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Theory of nonlinear electron relaxation in thin gold films and their signatures in optical observables
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Based on the momentum-resolved Boltzmann equation, we provide self-consistent numerical calculations of
the dynamics of conduction electrons in thin noble metal films after linear and nonlinear optical excitations with
infrared and terahertz frequencies. Focusing exclusively on electron-phonon interaction, orientational relaxation
is introduced and acts as dephasing of the optical excitation on a scale of tens of fs. In the linear regime, our
numerical results agree with the field-strength-independent orientational relaxation rate and correspondingly fits
of experimental data to a Drude model and predict for nonlinear excitations a field-strength-dependent increase
of the orientational relaxation rate. In the THz regime, where the orientational relaxation proceeds faster than
the oscillation cycle of the excitation THz field, a new high-order dissipative Kerr-type nonlinearity is predicted.
This nonlinearity originates from the Pauli blocking included in the electron-phonon scattering and results in a
nonlinearly increasing transmission of the film, detectable in experiments.

DOL: 10.1103/7w9j-88zg

I. INTRODUCTION

Noble metal plasmonic nanostructures can condense light
on the nanoscale and thus enhance light—matter interaction,
for example, for surface-enhanced Raman scattering, opti-
cal waveguides, plasmonic modulators, and nonlinear optics
[1-3]. The strong light-matter interaction also enables fun-
damental time-resolved studies on optical frequencies [4,5].
Localized plasmonic excitations are also intensely studied
in the context of energy transformation. Many studies have
demonstrated that the electron relaxation processes following
the plasmon decay can increase the reaction rates of chem-
ical reactions [6,7]. The interaction of light with plasmonic
nanostructures is commonly discussed in the linear regime.
However, strong exciting fields might lead to nonlinear inter-
actions [3,4,8,9] or in the most extreme case to the ablation of
surface atoms [10-12].

First formulated in 1900 by Paul Drude, his model provides
a classical description of the motion of quasi-free conduction
band electrons in noble metals by introducing a phenomeno-
logical collision time [13,14]. The Drude model has been
confirmed by many experimental studies in linear optics
[15-21]. Strong optical excitations induce non-equilibrium
electron distributions beyond thermal electron distributions
and require more advanced theories to describe the following
relaxation or nonlinear optical phenomena [22-25].
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Typical nonlinear optical properties in noble metals or
plasmonic nanostructures can be traced back to two origins:
Hot electrons are generated by electronic interband transitions
and are energetically in the near-infrared and optical regime.
They induce a thermo-modulation of the optical dielectric
constant resulting in a nonlinear optical response [24-29].
In addition, the spatial confinement of the electron gas in
plasmonic nanostructures breaks the translation symmetry at
the interfaces between metal and surrounding dielectrics and
allows the excitation of high-harmonics or Kerr nonlinearities
[30-39].

In this work, we will study the relaxation dynamics of
non-equilibrium electrons after optical excitations in thin no-
ble metal films. For the quantitative evaluations, we chose
gold as most established plasmonic material and we intro-
duce a third type of optical nonlinearity as consequence of
the quantum mechanical nature of conduction electrons in a
non-equilibrium many-body system:

First, to address the dynamics of non-equilibrium elec-
trons, we solve the kinetic momentum-resolved Boltzmann
equation numerically [40-49] within a self-consistent frame-
work with Maxwell’s equations for the geometry of thin noble
metal films [50,51] displayed in Fig. 1. For investigating the
relaxation dynamics after optical excitations, we refer to the
processes of orientational relaxation, introduced in Ref. [52],
thermalization and cooling, and connect them to detectable
optical observables such as transmission, susceptibility, or
photoluminescence. Thereby, orientational relaxation acts as
dephasing of the optical excitation and contributes to the
dephasing of the single-particle and collective plasmonic exci-
tations. The latter, however, is beyond the scope of this paper.
The processes are distinguished in momentum relaxation
(orientational relaxation), which exists independently on the
strength of excitation and energy relaxation (thermalization
and cooling) occurring only for elevated optical excitations
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FIG. 1. (a) Visualization of the thin film geometry in real space.
An external light field E, excites the electron gas in the thin film
with thickness d. The excited electronic transitions act as a source
in Maxwell’s equations and generate the field E;,qy decaying via
re-emission and electron-phonon interaction induced dephasing, cf.
Eq. (21) below. The experimentally measurable transmitted and
reflected fields E, and E, depend on the microscopic electronic tran-
sitions depicted in (b) in momentum space. In equilibrium, before the
arrival of the pulse, electrons with momentum k occupy the parabolic
conduction band € up to the Fermi level Er. Non-equilibrium
electron distributions and currents, Eq. (4), are excited optically by
shifting them along the band with k — £ fiw dt’ E('). Intraband
absorption occurs via electron-phonon interaction, which provides
necessary momentum and energy conservation. During these pro-
cesses, electrons scatter from a state fi with phonons n, into a state
f k+q+G-

if the absorbed energy is in the same order as the thermal
energy of equilibrium electrons. So far, to our knowledge,
non-equilibrium electron dynamics in noble metals are stud-
ied energy-resolved [40,42—-49] but not momentum-resolved,
which excluded the possibility of investigating orientational
relaxation. Focusing on not too strong electron redistribution
in comparison to the initial equilibrium, we restrict the theory
on electron-phonon interaction, which supports all three re-
laxation processes [45,52] and acts as dominant mechanism
for orientational relaxation [53,54] as fundamental process
for the dephasing after optical excitations (see Sec. II[ A).
In contrast, electron-electron interaction contributes only via
umklapp processes to the orientational relaxation [53,54] and
its strength decreases much faster than electron-phonon cou-
pling for large momentum transfer [55].

On this footing, many-body nonlinearities as they occur
in the Pauli blocking of electron-phonon interaction can be
analyzed independently of their simultaneous action with
electron-electron interaction. We present how polarized exci-
tation fields generate a momentum-polarized non-equilibrium
electron gas and reveal a nonlinearity in the orientational
relaxation dynamics. We predict that this high-order dissipa-
tive Kerr-type nonlinearity is reflected in an increase of the
transmission of a thin gold film in the THz regime for strong
THz-electric fields of about 1 % similarly observed in recent
experiments [56].

This paper is structured as follows: We start in Secs. IT A
and II B by introducing our microscopic framework to derive a
momentum-resolved Boltzmann equation including electron-
phonon scattering via normal and umklapp processes. In
Sec. IIC, we solve the wave equation for the radiation field

within a thin film geometry, resulting in self-consistent thin
film Maxwell-Boltzmann equations in Sec. II D. Our numeri-
cal results will be presented and discussed in Sec. III. Starting
with the regime of infrared excitations (Sec. IIT A), we discuss
orientational relaxation, thermalization and cooling for linear
and nonlinear excitations. Then, in Sec. III B, THz excita-
tions are applied, where the oscillation period of the field,
and therefore the time on which the electron gas becomes
momentum-polarized, is larger than the typical orientational
relaxation time. This reveals a THz field-induced Pauli block-
ing nonlinearity in the transmission spectrum. Concluding
remarks are found in Sec. I'V.

II. THEORETICAL FRAMEWORK

In this section, we develop the theoretical framework for
the description of conduction electrons in noble metals in-
teracting with phonons and the total radiation field after
excitation with an external field. To include the re-emission of
radiation, we apply a self-consistent formalism of microscopic
electron dynamics and macroscopic Maxwell’s equations to
noble metal films thin compared to the excitation wavelength.
A sketch of the used geometry and calculated observables is
provided in Fig. 1.

A. Microscopic approach

In the following, we introduce the used framework for the
description of intraband excitations in gold: In gold, experi-
ments and ab initio calculations reveal a band gap of 1.8 eV
between the full-occupied valence d band and half-occupied
conduction sp band [19,57,58]. Therefore, for optical carrier
frequencies w; sufficiently below the band gap a description
exclusively by intraband transitions in the conduction band is
sufficient. The starting point is the single-band Hamiltonian
[59-63]

. . ot +
H = E exayax + ie E E° - al'(_%VkakJr%
k k,q B

+ Y hogbibg + Y g5, + by)ay, gt (1)
q k,q.G

The first term introduces the electronic single-particle energy
ex with three-dimensional momentum k in the conduction
band and the corresponding electron annihilation (creation)
operators al(:). For simplicity, we assume a Sommerfeld free
electron model with a parabolic and isotropic dispersion €x =
#hz|k|2 with an effective mass m [44,64] and a Fermi en-
ergy Ep. In gold, this assumption is sufficient for heated
electron distributions with temperatures up to 7, < 2000 K
[58,65,66]. The interaction between the Fourier components
of the total radiation field Etfa, resulting from the external
and re-emitted fields at the position of the sample, and the
conduction electrons is described by the second term in Eq. (1)
via an acceleration of electrons in direction of the polarization
along the conduction band. Here, the total radiation field Etfﬁl
is determined self-consistently from Maxwell’s equations,
cf. Sec. IIC below, and includes a radiative self-interaction
caused by the accelerated electrons. The momentum gradient
—ieVk is derived for the dipole interaction and corresponds
to the intraband dipole operator [67-69] (with the electron
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TABLE I. Material parameters for simulation in gold.

Parameter Value Reference
oo 9.07 [74]
Eout 1.0
no 59.0 5 [64]
m 0.99 m, [64]
ao 0.408 nm [64]
Er 5.53eV [64]
1 H2k2
kr 12.0 —— from Ep = —.F
a» 152 L from gp = (672np)3
K 16.9 ﬁ [64]
cra 3.24-107° &2 [76]
charge ¢ = —e and e > 0). In the semiclassical framework ap-

plied here, this describes an infinitesimal momentum transfer
from the classical electric field to the quantized conduction
electrons and is the analog of the position operator in the
Bloch basis of the crystal lattice [70]. A detailed derivation
of the Hamiltonian is provided in Appendix A. The third
term introduces acoustic phonons with bosonic annihilation
(creation) operators bﬁf). A linear, isotropic phonon dispersion
hwgq = hcpalq| with the velocity of sound waves cz4 and the
phonon momentum q is applied. In earlier studies [42], no
significant sensitivity of the electron-phonon scattering pro-
cesses with respect to phonon dispersion was observed. The
coupling of electrons and phonons is given by the last term
in Eq. (1). In general, in noble metals with mono-atomic
basis exist only acoustic phonon modes, which are composed
of two transversal (TA) and one longitudinal (LA) branches.
Electron-phonon coupling exists for normal processes exclu-
sively for LA phonons and the coupling to TA phonons via
umklapp processes is unessential [55,64,71]. In the following,
we will consider only LA phonons including their normal
and umklapp processes. We apply a screened matrix element
[55,64,71]

‘2_ 1 &2 hwg
T V2 lq+ G2+«

with the Thomas-Fermi screening vector of the Coulomb in-
teraction between electrons and phonons

dfi?

