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We investigate a minimal molecular model consisting of square planar plaquettes hosting multiple electrons,
whose dynamics is governed by a tight-binding Hamiltonian supplemented by on-site Hubbard repulsion. By
coupling this system to a spatially nonuniform cavity mode, we analyze the emergence of a magnetostatic
instability, namely, photon condensation, originating from the paramagnetic Van Vleck mechanism. The global
behavior of the system is analyzed for different electronic filling factors, and we find that, except for the special
cases of half filling and a single electron, where the transition, if it occurs, is necessarily a second-order
phase transition, the global system may also undergo a first-order transition because of the action of the
electron-electron interaction. The polaritonic excitation energies are analyzed, providing clear spectroscopic

signatures of the magnetostatic instability and of its order.

DOI: 10.1103/7zlp-y 14w

I. INTRODUCTION

A central goal of the cavity-control paradigm is to engineer
the properties of quantum materials by embedding them in
cavities [1-4]. In the strong-coupling regime [5], vacuum
fluctuations can significantly modify the material properties. It
has been seen experimentally how cavity embedding changes
the magnetotransport properties in two-dimensional (2D) sys-
tems [6], breaks the topological protection in the integer
quantum Hall effect [7], and alters the critical temperature
of a charge density wave transition [8,9]. In addition, further
analysis has been devoted to studying how quantum fluc-
tuations in the cavity field can be exploited to manipulate
electronic instabilities and ordered phases, such as supercon-
ductivity [10-13] and ferroelectricity [14,15], and to modify
the electronic topological characteristics of materials [16-20].
Moreover, cavity coupling has also been proposed as a route
to induce genuine phase transitions involving both light and
matter through the emergence of an equilibrium superradiant
phase [21], characterized by a macroscopically large num-
ber of coherent photons. In the nonequilibrium regime, this
phase transition has been observed in pumped ultracold gases
trapped in an ultrahigh-finesse optical cavity [22], whereas its
equilibrium counterpart remains an open problem, motivating
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the ongoing search for an appropriate physical platform [21].
To distinguish it from nonequilibrium superradiant emission
[23], we refer to the equilibrium superradiant phase transition
as photon condensation [24-26]. In electronic systems, gauge
invariance imposes stringent constraints on the occurrence of
this instability. In particular, photon condensation is forbid-
den when the electromagnetic vector potential A is spatially
uniform [25,27-31], whereas it can occur in the presence of
a transverse, spatially nonuniform vector potential A (r) with
V x A(r) # 0[25,31-35]. In this case, the photon-condensed
phase can emerge as a magnetostatic instability driven by
the orbital paramagnetic response of the electronic system,
closely related to the Condon magnetostatic instability [36].

Drawing inspiration from the intrinsically quantum-
mechanical mechanism that gives rise to orbital paramag-
netism in molecular systems, known as Van Vleck paramag-
netism [37,38], Mercurio et al. [39] introduced a toy model
consisting of an ensemble of identical, few-site coplanar
molecules, described within the tight-binding approximation,
each containing a single itinerant electron and coupled in a
gauge-invariant fashion through Peierls substitution [40-47]
to a spatially nonuniform quantized electromagnetic mode.
Here, Mercurio et al. [39] demonstrated that when the
molecules are in the Van Vleck paramagnetic regime, a photon
condensation phase transition can occur as a second-order
quantum phase transition, and the critical coupling constant
is determined by the value of the magnetic susceptibility.

In this work, we extend the single-electron analysis of
Ref. [39] to molecular systems hosting multiple spinful itin-
erant electrons by explicitly incorporating electron-electron
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interactions through an on-site Hubbard repulsion, which can
play a critical role in systems of extremely small size [48].
Analogously to Refs. [39,49], we introduce a spatially depen-
dent mode function A(r) such that, in the region close to the
matter system, the associated magnetic field B =V x A(r)
can be approximated as spatially uniform.

Using a mean-field decoupling between photonic and mat-
ter degrees of freedom [32,34,39,50,51], we examine how
electronic correlations affect the emergence of a photon con-
densation phase transition. In contrast to the treatment of
light-matter coupling, electron-electron repulsion is treated
exactly through an exact diagonalization of the Hubbard
Hamiltonian [52], which governs the dynamics of electrons
within the single plaquettes. Depending on the chosen filling
factor, the electron-electron interaction can either renormalize
the critical coupling at which photon condensation emerges
as a second-order phase transition or alter the character of
the transition so it becomes a first-order phase transition.
The emergence of a photon-condensation phase transition
in molecular systems is particularly intriguing in view of
recent progress in coupling molecular matter to quantized
electromagnetic fields [53,54]. Moreover, this possibility is
especially relevant in the context of polaritonic chemistry
[3,55-63], which exploits strong light-matter coupling be-
tween molecules and confined electromagnetic field modes to
enable new chemical reactivities.

This paper is structured as follows. Section II introduces
the four-site Hubbard plaquette model, while Sec. III reviews
the main features of its many-electron spectrum, building on
established results for the isolated Hubbard plaquette, which
provide the basis for the subsequent analysis of the cavity-
coupled system. In Sec. IV, the molecular system is coupled
to the quantized electromagnetic field through the Peierls sub-
stitution. Section V investigates photon condensation within a
mean-field treatment of the light-matter coupling, focusing on
the role of electron-electron interactions and electronic filling
in determining the nature of the transition. In Sec. VI, this
behavior is related to the magnetic response of the molecu-
lar system and to the Van Vleck paramagnetic mechanism.
Section VII analyzes the collective excitations arising in the
coupled light-matter system, i.e., polaritons, across both first-
and second-order phase transitions, for different fixed values
of the electron-electron repulsion. Finally, conclusions are
drawn in Sec. VIII.

II. MODEL

We examine a toy model to describe a system composed
of N identical planar molecules, each consisting of ns atoms
lying within the x-y plane. Each molecule is modeled as a
planar plaquette and described by a tight-binding Hamiltonian
that includes only nearest-neighbor hopping processes and no
spin-flip term. A schematic representation of the system and
of the molecular plaquette is shown in Fig. 1. The molecules
are placed near a magnetic-field antinode and an electric-field
node of the relevant cavity mode, so the magnetic field is
oriented perpendicular to the molecular plane, whereas the
electric field remains within that plane. The cavity mode and
its coupling to the molecular system are discussed in detail in
Sec. IV.

FIG. 1. Schematic representation of the system considered. An
ensemble of planar molecular plaquettes is placed in a cavity near
a magnetic-field antinode and an electric-field node of the relevant
cavity mode, such that the magnetic field is perpendicular to the
molecular plane while the electric field lies within the plane. All
plaquettes are assumed to lie in the x-y plane. Arbitrary rotations
about the z axis do not affect their coupling to the perpendicular cav-
ity magnetic field. The inset shows the four-site molecular plaquette,
with hopping amplitude ¢ along three bonds and t along the fourth
bond.

The kinetic Hamiltonian of the system of N molecules is
then

N
To=) T (1a)
k=1
ng—1
To==>" > (jnl i +He),  (1b)

J=0 s:=1.1

where the operator éj&k (Cjs.k) creates (destroys) an electron
with spin z-projection s, at site j of the kth molecule. Follow-
ing Ref. [39], we impose periodic boundary conditions and
assume that one of the tunneling amplitudes differs from the
others, namely, ; ;1 are givenby ¢; j 11 = 807 + (1 — 8;0)t,
where t € R, and we assume ¢ > 0 without loss of generality.
From here on out, we focus on the particular case of the
square plaquette, ng = 4. In this setting, the eigenenergies of
the kinetic Hamiltonian of each molecule can be expressed in
a simple closed form

=t = A2+ (= 1)?

€0 5 , (2a)
¢ = —t+ 7|+ 4t2+(t—r)2sgn(t . @b
€ = —€, (2¢)
€ = —¢€. (2d)
We observe that for t = —#, the spectrum exhibits degen-
eracies at €) = €; = —/2¢t and € =€ = V/2t. In contrast,

for T =t¢, a degeneracy appears at €; = €, = 0. When each
molecule hosts a single electron, the energy gap between the
ground state and the first excited state is given by |t 4+ t| and
vanishes in the limit t — —¢. The narrowing of the energy
gap gives rise to an enhanced paramagnetic susceptibility via
the Van Vleck mechanism [37], thereby making this platform
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a candidate for sustaining photon condensation [39]. More
specifically, Van Vleck paramagnetism originates from the
virtual mixing, induced by an external magnetic field, be-
tween the molecular ground state and excited states. Within
second-order perturbation theory, the resulting paramagnetic
contribution to the ground-state energy is inversely propor-
tional to the energy separation between the states coupled
by the magnetic field. Consequently, when a magnetically
active excited state approaches the ground state, the small
energy separation strongly enhances the orbital paramagnetic
susceptibility. In Appendix B, we briefly remind the reader
about the microscopic theory of Van Vleck paramagnetism
[38]. When multiple electrons are introduced into the molec-
ular system described above, their confinement in a reduced
space can make the role of the electron-electron interactions
significantly important [64]. In this context, we model the
Coulomb repulsion through an on-site Hubbard term [52]:

N
=7y U, (3a)
k=1
ng—1
Oc=UY &b eimiet 8 (3b)
j=0

where U > 0. The interaction term describes an on-site
Coulomb repulsion between two electrons occupying the
same lattice site and having opposite spin z projection, in
accordance with the Pauli exclusion principle. The Hubbard
model is used here as a molecular prototype, since it pro-
vides a simple framework to capture the competition between
electronic delocalization, governed by the kinetic term, and
electron-electron interactions, without aiming at a quantitative
description of a specific molecular system.
The total system Hamiltonian is written as

N
He=To+U=> K. €
k=1

where H, = T, + U represents the single-molecule Hamilto-
nian of the kth molecule. To obtain the exact spectrum for a
generic single-molecule Hamiltonian Hy, one has to work in
a many-body basis [65-67], as the repulsion term represents
a two-body operator. In this case, due to the reduced size
of the molecular structure, performing the exact diagonaliza-
tion is feasible. Specifically, the dimension of the many-body
basis for N. spinful electrons distributed among n, spatial
orbitals is defined in terms of the binomial coefficient N' =
(3\,”&) [48]. For the generic kth molecule, the eigenstates |W,;)

solve the eigenvalues equation I—?k|\llnk) = E,|V,x), where
Eo<E <...<En_1,n=0,..,N — 1. Since the generic
single-molecule Hamiltonian is SU(2) invariant [68,69], it is
therefore convenient to determine its eigenstates by seeking
a common eigenbasis of the Hamiltonian Hy, the total spin
operator $2, and the spin projection along the z axis, S..
Taking advantage of this symmetry in the system significantly
reduces the computational cost of diagonalizing the molecular
Hamiltonian. Moreover, we observe that the interacting sys-
tem described above can be fully understood by restricting the
analysis to cases where the total number of electrons satisfies
N, < ng. When the electron number N, exceeds half filling,

N, > ng, one can use the particle-hole symmetry to map these
situations onto cases with an electron number of 2n; — N;. In
fact, performing the transformation ¢, — (—1)/d )

sk
ng—1
Ty = — Z Z (tj,j+1d;:kdj+1szk +H.c), (5a)
=0 5=t

ng—1
A

Oc=U>_d},dind] djyi +UNe —ng).  (5b)
j=0

The kinetic Hamiltonian remains formally unchanged,
whereas the Hubbard interaction is modified by a constant
energy shift which depends on the number of electrons per
molecule N.. The case with a single electron in the molecule,
i.e., N. = 1, corresponds to a noninteracting system in which
the eigenvalues of the kinetic Hamiltonian directly determine
the spectrum. This case will not be discussed here, as it has
already been analyzed in Ref. [39].

III. MANY-ELECTRON SPECTRUM

The properties of the isolated four-site Hubbard plaquette
are well established in the literature [68]. In this section, we
review the features of its many-electron spectrum that will
be relevant to the subsequent analysis of the cavity-coupled
system. Here, we employ the exact diagonalization approach
to analyze the spectrum of the interacting system governed by
the Hamiltonian H; of the generic kth molecule with n, = 4
sites. We begin by examining the simplest case involving the
electron-electron interaction, where each molecule contains
N, = 2 electrons. Since $? is a conserved quantity, the allowed
total spins are S = 0, 1, which correspond to singlet and triplet
states, respectively, and the full Hilbert space of the molecule
can be written as H =T & S. In particular, the possible spin
projections within the triplet subspace T are S, = —1,0, 1,
and the associated S = 1 subspaces with fixed z-spin projec-
tion i are denoted with T;. Hence, the triplet subspace can
be decomposed as a direct sum T = @;271 T;. The singlet
subspace S is characterized by S = 0 and the only allowed
z-spin projection is S, = 0, therefore S = Sy. Further details
on the factorization of the Hilbert space can be found in Ap-
pendix A. For reference, we start by turning off the repulsive
interaction. Figure 2(a) shows the low-energy spectrum for a
single square molecule with N, = 2 electrons, in the absence
of the interaction term U, as a function of the hopping pa-
rameter 7. The red solid lines denote the spectrum associated
with the singlet subspace. Black dashed lines indicate the
eigenenergies associated with the triplet states, where each
energy level is composed of three degenerate states with z-spin
projections S; = 0, £1. Specifically, we observe that when
T % —t, the ground state is the S, = 0 singlet @ng¢£¢k|®k>
with energy 2¢p. Here, |(;) is the vacuum state for the kth
molecule, and the operator @2% « Creates an electron with a spin
z-projection s, and occupying the £th eigenstate of the kinetic
energy operator Ty. The first excitation energy is €y + €/, and
it exhibits a fourfold degeneracy, comprising a S, = 0 singlet,
and the three degenerate components of the triplet with S, =
0, 1 spin projection along z. For T — —1, € converges to €,
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FIG. 2. (a) Low-energy spectrum for N, =2 of a square
molecule (n; = 4) in the absence of repulsive electron-electron inter-
action. (b) Low-energy spectrum for the same molecular system, with
U/t = 1. The vertical dashed lines at t; ~ —1.33¢ and 7, ~ —0.72¢
mark the boundaries where the ground state becomes a threefold
degenerate triplet state. In both panels, red solid lines represent the
eigenenergies of the singlet states (S = 0), while the black dashed
lines refer to triplet states (S = 1).

resulting in a ground state with sixfold degeneracy. Regardless
of the value of 7, each degenerate triplet includes the states

|T(é,m)k> = @ZM@LMMW (62)

1 . .
0 JER st A
|T(Z,m)k> = E(wéTk(pmik + q)ukmek)le)’ (6b)

-1 AT AT
|T(e,m)k> = Q1P| Dic)s (60)

with ¢ < m. In particular, within the triplet subspace, the
state with the lowest energy is obtained for £ = 0, m = 1. As
detailed in Appendix A, within the triplet subspace, the orbital
part of the two-electron wave function must be antisymmetric
to respect the Pauli principle. The antisymmetric nature of the
spatial component of the electronic wave function prevents the
electrons from occupying the same lattice site, therefore acti-
vating the Hubbard repulsion does not affect states belonging
to the triplet subspace. This can be observed by comparing
the black dashed lines in Fig. 2(a) with those in Fig. 2(b),
where we plot the low-energy spectrum for a molecule con-
taining N, = 2 electrons, with the repulsive interaction energy
U =1t. The dashed lines, denoting the triplet states, remain
unchanged with respect to the U = 0 case, whereas the spec-
trum associated with the singlet subspace is modified by the
repulsive interaction, because this configuration can support

a double occupancy of one of the sites. Figure 2(b) shows
that there are two particular hopping parameters, 1) < —t
and 1, > —t, which depend on the repulsive energy U, such
that for any value of t where 71 < © < 1o, the ground state
of the system is the degenerate triplet of energy €y + €;. In
contrast, outside this specified range, the ground state is a
nondegenerate singlet, resides in the spin sector S, = 0, and
its energy value depends on U. This phenomenology can be
better understood in Fig. 3(a), where the minimum eigenen-
ergy in the singlet subspace S is illustrated as a function
of 7/t for different values of U > 0: U =0 (red), U/t =
1 (green), U/t = 20 (blue), and U/t = 100 (magenta). The
black dashed line indicates the lowest eigenenergy ep + €
of the triplet subspace T. This comparison indicates that for
any value of U, there is a bounded range of t within which
the lowest eigenenergy is associated with T, and the ground
state exhibits a triple degeneracy, which includes the single
S, = 0 triplet |T(& 1y)» together with the two other degenerate,
spin-polarized components of the triplet with spin projections
S, = £1. We observe that the width of the interval [z}, 12]
increases as U increases.

We now turn to an analogous analysis for the case where
a single molecule contains N, = 3 electrons. In the three-
electron regime, the total Hilbert space of the system can be
written as a direct sum H = Q & D, where Q and D denote
the quadruplet and doublet subspaces characterized by total
spin S =3/2 and S = 1/2, respectively. Hence, these sub-
spaces can be decomposed further as Q = @Z 273 2 Qi and

D= @}i 271 ;2 Di, where the index i runs over all allowed
values of the spin-projection quantum number S,. As in the
case of the triplet for N, = 2 electrons, the states belonging
to the S = 3/2 subspace are unaffected by electron-electron
repulsion, because their orbital wave function is antisymmet-
ric (see Appendix A for details). Therefore, the states of the
S = 3/2 sector are degenerate quadruplets having the four
possible spin projections S, = +3/2, £1/2, both in the non-
interacting and interacting case. The fully polarized members
of the quadruplet with energy €, + €, + €, can be written as

3s, AT AT AT
}Q(E,m,n)k) - (peszk(pmszk(pnsz”@k)’ (7)

with £ < m < n, and belong to the subspaces Qjs,.. For the
fully spin-polarized sectors S, = £3/2, it is evident that the
repulsive interaction is irrelevant, thanks to the Pauli principle.
In turn, the unpolarized quadruplet states read

