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Gross—Neveu—Yukawa-type models such as the chiral Ising, chiral XY, and chiral Heisenberg models, serve as
effective descriptions of two-dimensional Dirac semimetals undergoing quantum phase transitions into various
symmetry-broken ordered states. Their relativistic quantum critical points govern the systems’ physical behavior
in the vicinity of the transition also at finite temperatures, which is strongly influenced by critical order-parameter
and chiral fermion fluctuations. Here, we explore the effect of these fluctuations at zero and finite temperature,
both in the Dirac phase and in the Mott phases with spontaneously broken symmetry. To that end, we set up
a functional renormalization group approach, which allows us to systematically calculate the quantum phase
diagrams and scaling behavior at and near quantum criticality. We explicitly estimate quantum critical exponents,
calculate the quasiparticle weight of the chiral Dirac excitations, and determine the extent of the quantum critical
fan. Furthermore, we expose a semimetallic precondensation regime where order-parameter fluctuations destroy
order at finite temperature and we show the related manifestation of the Coleman—Hohenberg—Mermin—Wagner
theorem. For the chiral XY model, we also expose signatures of Berezinskii—Kosterlitz—Thouless physics in a
system that includes strong fermion fluctuations. In view of recent experimental developments on correlated
phases in highly tunable two-dimensional Dirac materials, our work aims at a more comprehensive theoretical

description of relativistic quantum criticality in semimetals, including non-Dirac liquid behavior.

DOI: 10.1103/7kw4-8r3m

I. INTRODUCTION

The advent of Dirac materials [1,2] has fueled the in-
terest in their quantum phase transitions driven by strong
correlations [3]. Due to the presence of gapless Dirac
excitations, such transitions cannot be described by or-
der parameter fluctuations alone; hence, they challenge the
Landau—Ginzburg—Wilson paradigm [4]. Naturally, quantum
phase transitions are a zero-temperature phenomenon driven
by the variation of a nonthermal control parameter. However,
the point of a continuous quantum phase transition, i.e., the
quantum critical point (QCP), can impact observables over a
wide range of the phase diagram, even at finite temperatures
[5,6]. Around metallic quantum critical points this does not
only include bosonic excitations of the order parameter, but
fermion excitations also show anomalous behavior inducing a
non-Fermi liquid regime [7—15]. In addition, gapless fermion
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modes fundamentally change the universal critical behavior
by providing additional source fluctuations beyond those com-
ing from the order-parameter. In the particular case of Dirac
materials undergoing a continuous quantum phase transition,
it has been argued that their quantum critical behavior can be
captured by Gross-Neveu-type models that are well known in
the context of relativistic quantum field theory [3,16—18].

Experimental efforts notwithstanding, the prototypical
Dirac material—graphene—could not be observed to exhibit
such behavior. Yet, the discovery of correlated phases in
twisted bilayer graphene near the magic angle [19,20] has
inspired theoretical proposals, suggesting that quantum criti-
cality of Dirac electrons can be accessed by twist-angle tuning
in such Van-der-Waals heterostructures [21-23]. Similarly, the
recent experimental observation of a transition from a Dirac
semimetal into an insulating state in twisted WSe; tetralayers
by variation of the twist angle [24] can be expected to fall
into the universality class of Dirac quantum criticality. Also,
certain organic crystals host massless Dirac fermions which
can undergo an interaction-induced transition to insulating
behavior [25-27].

Typical examples for insulating ordered phases that have
been argued to be present in strongly-correlated Dirac materi-
als with Fermi level at the Dirac point include charge-density
wave (CDW) or valley Hall order [16,28-33], Kekulé valence-
bond-solid order [34,35], intervalley-coherent (IVC) states
[31,36,37], or antiferromagnetism [16,38—40] (AFM). Em-
ploying zero-temperature field theory, there is extensive work
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describing the quantum critical behavior of these transitions
in terms of effective Gross—Neveu—Yukawa-type models, e.g.,
the chiral Ising, chiral XY, and chiral Heisenberg models
[3,16,18,21]. The field-theoretical estimates for the critical
exponents agree well with the conformal bootstrap [41-43]
and quantum Monte Carlo (QMC) simulations [44-46] for
the chiral Ising model. For the chiral XY model the agree-
ment with QMC is also very reasonable [22,47-49], while the
quantum-critical exponents for the chiral Heisenberg model
are still under intense investigation [18,50-56]. However, the
finite-temperature behavior of such strongly-correlated Dirac
materials due to the interplay of critical order-parameter and
chiral fermion excitations remains an open question. In ad-
dition, in view of the finite, albeit small, temperatures in
actual experimental setups, going beyond the study of quan-
tum critical exponents and developing a better understanding
of thermal effects seems mandatory.

Here, we investigate quantum critical behavior at zero and
finite temperature in Dirac semimetals, which can be consid-
ered as minimal models for metallic quantum criticality. To
that end, we describe universal and nonuniversal aspects in a
field-theoretical framework by employing functional methods.
This allows us to calculate phase diagrams and scaling be-
havior of such relativistic Dirac semimetals. More concretely,
we do not only calculate critical exponents of the underlying
zero-temperature quantum critical points, but we also map out
the different finite-temperature phases and the crossovers or
phase transitions between them for the (2 + 1)-dimensional
chiral Ising, chiral XY, and chiral Heisenberg models. We
estimate the extent of a quantum critical fan via the deviation
from scaling with the dynamic critical exponent. We calculate
the quasiparticle weight of the Dirac fermions as an esti-
mate for non-Dirac liquid behavior in analogy to non-Fermi
liquids in metals. We show the phenomenon of precondensa-
tion, a strongly-fluctuating semimetallic regime, which arises
as a precursor for the formation of order. We show how
the Coleman—Hohenberg—Mermin—Wagner (CHMW) theo-
rem is fulfilled within our approach and how signatures of the
Berezinskii—Kosterlitz—Thouless (BKT) transition arise also
in the chiral XY model.

II. MODELS

At low excitation energies the classical action for electrons
in a Dirac material is represented by § = fOI/T dr [d?~'xL
with £ = Ly + Ly, where the noninteracting part £y can be
written as

Lol ¥1 =9 (In ® y*)0,v. (1)

Here, u =0, 1,...,d — 1 stands for the spacetime index with
d,, being the d-dimensional spacetime derivative and we have
set the Fermi velocity to unity. The square matrices y* obey
the Clifford algebra, {y*, y'} = 28’”Idy, where d,, is the di-
mensionality of the spinors determined by the chosen algebra
representation [57]. We consider Ny fermion flavors yield-
ing a (d, Nr)-component gapless Dirac field ¢ and its Dirac
conjugate ¥ = ¥ (Iy, ® y°), corresponding to, e.g., spin,
layer, and/or (mini)-valley degrees of freedom. For example,
in the case of spin-1/2 electrons on graphene’s honeycomb

lattice one finds Ny = 2 [16] and charge neutral twisted bilayer
graphene corresponds to Ny = 4 [21-23,58].

The Lagrangian part £;,, contains a sum of local quartic
terms that describe interactions of electrons in a Dirac mate-
rial, which are structurally given by [3,17]

Lol Y] = §<¢Maw)(waw>. 2)

Here, we have introduced the dimensionful coupling con-
stant ¢ and the index a runs from 1 to N. Together with
Ly, cf. Eq. (1), the full Lagrangian then corresponds to
a Gross—Neveu- or Nambu—Jona-Lasinio-type four-fermion
model [59-61]. The (d,N;)-dimensional Hermitian matri-
ces M, are chosen such that the interacting part, Eq. (2),
satisfies U(1)- and Z,-chiral, Lorentz, time-reversal and
parity-inversion symmetries, just as Eq. (1) [62].

In the vicinity of a phase transition towards a specific kind
of symmetry-breaking order, it is often convenient to intro-
duce a Hubbard—Stratonovich field in that particular channel,
e.g., hop, ~ g M, leading to the partially bosonized action

LoV, ¥, dal = Lol 1+ hpaUMay + 5mydadpa. (3)

Generally, fluctuations will generate order-parameter dynam-
ics and bosonic self-interactions. Hence, we add correspond-
ing terms in the Hubbard—Stratonovich action (3), yielding a
Gross—Neveu—Yukawa (GNY) model

Lany[V, ¥, ¢al = ¥ (Iv, ® ") 0u¥ — 3640, Pa

+ hpa WMoy + 3miPada + H(Paba)’-
€&

This action describes Dirac excitations coupled via a
Yukawa interaction, h? = gmi, to an N-component (auxil-
iary Hubbard-Stratonovich) bosonic order-parameter field,
¢ = (¢1, ..., ¢y) with mass mg, quartic-order coupling A, and
exhibits global O(N) symmetry [3,16,18,63].

As a concrete example, consider d, =4, which corre-
sponds to the honeycomb lattice with its valley and sublattice
degrees of freedom. A possible choice for the (4 x 4)
gamma matrices in d = 2 + 1 dimensions, describing spin-
less electrons, is given by y° =L ® 03, y' =03 ® 0, and
y2 =1, ® o, for the kinetic term, along with two additional
anticommuting matrices y3 =01 ® o, and y5 =07 Q 07,
which together define the “graphene representation” [16].

Including the spin degree of freedom amounts to choos-
ing N =2 in this representation. Then, the 8-dimensional
square matrix M, = o, ® I with a = 0 defines the chiral
Ising model, where oy = I,. An index a running from 1 to 3,
with o, being the Pauli matrices, defines the chiral Heisenberg
model. These two models then effectively describe spin-1/2
fermions on the honeycomb lattice in the vicinity of the phase
transition from a Dirac semimetal phase to charge-density
wave (CDW) or antiferromagnetic (AFM) order, respectively
[16].

It was argued in Ref. [40] that the experimentally observed
relativistic Mott transition in artificial graphene engineered
from twisted WSe, tetralayers [24] simulates the ideal honey-
comb lattice with sublattice and SU(2) spin rotation invariance
where interactions drive an AFM transition. This suggests a
transition described by the Ny = 2 chiral Heisenberg model.
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One version of the chiral XY model corresponds to choos-
ing M, = Iy, ® 0, ® 0, with a = 1,2 and the bosonic field
being a complex scalar field, representing a Kekulé distortion
of spin-1/2 fermions on the honeycomb lattice for Ny = 2
[35]. For Ny = 4, the chiral XY model was argued to be the
effective model that describes the quantum phase transition to
an IVC state in angle-tuned twisted bilayer graphene [22,23].