. 3)

dék

@

|4

&2
K2 = —/dekD(ek)
€0

Here, D(ex) denotes the electronic density of states (DOS)
and fi? the equilibrium electron distribution [45,64]. The
electron-phonon Hamiltonian in Eq. (1) includes both nor-

J

mal (G = 0) and umklapp (G # 0) processes described by
the sum over all reciprocal lattice vectors G. For phonons
described in a Debye model within a reduced zone scheme,
this means their momentum |q| has to be in the Debye sphere
with radius gp = (67[2n0)% as discussed in Appendix B. The
parameters used in the Hamiltonian in Eq. (1) for gold are
listed in Table I.

The response of the electronic system in Maxwell’s equa-
tions is determined via the electron density n and the charge
current density j,

2
n(rst) = - szk(r3t)’
k

2
jr ) =— 76 gvkmr, ). )

Viek

Here, vy = is the electron velocity determined by the
band structure. In general, the sum includes also the spin.
Since the initial optical excitation is not spin sensitive, we
study here spin-degenerated electrons with respect to electron-
phonon scattering and the spin-sum results in the factor 2
in Eq. (4) [45,54]. Here, the Wigner function fx(r,?) as
quantum-mechanical electron phase-space density [63,72] is
introduced as microscopic observable

fule.t) =3 &y gaia)0) =D g iis. )
q q

The time-dependent expectation value of the Wigner function
is calculated in the Heisenberg equation of motion framework
with the Hamiltonian from Eq. (1) and yields the kinetic
Boltzmann equation similar to Refs. [42-45,47,59,69,73]

O fi(t) = —vic - Ve fic(t) + %Em(l‘, 1)+ Vicfu(®) + fi(®)lscan-
(6)

The first term results from the electronic single-particle
Hamiltonian in a gradient expansion as outlined in Ref. [73].
The intraband light-matter coupling yields the second term
describing electron acceleration in the conduction band in
response to the distinct polarization direction of the total
radiation field. The last term contains dissipation caused by
electron-phonon scattering, i.e., relaxation via momentum and
energy exchange.

B. Electron-phonon scattering

Applying the electron-phonon Hamiltonian in Eq. (1), the
dissipative contribution of the Boltzmann equation is derived
in a quantum Kinetic treatment in second-order Born approxi-
mation [75]

3 fie)lscart = — % > ggf(i ! / di’e™ 1~ o= (] 4y f (1) — ng fi (1) = fio (1) fio (1)

q.G,+ f e
+ i /t d[’eié(le*Eszﬁwq)([*l,){n A )—1A+n M )+ Y (t,)f (t,)}) v
Fl —00 q/ka q/)J/k, ki ks
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with the abbreviations k; =k — and k, =

k + % + #. A detailed derivation is discussed in
Appendix C. In Eq. (7), the electronic occupations are in-
tegrated over all past times ¢’ < ¢, which formally includes
memory effects and allows violation of the conservation of en-
ergy in terms of the uncertainty principle [75]. In the Markov
approximation [61,75,77], such phenomena are neglected,
Eq. (7) becomes local in time, and the electron-phonon scat-
tering terms yield the well-known semiclassical scattering
terms in the Boltzmann equation [40,42-45,47,48,55,78]

3 fielsear = T (O = fie@)) = TRU@ficr),  (8)

where the scattering rates

2
rin — 7” 37 165 8 ewcrqre — ex £ fiwg)

q+G q+G
2 + 2

q.G,+
1 1
X 5 + 5 + nq ) fkrqrG, 9
ou 2 2
= r Z |gq | d(errqre — e £ fiwg)
q.G,+
1 1
x §i§+nq (1 = fx+qr+G) (10)

are time-dependent in terms of fxiq4g(?). All terms in the
scattering equation depend on the occupation of the initial
and final electronic state and on the phonon distribution
with the corresponding transferred quasi-momentum q + G
as schematically depicted in Fig. 1. To restrict the description
to a reduced zone scheme, umklapp processes are considered
so that the initial and final electron momentak andk + q + G
as well as the phonon momentum q are in the first Brillouin
zone (whereas q + G itself is not restricted to the first Bril-
louin zone) [79]. This conditions restrict the set of permitted
reciprocal lattice vectors G for electron-phonon scattering as
discussed in Appendix B.

As the theory is formulated in a Markovian limit, the rates
conserve energy during scattering events represented by the
§ distributions and are described by Fermi’s golden rule. In
total, there are four terms that contain combinations of phonon
absorption and emission together with electronic intraband
transitions from a state k to k 4+ q + G and vice versa. The
factors firq+G(1 — fi) and (1 — fxiq+c)fi are characteristic
for fermions and describe the Pauli blocking. Note that these
terms introduce an intrinsic nonlinearity to the electronic oc-
cupations fx. The nonlinear Pauli blocking terms arise from a
phonon-mediated electronic mean field in a Hartree-Fock-like
correlation expansion [cf. quadratic terms in fx in Eq. (7)] [80]
as result of many-body effects.

The phonons are treated as a thermal bath described via a
static Bose-Einstein distribution

ng = L (11)

exp (g} — 1
at a constant lattice temperature 7,. To validate this as-
sumption, we have estimated the dynamics of the phonon
temperature by a two-temperature model with typical parame-
ters for gold [81]. For electronic temperatures 7, < Tr (Fermi
temperature 75 ), the heat capacity of the electrons is much

smaller than the phononic one and changes in the phonon
temperature is negligible [58,65,82,83].

C. Self-consistent radiation field

In many experiments the electronic and optical properties
of noble metals are studied in thin films of thickness d typ-
ically in the range of up to 50 nm [17,19]. We restrict to
these limit for the film thickness that allow a simple solu-
tion of Maxwell’s equations in a plane wave geometry. The
corresponding geometry is depicted in Fig. 1. The goal of
this section is a formulation of a self-consistent solution of
the macroscopic Maxwell’s equations and the microscopic
material dynamics to calculate the total radiation field E*
occurring in Eq. (6).

To connect the microscopic dynamics in Secs. Il A and II B
to optical observables, we calculate the total radiation field
from the wave equation as provided by Refs. [50,51],

1
(V2 - C—zaf)E‘m = 1od;js- (12)

The current density j, acts here as general source term. Later
in Eq. (19), we apply a current density, which includes in-
traband currents as defined in Eq. (4) as well as an effective
dielectric background screening. In the wave equation, ¢ =
<0 s the speed of light in the surrounding medium with
refractwe index noy. As homogeneous solution of the wave
equation we assume an external irradiated in y-direction polar-
ized field Eg = Epey as plane wave propagating in z direction,
cf. Fig. 1. The inhomogeneous solution is obtained from a
Green’s function approach in Refs. [50,51],

jo (¢, 7 + =r
E¥(r,1) =Eo<l‘,t - f) - —8; f d3r"](—“)’
c

4 [r—1’|
(13)

where the sign of + differs between the reflected and trans-
mitted wave. A detailed discussion is provided in Appendix E
and leads to the induced field re-emitted by the current density
at the position z = 0,

pocod

out

Eina(t) = - Js(0). (14)
The forward propagating induced field E; g together with the
irradiated field E yields the transmitted field E, trough the
thin film of thickness d, as depicted in Fig. 1,

E (1) = Eo(r - 5) - “°—C°djs<r - 5>. (15)
C C

2nout
The reflected field is completely determined by the backwards
propagating induced field via

cod
E,(z1) = —’;‘)—ij(t + é) (16)

Nout

The total radiation field E*" in the film equals the transmitted
field E, at the position of the sample, i.e., Eq. (15) for z =
0. This way, Egs. (15), (4), and (6) determine the full self-
consistent dynamics.

One benchmark for our approach is the linear response,
which need to reproduce linear optical spectra of gold films:
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In this limit, we apply the Fourier transformed current den-
sity Jo(w) = —iweox"™(w)E" (w) with an isotropic material
susceptibility x'"(w). The transmission T (w) and reflection
R(w) coefficients read

Tl — E ]| 1

(@) = |z = , (17)
Eo(a)) |1_l2cn lm( )
A 2 |le(a))|2

Rw) = | 2@ _ i (18)
Eo(w) |1—’2¢0an 1‘“(a))|

These formulas derived from Eqgs. (15) and (16) are also
known in the literature [84—86]. In the limit of a thin film
(% « 1) embedded in a surrounding medium with re-
fractive index noy, the well-known Fresnel formulas for
a homogeneous dielectric film [87] become identical with
Egs. (17) and (18).

We briefly summarize the equations that need to be solved
self-consistently in the next section.

D. Self-consistent Maxwell-Boltzmann equation

The total radiation field E' is determined by the sum of
the external field Ey and the re-emitted field E;,4 in Eq. (14)
acting at the position of the thin noble metal film at z ~ 0.
The current density as source term in the wave equation (12)
is assumed to be

Js(®) = j@) + jiu (0). (19)

Here, j(t) is the current generated by the intraband dynamics
of the conduction electrons defined in Eq. (4). Motivated
by experimental observations [74,88], we include screen-
ing effects caused by the dielectric background, e.g., core
level electrons or interband transitions via a current j, ap-
proximated by an effective constant g,. Thus, a background
polarization P, is introduced With j;, =P, = g8, E° (1),
where &, =&, — o and &y = n . This yields a total
radiation field

d( 2
E° (1) = Bo(r) — ‘; (:0 ( ‘ Z Vie fiet) + eoebE“’t(z))
out

(20)

where the time derivative on the right-hand side is solved
during the numerical time integration via a finite difference
method.

The total radiation field E', applied to Eq. (6), results
an integrodifferential nonlinear Boltzmann equation for the
electron dynamics in thin films

3, filt) =%E‘°t(r> Viefi()

+ RO = A@) = TR OAO. @D

To derive this equation, the spatial gradient parallel to the
film in Eq. (6) was neglected, since a perpendicular incidence
of the wave on the plane of the film and a thickness small
compared to the wavelength of the external field are assumed.
Equations (20) and (21) represent a self-consistent solution
of macroscopic Maxwell’s dynamics of the electric fields and
microscopic electron dynamics in a plane wave geometry. The
term containing the induced field creates a self-interaction of

the electron gas leading to a radiative damping of electron
dynamics depicted in Fig. 1. However, the radiative damping
of the macroscopic current density derived in Eq. (ES) de-
pends only on the total electron density, which is conserved
in a spatially homogeneous system. Thus, as validated by
our numerical results in Sec. III A, the self-interaction term,
bracket in Eq. (20), does not contribute to the nonlinearities in
the optical response. In contrast, electron-phonon scattering
[Pauli blocking in Eq. (8)] introduces optically detectable
many-body nonlinearities to the microscopic electron dynam-
ics as we will discuss in the following.

