81.865
https://doi.org/10.1103/RevModPhys.80.517
https://doi.org/10.1038/s42254-018-0003-5


FREDERIC BIPPUS et al. PHYSICAL REVIEW B 113, 035152 (2026)

edited by J. Neyman (Scientific Research, Berkeley, 1961),
pp. 547–561.

[62] The Rényi mutual information is based on the generalized
Rényi entropy Sα = ln(trρα )/(1 − α). Our definition of the
Rényi mutual information Eq. (5) corresponds to α = 2. For
α = 1 the original von Neumann entropy and its mutual infor-
mation Eq. (4) is recovered.

[63] M. Kormos and Z. Zimborás, Temperature driven quenches in
the Ising model: Appearance of negative Rényi mutual informa-
tion, J. Phys. A: Math. Theor. 50, 264005 (2017).

[64] J. Kudler-Flam, Rényi mutual information in quantum field
theory, Phys. Rev. Lett. 130, 021603 (2023).

[65] In the literature, the negativity is also often considered as an
upper bound for entanglement. In these cases, its property to
bound distillable entanglement from above is referenced [96].

[66] G. Vidal and R. F. Werner, Computable measure of entangle-
ment, Phys. Rev. A 65, 032314 (2002).

[67] M. B. Plenio, Logarithmic negativity: A full entanglement
monotone that is not convex, Phys. Rev. Lett. 95, 090503
(2005).

[68] J. Eisert, V. Eisler, and Z. Zimborás, Entanglement negativity
bounds for fermionic Gaussian states, Phys. Rev. B 97, 165123
(2018).

[69] A. D. Gottlieb and N. J. Mauser, Properties of nonfreeness: An
entropy measure of electron correlation, Int. J. Quantum Inf. 05,
815 (2007).

[70] K. Held and N. J. Mauser, Physics behind the minimum of
relative entropy measures for correlations, Eur. Phys. J. B 86,
328 (2013).

[71] G. Bellomia, A. Amaricci, and M. Capone, Local classical
correlations between physical electrons in the Hubbard model,
arXiv:2506.18709.

[72] M. Qin, T. Schäfer, S. Andergassen, P. Corboz, and E. Gull,
The Hubbard model: A computational perspective, Annu. Rev.
Condens. Matter Phys. 13, 275 (2022).

[73] H. Tasaki, The Hubbard model - an introduction and selected
rigorous results, J. Phys.: Condens. Matter 10, 4353 (1998).

[74] T. Schäfer, N. Wentzell, F. Šimkovic, Y.-Y. He, C. Hille, M.
Klett, C. J. Eckhardt, B. Arzhang, V. Harkov, F.-M. Le Régent,
A. Kirsch, Y. Wang, A. J. Kim, E. Kozik, E. A. Stepanov, A.
Kauch, S. Andergassen, P. Hansmann, D. Rohe, Y. M. Vilk,
et al., Tracking the footprints of spin fluctuations: A multi-
method, multimessenger study of the two-dimensional Hubbard
model, Phys. Rev. X 11, 011058 (2021).

[75] F. Krien, A. Kauch, and K. Held, Tiling with triangles: Parquet
and GW γ methods unified, Phys. Rev. Res. 3, 013149 (2021).

[76] S. Iskakov, H. Terletska, and E. Gull, Single- and two-particle
finite size effects in interacting lattice systems, Phys. Rev. B
106, 235106 (2022).

[77] M. Wallerberger, A. Hausoel, P. Gunacker, A. Kowalski, N.
Parragh, F. Goth, K. Held, and G. Sangiovanni, W2dynamics:
Local one- and two-particle quantities from dynamical mean
field theory, Comput. Phys. Commun. 235, 388 (2019).

[78] C. De Dominicis and P. C. Martin, Stationary entropy principle
and renormalization in normal and superfluid systems. I. Alge-
braic formulation, J. Math. Phys. 5, 14 (1964).

[79] C. De Dominicis and P. C. Martin, Stationary entropy princi-
ple and renormalization in normal and superfluid systems. II.
Diagrammatic formulation, J. Math. Phys. 5, 31 (1964).

[80] N. E. Bickers, Self-consistent many-body theory for condensed
matter systems, in Theoretical Methods for Strongly Correlated
Electrons, edited by D. Sénéchal, A.-M. Tremblay, and C.
Bourbonnais (Springer, New York, 2004), pp. 237–296.

[81] F. Krien and A. Kauch, The plain and simple parquet
approximation: Single-and multi-boson exchange in the two-
dimensional Hubbard model, Eur. Phys. J B 95, 69 (2022).

