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We numerically investigate the effect of coupling a two-dimensional many-body localized system to a finite
heat bath, using shallow quantum circuits as a variational ansatz. Specifically, we simulate optical lattice
experiments with two components of ultracold bosons, where only one species is subject to a random disorder
potential and the other acts as a heat bath. We obtain a filling fraction-dependent phase diagram with a critical
filling consistent with experiments. We also perform long-time time-dependent variational principle (TDVP)
simulations with matrix product states, but find that the quantum circuit approach produces superior results
because of the lack of boundary effects. Finally, we present additional results on the two-point correlation
functions and the quantum mutual information between sites.

DOLI: 10.1103/7wld-nzbn

I. INTRODUCTION

The assumption that isolated systems act as their own heat
baths and therefore reach thermal equilibrium was largely
taken for granted until the beginning of this century, when
several analytical [1,2] and numerical works [3,4] started to
provide evidence for the existence of many-body localization
(MBL). Experiments observing MBL [5-9] and a rigorous
proof [10] in the last decade seemed to put the phenomenon on
solid ground. However, in recent years, multiple works started
questioning the existence of true MBL [11-13], even in one
dimension. This would imply that MBL in one dimension is
only a transient effect (as has long been conjectured for higher
dimensions [14,15]), though on incredibly long timescales.

Extremely long thermalization times imply that strongly
disordered isolated quantum systems behave many-body lo-
calized on experimentally relevant timescales. That is, for all
practical purposes one can assume the existence of MBL,
even in higher dimensions, where it has also been experimen-
tally observed [16]. In this spirit, we investigate the effect
of coupling a localized and delocalized system in higher di-
mensions, a subject that is relevant for the understanding of
thermalization phenomena and their timescales. In particular,
we study a two-dimensional “MBL-like” system coupled to
a heat bath, and aim to reproduce the phase transition point
found in two-dimensional optical lattice experiments with
two-component ultracold bosons [17] as the size of the heat
bath is increased. In those experiments, one boson species was
subject to random disorder while the other only experienced
the optical lattice potential, acting as a heat bath for the
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former. The experiments were also theoretically analyzed in
Ref. [18], albeit using a product state ansatz that assumes the
observations were caused by glassy dynamics [19].

We use quantum circuits, a type of tensor networks, as
a variational ansatz for our classical simulations. Shallow
quantum circuits have proven useful for both the numeri-
cal description of one- [20-22] and two-dimensional MBL
systems [23-25] and the rigorous classification of symmetry-
protected topological MBL phases [26-28]. We optimize a
two-dimensional shallow quantum circuit to approximately
diagonalize a hardcore version of the Hamiltonian model-
ing the experiments of Ref. [17]. The unitaries building up
the quantum circuit contain the variational parameters of the
approach. After optimizing those, we have an approximate
representation of the overall unitary diagonalizing the Hamil-
tonian, and can extract local features (such as correlations)
of its eigenstates. We analyze entanglement features in the
different particle sectors of the diagonalizing unitary to ob-
tain the phase diagram as a function of the disorder strength
and the fraction of bosons not experiencing the disorder
potential. [Note that we use the semantics of a phase transi-
tion throughout this work, although the transience of MBL
implies that instead we have a (relatively sharp) crossover
between a regime of extremely slow, experimentally inac-
cessible thermalization and fast thermalization.] This phase
diagram constitutes the central novel finding of our work.
We obtain a phase transition point in the same regime as the
measured value.

For comparison, we also simulated real-time evolution
with matrix product states using the time-dependent varia-
tional principle [29,30]. We found that the requirement of
numerically accurate time evolutions restricts us to fairly
small system sizes (6 x 6) with open boundary conditions. As
a result, boundary effects and the shift of the two-dimensional
MBL-to-thermal transition point with system size [15,30] lead
to significantly lower critical disorder strengths. However, the
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FIG. 1. (a) Optical lattice filled with two species of bosons: “clean” (blue) and “dirty” (red). Half the lattice sites are occupied: the overall
filling is v = 0.5. We consider various relative fractions f, and f; of clean and dirty particles: depicted here is the case f. = f; = 0.5. (b) The
system is in a random potential that affects only the dirty particles. (c) Two-layer quantum circuit U used as a variational ansatz to approximately
diagonalize the Hamiltonian. (In this work we consider system sizes L = 6 and L = 10.)

corresponding phase diagram is qualitatively the same as the
one obtained with quantum circuits, which do not suffer from
these restrictions (but rather finite-entanglement effects). We
thus find that our method is more suitable to describe the limit
of large, experimentally relevant system sizes.