III. RESULTS AND DISCUSSION

In Ref. [52], we discuss the relaxation of an optically
excited non-equilibrium electron gas via electron-phonon in-
teraction in a bulk material in terms of three processes:
orientational relaxation, thermalization, and cooling. In a first
step, orientational relaxation is the relaxation of the direction
of momentum and can only be observed in a study of electron
dynamics in the three-dimensional momentum space. Orien-
tational relaxation emerges from the momentum-polarization
of the electron gas induced by the polarization direction of
the incident field. In contrast, the following thermalization
and cooling, both representing energy relaxation processes,
depend only on the electron energy and can be reduced
to an energy-resolved dynamics only. In addition, radiative
damping occurs in a thin film geometry because of the self-
interaction of the electrons via the radiation field here. In
typical thin films with thicknesses of several nm to a few tens
of nm [17,19], the de Broglie wavelength of the electrons is
small compared to the thickness, size quantization effects for
electrons can be neglected [89], and the used bulk model is
valid.

Importantly, to disentangle orientational and energy relax-
ation, the field strength acting on the electrons E** determines
whether the excitation is linear or nonlinear and therefore
whether energy relaxation occurs. To distinguish between the
linear (orientational relaxation) and nonlinear (orientational
and energy relaxation) regimes, the electron acceleration
energy

hZ
€ae = |Er — ~—(kr — kae)? (22)
2m

is estimated via the optically excited momentum k, =
-z ffooo dr |E"(t)| as derived from the classical Lorentz
force [71]. We define an excitation as nonlinear if the cor-
responding acceleration energy is at least of the same order
of magnitude as the thermal broadening of the equilibrium
electron distribution (e, 2 kpT,,). Since these excitations in-
duce strong non-equilibrium conditions in the electron gas,
the Pauli blocking terms in Eq. (8) turn on and influence the
relaxation dynamics. In contrast, the linear regime is valid
for €, < kpT,,. Since a negligible amount of acceleration
energy is absorbed by the electron gas in the linear regime,
only orientational relaxation (momentum relaxation) appears
in linear optical observables, cf. Fig. 1, but not thermalization
and cooling as energy relaxation.

In the following, two limits are studied, distinguished by
the frequency of the incident light field w; relative to the
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FIG. 2. In the infrared regime (%iw; = 1eV) in (a), the dynamics
of the momentum-polarization A fi (¢) is in phase with the incident
field Ey(¢). In (b) for THz excitations (iw; = 8 meV, v, = 2 THz),
where the orientational relaxation acts faster than the oscillation of
the field, this phase relation is broken. In both cases, an external field
strength of Ey = 5 MY is applied.

typical orientational relaxation time 7, of tens of fs [52]: In
Sec. I A, infrared excitations are discussed with w? > 7,2,
where in the THz regime in Sec. lII B w? < 7,2 is valid.

In a microscopic picture, this distinction is motivated by
the time on which the momentum-polarization of the electron
gas is modulated by the incident field with frequency wy.
Each half oscillation period of the linearly polarized inci-
dent field, its polarization direction switches in sign. This
switch in polarization is also imprinted on the dynamics of
the momentum-polarized electron gas, so that the strength of
momentum-polarization is determined by the frequency of the
incident light field and not on the temporal pulse duration.
To characterize this dynamics, we define the momentum-
polarization between two momentum-states located at the
Fermi edge kr in direction of the incident field polarization
ey by Afk, = fokpe, — Sipe,- Figure 2 depicts this momen-
tum polarization, excited by the incident field and competing
with orientational relaxation as calculated numerically from
Eq. (21). For infrared excitation in Fig. 2(a), the momentum
polarization follows the dynamics of the incident field with
the same phase, since the orientational relaxation is slower
than the oscillation frequency of the field. In contrast, for
THz excitation in Fig. 2(b), the orientational relaxation occurs
faster than the oscillation period of the incident field and
results in a decay of the momentum-polarization during each
oscillation. This generates the asymmetric dynamics depicted
in Fig. 2(b) and prevents a constant phase relation.

Furthermore, we will show below that orientational relax-
ation is the microscopic mechanism of the phenomenolog-
ically introduced damping yp in the Drude model for the
optical response of noble metals xp (cf. Appendix D). There,
the convenient approximation in the near-infrared and optical

regime is @® >> y; or vice versa in the THz regime, which
leads to fundamental different frequency dependencies in both
regimes

2 2
e E iR R@ > )
@~y L ) ) (23)
By— h ik, THz(w® < 3).

where w,, is the plasma frequency. This shows that the real part
of the susceptibility dominates in the infrared range, while
the imaginary part increases in relevance at THz frequencies.
Thus, optical observables are far more sensitive to the orien-
tational relaxation rate in the THz regime than in the infrared
regime. This motivates us to investigate in the following linear
and nonlinear orientational relaxation in cases where the built-
up of the momentum-polarization is short compared to the
typical orientational relaxation time (IR regime, Sec. IIT A)
or where the built-up is much slower than the orientational
relaxation (THz regime, Sec. III B).

In this way, we discuss in the following the numerical solu-
tion of the thin film Boltzmann equation (21) in these regime
with parameters for gold listed in Table I. The developed
numerical methods are presented in Appendix F.

A. Infrared excitations

The aim of this section is to analyze the simultaneous
action of all the processes introduced above after excitation
with ultrashort infrared pulses of 24 fs duration FWHM.
Similar ultrashort excitations are commonly used in exper-
iments [90-93] and other theoretical studies [42,45,94] to
trace energy relaxation, since the excitation time is short
compared to the expected energy relaxation times [52]. In
this way, the processes of orientational relaxation and energy
relaxation (thermalization and cooling) can be discussed in a
sequential temporal order. To connect this time hierarchy to
experiments, we study the time and spectral dynamics of the
transmitted radiation field, the optical susceptibility, and the
photoluminescence and show how the relaxation processes as
characteristic quantities of the electron gas are related to these
optical observables.

In the following, a gold film with thickness d = 20 nm and
an incident electric field with carrier frequency Aw;, = 1.0eV
(wave length A; = 1.24 um) is considered. The excitation
energy of 1.0 eV allows the restriction to an intraband de-
scription. For this, we observe significant nonlinear effects
for an external field strength of Ey = 20 % comparable to
other theoretical studies in this frequency regime [42-45,94]
where thermalization and cooling are discussed. In the linear
regime, we assume here exemplarily an external field strength
of Ey/100. Applying these parameters for the external field,
in Sec. I A 1 linear and in Sec. III A 2 nonlinear effects are
discussed.

1. Linear excitation regime

The external field pulse Ey/100 (cf. discussion above)
propagates through the thin gold film, excites the electron gas,
self-interacts via this excitation, and gets transmitted. For a
detailed understanding of this, Figs. 3(a) and 3(b) compare
the incident field Ey (gray) and the transmitted field E; (solid
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FIG. 3. The incident field E, and transmitted field E, calculated
with and without self-consistency (sc.) in the thin film Boltzmann
equation (21) are shown in (a) time- and (b) frequency-domain.
The (normalized) transmitted field after nonlinear excitations (dotted
lines, see discussion in Sec. III A 2) displays no differences to the
linear regime. In (c) and (d) the calculated transmission, reflection
and absorption coefficients (T, R, A, solid lines) are compared with
typical experimental data (shaded areas) [18,19,87].

blue line) calculated self-consistent from Eq. (15) in time
and frequency domain. Figures 3(c) and 3(d) visualize the
corresponding transmission 7 and reflection coefficients R
calculated with Eqgs. (17) and (18) as well as the absorption
A =1—R—T (solid lines).

The reduction in amplitude of the transmitted field is
caused by the dominating reflection of metals in the in-
frared regime [cf. Fig. 3(d)] and by the internal absorption
of the gold film via dissipative electron-phonon scattering
[cf. the absorption in Fig. 3(c)]. The relevance of the in-
clusion of self-consistency of Maxwell’s and Boltzmann
equations is visualized by the transmitted field calculated
without self-consistency [dashed lines in Figs. 3(a) and 3(b)].
For this, we have neglected the self-interaction term in the
thin film Boltzmann equation (21), i.e., both terms in the
bracket in Eq. (20). This would result in a transmitted field
larger in amplitude than the incident field and a transmission
larger than one, which is a nonphysical result: Neglecting
self-consistency corresponds to the assumption of a weak
influence of the thin film material on the transmitted field and
neglects reflection [this corresponds in Egs. (17) and(18) to

the assumption wZCO‘i -x"™ < 1]. However, this is improper

for noble metals with large susceptibility x'" and dominat-

ing reflection in the infrared and THz regime. Therefore,
in order to calculate realistic observables, a self-consistent
treatment of Maxwell’s equations and electron dynamics is
necessary.

In Fig. 3(a), the self-consistently calculated transmitted
field is phase shifted compared to the incident field. Further-
more, a weak blue-shift of 0.005 eV occurs in the transmitted
field barely noticeable in Fig. 3(b). This is caused by the fact
that in the infrared the transmission (reflection), Egs. (17) and
(18), increases (decreases) for higher frequencies in the limit
? > 2 [cf. Eq. (23)],

T ~ (2C0nout>2w2’ R~ 1 — <2C0nout
dw,

2
) w*.  (24)
Thus, the blue part of the pulse is more transmitted than the
red part and the spectrum is weakly blue-shifted. This is in
agreement with calculations based on the Fresnel formulas for
the transmitted field trough a homogeneous thin film [87].

Furthermore, our numerical results for transmission, reflec-
tion and absorption, calculated in Figs. 3(c) and 3(d) via the
thin film approach from Sec. II C, are in good agreement with
typical experimental data (shaded areas). For a comparison
of theory and experiment, we used experimental data for the
optical dielectric function of gold [17-19] together with the
Fresnel formulas [87], which include internal Fabry-Pérot
interferences in the film. For better illustration, we used a
Drude fit, Eq. (D10), of the experimental data, which shows
excellent agreement with the original data. The deviations
between theory and experiment can be explained by the fact,
that our numerical approach neglects internal interferences in
the limit 220 < 1.