. 1
Sz _ AT AT AT
|Q(l,m,n)k) - %(‘peszk(pms,k(pnfs:k
At At
+ gpls:kwm—szk(pnsjk

+ @i Pk D) 100), ®)

and spans the subspaces Q.. Figure 3(b) shows the lowest
eigenenergy within the doublet subspace as a function of the
inequivalent hopping 7/t for U = 0 (red), U/t = 1 (green),
U/t =20 (blue), and U/t = 100 (magenta). It also includes
the eigenenergy €, (black dashed line), which corresponds
to the minimum eigenenergy in the quadruplet subspace. We
observe that for intermediate values, U < U ~ 20¢, of the
repulsive energy, the global minimum of the eigenenergy is
linked to the doublet subspace D, independently of . In con-
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FIG. 3. The lowest eigenenergy for a square molecular plaquette
with ng = 4 as a function of 7/t, for U = 0 (red), U/t = 1 (green),
U/t = 20 (blue), and U/t = 100 (magenta). (a) N. = 2 electrons per
molecule, the solid lines represent the lowest eigenenergy within
the subspaces S, and the minimal eigenenergy in the subspaces T;
(i=0,=£1) is € + €, (black dashed line), independently of i. (b)
N, = 3 electrons per molecule, the solid lines indicate the lowest
eigenenergy within the subspaces D; (i = +1/2), while the minimum
eigenenergy within the subspaces Q; (where i = £1/2, £3/2) is
denoted as € (black dashed line), independently of i. (c) Half-filling
case, N, = 4, colored lines refer to the singlet subspace S (solid
lines) and triplet subspaces T; (dash-dotted lines). Here, the zero-
energy level (black dashed line) represents the eigenenergy of the
five pentuplet states spanning the subspaces P; (i = 0, =1, +2).

trast, for significantly large values of electron-electron energy
U, there is a restricted range of the hopping parameter 7 in the
vicinity of t = ¢, within which the ground state of the system
is a degenerate quadruplet with energy ¢y,. We observe that,
in this condition, two of the four degenerate ground states,
namely, the fully polarized states |Q?Zm,n)k ), display ferromag-
netic order [70-72]. More precisely, a numerical verification

indicates that the minimum value of U necessary for crossing
the lowest eigenenergies is U = 18.6¢t, in accordance with
previous results [68]. This analysis of the square molecular
plaquette is concluded by evaluating the scenario of the half
filling, where N, = 4. The possible total spins are S = 0, 1, 2,
and the corresponding subspaces S, T, P are formed by sin-
glets, triplets, and pentuplets, respectively. Each subspace can
be further decomposed in lower-dimensional sectors having a
z-spin projection allowed for the specific value of S. Specif-
ically, the singlet subspace S coincides with the Sy subspace
of the singlet having S, = 0 spin projection. Within the triplet
subspace, the possible spin projections along z are S, = 0, £1
and it results in EB}:_I T;. Finally, the pentuplet subspace P
includes states with spin projections S, = —2, —1,...,2 and
decomposes as @,‘2:_2 P;, where each P; is one-dimensional.
In particular, the fully polarized spin sectors Py, consist of
only a four-electron state, (p(-l)-szk@fszk{b;& k@;'& %), and it is a
member of the degenerate pentuplet with zero energy. The re-
maining three pentuplet states with S; = 0, £1 spin projection
have eigenenergies that do not depend on the electron-electron
repulsion U as well, and their form is reported in Appendix
A. In turn, the eigenenergies of the other states, namely, the
singlet and triplet states, are influenced by U. These results
are summarized in Fig. 3(c), where the minimum eigenener-
gies for the singlet (solid line) and triplet (dotted lines) are
shown as a function of the hopping parameter t /¢ for various
values of U. The black dashed line marks the ground state of
zero energy of the pentuplet subspace, which corresponds to
the unique eigenenergy independent of the electron-electron
interaction. For every finite repulsive interaction U, it is noted
that the minimal eigenenergy is associated with the singlet
subspace S and this remains valid for U = 0, except in the
case where t = 7, where the ground state exhibits a degener-
acy due to the presence of an eigenenergy of 2¢y = —4¢ within
the triplet subspace T.

IV. LIGHT-MATTER INTERACTION

In this section, we couple the electron system to a sin-
gle quantized electromagnetic mode describing a uniform
magnetic field along the Z direction, perpendicular to the
molecular plane. In the symmetric gauge, the corresponding
vector potential is A(r) = —Byx/2 + Bxy/2, yielding B =
V x A(r) = BZ. As an illustrative case, this configuration
can be implemented in a rectangular cavity enclosed by
perfectly conducting boundaries. In the Coulomb gauge, a
cavity eigenmode exhibiting the required local field struc-
ture can be represented by the vector potential A(r) =
—2% sin(k,z)[ sin(ky)u, — sin(kx)u,]. If the molecules are
confined near (x, y, z) = (0, 0, 7 /(2k,)), the electric field van-
ishes at the localization center, while the magnetic field
reaches an antinode with B = Bu,. Furthermore, the leading
spatial variations of the magnetic field about this point arise
only at second order in the displacement, so the field may be
treated as locally uniform over a sufficiently small molecular
volume. Throughout this work, we restrict the analysis to a
single cavity mode, retaining a low-energy mode with a spatial
profile providing strong magnetic coupling to the molecular
system. This choice provides a minimal description of the
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cavity sector, consistent with our main purpose of isolating
the effects of electron-electron interactions.

The interaction between the matter system and the cavity
mode is implemented via Peierls minimal substitution (with
h=1)[39,41]:

ie [T+
Ljj+1 = L j+1 €Xp ?/ A(r)-dr]. 9)

j

Quantization of the cavity field is obtained with the usual
prescription which promotes B from a ¢ number to a bosonic
quantum operator B — By(a + a'), where a' denotes the
creation operator of a cavity photon and & represents its an-
nihilation operator. The full Hamiltonian of the light-matter
interacting system in a cavity assumes the form

H=wa'a+T+U, (10a)

T == (tjjs1e” "IN &5 +He),  (10b)
k. j.s:

where w, is the cavity mode energy, n = —2mx[D/ (CIJOnS)]\/N
quantifies the light-matter coupling strength and is propor-
tional to ®/®g = BoA,/ Do, the ratio of the magnetic flux ¢
to the quantum of flux &y = 2w c/e that pierces the plaquette
with area Ap. The prefactor +/N is included in the definition
of n to make the thermodynamic scaling explicit. In fact, By
denotes the vacuum magnetic-field amplitude of the quantized
cavity mode and, by electromagnetic-field normalization, it
scales with the mode volume as By o V~!/2. In the thermody-
namic limit at fixed molecular density, one has V o N, which
implies By o« N~'/2. Consequently, o< By+/N remains finite
as N — oo. Here, the Hubbard repulsive interaction acts as a
local operator and remains unchanged by the introduction of
the Peierls substitution [26,41].

V. MEAN-FIELD THEORY OF PHOTON CONDENSATION

We concentrate on exploring the possible emergence of
photon condensation within the context of the many-electron
molecular model introduced above. Following the approach
used in Ref. [39], in the limit where N > 1, indicating
the thermodynamic limit, the ground state of the complete
Hamiltonian is approximated as a direct product |F) ® |¢q).
This direct product represents the quantum states of mat-
ter and light [73-78]. Specifically, |¢,) denotes a coherent
state that fulfills the condition a|¢,) = a~/N|ps). Photon
condensation occurs when the photonic order parameter o =
(Polal )/ /N reaches a nonzero value in the thermodynamic
limit. Henceforth, we will consider &« € R without any loss
of generality. With the thermodynamic scaling introduced
above, the free electromagnetic energy in the condensed phase
is extensive, w.(a'a) ~ N, whereas the physical magnetic
field remains intensive, ZBO\/N a ~ O(1). Correspondingly,
the Peierls phase experienced by each molecule, (17/+/N)(a +
a") = 2na, also remains finite in the thermodynamic limit.
When a specific |¢y) is chosen, the mean-field matter Hamil-
tonian exclusively involves the electronic degrees of freedom:

N
Flur(@) = ($a|Hlda) = @0’N + Y Aypile), (1)

k=1

where « acts on the energy of the cavity coherent field
and the single Hamiltonian ﬁMF,k(a) = TMF,k(a) + U, where
TMF,k(a) is the expectation value of the kinetic term in the
coherent state, and it is expressed as

ng—1
Taps(@) == Y tijeie 8 25+ He. (12)
=0 s:=} .1

and Uy is the invariant repulsive Hubbard interaction. Since
the Zeeman coupling is neglected, the cavity field does not
affect the spin degrees of freedom, and I-?Mp,k(oz) still com-
mutes with S‘z and S82. Therefore, also for « # 0, the Hilbert
space of each molecule can be decomposed into subspaces
with fixed total spin S and spin projection S,. Here, the mean-
field molecular Hamiltonian is represented as a tight-binding
model of a closed loop, which is penetrated by a transverse
classical magnetic field of intensity 2By+/Nea, which remains
finite in the thermodynamic limit since By o« N~1/2.

It is important to note that each molecule behaves inde-
pendently of the others, also in the presence of the light field,
allowing for the diagonalization of the Hamiltonian for each
molecule. Therefore, we extend the approach used in Sec. III,
corresponding to the case where @ = 0. A generic many-body
eigenstate of Hmr(e) is denoted as

N
IF(e)) = ) [We,0i(@)), (13)

k=1
and the associated eigenenergy is expressed as

Zszl Ep oy(a). The index £i(A) specifies the eigenstate
for the kth molecule within the global state denoted by A.
The ground state corresponds to A = 0 with energy Ey(«),
equal for all molecules. The order parameter « is obtained
by evaluating the optimal value & that minimizes the energy
functional

(Fo(e)| Fmr ()| Fo(a))

Ela) = N = w.a’ + Eg(), (14)
which leads to the following nonlinear equation:
8E() (Ol)

04 E(@)|g=a = 2w +

=0. (15)
a a=a
When the minimization results in & # 0, the system sponta-
neously breaks the time-reversal symmetry (TRS), leading to
the initiation of a circulating current within each molecule,
which produces a persistent magnetic field in the cavity.