Furthermore, we extracted the correlation lengths from our
optimized unitaries, which show a slow decay with disorder
strength. Finally, we find that the quantum mutual information
distributions between sites separated by short and medium
distances develop longer tails as the disorder strength is low-
ered towards the transition point. If similar features are found
in future, more accurate studies, then resonances are also at
play on experimentally relevant timescales near the transition
in higher dimensions, similar to one-dimensional MBL [31].

II. MODEL AND NUMERICAL APPROACH

We study a two-dimensional MBL system coupled to an
immersed heat bath. Specifically, we consider two compo-
nents of bosons confined by an optical square lattice. One
species of bosons (“dirty bosons”) experiences a randomly
chosen on-site disorder potential while the other one (“clean
bosons”) acts as a heat bath. We assume that the dynamics of
the bosons is governed by the Hamiltonian of Ref. [17],

Hexp = —J Z aj',aaj,g + % Zni,a(ni,a -1

(i,)).0 i,o

+VY nianic+ Y Sinia, &)
i i

where i = (x,y) denotes the lattice site. J is the tunneling
amplitude, i.e., hopping strength, V the on-site repulsion
strength, and §; the random disorder potential, which is cho-
sen according to a Gaussian distribution with half-maximum
width A. We consider only bosons in the center of the optical
trap, where the trap potential can be neglected. a; , denotes the
annihilation operator of a boson at site i for o € {c, d} with ¢
(d) corresponding to clean (dirty) bosons and n; , = azga,-yg
the corresponding particle number operator. See Fig. 1 for
an illustration. We define f, as the relative fraction of clean
bosons, and f; as that of dirty bosons, where f, + f; = 1.

In numerical simulations, one typically has to truncate
the on-site occupation number of bosons, which can be, in
principle, arbitrarily large. As experimentally only doublon
fractions of up to 18% are observed [17] (owing to the large
on-site repulsion of V = 24.4J) and to make our simulations
numerically feasible, we restrict ourselves to hardcore bosons.
Our Hamiltonian becomes

H=-J]> al,a;,+) dnia. )
(i.j).0 i

We note that because of the (infinite) on-site repulsion, this
Hamiltonian still describes an interacting model. We work
withan L x L = 10 x 10 system with periodic boundary con-
ditions. (We also consider, for comparison, the case L = 6.)

A. Numerical methods

Our study involves variationally diagonalizing the Hamil-
tonian (2), i.e., obtaining an approximation of the full set of
eigenstates. (Independently, we also simulate time evolution
using TDVP; this forms the basis for the results in Sec. I11B.)

We use an ansatz U that is a two-layer tensor network,
or quantum circuit [23-25], with the structure as depicted in
Fig. 1(c). The ansatz is essentially a two-dimensional matrix
product operator (MPO), or a generalization of projected en-
tangled pair states (PEPS) that contains all eigenstates.

We numerically optimize U such that UHU is approx-
imately diagonal. To that end, we minimize a cost function
that is a sum of local tensor network contractions. Since the
Hamiltonian (2) preserves the particle numbers of both clean
and dirty bosons, its eigenstates also have fixed clean and
dirty particle numbers. We impose this at the level of the
individual unitaries building up the quantum circuit in our
numerical approach [23,24]. This makes it straightforward to
access individual particle sectors of our overall unitary. For
further details about the ansatz, see Appendix A.

Cost function

We perform the variational diagonalization by minimizing
a cost function, which can be motivated by the concept of local
integrals of motion (LIOMs) [32-40], also known as I-bits.
MBL systems are known to possess a set of LIOMs {z;}, which
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(in two dimensions approximately [41]) commute with the
Hamiltonian and each other, i.e., [H, 7;] = [1;, ;] = 0. Each
7; is an operator localized around site i, and is defined by
T = UexactcrerTXact for the case of spin-1/2 spin models such
as the “standard” disordered Heisenberg model [3,4,42], or
analogously otherwise. Uexact 1s the local unitary operator that
diagonalizes the Hamiltonian. Here, we define a set of approx-
imate LIOMs given by % ,(U) = Un; ,U", where u = ¢, d,
and U is the variational quantum circuit. To optimize U, we
define a cost function f Zi, w MH, Ty |? that penalizes the
noncommutation of H and % ,. (The %;, already commute
with each other by construction.) Thus, by minimizing the cost
function we are optimizing the approximate LIOMs. We note
that although the motivation was physical, it is also possible to
mathematically justify this choice of cost function by showing
from the definition of %; , that [H, %; ,] = 0 for all %; ,, if and
only if UHU" is diagonal.
Specifically, the cost function f(U) is given by