Because of the optical excitation, the electron gas is
momentum-polarized in direction of the incident field po-
larization and an anisotropic momentum distribution can be
observed over the whole Brillouin zone [52]. In the follow-
ing, orientational relaxation sets in and the momentum is
redistributed by electron-phonon scattering until an isotropic
momentum distribution is achieved. This process can already
be observed for linear excitations independently of the accel-
eration energy: The finite current density j as defined in Eq. (4)
results from the momentum-polarized electron gas. This in-
traband current density is generated only by anisotropically
distributed electrons [95] and decays within the orientational
relaxation time t,. [52]. In the limit of linear optics, the
Fourier transformed total current density in the thin film js (w),
Eqg. (19), is related by Ohm’s law with the total radiation field
K at the position of the sample

Js(@) = —iweo " (@)E* (). (25)
As shown in Appendix D, the susceptibility x'"(w) is
connected in the linear regime with a Drude model introduc-
ing an effective electron-phonon momentum relaxation rate
also obtained from the well-known Bloch-Griineisen relation
[54,55,96]. Thus, the imaginary part of the susceptibility in
Eq. (25) encodes the orientational relaxation time 7,.. Fig-
ure 4 illustrates the susceptibility derived from the numerical
solution of the thin film Boltzmann equation (21) including
normal and umklapp processes (solid blue lines). Both, real
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FIG. 4. Comparison of the (a) imaginary and (b) real part of
the optical susceptibility x'™ for normal (N) and umklapp (U) pro-
cesses in the electron-phonon interaction. Including both processes
results in a susceptibility in agreement with typical experimental data
(shaded areas, data adapted from Refs. [18,19]).

and imaginary part agree with the fitted Drude susceptibility
xp from Eq. (D10) (dotted lines).
To determine the orientational relaxation time from the

susceptibility, we adapt a method from Ref. [19]. Analyzing
wIm {x""} as function of L results in the limit 7,,*> < w?,

as it is valid in the infrared regime, in a linear relation for a
Drude-like material response

-1 !
2 or %wZ or_ (26)

wlm (xp) = 0,———
Pl 412 P2

With this, we determine t,, = 19.6 fs. By linearizing the
scattering equation (8), a semi-analytical expression for the
momentum orientational relaxation time is derived in Ap-
pendix D in agreement with the numerical results.

In addition, Fig. 4 compares the susceptibility in the
context of normal (N) and umklapp (U) processes in the
electron-phonon interaction. Whilst the real part is, as ex-
pected in the infrared regime [cf. Eq. (23)], unaffected by
changes in the electron-phonon interaction and all curves
superimpose, there occur significant differences in the imagi-
nary part: Considering for the numerical solution only normal
processes (red) yields ¥ = 80.1 fs, whereas only umklapp
processes (yellow) result in 7 = 26.0 fs. Respecting both
processes (blue) results in agreement with the Matthiessen’s
rule [71] in T, = (TLN + %)71 = 19.6 fs. The dominance
of umklapp processegr by a factor of three against normal
processes to the orientational relaxation is documented in lit-
erature for analytical estimates [97] and is easy to understand
by considering how normal and umklapp processes act in a
momentum-polarized electron gas.

As discussed in the context of Fig. 1 in Ref. [52], the mo-
mentum polarization of the anisotropic electron distribution is
maximized for momenta parallel to the polarization direction
ey of the incident field Eqy at opposite points on the Fermi
surface, i.e., for electrons with momenta +krey, and —krey.
To relax these electrons directly into an isotropic distribution
(orientational relaxation), the momentum ¢ = 2kr has to be
exchanged by a phonon. In typical noble metals the momen-
tum 2kr > gp exceeds the Debye sphere of a phonon and
corresponds therefore to an umklapp process. In contrast, for
normal processes a momentum g < ¢p is exchanged, so that
multiple scattering events are required to achieve the momen-
tum exchange of 2kr and the relaxation proceeds accordingly
slower. However, we note that the quantitative ratio of the
contribution of normal and umklapp processes is also affected
by the momentum dependence of the electron-phonon matrix
element in Eq. (2).

In linear optics, the optical dielectric function of noble
metals in the infrared and optical range has been the subject of
several studies using ellipsometric measurements of thin films
[15-21] and is therefore suitable for a comparison of the ori-
entational relaxation time. In these studies, Drude relaxation
times (as shown above they correspond to the momentum
orientational relaxation time 7,,) between 9 fs and 25 fs are
measured: This broad range of different values results from
specific sample properties such as surface roughness and im-
purities. A comparison with these results, delimited by the
shaded grey areas in Fig. 4 with data from Refs. [18,19], prove
that including umklapp processes to the electron-phonon scat-
tering dynamics in necessary to obtain realistic results for
the orientational relaxation time in noble metals. Again, for
better illustration, we used a Drude fit instead of the original
experimental data. For our simulation, we applied an effective
mass m in the electron dispersion derived from the lowest
depicted dataset [19] in Re {x'"}, which is reproduced in very
good agreement by our numerical data.

Our numerical results predict an orientational relaxation
time in the lower limit of the experimental data explained by
the neglected defect scattering and electron-electron scatter-
ing. However, already a qualitative and close to quantitative
picture can be obtained by electron-phonon interaction: For
electron-electron interaction, momentum can be exchanged
within the electronic system, but the total momentum has to be
conserved except for a reciprocal lattice vector. Thus, momen-
tum relaxation is then only possible via umklapp processes.
Furthermore, the electron-phonon interaction dominates the
momentum orientational relaxation compared to the electron-
electron umklapp scattering. The reason for this is that the
squared matrix element of the electron-phonon interaction is
proportional to g~2 [cf. Eq. (2)] whereas the matrix element
of the electron-electron interaction is proportional to g,
leading to a weaker interaction strength at large momentum
exchange g, which holds for umklapp processes [53,54,71].

Ab initio calculations on the orientational relaxation time
by electron-phonon scattering also including umklapp pro-
cesses [98,99] yield 24.0 fs to 26.3 fs in agreement with our
results.

In the linear regime, when the acceleration energy is neg-
ligible compared to the thermal broadening, a discussion of
thermalization and cooling is not required.
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FIG. 5. Comparison of the (a) imaginary and (b) real part of the
numerically calculated linear x'"" and nonlinear susceptibility x™.
The increase of the imaginary part of the nonlinear susceptibility in
(a) results via Eq. (31) from a field-strength-dependent orientational
relaxation time 7, (E'), Eq. (28). The nonlinear susceptibility is
shown exemplarily for three excitation strength Ey/8, Ey/4, and Ey.
The gray shaded area corresponds to the normalized spectrum of the
excitation pulse. In contrast, the (b) real part is unaffected by the field
strength and all curves superimpose. A discussion of origin of these
observations is provided below Eq. (28).

2. Nonlinear excitation regime

In the nonlinear regime, i.e., at excitation with strength
Ey (see introduction of this Sec. III A), besides orientational
relaxation, also thermalization and cooling occur as they con-
stitute energy relaxation mechanisms. In the following, the
dependence of these three relaxation processes on the applied
field strength or deposited energy, respectively, is discussed.

We start with a brief comment on the transmitted field: As
derived in Eq. (ES), the strength of the self-interaction of the
total radiation field via the current density depends only on
the total electron density, which is conserved in a spatially
homogeneous system and therefore cannot contribute to a
nonlinear response. Thus, the only source for nonlinearities
in our description are the Pauli blocking terms in the electron-
phonon scattering in Eq. (8).

The nonlinear susceptibility spectrum for excitations in the
infrared regime is calculated in Fig. 5 from the numerical
results in the same way as in the linear regime in Eq. (25),

js(@) = —iweox" (£ w)E* (w). 27)

We introduce here a nonlinear susceptibility x™ (E™';w),
which explicitly depends on the total field E''. As we will
show in the following, this is an justified approach, since the
occurring nonlinearity is caused by a field-strength-dependent
orientational relaxation. Comparing the nonlinear susceptibil-
ities shown in Fig. 5 for three nonlinear excitations with the
result from the linear regime reveals no changes for the real

part but an increase of the imaginary part of the susceptibility
with increasing nonlinear field strength. This suggests us, in
connection with Eq. (23) and our observations in Ref. [52], to
assume an excitation-dependent orientational relaxation in the
nonlinear regime.

To discuss the orientational relaxation after nonlinear exci-
tation, we separate the orientational relaxation rate into linear
and field-dependent nonlinear contributions

r(:rl = T{?rjin + 7:0;,}11 (Elm (t )) (28)

By expanding the nonlinear contribution in powers of the total
radiation field

o0
T B 0) = Y (050) P ES @ ey, (29)

n=1

and assume for the current js(r) = ¢*'j,(t) one can connect
the orientational relaxation rate to the total radiation field via
a high-order dissipative Kerr-type nonlinearity, so that

oo

0gs0) ~ = > (0,1 ) P IEC O ). (30)

n=1

In the limit E°'(t) &~ E™, a nonlinear orientational relax-
ation rate ro_r’lﬂ (|E™|?) results at the frequency of the incident
field @ = wy. This means, the nonlinear optical suscepti-
bility x" (K w) — x"(IE*?*;w) (and therefore also the
complex refractive index of the film) becomes modulated as
function of the intensity |E'!|? of the total radiation field. In a
narrow frequency interval around the carrier frequency of the

external field w ~ w;, a Drude-like susceptibility results

w?

£ _ . (31
? + o[t + T, (EOP)] @D

or,lin or,nl

! ~
X[n) (w)|w%u)L =&y —

Thus, to determine the high-order dissipative Kerr-type non-
linear correction Tm-’n](|E~‘ 6|2y to the orientational relaxation
time the same method as in Sec. III A 1 can be applied but
has to be limited to a narrow interval around w; (here hiw; £+
0.01 eV is applied). Figure 5 depicts the fitted Drude-like sus-
ceptibility (dotted line) from Eq. (31) for nonlinear excitation
with Ey. A nonlinear Drude-like susceptibility can be applied
to derive the nonlinear orientational relaxation time from the
numerical result, but does not provide a model for the optical
response in the full frequency range. This becomes visible
in Fig. 5(a) by the deviations between Drude-like fit and full
numerical result for lower and higher energies where also the
amplitude of the excitation field is lower. The gray shaded area
in Fig. 5(a) depicts the spectrum of the excitation pulse.

For excitation with Ej, the total orientational relaxation
time is 7, = 17.4 fs, where the nonlinear contribution is
Torm = 155.01s [cf. Eq. (28)]. Thereby, the linear contribution
Torlin 18 identical to Sec. III A 1. In contrast, for weaker but
still weakly nonlinear excitations with Ey/4 and E;/8 (the
acceleration energy is still larger than the thermal broadening)
we find t,, = 18.5 fs for Ey/4 and 7, = 19.1 fs for Ey/S,
respectively [cf. Fig. 5(a)]. A more detailed discussion of the
connection between excitation strength and nonlinear orienta-
tional relaxation rate is provided in Sec. III B 2.
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Since the real part is, because of its dominant singularity,
Eq. (23), mostly independent of the orientational relaxation
time, no nonlinear effects are observed there.

Further numerical investigations confirm that the nonlinear
orientational relaxation time depends mainly on the amplitude
of the external field Ej, but less on the temporal pulse duration.
For excitations with Zw; = 1eV, we observe that the orienta-
tional relaxation time is mostly independent from the pulse
duration for pulses longer than the temporal oscillation period
of the field (FWHM > 2x /wy).