III. FUNCTIONAL RENORMALIZATION GROUP
A. Method

A suitable method to simultaneously resolve the models’
universal critical behavior and nonuniversal phase diagrams
near the quantum phase transition is the functional renor-
malization group (FRG) [64]. The FRG includes fluctuations
in a nonperturbative way and has been found to describe
the critical behavior of many models of statistical physics
and quantum materials to a very good level of preci-
sion even at low orders of the approximation, see, e.g.,
Refs. [65-68]. It was employed before to directly ac-
cess the quantum critical behavior of Dirac materials in
2 4+ 1 spacetime dimensions at zero temperature, see, €.g.,
Refs. [67,69-77], and to describe finite-temperature effects in
such models [78—82]. The method is based on introducing an
infrared (IR) cutoff with scale k into the partition function,
Z = [, DPe I — Z;, where A is the ultraviolet (UV)
cutoff. This is achieved by adding a regulator term bilinear in

the fields ®(g) = (¢(q), ¥ (q), tﬁT(—q))T to the microscopic

action, i.e.,
S5 [ L9 [ AP rB me)
Qnyl | @y | 2% TP N PIPIP
+ ¥ (@R (g, p)mp(m}, Q)

with R,((B )(q, p)and R,((F )(q, p) being the bosonic and fermionic
infrared regulators, respectively. The scale-dependent flowing
action I'; is the Legendre transform of the scale-dependent
Schwinger functional Wy = — In Z; [64,83].

The FRG evolution of I'y interpolates between the micro-
scopic action at large scale, k — A, where the classical action
is recovered I'y_, o =~ S, and the full effective action at k — 0,
i.e., I’y =~ I'. The evolution equation for the flowing action
Iy is the Wetterich equation [84]

0T [@] = ISTR{[TP[0] + R RO}, (©)
where the RG time is t =In(k/A), with 0, = k%. The
second-order functional derivative of the effective ac-
tion with respect to the ﬂuctuatmg fields is given by

<
(F(2)) (p,q) = ach( — ka0 mb(q), and the supertrace, STr, in-
tegrates over all momenta and sums over all field degrees of
freedom including a minus sign for the fermion sector.

At finite temperature, frequency integrals are replaced by
Matsubara sums,

dd 1
qo — Wy = 27TCnT’ Z/ (27T)d e )

(277 )d

TABLE 1. Chiral Ising/ XY /Heisenberg universality in 2 + 1
spacetime dimensions for Ny = 2: correlation length exponent v and
anomalous dimensions 7, and ny, for bosons and fermions, respec-
tively. We compare to results from more advanced FRG truncation
schemes, including both next-to-leading-order (NLO) approxima-
tions and higher-order derivative expansions such as LPA’12. We
also compare our results with estimates from other methods, e.g.,
perturbative RG, conformal bootstrap, and Monte Carlo simulations.
To obtain the values for v from some of the references, we have
performed simple numerical inversion of 1/v.

Chiral Ising 1/v un Ny
this work, FRG (LPA'4) 1.00 0.76 0.032
FRG (NLO) [72] 0.994(2) 0.7765 0.0276
e-exp w/ DREG3 [86] 0.993(27)  0.704(15) 0.043(12)
conformal bootstrap [43]  0.998(12) 0.7329(27) 0.04238(11)
QMC [46] 1.07(12) 0.72(6) 0.04(2)
Chiral XY 1/v N Ny
this work, FRG (LPA'4) 0.86 0.87 0.063
FRG (LPA’12) [73] 0.86 0.88 0.062
e-exp (interpolation) [49]  0.904(9) 0.85(3) 0.095(19)
QMC [48] 0.94(1) 0.64(2) 0.15(1)
Chiral Heisenberg 1/v N Ny
this work, FRG (LPA’4) 0.76 1.01 0.085
FRG (NLO) [74] 0.795 1.032 0.071
€-exp (interpolation) [87]  0.83(12) 1.01(6) 0.13(3)
HMC [55] 0.84(4) 0.52(1)

DQMC [56] 1.11(4) 0.80(9) 0.29(2)

where the Matsubara frequencies w, can be fermionic
with the definition ¢,|y = ¢, = (n + 1/2), or bosonic with
¢nl¢ = cp,n = n. The FRG approach has been well established
for systems at finite temperature in various contexts, before,
e.g., for cold atoms, Hubbard models, or quantum chromody-
namics, see [64] for references.

B. Flow equations

To use the Wetterich equation in the context of the
GNY models, we choose a truncation for the flowing action

Ty = TulY, ¥, ¢,] reading
YT i
Ty =/ dr/dd‘lx[Zx//,klﬂ(INf ® y*)ou v
0

1 _
— 5 Zsabad) o+ B TMY + Uk(p)}. ®)

This approach is well-established in the FRG literature and
has been successfully applied to a wide range of systems,
where even leading-order derivative expansions yield quanti-
tatively accurate results near criticality as shown in Table I,
see, e.g., [67,85]. Here, we included scale-dependent wave
function renormalizations Zs; and Zy ; for bosons and
fermions, respectively, a scale-dependent Yukawa coupling
hy, and a scale-dependent effective potential U, which de-
pends on the field invariant p = %¢a¢a. At the UV limit, the
classical microscopic action given in Eq. (3) is recovered by
Zyr—>n —> 0and Zy ;.o = 1. The anomalous dimensions for
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fermions and bosons can be defined via the wave function
renormalizations 74,y = —0;InZy,y . We discuss the UV
conditions of the effective potential and Yukawa coupling
below.

The FRG flow equation for the dimensionless effective
version of the effective potential, i.e., uy = k~?U,, is obtained
by evaluating Eq. (6) at constant bosonic field and vanishing
fermionic fields. To that end, we choose a linear regulator
scheme [65,66], which is explicitly given in Appendix B. We
find

Byt = — dug + (d — 2+ ny)pu

— 2vddnyl(()F)d(r, Wy Ny )
9
+ 204057 (2, wp3 g)

+2(N — Dogl$® (x, us 1),

where we introduced the fermionic and bosonic masses
wy =2h7p and wy = u| + 2pu, respectively. The bar no-
tation indicates dimensionless rescaled quantities such as
p=Zpik*p and It =7, 7,7k ki, while the prime
notation indicates derivatives with respect to p. The re-
duced temperature is v =277 /k and the volume factor
v7! = 24+179/21(d /2). The threshold functions §”/" rep-
resent all one-loop corrections using the full fermion and
boson propagators. They are a product of a factor coming from
momentum integration and another one related to Matsubara
summation, which encodes the systems dependence on the
temperature. For our regulator, these integrations/summations
can be carried out analytically, see Appendix B.

The first line in Eq. (9) is due to dimensional and field
rescalings. The second line arises from the fluctuations of
the Dirac fermions. The third line represents the contributions
from the radial modes of the bosons. The last line corresponds
to the possible Goldstone-mode fluctuations, which are only
present for the chiral XY (N = 2) and chiral Heisenberg
(N = 3) models, but not for the chiral Ising case N = 1.
Schematically, fermion fluctuations drive the effective po-
tential into the regime with spontaneously broken symmetry
upon integration towards the infrared, i.e., k — 0. Bosonic
fluctuations, in contrast, counteract this tendency and, in par-
ticular, the Goldstone fluctuations melt down a finite vacuum
expectation value (VEV) at finite temperatures, i.e., they sup-
port the restoration of symmetry, see below.

We expand the effective potential as

0 4 ()
Uep) = (o =)', (10)
n=1 :

with the k-dependent minimum of the effective poten-
tial kx = Pmink, related to the VEV of the bosonic field
Kk = %(gbaqﬁa). The effective action I'y with this kind of po-
tential and uniform wave function renormalization is referred
to as improved local potential approximation (LPA’).

A finite VEV of the bosonic field is directly related to
the fermionic mass gap in the IR limit m; = hy/26¢|i0-
Therefore, the VEV serves as an order parameter for
spontaneous symmetry breaking (SSB), which renders the
fermions massive. We work with a basic truncation taking n up
to nmax = 2 in Eq. (10), which we find to be sufficient for our

purposes, see below. We use the notation )»,((]) = m2. . for the
dimensionful bosonic mass squared in the symmetric (SYM)
regime (k; = 0), k,(cl) = 0 in the SSB regime (x; # 0), and
)L,((z) = A, being the dimensionful quartic bosonic coupling.

We note that we use a truncation with an effective Lorentz
invariance due to equal velocities of the bosons and the
fermions, i.e., v, = vf, which we have set to unity. This invari-
ance was shown to emerge at the QCP of Gross—Neveu-like
models, see Ref. [88], and we assume that remains a good
approximation in proximity to the QCP. This assumption is
further supported by continuity arguments, suggesting that the
system remains approximately Lorentz-invariant close to the
QCP, even at finite temperature. Additionally, recent quantum
Monte Carlo results [89] provide numerical evidence for this
emergent symmetry in Dirac systems near criticality.

The flow equations for the Yukawa couplings and for the
fermionic and bosonic wave function renormalizations are
obtained from the following projection prescriptions:

. — — <«
i ) ) )
hk = — Tr Ma = Fk 2 s (11)
Ned, 5AGa(q) 8% (q) “8V(q")
7 a diq Kt r 3 (12)
T 9g | Cr)l 5Aa(—q) FSAG(g)
and
I
Zva = —

Ndd,

ag* ) ) 5% (—q) “sy(q)
(i3)

by substituting Eq. (6) in their scale derivatives. All the
expressions are evaluated at ¥y = ¥ = A¢, = 0 and zero mo-
menta ¢ = ¢ = ¢” = 0. In Appendix A, we give the flow
equations and their derivation explicitly for the Yukawa cou-
plings and the anomalous dimensions, which are different
for the chiral Ising, chiral XY, and chiral Heisenberg model.
During the FRG evolution, the flow equations of the boson
and fermion anomalous dimensions as well as the Yukawa
coupling are then evaluated at the scale-dependent minimum
of the effective potential.

0 diq K S
x Tr| Uy, ® y*)— r ,

IV. QUANTUM CRITICAL EXPONENTS

Quantum critical points show a specific behavior that can,
for example, be represented by the scaling of the correlation
length at zero temperature, i.e., it diverges as

§oclg—gl™, (14)

where v is the correlation length exponent. Simultaneously,
the characteristic energy gap A scales as

Aoc|g—gel™, (15)

with the dynamical critical exponent z. Importantly, the quan-
tum critical point has a significant impact on the phase
diagram even at finite temperature, e.g., by governing its be-
havior within the quantum critical fan (QCF) above the QCP.
For example, the thermal length in the QCF then scales as

Er o T7V7, (16)
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Further relevant relations on quantum critical behavior at zero
and finite temperature can be found below and in standard
reviews, e.g., Ref. [5] and textbooks, e.g., Ref. [6].