1 .
fO) =5 D0 D TelH, %l TH, %)
i pu=cd
1
= oy 0 D T (5,)%) = Tr((HT; )P,
i pu=cd

3

where the factor of 1/ 2123 has been included so that fw)
is an O(1) number. Importantly, f(U) is a sum of quantities
that only involve local causal cone calculations, so the total
computational cost scales linearly with the system size. We
illustrate the tensor network contraction needed to calculate
the cost function in Fig. 7(a) in Appendix A. For further
details on the calculation, we refer the reader to Refs. [23,24],
where a similar optimization procedure was employed.

B. Approximate eigenstates

We note that the approximate eigenstates encoded in our
unitary U represent the dynamics of the Hamiltonian H on
short timescales: it does not make a significant difference
whether we consider the exact evolution of an initial state
W) via [ (1) = €™ |0) = Uexace€™ Uil o) or the ap-
proximate evolution |/ (1)) = UeE'UT|y), as long as the
time ¢ is small, that is, less than 1/||[H, T} ]lop. (Here, Eexact =
U;aclH Uexact 1s the diagonal matrix of the exact energies, and
E is the diagonal matrix of the variational energies of the ap-
proximate eigenstates encapsulated in U.) As our approximate
local integrals of motion #7 do not commute with the Hamil-
tonian exactly, they do not persist to infinitely long times, but
decohere on a timescale of the order of 1/||[H, T} |lop [41]. We
note that, given the relatively small causal cones of our ansatz,
the timescales we capture are shorter than the experimental
ones. Therefore, absent other errors, the transition points we
obtain will be lower bounds on the experimental ones (as
for any disorder strength, localization might become unstable
if we could consider longer timescales). Nonetheless, in our
previous work using quantum circuits, we found excellent
quantitative agreement between the experimental and theoret-
ical transition point [24]. We also note that, although atom loss

is present in the experiment [17], it is not relevant on the short
timescales where our approximation is valid.

Once the optimized unitaries have been obtained, we can
calculate one- and two-point functions of the approximate
eigenstates (see Appendix B). For the purpose of producing
the phase diagram, we estimate the location of the transition
(technically, crossover) point by using the fact that the vari-
ation of entanglement between different disorder realizations
is greatest at the critical disorder strength [43]. Specifically,
the process is as follows: One can extract the on-site entan-
glement entropies with respect to sites i. After averaging over
eigenstates in particle sectors and calculating the fluctuation
with respect to disorder realizations, one obtains maxima
around the phase transition point [21,22,24,25,43]. (To im-
prove numerical stability, in the final step, one also averages
the entanglement entropy fluctuation over sites i.) The disor-
der strengths A where these maxima are located can be used to
extract the phase transition points. We carry out this analysis
for an overall filling fraction v = 0.5 as in the experiment [17]
and as a function of the fraction f, € [0, 1] of clean bosons,
by explicitly selecting approximate eigenstates with the de-
sired values of v and f,.. For our simulations, we consider
the Hamiltonian as defined on a 10 x 10 lattice with periodic
boundary conditions, i.e., we have N, + N; = 50 bosons.

III. RESULTS

Here, we present our findings on the phase diagram as
a function of the fraction f, of clean particles along with a
comparison to analogous results from simulation of real-time
evolution. We then show results on correlation functions and
quantum mutual information.