Consequently, for an accurate description of nonlinear
effects in metallic structures, modifications of the imagi-
nary part of the optical response because of microscopic
many-body effects, here dominantly Pauli blocking, of 10
to 20% can be expected. Nonlinear hydrodynamic models
[31,35,100], such as those used for the description of plas-
monic nanostructures, typically neglecting Pauli blocking,
must therefore also be evaluated under the aspect of an intrin-
sic excitation-dependent material absorption within changes
of about 10% of the linear absorption. However, the impact
of this nonlinearity varies depending on the specific optical
observable. While the transmission in the infrared investi-
gated here is not very sensitive to the orientational relaxation
time, Eq. (24) below, other observables, e.g., in a pump-probe
scheme, may depend more on the nonlinearity.

To illustrate this, we recapitulate the pulse propagation
studies from Figs. 3(a) and 3(b). There, dotted lines depict
the nonlinear excitation in the infrared regime and indicate
that the pulse propagation itself is basically unaffected by
microscopic nonlinearities in the electron-phonon interaction.
This observation is based on the fact that the nonlinear optical
response in the infrared is expressed by a field-dependent
orientational relaxation time [cf. Eq. (29)], which leaves the
transmission and reflection coefficients, Eqs. (17) and (18),
unaffected in the limit ®? > 7% discussed in Eq. (24). As we
will see in Sec. III B, this is not the case for THz excitations
where the impact of the orientational relaxation time on the
optical response is much stronger [cf. Eq. (23)].

In the next step, we show that based on the full momentum-
resolved Boltzmann equation (21), known effects of energy
relaxation can be recovered and we connect them to experi-
mental observables. In contrast to the orientational relaxation,
which is completed after about 0.1 ps, the dissipation of en-
ergy to the phonon bath proceeds on a significantly longer
timescale up to several picoseconds. The process of en-
ergy relaxation is divided into thermalization and cooling
being only relevant after nonlinear excitation when a sig-
nificant amount of acceleration energy is absorbed by the
electron gas (¢4 2 kpT.,). Thermalization describes the tran-
sition of a nonthermal electron distribution into a thermal
Fermi-Dirac distribution. This process is mainly driven by
electron-electron scattering [42,46] but also supported by
electron-phonon scattering [44,45,52]. In contrast, energy
transfer from the electronic to the phononic system results in
cooling of the electron gas, where the energy of hot thermal
electrons is dissipated into the phonon bath until a thermody-
namic equilibrium is reached [52]. Studying both processes
exclusively driven by electron-phonon scattering, i.e., the
limit of not too strong excitations, as done here, they proceed
on a similar time scale and are hard to disentangle [45].

Since the radiative self-interaction [cf. Eqs. (20) and (21)]
is directly related to the current density, its influence is only
important during the orientational relaxation time, when fi-
nite currents j, exist. Thus, reradiation after ultrashort optical
excitation only influence the built-up of the initial conditions
for thermalization and cooling, but not their energy relaxation
dynamics.

The computed energy-resolved non-equilibrium electron
distribution for selected times after the pulsed excitation
with strength Ey at t =0 and width FWHM = 24 fs and
the followed energy relaxation is depicted in Fig. 6(a)
(solid lines) in a quasi-logarithmic representation @) =
—log ((f|k|)’1 — 1) [44]. For a thermal Fermi-Dirac distribu-
tion f(ex) = (exp {(ex — n)/ksT,} + 1)~! this representation
is P = —élﬁs_Ti‘ and becomes linear in the electron energy.
Consequently, for nonthermal electrons @ deviates from
a linear function. As discussed in Refs. [45,52], the dashed
line represents the thermal contribution to the electron dis-
tribution, whose slope is linked to the temperature of the
thermal electrons. However, this temperature is not a function
of state of the entire electron system as long as nonthermal
electrons exist [22,101]. This nonthermally distributed elec-
trons are visualized by the shaded areas. Thus, thermalization
is connected to a decreasing deviation between the full and
the thermal electron distribution while cooling is described by
the increasing slope of the thermal distribution in time. Both
processes, driven by electron-phonon interaction, proceed on
the same timescale about more than 1 ps [44,45].

To connect our theoretical calculations to observables,
we study photoluminescence spectra: Photoluminescence oc-
curs via the photon emission in the course of radiative
recombination of excited hot (thermal and nonthermal) elec-
trons and is therefore suitable to track the energy dissipation
dynamics. When considering the photoluminescence of met-
als, a distinction between inter- and intraband processes is
necessary [102-105]. In this work, we focus on intraband
processes comparable to Refs. [41,48,106].

The photoluminescence L(w, t) is defined via the product
of the density of photon and electron states participating at
recombination [41,48]

L(w, 1) ~w? / dex / dew D(ex)D(ex)

x fi(1 = fi()d(ex — ek + hw).  (32)

Equation (32) includes the occupation fx and Pauli blocking
contribution (1 — fi/) of the radiative recombination between
states k and Kk’ (or electron and hole contribution) as well
as the density of states D(ek) in the integrand. Within the
parabolic electron dispersion, the density of states is D(ex) ~
+/€k- A comparison with the internal energy density u, =
% f fooo dekex fi reveals that the photoluminescence is closely
related to the energy of the electron gas. In fact, Eq. (32) is
the convolution of the energy density of occupied states with
unoccupied states. In the case of purely thermal electrons, the
photoluminescence formula (32) results in Planck’s radiation
law for the emitted photon number [48,107]. Therefore, fx
is described by a Fermi-Dirac distribution and the electronic
density of states D(ex) ~ +/Er is approximated as constant
close to the Fermi edge in the limit /iw < Ep.
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FIG. 6. In (a), the computed energy-resolved non-equilibrium electron distribution (solid lines) can be separated in thermal (dashed lines)
and nonthermal distributions (shaded areas). The corresponding photoluminescence spectra in (b) depend on the thermal and non-thermal
energy of the electron gas and decrease in intensity while the electron gas dissipates energy to the phonon bath. In thermodynamic equilibrium
(dashed line) the spectrum corresponds to Planck’s radiation law. The temporal decay of the spectrally integrated photoluminescence in (c) is
related to an energy relaxation time t,, = 0.24 ps (blue line). (c) also compares the dynamics analyzed in terms of normal (N) and umklapp

(U) processes.

The photoluminescence spectra, calculated with Eq. (32)
from the distributions in Fig. 6(a), are shown in Fig. 6(b),
where the dashed line is the photoluminescence at the equi-
librium temperature and is equal to a spectrum described by
Planck’s radiation law. The influence of nonthermal electrons
is still visible 1.4 ps after the excitation (purple line): While
the photoluminescence emission maximum agrees with the
thermodynamic equilibrium (dotted line), the tail in the spec-
trum (hw > 0.2eV) can be related to the photoluminescence
of non-thermal electrons. The following electron-phonon ther-
malization persists until more than 2 ps after excitation.

We neglect electron-electron scattering as an additional
process of thermalization in our approach. Therefore, in real
systems with thermalization times of less than a few hundred
fs [42,45,91], a lower fraction of nonthermalized electrons in
the photoluminescence spectrum can be expected on a longer
time scale [i.e., a less pronounced tail at energies above 0.2 eV
in Fig. 6(b) at 1.4 ps].

To access the energy relaxation dynamics from the pho-
toluminescence dynamics as function of time, Fig. 6(c)
studies the spectrally integrated photoluminescence (L) (t) =
f do L(w,t) derived from the spectra in Fig. 6(b). The
resulting decay incorporates both processes of cooling and
thermalization and is connected to an energy relaxation time
of 7., = 0.24 ps. The photoluminescence spectra in Fig. 6(b)
are calculated from the angular average of the direction-
dependent electron distribution fx. Therefore, a numerical
error follows depending on the discretization of the angular
component of the momentum k (cf. Appendix F). The rela-
tive numerical error of the energy relaxation time is +4.2%.
Figure 6(c) also analyzes the cooling dynamics in terms of
normal and umklapp processes: Considering only normal pro-
cesses reveals an energy relaxation time of about t¥ = 0.38
ps. Here, the contribution of umklapp processes 7., = 0.47
ps is one-fourth slower than the normal process contribution.
Thus, in contrast to orientational relaxation, where umklapp
relaxation is three times faster than the corresponding nor-
mal process relaxation (cf. Fig. 4), the impact of umklapp
processes to energy relaxation is much weaker. This can be

understood as follows: Since energy relaxation is connected to
the energy exchange between electrons and phonons and the
possible energy carried by phonons of several meV does not
differ between normal and umklapp processes, none of the two
processes is preferred. However, since the electron-phonon
coupling is weaker for umklapp processes [cf. Eq. (2)], normal
processes dominate energy relaxation.

In agreement with other studies [82,91,94,108], we observe
a nonlinearly increasing energy relaxation time for higher
external field strengths. However, experimental studies based
on the luminescence or time domain transient reflection
measurements as well as theory models detect energy relax-
ation times between 0.8 ps and 1.2 ps in gold [42,82,90-
93,109]. In comparison with other theoretical studies on gold
[42,44,45,94], our description shows a faster energy relax-
ation. In our description, the total radiation field E'®, acting
as driving force on the electrons, is reduced in amplitude
against the external field by approximately a factor of four
(cf. Fig. 3) because of the self-consistent treatment. This
results in less strong pronounced non-equilibrium electron
distributions in the thin film. This is in agreement with our
observation provided in Ref. [52] for a bulk system without
radiative self-interaction: There, we obtained an energy re-
laxation dominated by cooling in agreement with the above
cited theory and experimental studies for an external field even
three times weaker than in the present work. Furthermore,
an improved theory of electron screening could lead to more
realistic results [110] also for orientational relaxation.

B. THz excitations

In the previous Sec. III A, the optical response of a thin
gold film after infrared excitation was discussed, where the
orientational relaxation rate 7> < 7 is much smaller than
the excitation frequency. Therefore, the imaginary part of the
susceptibility, Eq. (23), is dominantly sensitive for changes in
the orientational relaxation but not the transmitted field or the
transmission itself [cf. Eq. (24)].
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In contrast, in this section, the focus is on the case where
the excitation frequency is at least on the same time scale
as the relaxation dynamics and strong momentum-polarized
non-equilibrium electron distributions are built-up during the
competing relaxation processes. This corresponds to exci-
tations in the THz regime, where the temporal oscillation
period of the incident field is much longer than the ori-
entational relaxation time (w; < 7,,2). In this regime, the
induced momentum-polarized non-equilibrium electron gas
exists over a period of hundreds of fs up to ps. As we will
show in this section, this activates a THz field-induced Pauli
blocking nonlinearity of the electron-phonon interaction that
is directly observable in the transmission signal. We predict,
that the nonlinearity manifests as a high-order dissipative
Kerr-type nonlinear self-modulation of the propagating THz
field for field strengths above 0.1 % at vy =2 THz (hwp =
8meV). Here, we apply external THz field strengths ranging
from Ey = 1073 t’l—n:/ in the linear regime to £y = 4 IZI—HY in the
nonlinear regime. Again, as in Sec. III A, both regimes are
separated by the relation of the acceleration energy €,. and the
thermal broadening of the equilibrium electron distribution
kgT,,. Such high-intense THz fields became possible by versa-
tile techniques in recent years [111-115]. Today, a frequency
range between 0.1 THz and 30 THz and field strengths up
to 100 % [112] in single-shot pulses and at least 10 % for
repeatable, comparable stable single-cycle pulses [111] can be
generated.