We extract the critical exponents of the QCP from the
properties of the non-Gaussian infrared-stable fixed point
of the models’ FRG equations [67,69,70]. To that end,
we consider 7 = 0 and determine the coupling coordinates
where all FRG flow equations vanish simultaneously, i.e.,
Ba(@*) = 3@ilgmqr = 0 with o* = (i, A"}, The critical
exponents then correspond to the negative eigenvalues 6;

3B,
Lf|a:a* evaluated at the non-
J

of the stability matrix, S;; =
Gaussian fixed point o*. We order the eigenvalues 6; by
magnitude and the largest positive one corresponds to the in-
verse correlation length exponent §; = 1/v and the anomalous
dimensions at the QCP are given by Eqgs. (A17) and (A18)
evaluated at ™.

For Ny = 2 and np,, = 2, we show our estimates for the
correlation length exponent v and the anomalous dimensions
ne and ny in Table I. Despite the simplicity of the present
FRG truncation these estimates agree well with the results
from more advanced FRG truncations schemes, see Table 1.
For comparison, we also show the estimates from other quan-
tum many-body methods, e.g., perturbative RG, conformal
bootstrap, or quantum Monte Carlo simulations in Table I. We
note that especially for the case of the chiral Heisenberg model
the estimates still vary quite strongly, which deserves further
study. For larger N, for example, for the physically relevant
choice of Ny = 4, the agreement improves systematically due
to the approach of the large-N; regime, see Refs. [43,49,87,90]
for the actual numbers.

V. FINITE-TEMPERATURE PHASE DIAGRAM

The analysis of the critical exponents provides a foun-
dation for studying the phase diagram at finite temperature.
Specifically, we are interested in the phases and excita-
tions as function of the UV initial quartic fermion coupling
g= h,% /mé, «» Which we obtain from the solution of the RG
flow equations in the IR at k — 0. To that end, we resolve
the scale-dependence of the models’ couplings, i.e., the ef-
fective potential, the Yukawa coupling, and the anomalous
dimensions. For the UV initial conditions, we set the reference
scale to A = 1, defining the units. We then choose an effective
potential in the SYM regime, i.e., a vanishing VEV of the
bosonic field and mé|k: A > 0, and further we set A|—p = 0,
h2|k:A =1, Zyli=a = 10~° and Zylk=a = 1, which reflects
that the models are derived from a purely fermionic system.
Generally, the nonuniversal features of the phase diagram
depend on the choice of these initial conditions and, for future
work, it will be interesting to connect them to relevant mi-
croscopic lattice models. We have numerically confirmed that
also the nonuniversal features of the phase diagram depend on
the initial conditions only mildly.

We illustrate the scale dependence of the effective potential
in Fig. 1, where we show the RG flow of m? « (dashed lines) in
the SYM regime starting in the UV for different temperatures.
The effective potential evolves as the RG scale is decreased
and, for small enough temperatures 7', it develops a nonva-
nishing minimum «; > 0 (solid lines), i.e., the system is in

10°
SSB Uk SYM = Uk
10—2 ~ v
@& o~ ¢ & 9 3
04 Tx 10
3.25
3.00
2.75
2.50
2.25

2.00

I1.75

-8 =7 6 S — -3
RG time

FIG. 1. RG flows of effective potential for the chiral Ising (top
panel, g = 4.8125) and the chiral Heisenberg model (bottom panel,
g =4.515) at different T. We exhibit flows starting from the UV
scale A =1 with a potential in the SYM regime, represented by
dashed lines for the parameter miv «- (@) For the chiral Ising model,
the Z, symmetry can be broken at some RG time ¢ and develop a
nonvanishing VEV (solid lines show «;). The VEV survives the IR
limit at low but finite 7 and gives rise to a gapped Dirac phase.
(b) In the chiral Heisenberg model, the fermion fluctuations drive
the system into a symmetry-broken regime on intermediate scales
(precondensation), but the condensate does not survive in the IR
limit and the Dirac fermions remain gapless for all finite 7. This
is a manifestation of the CHMW theorem. The chiral XY model
also shows precondensation only on intermediate scales, but not
condensation, see Sec. V D.

the SSB regime, where O(N) is broken. When the system
remains in the SSB regime in the IR limit, then the Dirac
fermions receive a finite mass gap. Otherwise, when the SYM
regime is restored by the bosons, we refer to this phenomenon
as precondensation, which is discussed in more detail below.
In the upper panel of Fig. 1, we show representative flows
of the chiral Ising model for parameters near the QCP. Here,
a nonvanishing VEV corresponds to the breaking of discrete
Z, symmetry, which is allowed by the CMWH theorem. In
contrast, the lower panel shows similar flows for the chiral
Heisenberg model which exhibits a continuous O(3) symme-
try that cannot be broken in two spatial dimensions at finite
temperature, thereby leading our solution to always flow into
the SYM regime in the IR in this case. A simple analytical
reasoning for how this phenomenon is included in the FRG
shows that boson fluctuations drive the unrenormalized VEV
tozeroat T >0 ford—1<2and N > 1 [91]. From the
behavior of the solution in the IR, we determine the conden-
sation transition to the insulating (Mott) phase as depicted in
the phase diagram Fig. 2.

As a next step, we explore the temperature dependence of
the thermal length scale §7 = 1/mglx—o of the system as a
function of the initial coupling g. We focus on the region of the
phase diagrams where no condensation or precondensation
occurs, i.e., in the fully symmetric phase where the Dirac
fermions are gapless. For fixed coupling g, the thermal length
exhibits a temperature dependence for which we choose the
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FIG. 2. Phase diagrams of the chiral Ising, chiral XY, and chiral Heisenberg models in the coupling-temperature plane (from left to right)
with Ny = 2. The red dashed lines identify the crossover to a semimetallic precondensation regime, while the red solid lines represent the
actual second-order phase transition to a (Mott) insulator. The critical coupling at zero temperature is indicated with dashed gray vertical
lines at g1 ~ 4.77, g. xy ~ 4.62 and g,y =~ 4.395. In the symmetric regime of the phase diagram, we represent the exponent a of the thermal
coherence length via a color scale. The extent of the QCF is shown with solid light gray lines, which follow the power law given in Eq. (18) with
z = 1=+0.2 on top of the QCP. For the chiral Ising model, we show the size of the fermionic mass gap, m; = +/2h%k, in the symmetry-broken
phase via the color code. Between the precondensation and the condensation lines, the color encodes the extent of the precondensation regime,
Atprecond. /N, for the chiral Ising and chiral Heisenberg models. For the chiral XY model, we show the correlation length in the precondensation
regime. The extremely fast growth of the correlation length was argued to indicate the transition into a BKT phase, see main text and Fig. 4.

following power-law ansatz:

Er o T, a7

with an exponent a, which is to be determined. We note that
this ansatz is only valid within respective scaling regions,
which can be found by numerically evaluating a for different
temperatures and couplings, see Fig. 2.

In Fig. 2, we find two main scaling regions for the thermal
length scale in the symmetric regime. The first one corre-
sponds to the quantum critical fan above the QCP, where the
exponent a matches the dynamic critical exponent z (pink
regions), which follows directly from the definition of the
dynamic exponent [5,6]. Note that z =1 at the QCP due
to Lorentz invariance. In addition, our calculation provides
an estimate for the actual extent of this scaling region, see
also the more quantitative analysis in the next paragraph. The
second scaling region is in the regime of smaller couplings,
g < g, at small T. Here the exponent takes the value a = 2
(cyan regions), which arises as a consequence of dominating
Dirac-fermion fluctuations, see Appendix D for a detailed
reasoning. We note that a third scaling region is expected in
the chiral Ising model due to the classical critical behavior
near the finite-temperature Z, phase transition. This behavior,
however, cannot be accessed within our truncation in two-
spatial dimensions as all bosonic operators )»,({") p" in Eq. (10)
are canonically relevant. A full resolution of the effective
potential beyond a Taylor expansion can resolve this scaling at
the phase transition within the FRG approach presented here
[64,68,92] which is, however, outside the focus of the present
work.

A. Quantum critical fan

In the region of the quantum cri tical fan (QFC), the ther-
mal length scale follows a power-law temperature dependence
as in Eq. (17) with a = z [93]. The theory of quantum phase
transitions predicts the boundaries of this scaling region to be
given by [5,6]

Tock = Axlg— g ”, (18)

with the corresponding correlation length exponent v, see
Table I. The transition away from this quantum critical scaling
region is not sharp, but rather a smooth crossover. The prefac-
tors Ay are nonuniversal, and they can generally be different
on the two sides of the QCP.

We numerically determine Ay from fitting Eq. (18) to our
data in Fig. 2 based on a +20% deviation of the dynamic
critical exponent z from its QCP value z = 1. For our mod-
els with the given initial conditions, we find for the chiral
Ising model that A} ine > 0.190 and A_ 50, = 0.192, for the
chiral XY model that A} xy >~ 0.169 and A_ xy =~ 0.176, and
for the chiral Heisenberg model that A Heisenbere = 0.122 and
A_ Heisenberg == 0.151, see the gray solid lines in Fig. 2. Note
that due to Eq. (18) for the chiral Ising model, one therefore
expects a cusplike QCF, where the boundary is a straight
line as zv ~ 1; for the chiral XY model with zv ~ 1.16 and
the chiral Heisenberg model with zv & 1.31, instead, the fan
opens with increasing slope away from the QCP as shown
in Fig. 2. For more quantitative details on the QCF, see
Appendix C.
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B. Precondensation regime

Precondensation is a precursor to the formation of or-
der, where the system has correlated domains of finite size
~kp_rgcond'. This phenomenon can be considered analogous to
the formation of finite magnetic domains known from the
ferromagnetic transition slightly above the Curie temperature.

The precondensation regime is characterized by strong
order-parameter fluctuations, which make the fermions less
coherent close to the QCP. For example, this manifests via a
strongly reduced quasiparticle weight (see Sec. V C). Roughly
speaking, the precondensation appears between the mean-
field and the actual transition temperature. In the RG picture,
we can identify regions of precondensation where condensa-
tion appears at intermediate RG scales but does not persist
in the infrared limit. These RG scales are directly related to
the finite size of correlated domains. More concretely, the
condensate vanishes, again, at some finite scale kprecond. > 0,
i.e., there is a finite range of (logarithmic) scales Afprecond.
where the system is in the symmetry-broken regime. Eventu-
ally, kprecond. = 0 OF Afprecond. — —00 when approaching the
true critical temperature, see Fig. 2. To identify the crossover
line to the precondensation regime in Fig. 2, we determine the
temperature T for a fixed coupling g where a condensate first
develops and then melts again during the flow, as shown in
Fig. 1. This phenomenon also occurs in phase diagrams of ul-
tracold atoms [94] and models for quantum chromodynamics
[95].