A. Clean particle fraction-resolved phase diagram

In Fig. 2, we show the numerical data obtained by opti-
mizing our quantum circuit ansatz for 30 disorder realizations
as a function of disorder strength A. To increase numerical
stability, we used the same 30 disorder profiles for all val-
ues of A and only varied the overall prefactor [21,23,24].
As detailed above, we calculated the fluctuation of the
eigenstate-averaged (sampling over 4000 approximate eigen-
states) on-site entanglement entropy with respect to disorder
realizations and averaged the result over the site positions. We
restricted the eigenstates to have N, + N; = Ny,c = 50 bosons
with N, /Ny, = f. fixed. The corresponding filling fraction-
resolved entanglement entropy fluctuation is shown in Fig. 2.
(We note that we did perform an error analysis, using the
method described in Ref. [24]—the resulting error bars are
smaller than the scatter points and therefore not visible.) For
all fractions f, of clean particles, we find a unique maximum
in the entanglement entropy fluctuation (see inset of Fig. 2),
whose disorder strength value we use to plot the filling-
fraction dependent MBL-thermal phase diagram. We note that
for disorder strengths A 2 30J, our phase boundary deviates
from the expected behavior of approaching a horizontal line
asymptotically. Such a behavior is required, as the eigenstates
for any arbitrarily large A are always delocalized if f, is close
enough to 1, such that the Ny = (1 — f,)Nix dirty bosons
cannot localize the clean ones. Finding the transition point for
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FIG. 2. Phase diagram of thermal and MBL-like regimes for
overall filling fraction v = 0.5 obtained by extracting the transition
points from the maxima of the entanglement entropy fluctuation for
different f. in the inset. The blue-dashed line indicates a second
order polynomial fit to our data for small f, (blue-filled circles), from
which our method deviates for A = 30/ (blue empty circles). The
gray symbols indicate the corresponding results for a 6 x 6 system,
see Appendix for details. (Inset) Entanglement entropy fluctuation
(see main text) as a function of disorder strength A with fractions
f. of clean particles as indicated in the legend. The error bars are
smaller than the symbol size.

large disorder strengths becomes increasingly difficult for our
method, as there are fewer and fewer dirty particles that must
localize the clean particles over larger and larger length scales
in order to remain MBL. Our short-depth quantum circuit
ansatz is unable to capture such large localization lengths and
a breakdown of our approach for fractions of clean particles
close to 1 is therefore expected.

Because of the asymptotic flattening of the phase bound-
ary, the Taylor expansion of f.(A.) should have a negative
coefficient in second order. We fit our data to such a second
order polynomial in the regime where the data points fol-
low a curve that is right-bent. Crucially, the transition point
A.(f. = 0) = 18J is consistent with Ref. [23], i.e., the small
f. results are reliable. Specifically, they match the expected
(fitted) behavior in the range 0 < A (f.) < 30J, which cov-
ers the value of A = 28J used in the experiment [17]. For
the experimental disorder strength, we find a transition at
fe(A =28J) = 0.20, which compares favorably with the ex-
perimental value of fi* = N, /Nyt & (40 £5)/(124 £ 12) ~
0.33 £ 0.07 [17] given the simplicity of our approximation.
The still significant deviation from the experimental value is
mostly caused by the limited entanglement in the ansatz, as
well as the truncation of the local Hilbert space. Specifically,
the unitaries building up our quantum circuit act only on
plaquettes of 2 x 2 sites, which limits the amount of entan-
glement allowed by our ansatz, and we considered a hardcore
Bose-Hubbard model, i.e., neglected double and higher oc-
cupancies. Mitigating either of these restrictions would likely
lead to a transition point closer to the experimental one, but
would demand vastly larger computational resources. (Our
theoretical result of f,(A = 28J) ~ 0.20 has negligible error

A~
£.=0.0,b=0.1391 ~—~————
101 A _
— £=0111,b=00401 ~
- — £=0222,b=—0.0115
— £=0.333,b= —0.0139 \N
—— £=0.444,b=0.0367
—— £=0.556,b=0.0644
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FIG. 3. Imbalances / as a function of time ¢ for different fractions
f. = N./18 of clean particles obtained for a 6 x 6 system initialized
with a charge density wave of N, + N; = 18 bosons. The data are
averaged over ten disorder realizations. The dashed lines indicate a
polynomial fit I = at~" for late times (a, b € R). Starting from large
fe, we find that the exponent b vanishes at around f, =~ 0.4. For
small f,, b is positive again, as the initial exponential decay of the
imbalance has not fully subsided yet.

bar, but the error analysis only takes into account statistical
error caused by disorder realizations and eigenstate sampling,
not the systematic errors just mentioned.)

We also note that the transition point f., from numerical
simulations of a 10 x 10 system, is closer to the experimental
value than the one found for a 6 x 6 system, indicating the
correct trend (cf. Appendix C). This underpins the statement
that, owing to their local structure, shallow quantum circuits
are capable of capturing the transition points found with
charge-density-wave imbalance experiments [24].