We emphasize that the terminology photon condensa-
tion refers to the macroscopic coherent occupation of the
transverse cavity mode, (a) = VN &, in the Coulomb gauge
adopted here. The ordered phase also admits a direct char-
acterization in terms of gauge-invariant physical observables.
Indeed, since (f}) = 2Bo\/N aZ, a finite & corresponds to a
finite magnetic field and is accompanied by a finite circulating
orbital current, or, equivalently, a finite orbital magnetization,
in each plaquette. The two solutions +& therefore correspond
to opposite magnetic fields and magnetizations and are related
by time reversal. In this sense, photon condensation in the
present system is equivalently a magnetostatic instability ac-
companied by spontaneous time-reversal-symmetry breaking.
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FIG. 4. Photon condensation of square molecular plaquettes with N, = 2 electrons. [(a), (c)] The photon condensate order parameter & is
plotted as a function of t/t[n] by setting w. =t and n = 0.13[t = —¢]. The red solid line denotes U/t = 1, and the green dashed line refers to
U = 0. Furthermore, in (c), the dashed gray vertical line at n* =~ 0.17 indicates the value where & becomes nonzero with a jump discontinuity.
[(b), (d)] Low-energy spectrum of the generic kth molecule, characterized by ﬁMp.k(a), is considered with & determined under the conditions
w. =t,1=0.13[t = —t],and U/t = 1. The red and black solid lines indicate the lowest eigenenergies in the subspaces S and T, respectively.
The vertical gray dashed lines identify the critical t values where & transitions from zero.

A. Two-electron case

By solving Eq. (15), Fig. 4(a) shows the order parameter
& as a function of t/¢ by setting w. =t and n = 0.13, with
U =t (solid red line) and U = 0 (green dashed line). Without
the repulsive electron-electron interaction, there is a finite
region of 7, around T = —f, where the order parameter is
nonzero, and behaves as a continuous dome-shaped curve of
the hopping parameter . The condition where |&| reaches its
highest value arises when t = —¢. For U = 0 and n = 0, this
corresponds to the value of 7 at which the lowest excitation
energy above the ground state becomes zero, as shown in
Fig. 2(a). This condition is associated with a dramatically
heightened paramagnetic response, known as the Van Vleck
mechanism, and it explains the occurrence of a continuous
photon condensation, shown in Fig. 4(a). Activating the Hub-
bard interaction U results in a significant alteration of the
order parameter «. The solid red line shown in Fig. 4(a) con-
siders the case with U = ¢. Here, the order parameter does not
follow a domelike curve. Instead, in correspondence of two
distinct values, 7" < —t and 1) < —t (vertical gray dashed
lines), the cavity mean-field suddenly acquires a nonvanishing
expectation value. At these discontinuities, the photon con-
densation behaves as a first-order phase transition. Figure 4(b)
shows the lowest eigenenergy of the singlet subspace S (red
solid line) and triplet subspace T (black solid line), as a

function of 7/t and setting w. = ¢, n =0.13, and U =¢. At
the values 7.; and 7., 7.1 < Tcy, Where the order parameter
vanishes smoothly, the second derivative of the ground state
energy presents a discontinuity with respect to the hopping
parameter 7, consistently with the nature of the second-order
phase transition. Furthermore, at values 7] and 7, the oc-
currence of a first-order phase transition is signaled by the
crossing of the lowest eigenenergies within the singlet and
triplet subspaces. Finally, we observe that when the system
is in the photon condensate state, the matter ground state is
always a singlet. We now apply a similar analysis by using
the light-matter coupling strength 1 as a tunable parameter.
Figure 4(c) shows the order parameter as a function of 5
by setting w. =t and T = —¢, with U = 0 (green dashed
line) and U =t (red solid line). In the absence of repulsive
interaction, photon condensation manifests as a second-order
phase transition. When T = —¢, the ground state of the matter
system becomes gapless, and the critical light-matter coupling
is vanishing 7. = 0T. As discussed in Ref. [39], this behav-
ior is attributed to a divergent paramagnetic response of the
molecular system. When the repulsive interaction is activated
at U = ¢, photon condensation emerges as a first-order phase
transition. At n* ~ 0.17, denoted by the vertical gray dashed
line in Fig. 4(c), the order parameter o assumes a finite value,
exhibiting a steplike behavior. In correspondence, Fig. 4(d)
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FIG. 5. Photonic order parameter |&| as a function of 7 /¢ and the
light-matter coupling strength n, with N, = 2 electrons and setting
. = t. The color map represents the case with U/t = 1. The green
dashed line indicates the critical values of the microscopic parame-
ters T and 7, where the phase transition occurs without the influence
of electron-electron interaction U. The vertical white dashed lines at
71 & —1.33¢ and 7, & —0.72¢ denote the range [7;, T2], within which
the ground state for n = 0 is a degenerate triplet.

shows the lowest eigenenergy of the singlet (red solid line)
and triplet (black solid line) subspaces as a function of 7,
setting w. =, T = —t, and U =t. At the value n* ~ 0.17,
associated with a first-order phase transition, there is a cross-
ing of the lowest energies of the two allowed total spin sectors.
Here, the photon-condensation phase transition occurs, and
the ground state energy lies within the singlet subspace S.
Moreover, for n > n*, the energy levels become dependent
on 7 since & # 0. The color map shown in Fig. 5 gives a
more general overview of the impact of the repulsive electron-
electron interaction on a system of molecular plaquettes with
N, = 2 electrons. Here, we illustrate the photonic order pa-
rameter as a function of the hopping parameter t/¢ and the
light-matter coupling strength n, with fixed values w. = ¢ and
U =t. The green dashed line represents the critical points of
the parameter set T and 5 at which the phase transition occurs
without electron-electron interaction U. The sharp boundary
between the normal phase and the photon condensate state in
the central region of the figure indicates a first-order phase
transition. Specifically, this occurs in the range where the
hopping parameter satisfies 7; < 7 < 1, with 71 & —1.33¢
and 7, &~ —0.72¢. We recall that within this interval, in the ab-
sence of light-matter coupling, the ground state of the system
with U > 0 is a degenerate triplet. On the other hand, outside
this range of 7, in conditions where the electromagnetic field
of the cavity is absent, the global minimal eigenenergy is a
singlet, and it is visible that photon condensation occurs as a
second-order phase transition at a critical n. In this instance,
the electron-electron interaction only introduces a renormal-
ization of 7. with respect to the noninteracting case.

B. Three-electron case

In this section, we extend our analysis to the case where
each molecule contains N, = 3 electrons. We will observe
that qualitatively this situation resembles the case examined
previously with N, = 2 electrons. Figure 6 shows the order

25 0.22
20 0.16
- 15 _
= 0.11 18
= 19
- 0.05
0 0.00
“16 —08 00 08 16
T/t

FIG. 6. Photon condensation of square molecular plaquettes with
N, = 3 electrons. The photon condensate order parameter |&]| is plot-
ted as a function of v/t and U/t by setting w. = ¢ and = 0.12. The
sharp boundary between the normal and photon condensate phase in
the upper right corner signals a first-order phase transition.

parameter ||, obtained by solving Eq. (15), as a function of
7/t and the electron-electron energy U/t, at fixed value of
the light-matter coupling strength n = 0.12. We observe that
in the absence of the repulsive electron-electron interaction,
there are two isolated finite intervals of t, around t = —¢ and
T =t, where the order parameter acquires a nonzero value,
and the transition behaves as a continuous phase transition. At
T = —t (T =1), the energy gap €; — €y (€, — €1) between the
ground state and the first excited state of the doublet subspace
reduces to zero, originating a strong paramagnetic response.
When U > 0, in the 7 < O region, the photon condensation
can occur always as a second-order phase transition. In turn,
for T > 0, in the presence of U > 0, the transition is contin-
uous provided the electron-electron energy U < U ~ 18.6¢.
When U > U, there is a range of v around t =¢, where
photon condensation occurs as a first-order phase transition.
This situation strictly resembles the phenomenology which
in the two-electron regime appears in the vicinity of t = —¢
when the electron-electron repulsion is included, but contrary
to the scenario with N, =2, in the three-electron regime
the first-order phase transition is possible solely when the
repulsive interaction U is sufficiently large to induce level
crossing between the lowest eigenenergies of the doublet and
quadruplet subspaces.

C. Four-electron case

To conclude this section, we consider the case where each
square molecular plaquette contains N, = 4 electrons, rep-
resenting the half-filling condition. In contrast to previous
filling conditions, here, when the cavity photon field is absent,
regardless of the value of 7 and for finite U, the ground state of
the system is always linked to the singlet subspace, as visible
in Fig. 3(c). The lack of lowest energy level crossings between
subspaces having different total spins clarifies why photon
condensation exhibits the characteristics of a second-order
phase transition, similarly to the scenarios when N, = 2, 3
and the repulsive interaction U is disregarded. In fact, Fig. 7
shows that photon condensation always occurs as a second-
order phase transition, and the effect of the electron-electron
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FIG. 7. Photon condensation of square molecular plaquettes with
N, = 4 electrons. The photon condensate order parameter |&| is
plotted as a function of 7 /¢ and U/t by setting w. =t and n = 0.12.
At half filling, the transition is always of the second-order.

repulsion consists only of a renormalization of the param-
eters at which the transition occurs. In particular, keeping
o, =t and n = 0.12, our numerical analysis shows photon
condensation is suppressed when the electron-electron repul-
sive interaction exceeds approximately U, ~ 1.4t at T =1t.
This behavior is reminiscent of the suppression of charge
fluctuations in the half-filled Hubbard model in the large-U
regime [68,79], where the strong electron-electron repulsion
suppresses the orbital current response and eventually inhibits
photon condensation.