In the chiral XY and chiral Heisenberg models, condensa-
tion is restricted to zero temperature, as it cannot survive finite
temperatures due the CHMW theorem. As explained before,
we can observe this in the potential flows in Fig. 1. In the
chiral Ising model discrete Z, SSB occurs at both, zero and
finite temperatures. In the chiral XY and chiral Heisenberg
models, instead, the continuous chiral U(1) = O(2) and spin
SU(2) = O(3) symmetries as well as the discrete Z, symme-
try are spontaneously broken only at zero temperature [67,75],
see the precondensation and condensation transition lines in
Fig. 2. This leads to a particularly large precondensation
regime in the chiral XY and chiral Heisenberg models.

C. Quasiparticle weight

The inverse of the wave function renormalization, Zy, j,
gives an estimate for the fermionic quasiparticle weight.
Quantum critical behavior is observed for vanishing fermionic
quasiparticle weight, which is an indicator for the absence
of quasiparticles. This phenomenon only occurs at very low
temperatures close to the QCP, which is the only point where
the wave function renormalization diverges. The exhibited
behavior is similar to the one of a non-Fermi liquid with an
underlying extended Fermi surface or line [96]. Here, instead,
due to the point-like Dirac nodes, we observe indications
for non-Dirac liquid behavior, where the bosonic fluctuations
induce strong damping of the fermions, see Fig. 3. The quasi-
particle weight close to the QCP scales as [17]

VZy g~ 18— 81" 19)

with an expected peak at g., which matches our numerical
results very well, see Fig. 3 and Appendix E.

______ T x 1073
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§ 112, 92_04 06 10
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FIG. 3. Fermionic quasiparticle weight given by the inverse of
the fermionic wave function renormalization 1/Z; ; as a function of
the ultraviolet coupling g and temperature 7 for the chiral Heisenberg
model with Ny = 2. The black dashed line corresponds to the fit
provided in Eq. (19). The red dashed line corresponds to the pre-
condensation line. Inset: fermionic quasiparticle weight as function
of temperature and distance to the critical point.

At finite temperatures, we also find a pronounced suppres-
sion which is asymmetric on both sides of the QCP (Fig. 3). At
the lowest temperatures, the quasiparticle weight is minimal
above the QCP. Interestingly, at slightly larger temperatures,
the minimum evolves to an inflection point which follows
the crossover to the precondensation regime and disappears
further away from the QCP. This reflects the strong impact
of boson fluctuations in this regime which tend to make the
fermions less coherent. We observe analogous behavior for
the chiral Ising and chiral XY model, see Appendix E.

D. Signatures of BKT physics

The chiral XY model in 2 4+ 1 dimensional systems is
special at low but finite temperatures; while phase fluc-
tuations prevent long-range order at finite temperature,
quasi-long-range order is still allowed, giving rise to the
Berezinskii—Kosterlitz—Thouless (BKT) transition [97,98].
The BKT transition is a topological phase transition charac-
terized by algebraic decay of phase correlations of an XY
order parameter below Tgkr. One hallmark of BKT physics is
that for temperatures above but near the transition, the system
exhibits essential scaling in the correlation length given by

£ ~ /v Tkt (20

Here c is a system-dependent positive constant. Another hall-
mark is that, within the low-temperature BKT phase, the phase
stiffness J is finite.

It has been argued in previous work on bosonic theo-
ries that an FRG approach can show signatures of BKT
physics, already within the basic truncation for the bosonic
action that we have employed in this work [99-103]. These
signatures include that the inverse correlation length drops
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FIG. 4. Signatures of BKT behavior. (a) Evidence for approx-
imate essential scaling of the correlation length as a function of
temperature for different ultraviolet couplings following Eq. (20)
for the chiral XY model with N; = 2 near the QCP. (b) RG flow
of the phase stiffness J and Jny/T for different temperatures 7' at
ultraviolet coupling g = 4.745. For low T, the flow of the phase
stiffness is logarithmically slow and J remains finite over many
orders of magnitude, before it eventually deviates from approximate
scaling within our approach. The horizontal black dashed line in the
lower panel represents the low-temperature limit 1/(27).

dramatically when approaching the BKT transition tempera-
ture from above, see Fig. 4. We note, however, that within the
standard FRG truncations, the correlation length never actu-
ally diverges, see Refs. [102,103] for a more detailed account
of the FRG approach to BKT physics. Hence, essential scaling
is only reproduced approximately and the correlation length
stays finite, albeit huge. Here, within a similar truncation
scheme, we calculate the correlation length for the chiral XY
model. The results are shown in the middle panel of Fig. 2 and
in the top panel of Fig. 4.

In addition, we calculate the phase stiffness, which is given
by the renormalized VEV J = 2k;. It exhibits a very long RG
flow, i.e., it is approximately constant for low temperatures
as expected for the BKT phase, see Fig. 4 and Ref. [102]
for comparison. Eventually, however, it always vanishes in
our approach. Moreover, we find that the flow of the quan-
tity Jng /T approaches the low-temperature limit 1/(2m), see
Fig. 4. Here, while not going beyond previous truncations in
the FRG approach, we exhibit this evidence for BKT behavior
for the first time in a system with gapless Dirac fermions near
a transition corresponding to an O(2) order parameter.

VI. CONCLUSIONS AND OUTLOOK

We presented a comprehensive approach that describes
the phase diagram and (quantum) critical behavior in 2 4 1

spacetime dimensions of chiral O(N) models at zero and fi-
nite temperature, employing functional renormalization group
methods. We argued that our approach provides a good quan-
titative description of the quantum critical behavior at zero
temperature in terms of the extracted critical exponents in
agreement with previous estimates. At finite temperature, our
calculations expose the existence of a quantum critical fan
above the quantum critical point and we determine the ex-
tent of this crossover region. We also determine regions of
precondensation where order forms on intermediate scales,
but does not survive the thermodynamic limit leading to a
semimetallic regime with a reduced fermionic quasiparticle
weight close to the QCP. Lowering the temperature in the chi-
ral Ising model leads to true condensation and the formation of
long-range order, breaking the discrete Z, symmetry at finite
temperatures. This is reminiscent of the formation of magnetic
domains in a ferromagnet slightly above Curie temperature,
however, here in a Dirac semimetal. For the chiral XY and
chiral Heisenberg models, no condensation occurs at any finite
temperature, due to the CHMW theorem, which is fulfilled
within our approach. This gives rise to a very large precon-
densation regime in the chiral XY and chiral Heisenberg case.
The fermionic quasiparticle weight near the quantum critical
point in terms of the wave function renormalizations allow
us to identify non-Dirac liquid behavior, which we find to
be pronounced with a strongly reduced weight close to the
QCP and in the precondensation regime. We also explored
the indications for BKT physics for the chiral XY model, as
far as they are accessible within our truncation. Our unified
approach for the effective chiral O(N) models can also help to
improve understanding of corresponding numerical results for
microscopic models featuring such quantum critical points,
e.g., spin-1/2 fermions on the honeycomb lattice near the tran-
sition to a charge-density wave or an antiferromagnetic state.
Deviations from our results in microscopic calculations, e.g.,
employing quantum Monte Carlo simulations, then indicate
the presence of nonuniversal features, i.e., effects beyond true
universal quantum criticality.

There are various interesting directions for future stud-
ies. Arguably, the most important would be to draw a clear
connection to microscopic models for materials that exhibit
relativistic quantum criticality, e.g., the transition in twisted
WSe, tetralayers [24] or the one suggested for angle-tuned
twisted bilayer graphene at small (but finite) temperatures.
This would imply to extend the truncation, e.g., by including
different fermion and boson velocities and to define material-
specific initial conditions for the flow. In the future, it would
be also interesting to explore the connection to (non-)Fermi
liquids by considering a finite chemical potential, which
would lead to a finite Fermi surface. Another important as-
pect is to extract further thermodynamic observables from our
models, e.g., transport coefficients to compare to experimen-
tal data. This seems within reach regarding successful FRG
calculations of the conductivity for relativistic O(N) models
in 2 + 1 spacetime dimensions reported in Refs. [104,105]. It
will then be very exciting to see how close the experimental
data resembles the predictions from GNY models with their
comparably high degree of symmetry, i.e., how well nature
exhibits such universal emergent relativistic phenomena in
actual solids.
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APPENDIX A: PROJECTION PRESCRIPTIONS
FOR THE FLOW EQUATIONS

The flow equations are obtained by using the Wetterich
equation (6) and the corresponding projection prescriptions
for effective action Eq. (8) and the matrix regulator Ry

R 0 0
Rip.g)=| 0 0 —R7(—q) [8pq (AD
0 R () 0

J

5 = /[ 21 (x) — my 1 (x )]5 e

where we write the regulators in the form R,(< )(q) =

) /[ 2k () — g rp ()] ———

Zyxq°rp(q) and R\ (q) =

The prescription for the flow equation of the scalar poten-
tial is as follows:

U = ISTe[ (T +Rk)_l(8sz)]

$a=const, =19=0" (A2)

which leads to Eq. (9). In addition, the flow equations for the
expansion parameters gy, K and A are obtained from the
following projection prescriptions evaluated at the minimum
of the effective potential p = pPmin

Qi = | o and B dy = | _, (A3)
for the SYM regime and
= afu;c [N "
Ok = ——= and  0;Ar = 01y e (A4)
k P=Kk

for the SSB regime.

To obtain the projection prescription for the flow of the
Yukawa coupling, we separate the bosonic field into the VEV
and the fluctuations of the VEV as ¢, = ¢,0 + A¢,. Now,

the effective action F,?) can be expanded in the same fashion,

2)
k,0°

dependent part, AF,((Z). In addition, as o, acts only on the ¢
dependence of the regulator, the Wetterich equation can be
expanded by a Mercator series,

with a fluctuation independent part, I';”}, and a fluctuation

8Ty = %5,STr[ln (I +Ry)]
= 0STilin (15 + Ry)]

n+1
+ - 8,STrZ ) [(T® + R~ Ar®T,

(A5)

where the operator 9, acts only on the regulator dependence
and reads

A6
5() (A6)

iZy kqu(Iy. ® y*)rp(g). Only the cubic-order

term of Eq. (AS5) survives to the projection, which for the chiral Ising model is given by