B. Real-time dynamics

Complementing our variational diagonalization, we also
simulated time evolution using the time-dependent variational
principle (TDVP) on matrix product states (MPS) [29], fol-
lowing Ref. [30]. TDVP simulations were done using the
TeNPy library [44]. Specifically, we consider a 6 x 6 system
with open boundary conditions and initialize it in a charge-
density-wave state with alternating full and empty columns.
The full columns are occupied with one boson per site—
randomly either a dirty or a clean atom—such that the overall
number of clean particles is N, and the corresponding fraction
of clean particles is f. = N./18. We performed the evolu-
tion under the hardcore Hamiltonian Eq. (2) and calculated
the imbalance defined as I(t) = % at each time step,
where N,/,(t) is the total number of atoms in all even/odd
columns. We found that for a maximum MPS bond dimension
of x = 384, and a time step size of Ar = 0.05, the results for
the imbalance are sufficiently well converged, even for long
evolution times of # = 100J ! hoppings.

We present the results for the imbalance as a function of
time and for the example of disorder strength A = 8J and
different fractions f,. of clean particles in Fig. 3. The dashed
lines in the plots indicate polynomial fits whose exponents
can be used to determine the critical value of f, for a given
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FIG. 4. Phase diagram as a function of the fraction f,. of clean
particles and disorder strength A obtained from the imbalance evolu-
tions for different values of A (cf. Fig. 3 for A = 8J). We averaged
over ten disorder realizations for each disorder strength. Error bars
denote the uncertainty in determining at which fraction f, the expo-
nent b vanishes. The dashed line is a guide to the eye.

disorder strength (as the fraction f, where the exponent of be-
comes numerically zero) [30]. Afterwards, we used the critical
fractions f, for different disorder strengths to infer the filling
fraction-dependent phase diagram, shown in Fig. 4. Compared
with Fig. 2, we notice that the critical disorder strengths
for fixed f. are shifted to significantly lower values, which
are incompatible with the experimental transition point of
£ 2~ 0.33 £0.07. We ascribe this to strong boundary
effects (20 sites of 36 are next to the edge) and the
two-dimensional MBL-to-thermal transition points being at
significantly lower disorder strengths for smaller systems
[15,30]. However, we note that the phase diagram obtained
with TDVP is qualitatively similar to the one obtained
with quantum circuits. In the former case, we are unfor-
tunately unable to reach much larger system sizes because
of limitations of computational resources. (The bond di-
mensions required for sufficient accuracy quickly get too
large.) Furthermore, closing the boundaries would lead to
additional, spurious delocalization not present in the ex-
perimental system. We thus conclude that quantum circuit
simulations are better suited than TDVP to reproduce the
two-dimensional MBL-to-thermal transition points of the con-
sidered two-species Bose-Hubbard Hamiltonian, at least for
experimentally relevant system sizes. Nonetheless, the TDVP
simulations qualitatively support our quantum circuit results.

C. Two-point correlation function

We now return to the discussion of results obtained from
the quantum circuit study. Our method allows us to use
the optimized unitaries to calculate two-site reduced density
matrices (see Appendix B for details), from which we can
compute two-point correlation functions and the quantum mu-
tual information (QMI) between sites.

We first consider correlation functions. Within our ap-
proximation, the two-site correlation function C,,(i, j) =
(ionju) — (nio){nju), with o, u € {c, d}, is nontrivial only

1072 J
® — fit clean-clean
10-3 | ° — fit dirty-dirty
¢ clean-clean
1044 ¢ dirty-dirty
=107
b
(5: 10—6 J 0.3
0.2
10774 w
0.1
1078 4
0.0 .
40 60
b))
1079+ . . . . . ;
1.0 1.5 2.0 2.5 3.0 3.5 4.0
li —Jl
FIG. 5. Decay of correlations as a function of distance |i — j|,

shown for the example of A = 36J. The data were obtained by
averaging over 100 randomly chosen approximate eigenstates with
fraction f. = 0.2 of clean bosons and averaging over 30 disorder
realizations. Error bars denote fluctuations between disorder real-
izations and are smaller than the symbol size. For the fits, we used
linear functions after taking the logarithm for the three data points of
smallest distance. (Inset) Correlation lengths extracted from the fits
as shown in the main figure for various values of A and f, = 0.2.
The solid lines denote 1/ In(A/J) fits [45-47].

in a fixed range of separations between sites i and j (the
causal cone). The obtained correlations and extracted corre-
lation lengths are shown in Fig. 5. We note the slow decay
of the average correlation lengths with disorder strength A,
cf. Ref. [23]. Furthermore, we find that the correlation lengths
for dirty and clean particles are very similar, indicating that
the dirty particles are effective at localizing the clean ones in
the MBL regime within our approximation. For example, for
f. =0.2 we observe that &.(A = 45J) = 0.22 +0.01 and
E40(A =45J) = 0.21 £0.01, decaying to £..(A =90J) =
0.16 +0.01 and &;5(A = 90J) = 0.18 £ 0.01. Our predic-
tions for the two-point correlations can be compared to future
optical lattice experiments.