VI. PHOTON CONDENSATION AND VAN VLECK
PARAMAGNETISM

Here, we discuss the underlying mechanism responsible
for the dual nature of the phase transition. To this end, we
focus on the two-electron regime and report the ground state
energies of the light-matter system, evaluated separately in
the two subspaces S and T. For each subspace, the energy
functional is expressed as

Ea) = min (W'(a)|Hyir (@) V' (@) + w0
[V (a))eS

= Eg(oz) + wcaz,

min_(W(a)|Avr i (@)W (@) + w.a?
[W(x))eT

. A 2
lego}gld(‘l’(a)lTMF,k(a)I‘I’(Ot)) + o

(16a)

Ela)

= Ej (@) + w.a?, (16b)

where the lowest eigenenergy remains identical for each
square molecular plaquette, making the molecular index k
irrelevant. The concavity of EOS/ T() at the point « = 0 for
given values of 1 and t is captured by the magnetic suscep-
tibility XI\S,I/T = —§a§[E§/T(a)]|a:0, whose sign allows us to
distinguish the magnetic characteristics of the ground state
within each subspace as either paramagnetic or diamagnetic.
In particular, the nature is identified as paramagnetic (diamag-
netic) when the concavity is negative (positive) due to the
energetic favorability of penetration by a magnetic field. By
performing a series expansion of Eq. (16) around o = O up to

second order in o, we obtain
£ (@) = ES/M(0) + (a)c - Xﬁ/T)az. (17)

When X]\S/ T~ o, the energy decreases in the presence of a
finite cavity field. Fulfilling this condition demands a positive
magnetic susceptibility with a sufficiently large magnitude.
Figure 8 shows the representative cases that clarify the charac-
teristics of the phase transition in the presence of the repulsive
electron-electron interaction. In the upper panels of Fig. 8,
the hopping parameter is set to 7/t = —1.55 with U =, ex-
plored in three values of 5. In Fig. 8(a), we set n = 0.08 < 7,
in 8(b), n = n., and in 8(c), n = 0.17 > n.. This particular
value of t lies outside the interval [7;, 72]. In fact, when
the cavity field « is absent, the ground state belongs to the
singlet subspace, £5(0) < £7(0). Here, the fundamental en-
ergies in the absence of the light field are marked by the
horizontal dot-dashed lines. Considering n as a parameter,
the photon condensation manifests itself as a second-order
phase transition, taking place at a critical value 7, ~ 0.14.
The matter sector displays a paramagnetic nature, resulting
in a decrease in the concavity at @ = 0 of £(«) as n increases,
ultimately leading to a sign change at the critical point 7.,
as illustrated in Fig. 8(b). Consequently, when n exceeds 1,
the global minimum of £(«) emerges at a finite ¢, as shown
in Fig. 8(c). For these three specific values of 5, the global
minimum energy always pertains to the singlet subspace S.
In the bottom panels of Fig. 8, the hopping parameter is set
at 7/t = —1.25 with U =1, and we consider three distinct
values of 5. In Fig. 8(e), we choose n = 0.08 < n*, in 8(d),
n =n*, and in 8(f), n = 0.17 > n*. Here, the hopping pa-
rameter T lies within the interval [ty, 72]. In this case, when
the cavity field o is switched off, the ground state lies in
the triplet subspace, £T(0) < £3(0). Comparing £3(«) (red
solid line) and £3(0) 4+ w.o®> (red dashed line), we notice a
decrease in concavity at « = 0 as 7 increases, which indicates
a paramagnetic character. Employing a similar analysis for the
triplet subspace, denoted by black lines, it is observed that the
concavity of £T(a) increases with an increase in 7, indicating
negative magnetic susceptibility and diamagnetic character of
the triplet sector. This contrasting magnetic response explains
the change in the nature of the phase transition within the
region [71, 72]. In fact, when n < n* (n* ~ 0.14 when t =
—1.25¢), the global energy minimum corresponds to o = 0
and is linked to the triplet subspace. In turn, for n = n* + 0%,
the energy minimum at ¢ = 0 suddenly becomes local, the
global eigenenergy of the full light-matter system being asso-
ciated with a finite photonic displacement in the cavity, when
n > n*, the photon condensation appears as a first-order phase
transition. Once the transition takes place, the ground state
of the matter system is linked to the singlet subspace. Here,
when photon condensation occurs, the matter ground state
switches from the triplet to the singlet sector, in which the
Hubbard interaction contributes to the energy. In summary,
this analysis shows that when the electron occupation number
is N. = 2, the repulsive interaction between electrons can sig-
nificantly alter the character of photon condensation, provided
the microscopic parameters lie within a certain range. This
discussion can also be extended to the situation with N, = 3
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FIG. 8. The energy functionals £ () (black solid line) and £5(a) (red solid line), each plotted as a function of the photon mean field
a, with U =t and N, = 2. In each panel, the dashed lines indicate £T(0) + w.a® = €y + €| + w.a? (black) and £3(0) + w.a? (red), and the
horizontal dash-dotted lines refer to £T(0) = ¢y + €, (black) and £5(0) (red). For case (a), we set n = 0.08; in case (b), n = 1. ~ 0.14; and
in case (c), we use n = 0.17, with a value of 7/t = —1.55, which falls outside the interval [7, 75]. For case (d), n = 0.08; for case (e),
n = n* ~ 0.14; and for case (f), n = 0.17, with t/t = —1.25 lying within the interval [z;, 7,].

electrons per molecule, in which photon condensation can
emerge either as a first-order or second-order phase transition.

We finally comment on some aspects related to the cavity
description and experimental realization. For second-order
photon-condensation transitions, multimode effects can be ad-
dressed by analyzing the stability of the normal phase with
respect to the different electromagnetic modes [25]. Once
condensation occurs, however, the electronic ground state is
modified, and the role of the remaining modes should in
general be reconsidered. Moreover, such a normal-phase sta-
bility analysis is not sufficient for the first-order transitions
found here. Additional cavity modes may therefore modify
the phase boundaries, and a complete multimode treatment
would require specifying a particular cavity realization and its
full mode structure.

Effective Hubbard-type descriptions of conjugated
molecules typically involve electronic energy scales in the eV
range, with U/t of order unity or larger. Although we consider
w: ~ t in our calculations, motivated by the optical-cavity
regime, this is not required for the instability, which does not
rely on resonance between the cavity mode and an electronic
excitation. In fact, for a given magnetic response, a lower
cavity energy o, reduces the electromagnetic energy cost
and therefore favors the instability. From an experimental
perspective, the magnetic coupling n is controlled by the
vacuum magnetic flux threading the molecular plaquette.
The values considered here, typically n ~ 0.1, should be
regarded as representative theoretical values. The critical
coupling can, however, be reduced near magnetically active
quasidegeneracies, where the Van Vleck orbital susceptibility

is enhanced. Superconducting nanoconstrictions and
lumped-element resonators have recently demonstrated strong
confinement of vacuum magnetic fields in molecular spin
systems [80,81]. Although these experiments involve Zeeman
rather than orbital coupling, they demonstrate the possibility
of strongly concentrating the vacuum magnetic field near
molecular systems. For the orbital coupling examined here,
the limited size of conventional molecules, and thus the
correspondingly small vacuum flux BpA,, constitutes an
experimental limitation.

VII. POLARITONS

Polaritons are novel hybrid light-matter states, arising
as collective excitations above the mean-field ground state.
These excitations result from the interaction between photonic
modes and collective matter excitations. To find polaritons in
our system, we need to study Gaussian fluctuations around the
mean-field state. Starting from the full Hamiltonian expressed
in Eq. (10a), to derive the polaritonic spectrum we replace
4 — a~/N +8aand a' — a~/N + sat, where 8a and 8a' are
zero-average fluctuation operators on top of the mean-field so-
lution @+/N. We introduce the collective bright mode creation
operator IA)Z, defined as

. 1
by = N k;j Wi (@) (Wor (@) (18)

with £ > 0, where the action of the bright mode operator
on the many-body Hilbert space is to promote the electronic
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state of the kth molecule in the ground state |Wo(&)) to the
Lth excited state |Wy(&)), the associated transition energy
being E;(@) — Ep(@). In the thermodynamic limit N — oo,
the bright mode creation operators effectively satisfy bosonic
commutation relations, namely, [135,5;] X §¢ms details are
provided in Appendix C. Here we focus on small fluctuations
over the mean-field solution. For this aim, the full Hamil-
tonian is expanded up to the second order with respect to
the photonic fluctuations 8a and 8a' and the bright mode
operators by and IQZ This yields the polaritonic Hamiltonian,
which characterizes the lowest excited states

oo = weda'da+ Y [E«(@) — Eo(@)1bjby
4
1 ) .
+ (60 +8a") > [ME @b}, + MG @)by]
£

1 .
+ g (6a+8a’ PMY (@), (19)

where the optimal value & is determined by the vari-
ational approach shown in Sec. V, and Mﬁ'/’g(éz):

SN (Wi (@) My g (@)W (&), with

R 1 & 9Bvr () 1 al 3T 1 ()
=y ) Tl o
M) =y £ a NET e 20)
. IM
My(a) = @) @)
o

being the paramagnetic and diamagnetic contributions. Notice
the paramagnetic component is proportional to the magnetiza-
tion operator:

M, (@) = —v/NM,(«)/2By
___n R PN
= BO\/N Z Z (ltNHe CisxCitisk + Hc)

k.j s:=1,1

(22)

The fluctuations 8a and b, entering ﬂpol provide subexten-
sive corrections around the mean-field solution. In particular,
since a/ JN =a+ sa/ /N, fluctuations of the intensive
cavity-field amplitude are suppressed by N~!/2. Accordingly,
the Gaussian corrections to the ground-state energy vanish at
the level of the energy density in the thermodynamic limit
[50,82,83].