. — — ) 3 <
i 5 5 4 AT 8
athk,l = — Tr = atSTr D) p , (A7)
6Nid, | 8AG(q) 8 (q') FiotRe) [8V@) || myeyo
T=9=A¢=0
for the chiral XY model, where the minimum lies on the ¢; axis with ¢; = ¢10 + A¢p; and ¢ = A¢s, is
— — ) 3 <
dhxy = ———Tr| (b ® %) s | (-2l 5 (A8)
kXY = — <= .0 - )
' 6Ned, 5AG2(q) 89 (q') T +Re) |8V @) || mgmgrmo
J=9=2¢,=0
and for the chiral Heisenberg model, where the minimum lies on the ¢3 axis with ¢3 = ¢30 + A3 and, ¢ = A¢; and
¢ = Agy, is
—> — ) 3 <
dh L Tl (o @ 1) S 5sme| (Sl ) (A9)
kH= — O\ Q) =< ,,
, 6N:d, 5AG1(q) 8V (q) Mo+ Re) |39 || ymggrmo
J=Y=A=0
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The projection rules for the Yukawa coupling Egs. (A7)-(A9) evaluated at the minimum of the effective potential, i.e., pminx = 0
for the SYM regime and pmin x = ix # O for the SSB regime, lead to the following flow equations:

hi = (d —4+2ny +np; + 8vdﬁill(f3)d(t, Wy s Op Ny s Np)
— 160 PR 2115 (2, oy, 043 0y ) + Buil + 20w )P (T, 0y, 0430y 1)) (A10)
for the chiral Ising model,
Wt xy = (d — 4+ 20y + 1)k} — 8vah{[ 1177 (2, wy, wpiny, ng) — 1P (¢, 0y, i ny, 0y)]
— 32vaphgul 11 (2, w0yt w311y 1) (A1)

for the chiral XY model, and

Oh?y =(d — 4+ 210y + 0} — 8uahtl ™t (x, wy, s g, 1p) — 3204 PR PP (T, w0y, U, 431y 1) (A12)

for the chiral Heisenberg model. The threshold functions /{72 and 1{F?5) are defined below and depend on the regulator choice.
Finally, we need the projection rules for the wave function renormalizations to obtain the expressions of the anomalous
dimensions. To that end, we use again the Taylor expansion for the Wetterich equation given in Eq. (A5). After the projection,

only the second-order term survives. For the chiral Ising model, we project on the radial mode

19 dq s . AT s
arzd,,lz———z/—qd—atsn —k , (A13)
40q> ) Qr) sA¢(—q) oo+ R ) |880@)| yeo
J=p=Ap=0

while for the chiral XY model

d ./ 2) s
7 o /dq ® 5T AL 5 (Al14)
- __ == - r ’
T a0 | ey sag =" I\t 4R ) |880@)|
F=Y=Ag,=0

and for the chiral Heisenberg model

2
1 [ dlqg 5 . AT® s
0Zpn=—7— | ——a———0STr| (=
49q> ) (2m)! $A¢i(q) Tio+Re) |8Ad1(g)

) (A15)

q=4'=0
¢:¢:A¢a =0

we project on the Goldstone mode. Note that the expressions are different if we project on the radial mode or on the Goldstone
mode(s). In addition, the projection prescription for the fermionic wave function renormalization

i 0 diq 5« 1",?) 3
Zy = Tr| (L ® y")— ————0,STr o) - (A16)
4Nrdd, dg J Qm)* 8y (—q) [0+ Re 8y (q') q4=4'=0
F=y=A¢,=0
For N € {1, 2, 3}, the implicit equation for the boson anomalous dimension 7 is given by
Vg - _ =
o = 8—Ned, [y (2, 0y 1y) = 201 = 285 w)phgmy" ! (x, oy 1y )]
Vd _ a1 — Vd _ .y ’
+ 8088~ DGl + 29 Ymig (v, g, 031) + (B + 82316~ p w5y (¢, u, w4 15), (A17)

projected on the radial mode for the chiral Ising and on the Goldstone mode otherwise, and the one for the fermion anomalous
dimension 7y, reads

Vg - J V4 -
ty = 8— RS (2, 0y, @43y, 1) + 8N = D~ limy (o, sy, mg). (A18)
The threshold functions m™, m{"*, m®), and m{5” are given below.
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APPENDIX B: THRESHOLD FUNCTIONS

The threshold functions, which involve the bosonic and fermionic loops and the regulator dependence, are given in our flow
equations at finite temperature by

+nvd 1T =3 _ 0:(Zy xra(yB))
I(B)d T, 5 = no / d 2 P + (n+1) - )
n (T, win) oy 2 E yy 2 yp(Ps(yp) + @) Zox

Vg1 T 0/ (Zy krr(YF))

1559 (7, w3ny) = (o +m)——
Zx//,k

Z / dyy'T yr(Pr(vr) + ) (1 + 12 ()

’

lvgy T u 1
I(FB)d(ra),a),n ,77)————— / ? |: i|
nyny 1> @25 Ty T 2 vy Z (Pr(yr) + w1)" (Pp(yp) + w2)™

lvgr t e a3 1
léf,,ggs)d(f,(lh,wz,a)%nw,)’]¢)=———— / dyyz 8’ n ny n3 |’
2 vy 2m o (Pr(yr) + 1) (Pg(yp) + @2)"(Pp(yp) + w3)™

lvg_; d = o0 -1~ P 2
2 vg d—12n = Jo (Pr(yr) + @)

z
lvy, d = o =1 [0 1+reQy ))i|2
Fyd(_ . d-1 For
my (T, w; = — dyy 2 yr 9 |-
s @maimy) = —5 == d_lznneZZ'/(; Yy T yr r[ y<Pp(yF)+w
lvgy d o0 -1 4 B P
mP¥ (. w1, wa;ny) = - I—LZf dyydzlat[ b0n) " 50's) " ]
2 v d—12m =)o (Ps(yp) + w)™ (Pp(yp) + w2)™
lvg, d = o0 d-1 ~ 1+r P,
EARTRPR TSI Sy P Y S . T
2 vy d—127 — Jo (Pr(yr) + w1)" (Pp(yp) + w2)™

where we introduced y = ¢?/k* and the dot notation denotes derivative with respect to y. The Matsubara frequencies and the
dimensionless temperature parameter, , are included in yg/r =y + (rc;_z;/p,n)2 with cg , = n and cg, = (n 4 1/2). We define
the bosonic and fermionic functions Pg(x) = x(1 + rg(x)) and Pr(x) = x(1 + rp(x))>.

Choosing the Litim regulator, rz(x) = (x~! — 1)8(1 — x) and rr(x) = (x~'/2 — 1)8(1 — x), the thermal threshold functions
from above read

1Pz, w3mg) = (s§(t) — 135 (D) 1P (@ 0),

19 (2, wing) = (s(2) = 0y 88 (D) (@; 0),
1 1

1+ o))" (1 +w)™

x {57 (@) = g3 @O @130) + a5 (0) = mpd (@I @23 0)).
1 1 1

A4+ o)" (I+w)™ (1 +w3)s

x +[s I (T) — g8 ()] [nzl(B)d(wz,O) + n%l(ﬂ)d(w%o)]}

my M (z, wimy) = sw(r)m‘“d(w; 0),

IFBM (2 w1, w31y, 1) =

niny

{m[s$ (@) = 38 O] (@150

FBB)d
l,(“nz,,; (1, w1, w2, W33 Ny, Ny) =

1— Ny
(F)d
m + t4 T

B)d d B)d
fm)lz(r w1, w23 Ng) :so(r)mill,)lz(a)l wy;0),

mSB) (T, w1, W23y, Ng) = [s(()F) (t) — n¢f(FB)d(t)]m(1§B)d(a)1, wy;0,0). (B2)

(T,(U;nq//)_s(F)d(f) _|:1—2nwt4(r)+ (F)d( )]

(1 +w)?*
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The threshold functions at zero temperature are given by

2 n 1
1P (@;14) = (8.0 +n —(1— 2 ) ,
n ( ’7¢) ( ,0 )d a +w)n+1

2 1
L @iny) = (8o + n>5<1 - )

d + 1 (1 +w)n+1 ’
2 1 1 n Ny np Mg
IFB (4 iy i 1-— + 1-— ,
n1n7 (a)l w25 Ny n¢) d(1+wl)n1 (1+w2)n2|:1+w1< d+1 1+(1)2 d+2
2 1 1 1
l;fnfffﬁ"(wl, Wy, W33 Ny, Ng) = =

d (1T + )" (I + w2 (1 +w3)"

% n 1 — Ny i n i n3 1 — Mg ’
14w d+1 14w 14+ w3 d+2

1
(Fyd ..
my (w,nx//)=(1+w)4,
1 1=, 1 1=y, 1 1
(Fyd, . _ v _ vo,-
L TP L g S TR <2d—4+4>(1+w)2’
1 1
B C N —
my (@1, w23 1g) = Tto)" Ara”
1 1
(FB)d ) (1"
mﬂl’lz (wlva’nl/fv 77¢) ( d+1)(1+w])n1 (1+w2)llz’

and the thermal Matsubara sums from Eq. (B2) are

d Vd—1 2 2
s5(1) = deg Ze(l — (tep))(1 = (rep))T
wd Ud—1 2
%m—lmﬂ_lzzya—u@wm—u@ww
(Fyd_y _ V-1 1— 2y(1 — 2
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n
d—1 1 d+1 d+3 D2 =1
x [1=lrepal 2 ——2F 1| =, i ; T ;(TCF’ ) ,
’ d+1 2 2 2 (‘ECF,n)2
whose closed expressions in d = 2 + 1 dimensions are given by
d
s5(v) = v:j—dlmz—g(l + 2s5()(3 — t2s5(7) — Tsp(1)?),
Vg_ d
(1) = Z 1d2 5o (1 4 255(T)I15 + t255()(1 + 55(T)) (=10 — 72 + 37255(7) + 37255(1))],
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d
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_ d 11
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where sp (1) = L% + %J and sp(t) = L%J. Here, we used the Poisson resummation formula

dofm=>" /1; dqf(qe "' (B6)

neZ 1eZ

and the identity

2 i)" 1 1
Lin(=2) = (=17 'Liy(~1/2) = n,l) Bn<—nz- + ‘>, (B7)
n! 2ri 2

for z € (0, 1), where B, (z) are the Bernoulli polynomials and Li,(z) denotes the nth polylogarithm. With

In(e™2"/%) = —2mi 4 2misp (1),

In(—e 7™y = zi — 2mi + 2misp(T). (B8)

The Matsubara sum 74 is only an approximation, as it was not possible to obtain the analytical result.