D. Quantum mutual information

Finally, we consider the quantum mutual information
(QMI), which has been used to quantify correlations in MBL
systems [48,49], and more recently has been studied in the
context of resonances [50]. Here, we analyze the distribution
of the QMI between individual sites in our two-dimensional
model (2). The QMI of an eigenstate |y) is defined as

I(A: B) = S(pa) + S(pB) — S(pan). “

where the system is partitioned into three disjoint parts A,
B, C, and the QMI is between regions A and B. py is the
reduced density matrix of |¢) obtained by tracing out its
complement X,

px = trg (Y ) (YD), &)

and S(py) = —tr(px In(px)) denotes the von Neumann
entropy.
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FIG. 6. Probability density of the two-site QMI obtained by sampling over 100 eigenstates and 30 disorder realizations, taking all sites into
account, for f, = 0.2 (corresponding to a transition point A, = 28J) and the values of A indicated in the legend. The distances between the
sites are dist(i, j) < 21in (a), 2 < dist(Z, j) < 3in (b), and 3 < dist(i, j) < 34/2 in (¢).

We first review the expected behavior of the eigenstate
QMI probability distribution. In general, the two-site QMI
I(i: j) decays exponentially with distance in the MBL
regime, and decays more slowly in the thermal regime [48].
The probability distribution of values of the two-site QMI in
thermal-regime eigenstates is roughly symmetric and centered
around a value independent of the distance |i — j|, while in
the MBL regime, the QMI distribution is more one-sided
with greatest probability near zero, but also longer tailed,
with more instances of near-maximal QMI, particularly for
small |i — j| [49]. When considering the QMI distributions
at various disorder strengths, the distribution is expected to
be independent of disorder strength for neighboring sites,
while for large |i — j| the distribution is more heavily centered
around 0 at very strong disorder, and longer tailed closer to the
transition point.

Using our variational method, we calculate the QMI from
the two-site reduced density matrices (which can be obtained
as illustrated in Appendix B), sampling over 100 approximate
eigenstates per disorder realization and disorder strength. As
our ansatz only captures area law-entangled states, we are
unable to study the QMI distribution in the thermal regime.
The results, for disorder strengths at the transition point and
above, are shown in Fig. 6. We note that, although the local
Hilbert space dimension of this model is 3, the maximum QMI
between two sites is /(i : j) = 2In2, equivalent to that of
two maximally entangled qubits, as particle number conserva-
tion prohibits the existence of maximally entangled two-qutrit
states on a subsystem of two sites.

As our approximation only captures nontrivial correla-
tions within a fixed range of distances, we can only consider
certain separations between sites i and j. We consider the
short-ranged, i.e., nearest-neighbor case in Fig. 6(a), where
the distributions are roughly similar for different disorder
strengths and show instances of near-maximal QMI, as ex-
pected based on analogous studies in one-dimensional MBL.
We also consider the “medium-ranged” case in Figs. 6(b) and
6(c). We are unable to consider the long-ranged case, as within
our approximation, sites are uncorrelated for |i — j| > 3+/2.
In addition, a further limitation arising from the local na-
ture of the ansatz is that the QMI is consistently < 0.2 for
li—jl =2 and < 0.05 for |i — j| > 3, independently of the

model under consideration. Thus in Figs. 6(b) and 6(c), the
observed values of the QMI are likely significantly below the
true values. However, the qualitative aspects of these plots
may still capture some of the relevant physics. This is because
each approximate eigenstate is essentially the projection of an
exact eigenstate onto a manifold of weakly entangled states;
since the projection is the same in all cases, it is still mean-
ingful to consider relative differences, especially correlations
or related quantities between different sets of eigenstates. In
particular, this allows us to compare the two-site QMI, at fixed
distances, between systems at different disorder strengths.

We now discuss the relation to resonances, which have
been suggested to be the driving force behind the transition
from the MBL to the thermal regime in one dimension [31,50—
53]. Resonances can be viewed as superpositions of few (deep
in the MBL regime, two) near-product states whose local
occupations differ in many sites, e.g., cat states. A crucial
requirement is that those superpositions are the result of the
near-product states having hybridized owing to them being
close in energy. This can be detected via the QMI if the regions
A and B (in our case, sites i and j) are far away (typically
of the order of the system size), such that a nonvanishing
QMI indicates the superposition of macroscopically distinct
near-product states, which, because of the locality of the
Hamiltonian, must be close in energy [50]. Because of the
locality of our ansatz, we are unable to detect such long-range
resonances. Instead, we study how the QMI between the most
distant sites accessible builds up as the disorder strength A is
lowered towards the transition.