The polaritonic Hamiltonian is quadratic in the bosonic
fields. By diagonalizing the corresponding Hopfield matrix,
one directly obtains the associated spectrum [84]. All details
are provided in Appendix C.

Here, as a representative example, we consider the case
with N, = 2 electrons per molecule. Figure 9 shows the po-
laritonic spectrum, as a function of 5 at different inequivalent
hoppings 7. Specifically, Fig. 9(a) displays the four lowest
polaritonic energies as a function of the light-matter cou-
pling strength 7 in the absence of electron-electron repulsion
(black dashed lines), and with U/t = 1 (colored solid lines),
setting T = —1.55¢. This case corresponds to the top pan-
els shown in Fig. 8. Here, regardless of the value of 7, the
mean-field solution indicates that the matter sector of the
ground states resides within the singlet subspace S, and the

0.0 0.1 0.2 0.3

FIG. 9. Four lowest polaritonic energies as a function of n for
U = 0 (black dashed lines) and U = ¢. In (a), the hopping parameter
is T/t = —1.55, and there is a second-order phase transition for
both U =0 and U =t¢. In (b), v/t = —1.25. In the noninteracting
case, the phase transition is of the second order, while for U =1,
the vertical dashed line marks the discontinuity in the polaritonic
energies at n = n*, signaling a first-order phase transition.

photon condensation shows characteristics of a second-order
phase transition. In Fig. 9(a), when n reaches the critical
threshold of 7. = 0.14, the softening of the lowest polariton
mode is observed, signaling that the photon condensation is a
second-order phase transition. This phenomenon is observed
in both the interacting and noninteracting cases. In particular,
at the hopping parameter v = —1.55¢, the presence of the
repulsive interaction leads to a renormalization of the critical
value 7. Figure 9(b) shows the four lowest polaritonic energy
levels as a function of the light-matter interaction strength 7,
with t fixed at —1.25¢. The black dashed lines represent the
case without electron-electron interaction, while the colored
solid lines correspond to a case where U/t = 1. For U = 0,
the polaritonic softening observed at n. &~ 0.17 indicates a
second-order phase transition. In contrast, when U = t, the
parameter T = —1.25¢ falls within the interval [z, 12]. At
n = 0, the ground state of the matter system is a triplet degen-
erate state, with its eigenenergy unaffected by the value of U.
From Fig. 5, we note that, in this configuration, the transition
is characterized as first order. This behavior can be observed
in the low-energy polaritonic spectrum shown in Fig. 9(b),
where all excitation energies display a jump associated with
the first-order phase transition, marked by the vertical dashed
line at n = n* ~ 0.14.

In a more realistic description, cavity losses, as well
as relaxation and dephasing of matter excitations, result in
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finite linewidths of the polaritonic modes. For a second-order
transition, the softening of the lowest polariton remains spec-
troscopically distinguishable as long as its linewidth I'_ is
much smaller compared to its bare frequency Q_, i.e., ' <
Q_. However, sufficiently close to the critical point, where
Q_ — 0, this condition will eventually cease to be satisfied.
For a first-order transition, the abrupt change in polaritonic en-
ergies remains observable as long as the associated linewidths
are smaller than the characteristic energy jump.

VIII. CONCLUSIONS

In this work, we investigated how electron—electron re-
pulsion affects both the onset and the nature of the photon
condensation phase transition in a system composed of many
coplanar molecules coupled to a single quantized magnetic
mode. Each molecule is modeled as a plaquette with ny = 4
sites, where each hosts N, spinful electrons, with 1 < N, < ns.
For multiple electrons per molecule, our results demonstrate
that photon condensation can occur even in the presence of
electron—electron repulsion, which can substantially reshape
the phase diagram compared to the noninteracting case. In
particular, depending on the number of itinerant electrons and
the microscopic parameters that enter the molecular Hamil-
tonian, photon condensation can manifest as either a first- or
second-order phase transition. Furthermore, we have demon-
strated that the polaritonic spectrum can be used to probe
the character of the phase transition. In particular, we found
that polaritonic modes display either a softening or a steplike
change, depending on whether the transition is continuous
or discontinuous. Possible future developments may include
the investigation of reflectivity and transmission spectra in
the vicinity of the phase transition [85], potentially providing
additional spectroscopic signatures of photon condensation,
as well as the study of finite-temperature effects and Zeeman
coupling on the phase diagram and polaritonic excitations.
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APPENDIX A: FACTORIZATION OF THE MANY-BODY
HILBERT SPACE

In this appendix, we show how the SU(2) symmetry of the
Hubbard model enables a decomposition of the full Hilbert
space of the single molecule in invariant spin sectors. We
consider the single-molecule Hamiltonian

A=T+U,
being
n—1
T=- (). j118) 1 + He),
j=0 s;=4,1
no—1
O=U) ¢hepel e,

(=}

j=
where we omitted the molecular index k for the sake of nota-
tional simplicity. The Hamiltonian H includes only processes
that conserve both the total spin projection along the z axis and
the total spin magnitude. This implies that the operators S, and
$2 commute with the Hamiltonian, i.e., [H, S.] = [H, §?] =
0. As a consequence, the full Hilbert space of the system H
can be decomposed as a direct sum of subspaces characterized
by the quantum numbers S, and S. This enables us to construct
a basis of simultaneous eigenstates of operators H, S‘Z, and $2,
such that any eigenstate of the Hamiltonian can be charac-
terized by its energy E, spin projection along z S;, and total
spin modulus S. To determine the common eigenbasis, we
first introduce the spin operators relevant to our discussion.
The spin operator describing the spin projection along the
W = X, y, z axis in the lattice basis can collectively be written
as

A 1
Su=13 > el oibe,, (A1)
Jj.ep
where
T
0 1 0 —i 1 0
(66 D]
Explicitly, the spin components read
A 1
Se=3 D o@hegy + e e, (A3a)
J
& 1 AT A AT A
§=1 > @hei —eein, (A3b)
J
A 1 . o
SZ = E Z(chch — C;Lle). (A3C)
J

It is also convenient to define the spin raising and lowering
operators:

S+: Ax—i—lsy:ZCA‘jITCJi, (A4a)
J
S =38, -8, =) "¢l ey, (A4b)

both §, and §_ can be expressed as linear combinations of the
S, operators and commute with the Hamiltonian. To compute
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the total spin squared operator §% = Sf + S‘yz + S‘Zz we start
from the contribution from the z component, which results in

JURN QNN
2 i
Sz = Z ZSZSg
ij
1 S N
=7 Z(”n = fi)(jy —1jy)

=—Z(n,T—n,¢) + - ZSS;

l#/

(AS5)

Proceeding similarly, for the remaining components we find

8% = 3 2 (Ehen + e85+ 250)
iJ

=- Z(nm — )+ Zsigi (A6)
z#]
and
N 1 AT A e et e et e
= 4 Z@W’i - CLCiT)(C;TCN —Ensin)
SEONUEIEEED LA

I#J

Collecting all the results above, we obtain

o 3 1
=ZZ<ﬁm—ﬁ~>2+zZS’S’+ —Si8] + 8i87.