Note that for the mixed threshold functions "5, [(FBX and m{5", we used an approximation following the prescription
outlined in Ref. [79]. Specifically, the Matsubara frequencies were modified via the replacement (ch,,Z)2 — (rcF,,l)z, which
allows for a simplification and a good approximation of the threshold functions. The exact results for the mixed threshold

functions are given here as follows:
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2 vg d—12r (14+w)"(1 +w)

IFBA (T wy, wy3my, ng) =

niny

Lz +31-1 1—(tcpn)? s [ —2n 2 -
; /0 vy |:1—|—a)1[ nw(yF )] 1+a)2[ 1y (VB )]i|

-1 1—(tcpn)? a3 | —2m 172
n Z /; dyy™ [1-{-77(//()’1: _1)]+
|

”22[2+ N (v — 1)]]

14+ w; 14+ w

n=—L;J

L%“F%J*l ]—(TL'B )2
" =3 —Np
+ E / dyy> [2+np(ys — D]
1

<

e —(tcpa)? YB + w2
! 1=(zera)? -3 —2n
a3 1 12
+ / dyy? 1+n,v7"— 1), (B9)
Z. ey . [1+my (vF" = 1)]
n:—L?J
ln(fnlif;d(f, Wi, W2, W35 Ny, Ng)
_ 1 Vd—1 d T 1

2 vy d—127 (1 +w)(1+ w)e(l + ;)

L,+2J—1/1(m,yn)zd e[ —2m [y (62— 1)] + T Vg s — 1)]
X — —
o Yy 1+ o Ny \Vr I+ 1+ UIANG:]

115133-13



TOLOSA-SIMEON, CLASSEN, AND SCHERER

PHYSICAL REVIEW B 112, 115133 (2025)

-1

1=(rep)? as [ —2m
+ dyy =
T e

=11

L1+1)-1

[14ny(y

- (i

—ny

o )[2+77q>(yB—1)]]

2 1—(zcpn)? - —n
+ 2 / dyy™ ( =+
o 1=y VB + @2

n=l\

1 1—(tcpn)? d-3
N S

—_ L%J —(tcpa)?

YF+ o

and

—1 1—(rcpa)?
lvgy d = Fon
FB d—1
m\EP (T, w1, w231y, np) = —————{ / dy
d -

—(tcpa)?

T

Li+41-1

2 T2
x |1-— +
( 1—{-&)1) 77¢|: g

-1

—2m [1 4 (y

-0l

—ny
2+ -1
yB +w3>[ g (s — D]

(B10)

v
(I 4+ 0)(p + ©2)?

e =y (r? = 1)]

d—1
—-12

1= (tern) v
[ o
0 I+ o)1+ w)

[1+31-1

y 2

1—(tepq)?
+ > /0 dy

n=—11]
-1

12 1—(tcpn)? ydT
172 /
(I + o)1 + w)? Y Z (tern)? ()’F + w1)(1 + w)?

_22

n=—11]

b1

) Z
n=0

APPENDIX C: PHASE DIAGRAM FOR DIFFERENT
ULTRAVIOLET YUKAWA COUPLINGS

We have also performedcalculations with different initial
conditions for 4#*> and found that the position of the quantum
critical point is shifted, but the universal quantities and scaling
exponents remain unaffected. The qualitative behavior of the
phase diagram remains the same. Different choices of the ini-
tial conditions for the effective model correspond to different
microscopic model. The critical point slightly moves along the
coupling axis and the nonuniversal Ay and their ratios Ay /A_
also shift. For example, in the chiral Ising model with an
initial 4> = 2, the nonuniversal prefactors are A, = 0.173 and
A_ =0.132, with A, /A_ = 1.300, and the critical coupling
gc is at 5.035, while with an initial 2> =5, we find A, =0.153
and A_ = 0.097, with A, JA_ = 1.578, and the g, is at 5.238.

APPENDIX D: SCALING REGION ¢ =2

To understand the existence of the scaling region at very
low temperatures 7 and couplings smaller than the critical
one, g < g., we study the dimensionful flow equation for the
bosonic mass in the SYM phase at the infrared regime, where

(1= (rep, )T (1 = (reg ) + (zepn)?)
(1 + w1 + wy)?
(1= (zep)?) T B11)
(1 + (tcpn)? — (tepp)* + 0)(A +@0)? |

(

the anomalous dimensions vanish, 7¢x—~0 = 7y k-0 = 0,

F)d
hmg |0 = ghz%sé (1)
N+2 A
_ 6:2 ~ s (D1)
(1 +k m¢,k) k=0

At the infrared limit (k — 0) and very low temperatures,
the reduced temperature v = 277 /k can remain finite. For
T < 2 the fermionic Matsubara sum contributes, which
can be approximated by 6(k —2xT). In addition, at the
infrared regime, the prefactor of the bosonic Matsubara
sum A /(1 +k~?my )* ~ k* vanishes. As a result, the flow
equation reduces to 8km¢ = 3”21129(/( 27T) + Ok*). In-
tegrating this equation leads to

1/Er = mg iliso = (C1T + C)'2, (D2)
where C; and C, are constants. This temperature dependence
corresponds to the expected one in the cyan region of the
phase diagram shown in Fig. 2, where the exponent of the
thermal length is a = 2.
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FIG. 5. Fermionic quasiparticle weight given by the inverse of the fermionic wave function renormalization 1/Z, ; as a function of the
ultraviolet coupling g and temperature 7" for the chiral Ising (left panel) and chiral XY (right panel) models with Ny = 2. The black dashed line
corresponds to the fit provided in Eq. (19). The red dashed line corresponds to the precondensation line. Inset: fermionic quasiparticle weight

as function of temperature and distance to the critical point.

APPENDIX E: QUASIPARTICLE WEIGHT FOR CHIRAL ISING AND CHIRAL XY MODELS

In Fig. 5, we present the fermionic quasiparticle weight for the chiral Ising and chiral XY models, which exhibit behavior
analogous to that observed for the chiral Heisenberg model in Fig. 3. In both cases, we also observe a pronounced suppression
of the fermionic quasiparticle weight in the vicinity of the QCP, indicating non-Dirac liquid behavior.

[1] T. Wehling, A. Black-Schaffer, and A. Balatsky, Dirac materi-
als, Adv. Phys. 63, 1 (2014).

[2] O. Vafek and A. Vishwanath, Dirac fermions in solids: from
high-Tc cuprates and graphene to topological insulators and
Weyl semimetals, Annu. Rev. Condens. Matter Phys. §, 83
(2014).

[3] R. Boyack, H. Yerzhakov, and J. Maciejko, Quantum phase
transitions in Dirac fermion systems, Eur. Phys. J. Spec. Top.
230,979 (2021).

[4] L. D. Landau and E. M. Lifshitz, Statistical Physics, Part
1, Course of Theoretical Physics Vol. 5 (Butterworth-
Heinemann, Oxford, 1980)

[5] M. Vojta, Quantum phase transitions, Rep. Prog. Phys. 66,
2069 (2003).

[6] S. Sachdev, Quantum Phase Transitions, 2nd ed. (Cambridge
University Press, 2011).

[7] A. J. Schofield, Non-Fermi liquids, Contemp. Phys. 40, 95
(1999).

[8] G.R. Stewart, Non-Fermi-liquid behavior in d- and f-electron
metals, Rev. Mod. Phys. 73, 797 (2001).

[9] H. v. Lohneysen, A. Rosch, M. Vojta, and P. Wolfle, Fermi-
liquid instabilities at magnetic quantum phase transitions, Rev.
Mod. Phys. 79, 1015 (2007).

[10] S. Sachdev and B. Keimer, Quantum criticality, Phys. Today
64(2) 29 (2011).

[11] M. Brando, D. Belitz, F. M. Grosche, and T. R. Kirkpatrick,
Metallic quantum ferromagnets, Rev. Mod. Phys. 88, 025006
(2016).

[12] S.-S. Lee, Recent developments in non-Fermi liquid theory,
Annu. Rev. Condens. Matter Phys. 9, 227 (2018).

[13] E. Berg, S. Lederer, Y. Schattner, and S. Trebst, Monte
Carlo studies of quantum critical metals, Annu. Rev. Condens.
Matter Phys. 10, 63 (2019).

[14] X. Y. Xu, Z. H. Liu, G. Pan, Y. Qi, K. Sun, and Z. Y.
Meng, Revealing fermionic quantum criticality from new
Monte Carlo techniques, J. Phys.: Condens. Matter 31, 463001
(2019).

[15] D. Chowdhury, A. Georges, O. Parcollet, and S. Sachdev,
Sachdev-Ye-Kitaev models and beyond: Window into non-
Fermi liquids, Rev. Mod. Phys. 94, 035004 (2022).

[16] I. F. Herbut, Interactions and phase transitions on graphene’s
honeycomb lattice, Phys. Rev. Lett. 97, 146401 (2006).

[17] I. F. Herbut, V. Juri¢i¢, and B. Roy, Theory of interacting
electrons on the honeycomb lattice, Phys. Rev. B 79, 085116
(2009).

[18] I. F. Herbut, Wilson-Fisher fixed points in the presence of
Dirac fermions, Mod. Phys. Lett. B 38, 2430006 (2024).

[19] Y. Cao, V. Fatemi, A. Demir, S. Fang, S. L. Tomarken, J. Y.
Luo, J. D. Sanchez-Yamagishi, K. Watanabe, T. Taniguchi,
E. Kaxiras, R. C. Ashoori, and P. Jarillo-Herrero, Correlated
insulator behaviour at half-filling in magic-angle graphene
superlattices, Nature (London) 556, 80 (2018).

[20] Y. Cao, V. Fatemi, S. Fang, K. Watanabe, T. Taniguchi, E.
Kaxiras, and P. Jarillo-Herrero, Unconventional superconduc-
tivity in magic-angle graphene superlattices, Nature (London)
556, 43 (2018).

115133-15


https://doi.org/10.1080/00018732.2014.927109
https://doi.org/10.1146/annurev-conmatphys-031113-133841
https://doi.org/10.1140/epjs/s11734-021-00069-1
https://doi.org/10.1016/C2009-0-24487-4
https://doi.org/10.1088/0034-4885/66/12/R01
https://doi.org/10.1017/CBO9780511973765
https://doi.org/10.1080/001075199181602
https://doi.org/10.1103/RevModPhys.73.797
https://doi.org/10.1103/RevModPhys.79.1015
https://doi.org/10.1063/1.3554314
https://doi.org/10.1103/RevModPhys.88.025006
https://doi.org/10.1146/annurev-conmatphys-031016-025531
https://doi.org/10.1146/annurev-conmatphys-031218-013339
https://doi.org/10.1088/1361-648X/ab3295
https://doi.org/10.1103/RevModPhys.94.035004
https://doi.org/10.1103/PhysRevLett.97.146401
https://doi.org/10.1103/PhysRevB.79.085116
https://doi.org/10.1142/S0217984924300060
https://doi.org/10.1038/nature26154
https://doi.org/10.1038/nature26160

TOLOSA-SIMEON, CLASSEN, AND SCHERER

PHYSICAL REVIEW B 112, 115133 (2025)

[21] N. Parthenios and L. Classen, Twisted bilayer graphene at
charge neutrality: Competing orders of SU(4) Dirac fermions,
Phys. Rev. B 108, 235120 (2023).

[22] C. Huang, N. Parthenios, M. Ulybyshev, X. Zhang, F. F.
Assaad, L. Classen, and Z. Y. Meng, Angle-tuned Gross-
Neveu quantum criticality in twisted bilayer graphene, Nat.
Commun. 16, 7176 (2025).