We observe that in Fig. 6(c) the distribution of the QMI
develops tails near the transition that are absent for larger A.
We note that the lengths of these tails are constrained owing
to the aforementioned limitations arising from the short-range
nature of the ansatz. We do not observe the near-maximal
QMI that is the hallmark of many-body resonances, in the
“medium-ranged” case. However, the qualitative behavior of
the distribution is reminiscent of the expected behavior of the
distribution of the longer-range QMI as the disorder strength
is lowered towards the transition point. While we do not cap-
ture resonances with our numerical methods, within the range
of QMI and site separations that we do capture, we observe
a broadening in the QMI distribution with decreasing A that
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corresponds to the increased presence of resonances near the
transition point, analogous to the one-dimensional case.

IV. CONCLUSIONS

We used quantum circuits to simulate a two-component
ultracold bosonic gas, where one component is localized by
a disorder potential and the other acts as a heat bath. We
found a transition point of the fraction of clean particles in
the same regime as the experiments of Ref. [17]. We also
calculated the correlation lengths as quantities to be compared
to future experiments. Finally, we computed the QMI of our
approximate eigenstates; we found that the distribution of
the QMI gets broader as the disorder strength is decreased
towards the transition. These results support the perspective
that the proliferation of resonances contributes to the two-
dimensional MBL-to-thermal crossover seen on experimental
timescales—analogous to the case in one dimension. Further
studies are required to confirm this hypothesis.
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APPENDIX A: VARIATIONAL ANSATZ

In this work, we use the quantum circuit U, a two-layer
tensor network with the structure depicted in Fig. 1(c), to
variationally diagonalize the Hamiltonian (2), i.e., approxi-
mately calculate the full set of eigenstates. [Only a subset of
the tensor network is depicted in Fig. 1(c) for clarity; since we

FIG. 7. (a) Illustration of the summands that appear in Tr((H %, )?) in the cost function given in Eq. (3), where the ovals illustrate nearest-
neighbor terms in H. Note that the trace would correspond to the open legs at the top and the bottom being identified. (b) Illustration of
UTO,U of alocal operator O; acting on site i. Using unitarity, UO;U has nontrivial support only in the causal cone of operator O;. (c)—(e)
Diagrammatic representations of the two-site reduced density matrix p;; = Tri7(|¥)(y]). Different choices of the sites i and j lead to causal
cones of size (c) 4 x 4, (d) 4 x 6, and (e) 28 sites. Note that these diagrams are inverted: the top tensor network is (1| and the bottom tensor
network is |¢). For clarity, the tensor contractions are shown with light gray lines, and the gray circles pinned to the outer legs indicate that
these indices are fixed to particular values and hence no longer open. The open tensor legs (on sites i and j) are highlighted in yellow. Note
that here we depict the case where the distance |i — j| is 1, 1, and /2 in (¢), (d), and (e) respectively, but different choices of i and j lead to
the same types of tensor contractions. In particular, |i — j| can be up to V2 in case (c), +/10 in case (d), and 3+/2 in case (e).
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consider an L x L = 10 x 10 system in our numerics, both
the lower layer and upper layer consist of 5% tensors, with
the tensors on the edges connected as prescribed by periodic
boundary conditions.]

U may also be recast as a large matrix in the full Hilbert
space; in this case, the columns of U are the approximate
eigenstates. In the tensor network picture, we adopt the con-
vention where the upper indices are the row indices (or
contravariant/“ket” indices) and the lower indices are the
column indices (or covariant/“bra” indices). Thus, to extract
a particular approximate eigenstate from U, one fixes all
the lower indices to particular values: the resulting tensor
network has only upper open indices and is a projected entan-
gled pair state (PEPS). The indices take the values {0, c, d},
corresponding to the states |0), |c), and |d), which span the
single-site Hilbert space.

Crucially, U is unitary and also conserves particle number
and type, i.e., each approximate eigenstate is of a definite
number of clean and dirty particles. In our numerics, these
conditions are enforced on the individual tensors in the net-
work [boxes in Fig. 1(c)], which we call u. (Note that the
tensors are generally distinct, as the system lacks translational
invariance; here, u denotes a representative tensor.)