(A8)
To simplify this expression, we first observe that
SiS] — 818 = 2(e],é,88 ey + & enelieg)
=2(58; +578)), (A9)
and, finally, we write
Z(nm DY [ 8787 +57°8)
i#]
Lo
+Z(niT_nil)(an_njl) . (AIO)

This final expression provides the second-quantized form of
the operator 82, written in terms of fermionic creation and
annihilation operators in the lattice basis. We observe that
the same operators can be straightforwardly written in the
eigenstate basis of the kinetic energy 7 by means of the

transformation
A A
Cja = (pj Peas

Zsﬂ,wm,

where o =1, |, and used that in the absence of light-matter
coupling, the eigenvectors are real. Here, the operator @Lz cre-
ates an electron in the £th eigenstates, £ = 0, ..., ny — 1, with
energy €, and the spin projection along z is «. Accordingly,

(Alla)

(A11b)

one can rewrite the spin operators as

1 1
AT _aB A N aB A
= 5 E %a%’gfpmﬂ( E 90,90,) = 5 E 90;(10#’3(0@,4.
L,m,ap La,p
(A12)

We begin by considering the two-electron sector, where the
total spin of the system can be either S = 0 (singlet) or § = 1
(triplet). Consequently, the full Hilbert space is decomposed
as H=T® S, where T denotes the triplet subspace and S
the singlet one. Within the triplet sector, the allowed spin
projections along the z axis are S, = —1, 0, 1, which allows
us to further decompose T as

1
T:@T,-,

i=—1

(A13)

where T; collects the triplet states with i spin projection along
z. The subspace T; has dimension 6, and its states are ex-
pressed in the common eigenbasis of H, S, and 52 as

[ Tiem) = ¢ (Al4)

%{T(DLH@%

with € # m. It is easy to verify that such states are simultane-
ous eigenstates of H, §, 82, and it results in

AT ) = (€0 + €| T} )
§2|T(ém)> = |T(115m)>’

S| Tmy) = 2| T my): (A15)

The state |7}, m)) is constructed as a two-particle eigenstate

of the kinetic energy operator 7', but it is also an eigenstate
of the Hamiltonian H, which includes the on-site electron-
electron repulsion. The state |T(z ) denotes a two-electron
configuration in which both electrons possess spin S, = 1/2.
Because of the Pauli exclusion principle, two electrons with
the same spin z component cannot simultaneously occupy the
same site. Consequently, the local Hubbard interaction does
notacton |7, m)) The triplet states with lower spin projection
are obtained by acting on the triplet states in the S, = 1 sector
with the lowering operator S_:

S |T4 ) = @lsohy + 1, 00)10). (A16)
Hence, the six normalized S, = O states of Ty read
[ "
T ) = ﬁ(%"j" VO GLOIE).  (ALT)

Since [H, S~] = 0, one has H(S_ |T, @ m>)) =38_ (H| (. m))). It
follows that H| @ m)) (€¢ 4+ €)IT, (« m)) and we can con-
clude |7, m)) is the eigenstate of H with energy €; + €,
independent of U. By again applying the lowering operator,
we can also obtain the six states belonging to T_;, which can
be written as

(A18)

S‘_|T((K)M)> | (, m)) ‘pu‘Pmﬂm

each characterized by the quantum numbers E = €; + €,
S, = —1,S5 = 1. In conclusion, the T subspace of the Hilbert
space is spanned by the degenerate triplets

{78 m): )} (A19)

@m)
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each having an energy €, + ¢, which is not influenced by the
electron-electron interaction.

We now focus our attention on the three-electron case.
Proceeding as in the two electron regime, we exploit the
SU(2) symmetry of the Hubbard Hamiltonian to express the
Hilbert space as a direct sum of spin sectors. In particular,
the allowed total spins for a three-fermion system are S =
1/2,3/2. The subspace with total spin § = 1/2 (S = 3/2) can
be further decomposed according to the spin projection along
the z axis, S; = £1/2 (S, = £3/2, £1/2). Consequently, the
Hilbert space can be written as

3/2 1/2
H= P Q P b. (A20)
i==3/2  i=—1/2

Clearly, the fully polarized quadruplet states with spin pro-
jection S, = £3/2 are unaffected by U, since there are no
electronic configurations in which any atomic site becomes
doubly occupied. As a consequence, their eigenenergies are
expressed as €; + €, + €, independently of the value of the
electron-electron energy U. Following the argument used for
the two-electron system, we conclude that the quadruplet
states with lower spin projections are degenerate with the fully
polarized ones. For completeness, we explicitly write them
in terms of second-quantized fermionic operators. They are
obtained by acting with the lowering operator S_ on the fully
polarized state of the quadruplet, which has the maximal spin
projection S, = 3/2,

At At At

3/2
|Q(€/,m,n)) (pIZT(me(pnT'@)’ (AZ])
with £ < m < n. Hence, we calculate
& 3/2 IS EPNS BN PN
S|Q ) =D 0t opr 010 0 10). (A22)

p

where p = £, m, n. For example, taking p = ¢ and using the
relation @, @;& =1 —#,, , we obtain

IR AN I IS AR AN

= ¢4¢¢mT€0nT|@>, (A23)

and the same reasoning applies for p = m and p = n.
Thus, we obtain
A [ S CHE AR R AR RN MPIT)F
(A24)
and the normalized quadruplet state with S, = 1/2 is given by
1012 ) = =@\ BL 0Ly + B0 2L + BB IO,
(¢,m,n) \/— Ll ¥mtnt £ ¥ml ¥nt 4+ ¥mt ¥nl
(A25)
Similarly, we can also obtain the normalized quadruplet state
with S, = —1/2 as

1. . .
1/2 At At st st oAt At oAt st A
1Qmm) = ﬁ(%wmww + @, Pus Py, + Py B P )1D),

(A26)
and the fully polarized quadruplet state with S, = —3/2 as
QL) =0l 6n 00, 19). (A27)

The arguments above are easily generalized to the four-
electron case. In this regime, the total spin can be S = 0, 1, 2,

which corresponds to singlet, triplet, and pentuplet states,
respectively. In particular, the full Hilbert space of the system
can be decomposed as

2 1
H= P P T1.PSo.

i=-2 i=—1

(A28)

where the dimensions of the subspaces are dim(P;) =1,
dim(T;) = 15, and dim(Sy) = 20, which leads to a total
Hilbert space dimension of dim(H) = 70. The pentuplet sub-
space is characterized by a single, fully polarized state with
maximum spin projection S, = 2, which is expressed in terms
of fermionic creation operators for the electrons in the eigen-
statesof T with£ =0, m = 1,n=2,r =3 as

‘P(zf,m,n,r)> QéT(ﬁ;rlT(ptlT@rT'@) (A29)
from which one obtains the states with lower spin projections
S.=1,...,—2. In particular, by applying the operator S_,
one obtains the degenerate eigenstate with S, = 1,

1 _ AT AT AT A7 AT AT AT AT
|P(£,m,n,r)> - _((pw(megonTgorT + Poy Py Prry Pry
+ LD O Ol + DL Ora @1 IB),  (A30)
as well as the degenerate eigenstate with S, = 0:
PO I P R
| (Z,m,n,r)) = %(‘Pu‘/’mupm‘l’m + @py Py Py Prr
IS Y Y S IPC RS
+ @4 Poir Or @11 + Py @y Py D)4
+¢5T¢ml¢ﬂT¢Fl +‘pz¢§0m¢¢;¢¢r’¢)|®> (A31)
The corresponding degenerate states with S; = —2 and S, =

—1 can be generated from those with S, =2 and S, = 1 by
flipping each individual spin z projection ({1, |} — {|, 1}).
Using the argument based on the Pauli Principle given above,
we find that within the pentuplet subspace the eigenenergies
are independent of the electron—electron interaction energy U .

APPENDIX B: VAN VLECK PARAMAGNETISM

In this appendix, we briefly recall for the reader the mi-
croscopic theory underlying Van Vleck paramagnetism [38].
We consider a system consisting of N, interacting electrons
described by the nonrelativistic Hamiltonian

2

Ay = Z” +Zv<r,)+ Z| e

where V (#) is the electron-nuclear potential and the last term
is the electron-electron Coulomb repulsion; spin-orbit cou-
pling is neglected. We introduce a uniform magnetic field B
in the symmetric gauge, A(r) = %B x r, through the mini-
mal substitution p; — p; + (e/c)A(#;) in the kinetic energy,
supplemented by the Zeeman coupling 2ugB - §; of each elec-
tronic spin, where ug = e¢/(2mc) denotes the Bohr magneton
(with i = 1). By defining the total orbital and spin angular
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momenta
N,
L= #xp, (B2a)
i=1
Ne
S=) s, (B2b)
i=1
one obtains
&> Ne
A =Hy+psB-(L+28+ — Z(B x )2, (B3)
8mce =

The first correction represents the Zeeman operator —ft - B,
with magnetic dipole ft = —uB(I: + 23’); the second is dia-
magnetic and quadratic in B. Both terms are assumed to be
small compared with Hy and are treated by perturbation the-
ory. Moreover, we consider a system whose ground state | W)
is nondegenerate. The first-order Zeeman shift vanishes, since
(Wo|L|Wy) = (¥y|8|Wy) = 0ina TRS ground state, signaling
the absence of a permanent magnetic moment. Collecting all
contributions up to the second-order in B, one obtains

AEy = AEp + AEp (B4)
with the (positive) diamagnetic term

62

N.
— A \2
Abp = = (ol 2_1 (B x7)"|Wo) > 0, (B5)

whereas the (negative) second-order term is called the Van
Vleck contribution and is given by

[(W,|B - (L + 28)|W) >
AEp = —pg ) :

0. B6
E < (B6)

n#0

Accordingly, in the regime where the ground state and first
excited state are nearly degenerate and are coupled via
the paramagnetic magnetization operator, the paramagnetic
contribution to the magnetic response can dominate the dia-
magnetic contribution, thereby driving the system into a
paramagnetic regime. This mechanism, referred to as the
Van Vleck mechanism, underlies the increased paramagnetic
behavior of individual molecules and drives the photon-
condensation phase transition in our system. In our system, we
find that states belonging to subspaces with different total spin
squared S? are not coupled by the orbital paramagnetic mag-
netization operator. Consequently, the corresponding matrix
element in Eq. (B6) vanishes, and such states cannot con-
tribute to the Van Vleck mechanism. Accidental degeneracies
between states with different S? therefore do not enhance the
orbital paramagnetic response.