[23] J. Biedermann and L. Janssen, Twist-tuned quantum critical-
ity in moiré bilayer graphene, Phys. Rev. B 112, L041109
(2025).

[24] L. Ma, R. Chaturvedi, P. X. Nguyen, K. Watanabe, T.
Taniguchi, K. F. Mak, and J. Shan, Relativistic Mott transition
in strongly correlated artificial graphene, arXiv:2412.07150.

[25] D. Liu, K. Ishikawa, R. Takehara, K. Miyagawa, M. Tamura,
and K. Kanoda, Insulating nature of strongly correlated mass-
less Dirac fermions in an organic crystal, Phys. Rev. Lett. 116,
226401 (2016).

[26] M. Hirata, K. Ishikawa, K. Miyagawa, M. Tamura, C. Berthier,
D. Basko, A. Kobayashi, G. Matsuno, and K. Kanoda,
Observation of an anisotropic Dirac cone reshaping and fer-
rimagnetic spin polarization in an organic conductor, Nat.
Commun. 7, 12666 (2016).

[27] M. Hirata, K. Ishikawa, G. Matsuno, A. Kobayashi, K.
Miyagawa, M. Tamura, C. Berthier, and K. Kanoda,
Anomalous spin correlations and excitonic instability of in-
teracting 2D Weyl fermions, Science 358, 1403 (2017).

[28] S. Raghu, X.-L. Qi, C. Honerkamp, and S.-C. Zhang,
Topological Mott insulators, Phys. Rev. Lett. 100, 156401
(2008).

[29] C. Weeks and M. Franz, Interaction-driven instabilities of a
Dirac semimetal, Phys. Rev. B 81, 085105 (2010).

[30] A. G. Grushin, E. V. Castro, A. Cortijo, F. de Juan, M. A. H.
Vozmediano, and B. Valenzuela, Charge instabilities and
topological phases in the extended Hubbard model on the
honeycomb lattice with enlarged unit cell, Phys. Rev. B 87,
085136 (2013).

[31] N. Bultinck, E. Khalaf, S. Liu, S. Chatterjee, A. Vishwanath,
and M. P. Zaletel, Ground state and hidden symmetry of
magic-angle graphene at even integer filling, Phys. Rev. X 10,
031034 (2020).

[32] L. Classen, J. H. Pixley, and E. J. Konig, Interaction-induced
velocity renormalization in magic-angle twisted multilayer
graphene, 2D Mater. 9, 031001 (2022).

[33] J. S. Hofmann, E. Khalaf, A. Vishwanath, E. Berg, and J. Y.
Lee, Fermionic Monte Carlo study of a realistic model of
twisted bilayer graphene, Phys. Rev. X 12, 011061 (2022).

[34] C. Chamon, Solitons in carbon nanotubes, Phys. Rev. B 62,
2806 (2000).

[35] C.-Y. Hou, C. Chamon, and C. Mudry, Electron fractional-
ization in two-dimensional graphenelike structures, Phys. Rev.
Lett. 98, 186809 (2007).

[36] H. C. Po, L. Zou, A. Vishwanath, and T. Senthil, Origin of
Mott insulating behavior and superconductivity in twisted bi-
layer graphene, Phys. Rev. X 8, 031089 (2018).

[37] Y. D. Liao, J. Kang, C. N. Breig, X. Y. Xu, H.-Q. Wu, B. M.
Andersen, R. M. Fernandes, and Z. Y. Meng, Correlation-
induced insulating topological phases at charge neutrality
in twisted bilayer graphene, Phys. Rev. X 11, 011014
(2021).

[38] S. Sorella and E. Tosatti, Semi-metal-insulator transition of the
Hubbard model in the honeycomb lattice, Europhys. Lett. 19,
699 (1992).

[39] C. Honerkamp, Density waves and Cooper pairing on the
honeycomb lattice, Phys. Rev. Lett. 100, 146404 (2008).

[40] H. Pan, E.-A. Kim, and C.-M. Jian, Realizing a tunable honey-
comb lattice in ABBA-stacked twisted double bilayer WSe,,
Phys. Rev. Res. 5, 043173 (2023).

[41] L. Iliesiu, F. Kos, D. Poland, S. S. Pufu, D. Simmons-Duffin,
and R. Yacoby, Bootstrapping 3D fermions, J. High Energy
Phys. 03 (2016) 120.

[42] L. Hiesiu, F. Kos, D. Poland, S. S. Pufu, and D. Simmons-
Duffin, Bootstrapping 3D fermions with global symmetries,
J. High Energy Phys. 01 (2018) 036.

[43] R. S. Erramilli, L. V. Iliesiu, P. Kravchuk, A. Liu, D.
Poland, and D. Simmons-Duffin, The Gross-Neveu-Yukawa
archipelago, J. High Energy Phys. 02 (2023) 036.

[44] S. Chandrasekharan and A. Li, Quantum critical behavior in
three dimensional lattice Gross-Neveu models, Phys. Rev. D
88, 021701(R) (2013).

[45] Y. Liu, W. Wang, K. Sun, and Z. Y. Meng, Designer Monte
Carlo simulation for the Gross-Neveu-Yukawa transition,
Phys. Rev. B 101, 064308 (2020).

[46] T.-T. Wang and Z. Y. Meng, Quantum Monte Carlo calculation
of critical exponents of the Gross-Neveu-Yukawa on a two-
dimensional fermion lattice model, Phys. Rev. B 108, L121112
(2023).

[47] Z.-X. Li, Y.-F. Jiang, S.-K. Jian, and H. Yao, Fermion-induced
quantum critical points, Nat. Commun. 8, 314 (2017).

[48] Y. Otsuka, K. Seki, S. Sorella, and S. Yunoki, Quantum crit-
icality in the metal-superconductor transition of interacting
Dirac fermions on a triangular lattice, Phys. Rev. B 98, 035126
(2018).

[49] B. Hawashin, M. M. Scherer, and L. Janssen, Gross-Neveu-
XY quantum criticality in moiré Dirac materials, Phys. Rev. B
111, 205129 (2025).

[50] F. F. Assaad and 1. F. Herbut, Pinning the order: the nature
of quantum criticality in the Hubbard model on honeycomb
lattice, Phys. Rev. X 3, 031010 (2013).

[51] F. Parisen Toldin, M. Hohenadler, F. F. Assaad, and 1. F.
Herbut, Fermionic quantum criticality in honeycomb and -
flux Hubbard models: Finite-size scaling of renormalization-
group-invariant observables from quantum Monte Carlo, Phys.
Rev. B 91, 165108 (2015).

[52] Y. Otsuka, S. Yunoki, and S. Sorella, Universal quantum crit-
icality in the metal-insulator transition of two-dimensional
interacting Dirac electrons, Phys. Rev. X 6, 011029 (2016).

[53] J. Ostmeyer, E. Berkowitz, S. Krieg, T. A. Lihde, T. Luu, and
C. Urbach, Semimetal-Mott insulator quantum phase transi-
tion of the Hubbard model on the honeycomb lattice, Phys.
Rev. B 102, 245105 (2020).

[54] Y. Otsuka, K. Seki, S. Sorella, and S. Yunoki, Dirac electrons
in the square-lattice Hubbard model with a d-wave pairing
field: The chiral Heisenberg universality class revisited, Phys.
Rev. B 102, 235105 (2020).

[55] J. Ostmeyer, E. Berkowitz, S. Krieg, T. A. Lihde, T. Luu, and
C. Urbach, Antiferromagnetic character of the quantum phase
transition in the Hubbard model on the honeycomb lattice,
Phys. Rev. B 104, 155142 (2021).

115133-16


https://doi.org/10.1103/PhysRevB.108.235120
https://doi.org/10.1038/s41467-025-62461-y
https://doi.org/10.1103/hj61-dw78
https://arxiv.org/abs/2412.07150
https://doi.org/10.1103/PhysRevLett.116.226401
https://doi.org/10.1038/ncomms12666
https://doi.org/10.1126/science.aan5351
https://doi.org/10.1103/PhysRevLett.100.156401
https://doi.org/10.1103/PhysRevB.81.085105
https://doi.org/10.1103/PhysRevB.87.085136
https://doi.org/10.1103/PhysRevX.10.031034
https://doi.org/10.1088/2053-1583/ac6e71
https://doi.org/10.1103/PhysRevX.12.011061
https://doi.org/10.1103/PhysRevB.62.2806
https://doi.org/10.1103/PhysRevLett.98.186809
https://doi.org/10.1103/PhysRevX.8.031089
https://doi.org/10.1103/PhysRevX.11.011014
https://doi.org/10.1209/0295-5075/19/8/007
https://doi.org/10.1103/PhysRevLett.100.146404
https://doi.org/10.1103/PhysRevResearch.5.043173
https://doi.org/10.1007/JHEP03(2016)120
https://doi.org/10.1007/JHEP01(2018)036
https://doi.org/10.1007/JHEP02(2023)036
https://doi.org/10.1103/PhysRevD.88.021701
https://doi.org/10.1103/PhysRevB.101.064308
https://doi.org/10.1103/PhysRevB.108.L121112
https://doi.org/10.1038/s41467-017-00167-6
https://doi.org/10.1103/PhysRevB.98.035126
https://doi.org/10.1103/PhysRevB.111.205129
https://doi.org/10.1103/PhysRevX.3.031010
https://doi.org/10.1103/PhysRevB.91.165108
https://doi.org/10.1103/PhysRevX.6.011029
https://doi.org/10.1103/PhysRevB.102.245105
https://doi.org/10.1103/PhysRevB.102.235105
https://doi.org/10.1103/PhysRevB.104.155142

RELATIVISTIC MOTT TRANSITIONS AND ...

PHYSICAL REVIEW B 112, 115133 (2025)

[56] Y. Liu, Z. Wang, T. Sato, W. Guo, and F. F. Assaad,
Gross-Neveu Heisenberg criticality: Dynamical generation of
quantum spin Hall masses, Phys. Rev. B 104, 035107 (2021).

[57] In the present work, the considered traces over y* are inde-
pendent of the specific chosen representation. We note that
in perturbative calculations there can be differences at higher
loop orders.

[58] Y. Da Liao, Z. Y. Meng, and X. Y. Xu, Valence bond orders
at charge neutrality in a possible two-orbital extended Hub-
bard model for twisted bilayer graphene, Phys. Rev. Lett. 123,
157601 (2019).

[59] Y. Nambu and G. Jona-Lasinio, Dynamical model of elemen-
tary particles based on an analogy with superconductivity. I,
Phys. Rev. 122, 345 (1961).

[60] D. J. Gross and A. Neveu, Dynamical symmetry breaking
in asymptotically free field theories, Phys. Rev. D 10, 3235
(1974).

[61] J. Zinn-Justin, Four fermion interaction near four-dimensions,
Nucl. Phys. B 367, 105 (1991).