To impose particle number conservation, each u is subject
to the condition that the element ug,%,s 5 1s nonzero only if
a,B,y,8 =d,B,y’,8 up to permutation. That is, the four
upper indices of ¥ must contain the same number of both ¢’s
and d’s as the four lower indices. u is also unitary, or more
specifically, real and orthogonal—it suffices to have a real
ansatz since the Hamiltonian is real. This is imposed by setting
u = M, where M is a real anti-symmetric matrix that contains
the actual variational parameters.

The quantum circuit structure of U ensures that calcu-
lations involving local operators are local tensor network
contractions of finite range, independent of the overall system
size. For example, consider the quantity UTO;U, where O; is
a single-site operator acting on site i. On sites away from i,
the u and u' tensors will cancel because of unitarity. Thus, to
calculate UTO,U, one only needs to consider a 4 x 4 causal
cone of the local operator O; as depicted in Fig. 7(b).

APPENDIX B: REDUCED DENSITY MATRIX
CALCULATIONS

Here, we describe how we calculate the one- and two-site
reduced density matrices from the approximate eigenstates in
the optimized U and how we then use the density matrices to
obtain the correlation functions and correlation lengths.

Let |¢) be a (randomly selected) approximate eigenstate.
The setup of our ansatz as a unitary quantum circuit allows us
to obtain the single-site density matrix p; = Tr;(|¥)(¥]) and
two-site density matrix p;; = Tro(1v) (Y1) via causal cone
calculations. However, the two-site density matrix trivially
decomposes as p;; = p; ® p; unless sites i and j have over-
lapping causal cones, which implies that one site must lie in a
6 x 6 region around the other. Thus, for each site i we consider
all 35 other sites j for which nontrivial correlations can be cal-
culated. In Fig. 7 we illustrate the tensor network contractions
required to calculate p;; in various cases. The calculation of p;

involves a diagram that is the same as Fig. 7(d), but with open
legs on only one site i.

Because of the square lattice geometry, the distances con-
sidered are (in units of the lattice spacing)

li—jl=1,v2,2,+/5,2v2,3,v/10,+/13,32

~1,1.41,2,2.23,2.83,3,3.16,3.61,4.24. (BIl)

From the single-site reduced density matrices, we can cal-
culate the on-site entanglement entropies S; = —Tr(p; In p;).
From the two-site density matrices, we can calculate S;; =
—Tr(p;jIn p;;) and thus the quantum mutual information
(QMI) between sites. We also calculate the two-point corre-
lation functions, which are defined as

Conlis J) = (nignju) — (nio)(nju), (B2)

where  (---) =(¥]---|¥), so  (nio)=Tr(pin,) and
(nignj,) =Tr(p;j(n, ®n,)), and where o, u € {c,d}.
We then calculate C, (i, j) at various points and perform
an exponential fit C5, (i, j) o< exp(—l|i — j|/&5,) to obtain
the correlation length &,,. Note that here C;, and hence
&5, corresponds to a specific eigenstate |y). We average
over eigenstates and disorder realizations to obtain the
average quantities C,,(A) and Q(A) at a given disorder
strength A.

APPENDIX C: 6 x 6 RESULTS

To verify the convergence of the results with increas-
ing system size, we performed a set of calculations for
a 6 x 6 system, analogous to the 10 x 10 calculations de-
scribed in the main text. The results, i.e., the 6 x 6 analog
of Fig. 2, are shown in Fig. 8. For the disorder strength
used in the experiment, we find that the transition occurs at
fe(A =28J) = 0.17, which is somewhat lower than the value
0.20 obtained from the 10 x 10 simulations.

The results are similar to those of the 10 x 10 system,
although with fewer data points. We note that our method
does not have any significant finite-size effects, but instead

0.40

fit for small f, )
0.35 1 /

0301 o100

0.251 <0.075

%2 0.20 A
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0.333
0.444

20

0.10 A AJJ s

0.05 1 b

0.00 T “ , ’
Ao)J

FIG. 8. Clean-fraction resolved phase diagram and (inset) en-
tropy fluctuations, for a 6 x 6 system, for overall filling fraction
v = 0.5, analogous to Fig. 2 in the main text.

224211-8



TWO-DIMENSIONAL MANY-BODY LOCALIZED SYSTEMS ...

PHYSICAL REVIEW B 111, 224211 (2025)

has finite-entanglement effects, as given by the finite range
of the causal cones and correspondingly the finite range of
correlations our approximation can give rise to. The causal

cones of our approximate local integrals of motion have a
finite range, and as a result the unitaries essentially describe
the bulk of a two-dimensional infinitely large MBL system.
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