APPENDIX C: BOSONIZATION AND POLARITONS

To derive the polaritonic spectrum of the system, we start
from the full Hamiltonian expressed in Eq. (10a) and replace
&4 — a+/N +8a and &' — a+/N + 8a’, where @ is solution
of Eq. (15), and 8a and 8a' are a zero-average fluctuations
on top of the mean-field solution. The shifted Hamiltonian

reads

Hs = w(v'Na + 8a")(v/Na + 8a)

_ C—in@y/Na+sa+84")//N At A

E :tJ,J-‘rle Cit1s.kCis:k
k. j.s:

+ H.c. + Uy

= w[N&* + VNa(sa + sat) + sa'tsa)

_ C —in@y/Na+sa-+84")//N At A

§ :t./,.H-le Cit1s:.kClis:k
k. j.s:

+ H.c. + Uk~

Since we are looking at small fluctuations over the mean-field
ground state, we expand the Hamiltonian up to second order
in the 8& and 8a' terms, obtaining

N
Hs = wcIN&* + VNa(sa + 84") + 8a'6al + ) Ayr (@)
k=1
N . 1 .
+ gMp(a)(aa +8a") + g/\/td(a)(aa +8a"?,
(ChH

where Mp (Md) is the paramagnetic (diamagnetic) compo-
nent of the total magnetization, defined in the main text. The
first term in (C1) involves the electromagnetic degrees of free-
dom solely. The second term is the mean-field Hamiltonian
Hyp ¢ (@), written in its eigenbasis as
N N

D Bwra@) =) ) E@IYu@) (Vi@ . (C2)

k=1 k=1 ¢
Using the resolution of the identity 1 = ), W (&) (Wer (@),
the third term in Eq. (C1) can be rewritten as

1 A~ AT Y my~ = ~
S0+ ),(;%Mf” @)Wk (@) (Wi (@)] , (C3)

where we defined

N
MY (@) = 3 (@M@ Y @), (C4)
k=1
Because all molecules are identical, the matrix elements above
do not depend on k, and the summation therefore produces an
overall factor of N. Similarly, the last term in Eq. (C1) can be
written as

N
1 N N Lmy = — —
v+ sa'y? kz_; Zzn; ME™(@)| W (@) (Wi (@)] . (C5)
Hence, explicitly, one has

Hs = w[N&* + VNa(sa + sa) + satsa)

N
+ Z Z Eg(a)[Wer(a)) (Wer(@)]
k=1 ¢

1

+
2N

N
(Ba+3a")y Y My (@) Wer(@)) (W (@)

k=1 ¢,m

1 N
oy 02+ 88" 3y MG @)1 W) (Wi (@),

k=1 £,m
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By using the collective notation

Sem= Y IWu@) (@) , (C6)
k
the Hamiltonian assumes the more compact form
Hs = wcN&@® + VNa(sa +8a") + sa"8al + Y Ev(@) Sy
¢

1

_l’_
2./N

Ga+8a") Yy M (@)S0m

£,m

1 . o &
+ gy Ba+8a" Y M@ (C7)

L,m

Proceeding as in Refs. [39,86], we focus on the symmetric
subspace of the Hilbert space of the N molecules, which is
spanned by the occupation number states defined as

|n07 ml? ..

1 _
oy Ps—1) = m[;llw01(a))"'

X |Wong (@) -+ - [Wing41()) - - -
X Wi g (@))®

X Wy 1N pr1(@)) - - W51 n (@),
(C8)

where each basis state is a symmetric linear combination
of all possible electronic configurations of N molecules in
which there are n molecules in the many-body state | Wy (&)),
m molecules in the many-body state |W;(&)), ..., and p
molecules in the many-body state |\W_; ;(&@)), where s denotes
the number of many-body eigenstates of a single molecule.
The non-negative indices ng, my, ..., ps—; satisfy the con-
straint no +m; + ... ps—1 = N. By applying an occupation
number state on the collective operators defined in Eq. (C6),
we obtain the following properties:

Seelne,me, .. =+ Dml(n+ 1), me —1,...),
(C9a)
(C9b)

Zgyﬂng,mK/, .. ) = I’l|l’lg, ny, .. .),

where ¢ # £'. Moreover, the collective operators satisfy the
commutation relation [2(’[, 2,,,,,,,/] = 8¢.m 2(’,# — Bt 2,,,,5/.
Here, we define s — 1 pairs of bosonic creation and annihila-
tion operators, l;; and b, such that

belng, my, -+ ) = /ml(n+ 1), (m — 1)g, -+,

(Cl10a)
bibelno, my, -+ = mlng, my, ), (C10b)
where £ =1,...,5 — 1, and the mean-field ground state

|Fo(@)) = [Ny, 0,---,0) = ]_[,(N=1 |Wor(@)), which describes
all molecules occupying the state |Wy(&)), acts as the vacuum
state with respect to every operator by. The creation operators
13; applied on the vacuum state |Fy(&)) describe the collective
matter excitations, which represent the bright modes. By com-
paring Egs. (C9a) and (C9b) with Egs. (C10a) and (C10b), we
write the collective operators in terms of the bosonic fields

according to a multilevel Holstein-Primakoff transformation
[86],

S00=N—Y_ blb, (Clla)
>0
Seo="b] [N=> bjby. (C11b)
>0
S0 = biby, (Cllc)

where 2, ¢/ > 0.

In the proximity of the mean-field matter ground state
|Fo(@)), that is, for a small number of collective matter ex-
citations, one may use the approximation ;¢ >~ +/Nb; and
discard ¥ .. This results in a quadratic Hamiltonian in the
bosonic fields, describing light and matter excitations:

A . N .
Hs ~ wda’sa + “/T_[zwca + MY (@)] (34 + sa")

+ Nee@® + NEy(@) + Y _[Eo(@) — Eo(a)1b}b,
>0

1 ‘ o A
+5(a+8a") Y [My@h; + My @]
£>0

+ é(sa + 82"y M5S0 @). (C12)
We notice that the collective operators X, ,,, and equivalently
the bright mode operators b, and IQZ, leave both the z compo-
nent of the spin and the total spin S unchanged. As a result, the
polaritonic excitations can be analyzed separately within each
sector characterized by the total spin quantum numbers S and
S,. The square bracket in the first line of Eq. (C12) vanishes
because & satisfies the nonlinear Eq. (15). To make this ex-
plicit, one can use the Hellman-Feynman theorem, obtaining

N

1 N
9o Eo(a) = N Z(FO(CXNBaHMF.k(Ol)|F0((¥)>
k=1

= (Fy(@)|Mp(@)|Fo(e)) = Mp°().  (C13)

a 1is equivalently the solution of the nonlinear equation
20.a + MO @) = 0.

Thus, by expanding the shifted Hamiltonian around o = &,
one obtains the quadratic polaritonic Hamiltonian, which can
be written as

Fpo = w:80"8a+ Y [E(@) — Eo(@)1b}b,
>0
1 A A
+ 5 @a+8a") Y [MO@Dh; + Myt @b]

>0

1
+ga+ 8a" Y’ M3 (@). (C14)

Polaritons are hybrid excitations of light and matter degrees
of freedom and are described by the following linear combi-
nation:

Py = X,8a+ Y,8a" + Z(Wv,zl;z +Zueby).
>0

(C15)
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Since the polariton represents a proper bosonic excitation of
the system, the operator p, is a bosonic operator that obeys
the equation of motion [7—Alp01, Pl =—,, py-

Since p, is expressed as a linear combination of all
bosonic creation and annihilation operators, we evaluate the
commutator of each of these operators with the polaritonic
Hamiltonian. Thus, for the photon operators, one has

. 1
[Hpol, 8] = —wca — ZMS’O(a)(aa +5a")

1 . s
-3 (Z MO @)b] + Mg*z(a)bg>

>0

X . 1
[Apot, 86'] = wc8a" + ZMS"’(&)(&& +sa")

1 o .
+3 g (MEY@)b] + MO @)be),  (C16)
|
we + IM{0@)
B = %Mggo(&) —@c
g7 (@)
gl (@)

where

—M @)

while for the bright modes operators, one finds
[Fpot, bl = —[Eo(@) — Eo(@)1b, — sM5 (@) (da + sa'),

[Fpot b1 = [Eo(@) — Eo(@)1b} + MY (@) (8a + sa').
(C17)
The equation of motion can be mapped into the eigenvalues
problem Ev, = ,,v,, being v, = (X,,Y,, W,,Z,)". This
is achieved by carrying out the following:

[Hpots Pvl = Xol[Hpot, 821 + Y, [Hpor, 8271

+ Z(Wv,l[?:zpols bl + Zy o[ Hpoi, BZ])
>0

=Q,, [XVS& + Y807+ (Woiby + ZMB})].
>0
(C18)

The resulting 2s x 2s matrix E, written in the basis

(8a, sat, 5g, EZ), is explicitly expressed as

g@ —g@)
M@ g@  —g@) (C19)
—g" (@) Q@ 0 |
—g' (@) 0 -R@)

1 ’0 - 2,() - §— ,0 =
g=5[M°@. M@, ... My @),

@ = diag[E| (&) — Eo(@), Ex(@) — Ep(@), .. .,
x Es_1(@) — Ep(@)].

The Hopfield matrix E in Eq. (C19) has been diagonalized numerically, and its eigenvalues correspond to the polaritonic

excitation energies.
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