In the following, we discuss numerical results for a d =
5 nm thin gold film under excitation with a v, =2 THz
pulse with a temporal pulse duration of FWHM = 300 fs.
This pulse duration includes approximately one and a half
period of the THz oscillation (cf. Fig. 7) similar to typical
pulses generated in experiments [111,112] and allows a strong
momentum-polarization of the electron gas. Thin films of
several nm thickness could be produced by sputtering or in
a chemically controlled process similar to other metal nanos-
tructures [116] and are still transmitting at THz frequencies.

This section focuses on the discussion of the pulse
propagation and orientational relaxation for nonlinear THz
excitations but will not provide a discussion of thermalization
and cooling as it occurs in a similar fashion as in the infrared
regime in Sec. [IT A 2.

1. Linear excitation regime

Figure 7 depicts the calculated transmitted THz field in (a)
time- and (b) frequency-domain for linear excitations (solid
lines). Here, as in the infrared regime in Fig. 3, the transmitted
field is phase shifted and reduced in amplitude against the in-
cident field (gray). However, the amplitude reduction is more
than ten times stronger than in the infrared regime resulting in
a ten times weaker total radiation field E, = E* in Eq. (20)
acting on the conduction electrons than for infrared pulses
with comparable field strength. This feature is connected with
the dominating imaginary part of the optical susceptibility,
Eq. (23), which leads to the well-known strong reflection and
low transmission of noble metals, as shown in Figs. 7(c) and
7(d) (solid lines). We note that neglecting the self-consistency
in the theory in the THz regime would lead to nonphysical
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FIG. 7. The incident THz field E, and transmitted field E, calcu-
lated with and without self-consistency (sc., solid or dashed lines)
in the thin film Boltzmann equation (21) are shown in (a) time-
and (b) frequency-domain. A linear field strength Ey = 1073 %
is applied. In the nonlinear regime, shown here exemplarily for
Ey=4 %, the transmitted field (dotted line) increases nonlinearly
in amplitude. In (c) and (d) the calculated transmission, reflection and
absorption (7, R, A) are shown for linear (solid lines) and nonlinear
excitations (dotted lines).

results for the transmitted field [dashed lines in Figs. 7(a) and
7(b)] with an amplitude larger than the external field.

The orientational relaxation time in the linear regime is
again determined via fitting the calculated optical response
with a Drude model. However, the linear approximation used
to derive Eq. (26) is not valid for THz frequencies. Here,
the linear transmission spectrum depicted in Fig. 7(c) is
connected via Eq. (17) with the full Drude susceptibility in
Eq. (D10). This fitting procedure results in an orientational
relaxation time of 7,, = 19.5 fs almost identical with the value
derived in the infrared regime (cf. Sec. I A 1).

2. Nonlinear excitation regime

Studying in Figs. 7(a) and 7(b) the transmitted field for
nonlinear excitations (dotted lines) reveals a relative increase
in amplitude and an additional phase modulation compared to
the linear regime. This phase modulation causes a weak red-
shift of the transmitted field in the nonlinear regime, which
is less than 1% of the THz frequency v;. In contrast, the am-
plitude of the transmitted nonlinear field increases with more
than 10% significantly. This nonlinearity appears in Figs. 7(c)
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and 7(d) by an increase of transmission and absorption and
a decrease of the thin film reflection. We will show in the
following that this is caused by the nonlinear field-strength-
dependent orientational relaxation time already observed for
infrared excitations (cf. Sec. III A 2). However, in contrast to
the infrared regime, the impact of the orientational relaxation
on the transmission is more pronounced in the THz regime.
Qualitatively, this behavior can be understood by applying
a nonlinear Drude-like susceptibility as in Eq. (31) to the
transmission and reflection in Egs. (17) and (18). The cor-
responding transmission and reflection in the limit of small
frequencies (0} < t,,°) read

-

7~ (20 2y
da)[% or MEOL s

4cohou

R~1— 7, (|1Eo|?) (33)

P
and are approximately frequency-independent T (w) ~
T(w — 0) =T (the same holds for R) also for nonvanishing
frequencies, e.g., around 2 THz. This limit is in accordance
with the comparable flat linear spectra in Figs. 7(c) and 7(d).
Furthermore, for nonlinear excitations, this is in agreement
with the observations in Figs. 7(c) and 7(d) assuming a
nonlinearly increasing orientational relaxation time t,, as
in Sec. III A2. Thus, the relative impact of a nonlinear
orientational relaxation is strongest for the transmission.
Therefore, we choose this as an observable to discuss the
nonlinearity and its connection with orientational relaxation
in the following. To quantify the nonlinear increase of
transmission, we define the differential transmission

A(T)/(To) = 1)~ %) (34)
(To)
via the linear transmission (7p). Here, the spectrally integrated
transmission is introduced

iy = JIEE )
J dolEg(w)?

where in the nonlinear regime (7') depends on the total ra-
diation field £ but becomes field independent in the linear
regime (T') = (Tp). Obviously, the differential transmission,
Eq. (34), is zero in the linear regime and deviations from zero
indicate the nonlinear regime. Figure 8 displays the differen-
tial transmission as function of the external THz field strength.
For external field strengths below Ey = 0.1 % the transmis-
sion behaves linear. This value can be considered as rough
boundary between the linear and nonlinear regime. Physically,
this value is connected to a total radiation field E'°'(¢z), which
corresponds to an acceleration energy of €, = 90 meV in the
order of the thermal broadening kgT,,. Above this threshold,
i.e., for higher field strengths, the transparency of the thin
film starts to increase and shows a saturation behavior. Above
Ey=2 % the differential transmission reaches a maximum
at about 28%.

Such a nonlinear increase in THz transmission of thin gold
films has recently been observed in experiments for excita-
tions with THz field strengths of several hundred kV/cm [56].

The nonlinearity is connected with the field-strength-
dependent decrease of the orientational relaxation time: As

(35)
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FIG. 8. The inset shows the transmission spectra 7 for selected
external THz field strengths (markers in the main plot). The increas-
ing differential transmission in the main plot (solid line) reveals
the many-body nonlinearity in the THz regime. The corresponding
orientational relaxation time on the right axis (note the reverse axis)
agrees with the nonlinear trend of the differential transmission.

previously mentioned in Sec. IIT A 2, to determine the high-
order dissipative Kerr-type nonlinear orientational relaxation
time, we assume a Drude-like susceptibility, Eq. (31), in a
narrow frequency interval around the THz frequency v;, (here
v, £ 0.02 THz is applied). Thus, the orientational relaxation
time, depicted in Fig. 8 (dashed line), is obtained by fitting
the numerically calculated transmission data, inset in Fig. 8,
with Egs. (17) and (31). In the linear regime, the orientational
relaxation time is t,, = 19.5 fs, decreases for nonlinear ex-
citation above 0.1 % and saturates at 7,,(|Ep|?) = 17.1 fs

for nonlinear field strengths (here £y = 4 %). This agrees
with the trend of the differential transmission including the
saturation at high field strengths.

Microscopically, this behavior can be understood by ana-
lyzing the momentum-dependent Pauli blocking terms fi (1 —
fi+q+c) (and the counteracting term with k < k+q + G)
in the electron-phonon scattering equation (8). We provide a
qualitative picture, which considers only one momentum state
and does not include the competing relaxation dynamics pro-
ceeding simultaneously with excitation. Consider a scattering
process, as illustrated in Fig. 9(a), in which the initial and final
states of the scattering electron are on opposite sides of the
Fermi sphere parallel to the polarization direction of the ex-
ternal field, i.e., kK = +krey and k + q + G = —krey. Then,
in thermodynamic equilibrium or for linear excitations, where
the electron distribution is only weakly perturbed, is fik,,ey ~
0.5 and the Pauli blocking terms become (1 — f_y,e,) fipe, =
S=kpe, (1 — fipe,) = 0.25. With increasing field strength above

of the onset of the nonlinearity at £y = 0.1 % the Fermi
sphere is shifted along the polarization direction [cf. Fig. 9(a)
right] and the value of the Pauli blocking term changes. In
total, this leads to an increase of the electron-phonon scat-
tering rate [see discussion of Fig. 9(b) below] resulting in an
increase of the orientational relaxation rate and transmission
[cf. Eq. (33)]. However, fermions have to obey 0 < fx < 1.
This results in (1 — f_ge,)fipe, = 0 OF fpre,(1 = fipe,) <
1, respectively, explaining the saturation of the orientational
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FIG. 9. In (a) the electron distribution (Fermi sphere, blue) with
finite temperature 7, is sketched in presence of an external field
Ey in the linear (left) and nonlinear regime (right). The dotted line
represents the Fermi level in equilibrium. In (b) the Pauli blocking
terms f(1 — f) [evaluated at dkrey, small circles in (a)] are ana-
lyzed as function of the external field strength. For comparison, the
normalized differential transmission from Fig. § is shown (solid line).

relaxation time at high field strengths. This behavior is ver-
ified by our numerical results in Fig. 9(b): Here, both Pauli
blocking terms are calculated as function of the external
field strength and are evaluated during the THz excitation
pulse at the time with maximum momentum-polarization at
t ~ —0.1 ps [cf. maximum of A fi, in Fig. 2(b)]. While in
the linear regime both Pauli blocking terms appearing in the
scattering equation (8) are identical, they split for nonlinear
excitations. However, because of the competing relaxation
dynamics, they do not reach the maximum saturation values

at 0 or 1 for very high field strengths, but already saturate
at about 0.05 or 0.60, respectively. This leads in total to
the fact that the sum of both Pauli blocking terms increases
from (1 — f_pre,) fipey + f—kre, (1 — fipe,) = 0.5 in the linear
regime to a value >0.5 for nonlinear excitations resulting in
an increased electron-phonon scattering rate. This discussion
can be applied analogously to the nonlinear field strength
dependence of the orientational relaxation time in the infrared
regime in Sec. III A 2 and does not depend on the time scale
of excitation.

To test the reliability of our results, we have performed
convergence analyses of our numerical calculations for the
nonlinear differential transmission. This allows us to conclude
that the relative numerical error of the differential transmis-
sion presented in Fig. 8 is less than +1.1%.

To gain further insights in the nonlinearity as function of
the external THz field strength E, and its connection with the
orientational relaxation, Fig. 10 depicts in (a) the dependence
on the complexity of electron-phonon scattering theory and
discusses the nonlinearity for varying (b) THz frequencies, (c)
pulse durations, and (d) film thicknesses.