[82] S. Rohshap, M. K. Ritter, H. Shinaoka, J. von Delft, M.
Wallerberger, and A. Kauch, Two-particle calculations with
quantics tensor trains: Solving the parquet equations, Phys. Rev.
Res. 7, 023087 (2025).

[83] F. Krien, A. Valli, and M. Capone, Single-boson exchange de-
composition of the vertex function, Phys. Rev. B 100, 155149
(2019).

[84] Note that only the symmetry-reduced wedge (�x, �y ),�x >

0, �x � �y has been directly computed in pD�A and the re-
maining space has been filled by symmetry relations.

[85] C. Hille, F. B. Kugler, C. J. Eckhardt, Y.-Y. He, A. Kauch,
C. Honerkamp, A. Toschi, and S. Andergassen, Quantitative
functional renormalization group description of the two-
dimensional Hubbard model, Phys. Rev. Res. 2, 033372 (2020).

[86] D. Wieser, Single-boson exchange decomposition for the
extended Hubbard model with application to the optical con-
ductivity, Master thesis, TU Wien, 2025.

[87] H. Q. Lin and J. E. Hirsch, Two-dimensional Hubbard model
with nearest- and next-nearest-neighbor hopping, Phys. Rev. B
35, 3359 (1987).

[88] J. A. Smolin, J. M. Gambetta, and G. Smith, Efficient method
for computing the maximum-likelihood quantum state from
measurements with additive Gaussian noise, Phys. Rev. Lett.
108, 070502 (2012).

[89] M. M. Wolf, F. Verstraete, M. B. Hastings, and J. I. Cirac, Area
laws in quantum systems: Mutual information and correlations,
Phys. Rev. Lett. 100, 070502 (2008).

[90] A. Chincholi, S. Capponi, and F. Alet, Detecting the largest
correlations using the correlation density matrix: A quantum
monte carlo approach, arXiv:2507.21697.

[91] J.-M. Lihm, D. Kiese, S.-S. B. Lee, and F. B. Kugler, The finite-
difference parquet method: Enhanced electron-paramagnon
scattering opens a pseudogap, arXiv:2505.20116.

[92] F. Bippus, A. K. Kauch, G. Roósz, C. Mayrhofer, F. Assaad,
and K. Held, Two-site entanglement in the two-dimensional
Hubbard model, https://doi.org/10.48436/7pft0-nn697.

[93] S. M. Girvin and K. Yang, Modern Condensed Matter Physics
(Cambridge University Press, Cambridge, 2019).

[94] Y. Ben-Aryeh and A. Mann, Explicit constructions of all sep-
arable two-qubits density matrices and related problems for
three-qubits systems, Int. J. Quantum Inf. 13, 1550061 (2015).

[95] I. Peschel and V. Eisler, Reduced density matrices and entan-
glement entropy in free lattice models, J. Phys. A: Math. Theor.
42, 504003 (2009).

[96] X. Wang and M. M. Wilde, α-logarithmic negativity, Phys. Rev.
A 102, 032416 (2020).

035152-18

https://doi.org/10.1088/1751-8121/aa70f6
https://doi.org/10.1103/PhysRevLett.130.021603
https://doi.org/10.1103/PhysRevA.65.032314
https://doi.org/10.1103/PhysRevLett.95.090503
https://doi.org/10.1103/PhysRevB.97.165123
https://doi.org/10.1142/S0219749907003201
https://doi.org/10.1140/epjb/e2013-40424-5
https://arxiv.org/abs/2506.18709
https://doi.org/10.1146/annurev-conmatphys-090921-033948
https://doi.org/10.1088/0953-8984/10/20/004
https://doi.org/10.1103/PhysRevX.11.011058
https://doi.org/10.1103/PhysRevResearch.3.013149
https://doi.org/10.1103/PhysRevB.106.235106
https://doi.org/10.1016/j.cpc.2018.09.007
https://doi.org/10.1063/1.1704062
https://doi.org/10.1063/1.1704064
https://doi.org/10.1140/epjb/s10051-022-00329-6
https://doi.org/10.1103/PhysRevResearch.7.023087
https://doi.org/10.1103/PhysRevB.100.155149
https://doi.org/10.1103/PhysRevResearch.2.033372
https://doi.org/10.1103/PhysRevB.35.3359
https://doi.org/10.1103/PhysRevLett.108.070502
https://doi.org/10.1103/PhysRevLett.100.070502
https://arxiv.org/abs/2507.21697
https://arxiv.org/abs/2505.20116
https://doi.org/https://doi.org/10.48436/7pft0-nn697
https://doi.org/10.1142/S0219749915500616
https://doi.org/10.1088/1751-8113/42/50/504003
https://doi.org/10.1103/PhysRevA.102.032416