Figure 10(a) compares different approaches for electron-
phonon relaxation. In the relaxation time approximation,
as assumed in the phenomenological Drude model [cf.
Eq. (D1)], the Pauli blocking terms in the scattering equa-
tion (8) are linearized and expressed via constant equilibrium
Fermi-Dirac distributions fix(#)(1 — fx+q+c(#)) — fi(®)(1 —
flfiq +G) (and vice versa). Thus, the orientational relaxation
cannot be affected by changes in the Pauli blocking because
of the strong momentum-polarization of the electron gas and
no nonlinearity emerges as verified by our results. Solving
the full scattering equation (8) for only normal processes in
the electron-phonon interaction reveals a weaker nonlinearity
in the differential transmission saturating already at 13%.
In contrast, umklapp processes contribute with a saturation
at 27% the main part to the nonlinearity. This demonstrates
that orientational relaxation is indeed the driving process of
the nonlinearity and not energy relaxation (cooling and ther-
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FIG. 10. In (a) the nonlinearity is compared for normal (N) and umklapp (U) processes in the electron phonon interaction as well as for a
relaxation time approximation (RTA). In (b), (c), and (d) the THz frequency, pulse duration, or film thickness are varied, respectively. All other
parameters in each figure are set as described in the introduction of this section.
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malization), which depend less on umklapp processes (cf.
discussion in Sec. IIT A 2).

Figure 10(b) supports this conclusion by comparing the
nonlinearity for various THz frequencies with a pulse duration
of FWHM = 300 fs. The acceleration energy ¢,. for excita-
tion with v, = 10 THz is approximately 1.5 times larger than
for v, = 2 THz. Nevertheless, the observed nonlinearity is
less pronounced for the case with higher acceleration energy.
However, this can be explained by the fact that for longer tem-
poral oscillation periods of the THz field (lower frequencies),
the time on which the electron gas becomes momentum-
polarized is longer during each oscillation half-cycle. Thus,
a low-frequency THz field induces a stronger momentum-
polarization in the electron gas and the Pauli blocking terms
(and therefore the nonlinearity) appear more pronounced than
in the case with a higher frequency.

Figure 10(c) depicts the nonlinearity in the differential
transmission for selected pulse durations between FWHM =
0.15 ps and 1.2 ps (v, = 2 THz for all curves). Here, longer
pulse durations are associated with larger acceleration ener-
gies, e.g., the acceleration energy for the 1.2 ps pulse is more
than four times larger than for the 0.3 ps pulse. However,
the impact of the pulse duration on the nonlinearity is only
marginal. This is in agreement with the observations from
Fig. 10(b): The nonlinearity relates less to the acceleration
energy than to the excited momentum-polarization, which is
independent of the pulse duration and depends entirely on
the frequency and peak field strength. The small deviations
between the different pulse durations for field strengths above
1.0 I‘C/I—n:’ in Fig. 10(c) can be addressed with the parallel
proceeding thermalization and cooling relaxation, which, in
contrast, depend on the absorbed energy [82,91,94,108] and
occurring on a longer ps time scale (cf. Sec. [IIA2). No
converged differential transmission could be calculated nu-
merically for the strongest excitation with FWHM = 1.2 ps
at Ey =4.0 %, which is why this data point is missing in
Fig. 10(c).

Figure 10(d) addresses the influence of the film thickness
d on the emerging nonlinearity. As derived in Eq. (ES), the
radiative damping of the external field and thus the strength
of the total radiation field, which excites the electrons into the
non-equilibrium distribution, is approximately linearly related
to the film thickness. Figure 10(d) agrees with this: If we
assume a film twice as thick, the onset of the nonlinearity
(measured in terms of the external field strength) and the
general curve of the nonlinearity shifts by a factor of two to
higher field strengths. This is because of the fact that for the
same total radiation field, which finally acts on the electrons,
a approximately two-times stronger external field is required.

In summary, Fig. 10 demonstrates that umklapp processes
of electron-phonon scattering contribute dominantly to the
nonlinear transmission in the THz range. In addition, the
nonlinearity depends less on the acceleration energy of the
THz excitation than on the duration on which the momentum-
polarization of the electron gas is maintained. Therefore, we
attribute the high-order dissipative Kerr-type nonlinearity in
the transmission of thin noble metal films in the THz range to
a field-strength-dependent orientational relaxation rate gener-
ated by the Pauli blocking in the electron-phonon scattering
terms in Eq. (8).

TABLE II. Summary of the optical properties of thin noble metal
films in the infrared and THz regimes.

IR THz
Xo(@) ~ - i ~di
T (w) ~w? Nryjz
21wy, ~4 fs ~500 fs
7, (linear) 19.6 fs 19.5 fs
T,-(|Eo|?) (nonlinear) >17fs >17 fs
Pauli blocking f(1 — f) yes yes
Is Afx(t) ~ Eo(2)? yes no
= A(T)/(To) ~0% >20%
Nonlinearity detectable
in the transmission? no yes

IV. CONCLUSIONS

We introduced a self-consistent framework of Maxwell’s
equations and the kinetic momentum-resolved Boltzmann
equation to describe the dynamics of conduction electrons in
thin noble metals films after infrared and THz excitations. By
deriving an analytical solution of Maxwell’s equations for a
thin film, the numerical complexity of the problem is reduced,
allowing for a momentum-resolved treatment of the electron
dynamics. In this way, the characteristic relaxation processes
of orientational relaxation, thermalization and cooling are ad-
dressed in terms of optical observables for thin films in the
infrared and THz regime.

By including both, normal and umklapp processes to
electron-phonon interaction, an orientational relaxation time
of t,, = 19.6 fs is determined in the linear regime in agree-
ment with experimental and theoretical studies. We observe
that umklapp processes dominate the momentum orientational
relaxation, whereas for energy relaxation normal and umklapp
processes contribute equally.

For nonlinear excitations, a decrease of the orientational
relaxation time of more than 10% is derived, which is caused
by the Pauli blocking term in electron-phonon scattering ac-
tivated for a strongly momentum-polarized non-equilibrium
electron gas. A summary of the properties of the nonlinearity
in the infrared and THz regime as well as its effect on optical
observables is provided in Table II. Based on this, an opti-
cally detectable high-order dissipative Kerr-type nonlinearity
in the THz regime is predicted: Since the temporal oscillation
period of the THz field is longer than the typical orienta-
tional relaxation time, it is sensitive even for small changes
in the orientational relaxation dynamics. Thus, for external
THz field strengths above 0.1 MV “an increase of the thin film
transmission by more than 20% is observed.

Since orientational relaxation acts as dephasing of the op-
tical excitation, future work on collective phenomena could
provide new insight.
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APPENDIX A: INTRABAND EXCITATION TERM

The dipole interaction between electrons at positions r; and
the light field E*' reads

H, = le,- CE°(r;, 1). (A1)

In a second quantization framework, Bloch waves
\/va,tk,\(r)e""r with lattice periodic Bloch factors u; (r)

are introduced

Hu= Y f it (0)F - B ()i (1)

kk’AA’

z(k K)r

ak % akj, - (A2)

Here, A, denote general bands. To derive the Hamil-
tonian for intraband excitations, the identity re/®*)T —
—iVie!®K)T i5 ysed. This maps the real-space dipole opera-
tor er within the Bloch basis to the momentum gradient —ie Vi
[70]. Integration by parts under the assumption of a vanishing
boundary term [67] leads to

D [Vie T B () (i (0t (P)a; ax )
k

= — Z S KKITRL (“ltw(r)[vkukx(r)]al/,vakx
k

+ U (D (0)ay,,, Viear,)- (A3)

The second term in Eq. (A3) results in the intraband
Hamiltonian, Eq. (1), whereas the first term describes
interband excitations [118] and is neglected in the following.
The position vector r = R, + F is separated into lattice vector
R, and position within the unit cell ¥. Assuming that the light
field varies weakly over the unit cell E°'(R, + F) ~ E*'(R,)

with  Fourier transformation E“(R,)=3_, eiQ‘RnE:;)t
yields
ie , e
Hlm = Z Etol Zel(k k'+q)- R"/ dfel(k_k )-F
v kK, uc
q
Y
X Uy (f')“kx(f“)a;kaakx (A4)
= Z Etor / die'T
UC K.q, 1,0 uc
X Mqu(f')ukx(f‘)ahqukakk. (A5)

In the last step, the sum over the lattice vectors R,, describes
momentum conservation by 8y k4q. In the limit of small
momenta |q| < |k| carried by the light field and the orthonor-
mality of the Bloch factors this results for the conduction
electrons in the intraband light-matter Hamiltonian

Hy,y = ie) Eq-af, Viax (A6)

k.q

Finally, Eq. (1) is derived by substituting k — k — % and
q— —q.

APPENDIX B: UMKLAPP PROCESSES IN FCC LATTICES

Lets consider an electron-phonon interaction, as described
in Eq. (1), where the electrons in the initial and final state have
momenta k and k + q + G in the first Brillouin zone. Then,
the maximum momentum transfer |q + G| for a scattering
process across the Fermi sphere is approximately 2kz [71,97].
In areduced zone scheme, the phonon momentum is restricted
to the Debye sphere |q| < gp. In particular one derives via the
triangular inequality

|G| < |q| + 2kr < gp + 2k (B1)

This estimate is even valid for a broadening of the Fermi edge
up to 2.2 eV in gold.

For integer [, m,n and a lattice constant agp, the set of
reciprocal lattice vectors for an fcc lattice reads

—l+m+n
2
G="T\1-m+n | (B2)
DN\ I+m—n

In total, this results in 14 nonvanishing reciprocal lattice
vectors that fulfill the condition in Eq. (B1) and have to be
considered for umklapp processes.

APPENDIX C: PHONON-ASSISTED DENSITIES

The full electron-phonon dynamics resulting from the in-
teraction Hamiltonian in Eq. (1) reads

i
atfk(t)|scatt = _ﬁ Z g((;(:F Sqy.ka.ky () + S:—Ch,kz,h (t))
ql,G,,i

(CDH

The quantities Squ ks kg (F) = (bqlaz1 ag, ) (t) and S, 1,k () =
(b' ak ag,)(t) are phonon-assisted electronic densities de-
scr1b1ng phonon absorption and emission processes with
respect to the corresponding electronic intraband transitions
under momentum conservation. Their dynamics are calcu-
lated again via a Heisenberg equation of motion involving
the single-particle Hamiltonian for electrons and phonons and
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their interaction and result for phonon absorption in

i

Sqrke ks = ﬁ (ekl — €k, + hwa)sm,kz,kl
G’ :
+ Z g—qz 1+ b—qzbql + qub(h)akzalq—qz—(}’)
q2.G/,
o
+ Z g—‘h< —qzb‘ll +qub‘h)akz+Qz+G’ak1>
q2.G/,
= > &l g o) ©2)
K.G'

and for phonon emission in

% ! (Ekl — €k,

+ Z ng bT b +b1—11bLQ2)akzakl —q2— G>

Sqr.ke kg = - hwa)sqbkz,kl

q:.G,

+ Z gg’z,((l + b;lb + lequ:)akz-le-ﬁ-G akl)
q:.G,

o Z 8aq ai;’+q1+G/al1(zak akl) (C3)
K.G’

The breakdown of the occurring hierarchy problem is treated
in second-order Born approximation

((baybas + b b )iy ara) ~ (bbb aslai,ana) - (CH)

and in a Hartree-Fock like correlation expansion for the
four electron operator expectation values [80] by ne-
glecting all higher-order many-body correlation functions
(bzlquaﬂzakl)"(t) as well as coherent phonon contributions
(bfﬂ)) (¢). Here, the phonon occupation ng, = (bglbql) is intro-
duced.

By substituting the momenta from Eq. (C1) together with
a subsequent formal integration of Eqgs. (C2) and (C3) lead
to the integral expressions in Eq. (7). There, to obtain a lo-
cal scattering theory for the electronic occupations fi terms,
which are nondiagonal in the electronic momenta are ne-
glected. In the Markovian limit, these integrals are solved
by identifying energy conserving Dirac-§-distributions in the
integrand [75]. This results in the Boltzmann scattering equa-
tion (8).

APPENDIX D: RELAXATION TIME APPROXIMATION &
DRUDE MODEL

The Drude model is a classical description for the linear op-
tical response of the quasi-free conduction band electrons of
noble metals under the assumption of a phenomenologically
introduced Drude collision rate yp [13,14]. In a relaxation
time approximation

dfilt) = %E“’t(r)-kak(t)— yo (A — £9), (D)

the Drude model is derived from the microscopic dynamics
described by the thin film Boltzmann equation (21). To derive
an expression for the Drude collision time y,; ! from the full

electron-phonon scattering equation (8), the electron distribu-
tion fy is expanded in linear order with

fiut) = £+ fl@), (D2)

where
1

A= —amr (D3)
exp { S o F+1

is the equilibrium Fermi-Dirac distribution and f!(7) is the
small perturbation from the equilibrium. Because of the con-
servation of the total electron density, the perturbation term
has to fulfill the sum rule [95]

D@ =0.
k

In accordance with Refs. [54,55,71,96], the linearization re-
sults for normal processes in the well-known Bloch-Griineisen
formula for the electrical resistance, where the relaxation rate

is given by
\%4 m qp q3 )
oo doL @ G=0
27 h3kBY~eq A qk3 q‘gq

1 1
®,(T,,) = ha, : (Do)

Tiog g
ekl — 11 — e k8l

(D4)

Y (Ty) = , (D5)

with the Debye wave number gp as maximum transferred
phonon momentum in a reduced zone scheme. The remaining
q integration is solved numerically.

The relaxation via umklapp processes requires a more de-
tailed proceeding, since the reciprocal lattice vectors G break
the isotropy of the g-integration. However, by substituting
p =1q+ G| [97] and averaging over all directions of the
momentum Kk [71], one obtains

\% m 4qp q
YT, dg——@
nele) =50 h*kgnqcé;)/(;_ZkF LD Ye

2%k
X / dpp2|g§:p_q|2. (D7)
G—q

Here, the boundaries of the integrals are important to include
only scattering processes on the Fermi surface obeying the
condition in Eq. (B1). Thus, the set of possible reciprocal
lattice vectors is limited to those with the shortest length [96],
Appendix B. Inserting the special electron-phonon matrix el-
ement applied in this work [cf. Eq. (2)] and carrying out the p
integration yields

ezha)q
T2ve,

U(T ) 14 m /QD d q
Vi Ueq 2 h%kBqu oo qZGk3

Kk (2kp—G + q) D
K242k (G—q) )

(1))

X (ka—G + g—« arctan |:

In agreement with our numerical results for the orientational
relaxation time from Sec. 111, the Drude collision time is esti-
mated at the Fermi edge with y,; s (ku + ku) ' =19.9fs,
where the single contributions are (yg )"! =83.0 fs and
(yk )~! =26.1fs.
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To derive the Drude model, the linearization from Eq. (D2)
is introduced to Eq. (D1) and solved in the frequency domain

FEC (@) - Viefe!

filw) = —1— (DY)
lw —V¥p
The macroscopic Drude model results from the current den-
sity calculated with Egs. (4) and (25). For a parabolic
dispersion, integration by parts with vanishing boundary terms
solves )\ Vi Vi fx = —%]l > 'k Jk and results in the Drude
susceptibility

=5 (D10)

=&, — —

ALY "7 w0 +iwyp
with the plasma frequency a)lz) = % Here, we add an effec-
tive dielectric background via &, = &, — &, phenomenologi-
cally as in Eq. (19).

APPENDIX E: INDUCED FIELD IN THE THIN FILM

As restriction of the formal solution in Eq. (13) to the
special thin film geometry shown in Fig. 1, the incidence of
the irradiated field Eg is assumed in z direction perpendicular
to the thin film with polarization in y direction. Assuming
a purely in-plane current density leads to a reduced one-
dimensional problem for the solution of the wave equation.
The current density j,(¢) localized in the thin film between
z=0andz=d,

Js(r, 1) = O@)(1 — O(z — d)) js(t)ey (EL)

is described as spatial homogeneous in the thin film via the
Heaviside-® function. Thus, the inhomogeneous solution of
the wave equation is solved in cylindrical coordinates
. (2 r—r'|
Js(@d it £ —)e
Em@m=af¥ﬂ$———Lll
Ir —r|

=ha/ A0 (1 — O — d))

o0

o js(f £
X/ ap
0 VE@—=2)+p?

d 00
zzna,f dz’/ i £ 6y (E2)
0 =

(z—2)2+p"
c )ey

Here, the substitution & = —V(Z_ZCW is applied. Since the
current density depends now just on the retarded time 7 & &,
we can rewrite the time derivative via a derivative by £ and
solve the &-integral

d 00
= o7 / dz’/ d&0g js(r £ &)ey
0 lz=2/|

d _
— :I:ZN/ dz’js<ti 2=z ')ey. (E3)
0 Cc

In the approximation of a small film thickness compared to
the wavelength d <« A, retardation effects in the film are
negligible. Finally, this results in the inhomogeneous solution
of the wave equation in Eq. (14).

Radiative damping. The dynamics of the macroscopic
current density obtained from Eq. (21) is affected by a
self-interaction via the re-emitted field and the background
polarization

0 6222 Vi fkEinaG, Pp) (E4)
Y — — V in . .
| R k k kJkEind b

Applying the induced field from Eq. (14) and solving in fre-
quency domain yields a radiative damping rate y;.q,

f ~ <1 ! >° i, (E5)
—lw) ~ — - = —VradJ>
! CoMout i@ Eou=t0) 4 9 ! Vrad)

CoMout

which depends only on the total electron density ny =
% Zk fx- Therefore, since the density has to be conserved for
all times in a spatial homogeneous system, the self-interaction
does not contribute nonlinearities to the macroscopic current
density.

APPENDIX F: NUMERICAL METHODS

The full nonlinear thin film Boltzmann equation (21) is
solved numerically in python 3.11. The electron dynamics
is implemented on a three-dimensional momentum grid in
spherical coordinates with a linear discretization of the ab-
solute and angular components of the momentum vector k =
(k, 6, ¢). Since the excitation and relaxation dynamics occur
only close to the Fermi edge, a simulation in a spherical
shell in an interval kp;, < kr < kmax located around the Fermi
wave number kr is sufficient. The limits are chosen such
that fi . (#) =1 and f;  (t) =0 for all times ¢ during the
simulation within necessary numerical accuracy. The grid size
corresponding to the absolute momentum & has to be adjusted
to the broadening of the electron distribution fi(¢) and is
determined by the strongest excitations in Secs. III A and
III B, respectively. For example, for the nonlinear THz excita-
tions (Sec. III B 2) with strong deflections from equilibrium, a
k-grid with momentum discretization dk = 0.007 ﬁ, kmin =
9.0 ﬁ and kp.x = 14.5 ﬁ is chosen, whereas for the linear

results in Sec. IITA 1 dk = 0.0035 =, kpyin = 11.7 = and
kmax = 12.3 ﬁ is sufficient to obtain converged results. All
these momentum limits correspond to energy intervals with
a width > fiwq that is larger than typical phonon energies,
so that the scattering of electrons located close to the Fermi
level via phonons out of the simulation volume is unlikely. All
calculated transmission spectra have proven to be independent
of the angle discretization for resolutions below dg = % and
d6 = % within a numerical error of +1.1%.

The Boltzmann equation (21) is implemented as matrix
equation: The electron occupation fx — F and Pauli blocking
term (1 — fi) — F are treated as (n; x n, X ng)-dimensional
vectors, where n; is the number of discretization points of
each momentum coordinate. Thereby, the scattering matrices
T/t are derived from the electron-phonon scattering rates,
Eqgs. (9) and (10), by interpolating the energy-conserving §
distributions on the discrete momentum grid. The momentum
gradient in the light-matter interaction is implemented via
finite differences as a symmetric three-point stencil for all
three momentum components Vi — D. This results in the
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vectorized Boltzmann equation
¥ = ((Eg + Eina(F))D) - F
+I"(F) - F— L(F)-F, (F1)

where Eiq(F) is the induced field in Eq. (14) and - is the
matrix product.

The time integration of the Boltzmann equation is per-
formed with a Runge-Kutta algorithm of second order, which
has been proven as more efficient and stable for calculat-
ing spectra from the dynamics than time-adapted solver. To
improve efficiency, we apply two time grids: A fine time
grid (discretization df) is applied during the excitation pulse,
when the fast oscillation of the external field perturbs the
momentum polarization of the electron gas rapidly. Thereby,
for infrared excitations in Sec. IIT A, we set df = dr/200 and
for THz excitations df = dt/10 (Sec. III B), where dt = 0.1
fs is the discretization of the rough time grid applied on longer
times for the comparable slow thermalization and cooling

dynamics after the excitation pulse. In this way, dr is set
independent from the frequency of the external field.

The occurring discrete momentum sums are replaced by
Riemann integrals

14 3
Z = Gy /d k. (F2)

k

The |k| integral in the time integration loop is automatic
parallelized on up to 12 CPU’s with numba 0.56.4.

The initial electron occupation is set to a Fermi-Dirac dis-
tribution f,? as in Eq. (D3) in equilibrium with the phonon
bath with T,(—o0) = T,

As shown in Ref. [50], the Boltzmann equation fulfills the
detailed balance, which implies a conservation of the total
electron density in a closed system. Therefore, the detailed
balance is one criteria for convergence of the numerical results
and is satisfied by all results presented in this paper within the
required physical accuracy.
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