[62] Note that these symmetries forbid to have any second-order
term or any quartic-order term ~ (Y M,y )(Y Myyr) with M, #
M,, see Ref. [17] for details. In addition, the algebraic Fierz
identities linearly constrain the number of quartic-order terms
in the Lagrangian.

[63] L. Janssen, I. F. Herbut, and M. M. Scherer, Compatible orders
and fermion-induced emergent symmetry in Dirac systems,
Phys. Rev. B 97, 041117(R) (2018).

[64] N. Dupuis, L. Canet, A. Eichhorn, W. Metzner, J. M.
Pawlowski, M. Tissier, and N. Wschebor, The nonperturbative
functional renormalization group and its applications, Phys.
Rep. 910, 1 (2021).

[65] D. F. Litim, Mind the gap, Int. J. Mod. Phys. A 16, 2081
(2001).

[66] D. F. Litim, Optimized renormalization group flows, Phys.
Rev. D 64, 105007 (2001).

[67] L. Janssen and 1. F. Herbut, Antiferromagnetic critical point on
graphene’s honeycomb lattice: A functional renormalization
group approach, Phys. Rev. B 89, 205403 (2014).

[68] G. De Polsi, I. Balog, M. Tissier, and N. Wschebor, Preci-
sion calculation of critical exponents in the O(N) universality
classes with the nonperturbative renormalization group, Phys.
Rev. E 101, 042113 (2020).

[69] L. Rosa, P. Vitale, and C. Wetterich, Critical exponents of the
Gross-Neveu model from the effective average action, Phys.
Rev. Lett. 86, 958 (2001).

[70] E. Hofling, C. Nowak, and C. Wetterich, Phase transition and
critical behavior of the d=3 Gross-Neveu model, Phys. Rev. B
66, 205111 (2002).

[71] L. Classen, 1. F. Herbut, L. Janssen, and M. M. Scherer, Com-
petition of density waves and quantum multicritical behavior
in Dirac materials from functional renormalization, Phys. Rev.
B 93, 125119 (2016).

[72] B. Knorr, Ising and Gross-Neveu model in next-to-leading
order, Phys. Rev. B 94, 245102 (2016).

[73] L. Classen, 1. F. Herbut, and M. M. Scherer, Fluctuation-
induced continuous transition and quantum criticality in Dirac
semimetals, Phys. Rev. B 96, 115132 (2017).

[74] B. Knorr, Critical chiral Heisenberg model with the functional
renormalization group, Phys. Rev. B 97, 075129 (2018).

[75] E. Torres, L. Classen, 1. F. Herbut, and M. M. Scherer,
Fermion-induced quantum criticality with two length scales in
Dirac systems, Phys. Rev. B 97, 125137 (2018).

[76] S.-K. Jian, M. M. Scherer, and H. Yao, Mass hierarchy in
collective modes of pair-density-wave superconductors, Phys.
Rev. Res. 2, 013034 (2020).

[77] E. Torres, L. Weber, L. Janssen, S. Wessel, and M. M. Scherer,
Emergent symmetries and coexisting orders in Dirac fermion
systems, Phys. Rev. Res. 2, 022005(R) (2020).

[78] B.-J. Schaefer and J. Wambach, The phase diagram of the
Quark—Meson model, Nucl. Phys. A 757, 479 (2005).

[79] J. Braun, Fermion interactions and universal behavior in
strongly interacting theories, J. Phys. G: Nucl. Part. Phys. 39,
033001 (2012).

[80] D. D. Scherer, J. Braun, and H. Gies, Many-flavor phase dia-
gram of the (2+1)d Gross-Neveu model at finite temperature,
J. Phys. A 46, 285002 (2013).

[81] J. M. Pawlowski and F. Rennecke, Higher order quark-
mesonic scattering processes and the phase structure of QCD,
Phys. Rev. D 90, 076002 (2014).

[82] J. Stoll, N. Zorbach, A. Koenigstein, M. J. Steil, and
S. Rechenberger, Bosonic fluctuations in the (14 1)-
dimensional Gross-Neveu(-Yukawa) model at varying p and
T and finite N, arXiv:2108.10616.

[83] A. Wipf, Statistical Approach to Quantum Field Theory
(Springer Cham, 2021).

[84] C. Wetterich, Exact evolution equation for the effective poten-
tial, Phys. Lett. B 301, 90 (1993).

[85] J. Berges, N. Tetradis, and C. Wetterich, Non-perturbative
renormalization flow in quantum field theory and statistical
physics, Phys. Rep. 363, 223 (2002).

[86] B.Ihrig, L. N. Mihaila, and M. M. Scherer, Critical behavior of
Dirac fermions from perturbative renormalization, Phys. Rev.
B 98, 125109 (2018).

[87] K. Ladovrechis, S. Ray, T. Meng, and L. Janssen, Gross-
Neveu-Heisenberg criticality from 2 + € expansion, Phys.
Rev. B 107, 035151 (2023).

[88] B. Roy, V. Juricic, and I. F. Herbut, Emergent Lorentz sym-
metry near fermionic quantum critical points in two and three
dimensions, J. High Energy Phys. 01 (2016) 018.

[89] Z. H. Liu, M. Vojta, F. F. Assaad, and L. Janssen, Critical prop-
erties of metallic and deconfined quantum phase transitions in
Dirac systems, Phys. Rev. B 110, 125123 (2024).

[90] N. Zerf, L. N. Mihaila, P. Marquard, 1. F. Herbut, and M. M.
Scherer, Four-loop critical exponents for the Gross-Neveu-
Yukawa models, Phys. Rev. D 96, 096010 (2017).

[91] B. Hawashin, J. Rong, and M. M. Scherer, Ultraviolet-
complete local field theory of persistent symmetry break-
ing in 2+ 1 dimensions, Phys. Rev. Lett. 134, 041602
(2025).

[92] A. Codello and G. D’Odorico, O(N )-universality classes and
the Mermin-Wagner theorem, Phys. Rev. Lett. 110, 141601
(2013).

[93] J. A. Damia, M. Solis, and G. Torroba, How non-Fermi liquids
cure their infrared divergences, Phys. Rev. B 102, 045147
(2020).

[94] 1. Boettcher, J. M. Pawlowski, and S. Diehl, Ultracold atoms
and the functional renormalization group, Nucl. Phys. B 228,
63 (2012).

115133-17


https://doi.org/10.1103/PhysRevB.104.035107
https://doi.org/10.1103/PhysRevLett.123.157601
https://doi.org/10.1103/PhysRev.122.345
https://doi.org/10.1103/PhysRevD.10.3235
https://doi.org/10.1016/0550-3213(91)90043-W
https://doi.org/10.1103/PhysRevB.97.041117
https://doi.org/10.1016/j.physrep.2021.01.001
https://doi.org/10.1142/S0217751X01004748
https://doi.org/10.1103/PhysRevD.64.105007
https://doi.org/10.1103/PhysRevB.89.205403
https://doi.org/10.1103/PhysRevE.101.042113
https://doi.org/10.1103/PhysRevLett.86.958
https://doi.org/10.1103/PhysRevB.66.205111
https://doi.org/10.1103/PhysRevB.93.125119
https://doi.org/10.1103/PhysRevB.94.245102
https://doi.org/10.1103/PhysRevB.96.115132
https://doi.org/10.1103/PhysRevB.97.075129
https://doi.org/10.1103/PhysRevB.97.125137
https://doi.org/10.1103/PhysRevResearch.2.013034
https://doi.org/10.1103/PhysRevResearch.2.022005
https://doi.org/10.1016/j.nuclphysa.2005.04.012
https://doi.org/10.1088/0954-3899/39/3/033001
https://doi.org/10.1088/1751-8113/46/28/285002
https://doi.org/10.1103/PhysRevD.90.076002
https://arxiv.org/abs/2108.10616
https://doi.org/10.1007/978-3-030-83263-6
https://doi.org/10.1016/0370-2693(93)90726-X
https://doi.org/10.1016/S0370-1573(01)00098-9
https://doi.org/10.1103/PhysRevB.98.125109
https://doi.org/10.1103/PhysRevB.107.035151
https://doi.org/10.1007/JHEP04(2016)018
https://doi.org/10.1103/PhysRevB.110.125123
https://doi.org/10.1103/PhysRevD.96.096010
https://doi.org/10.1103/PhysRevLett.134.041602
https://doi.org/10.1103/PhysRevLett.110.141601
https://doi.org/10.1103/PhysRevB.102.045147
https://doi.org/10.1016/j.nuclphysbps.2012.06.004

TOLOSA-SIMEON, CLASSEN, AND SCHERER

PHYSICAL REVIEW B 112, 115133 (2025)

[95] N. Khan, J. M. Pawlowski, F. Rennecke, and M. M. Scherer,
The phase diagram of QC2D from functional methods,
arXiv:1512.03673.

[96] X. Y. Xu, K. Sun, Y. Schattner, E. Berg, and Z. Y. Meng, Non-
Fermi liquid at (2 + 1)D ferromagnetic quantum critical point,
Phys. Rev. X 7, 031058 (2017).

[97] V. L. Berezinsky, Destruction of long range order in one-
dimensional and two-dimensional systems having a continu-
ous symmetry group. I. Classical systems, Sov. Phys. JETP
32,493 (1971).

[98] J. M. Kosterlitz and D. J. Thouless, Ordering, metastability
and phase transitions in two-dimensional systems, J. Phys. C
6, 1181 (1973).

[99] M. Griter and C. Wetterich, Kosterlitz-Thouless phase transi-
tion in the two dimensional linear o model, Phys. Rev. Lett.
75, 378 (1995).

[100] G. v. Gersdorff and C. Wetterich, Nonperturbative renormal-
ization flow and essential scaling for the Kosterlitz-Thouless
transition, Phys. Rev. B 64, 054513 (2001).

[101] P. Jakubczyk, N. Dupuis, and B. Delamotte, Reexamina-
tion of the nonperturbative renormalization-group approach to
the Kosterlitz-Thouless transition, Phys. Rev. E 90, 062105
(2014).

[102] P. Jakubczyk and W. Metzner, Longitudinal fluctuations in
the Berezinskii-Kosterlitz-Thouless phase, Phys. Rev. B 95,
085113 (2017).

[103] N. Defenu, A. Trombettoni, I. Ndndori, and T. Enss, Non-
perturbative renormalization group treatment of amplitude
fluctuations for |¢|* topological phase transitions, Phys. Rev.
B 96, 174505 (2017).

[104] F. Rose and N. Dupuis, Nonperturbative functional
renormalization-group approach to transport in the
vicinity of a (24 1)-dimensional O(N)-symmetric
quantum critical point, Phys. Rev. B 95, 014513
(2017).

[105] F. Rose and N. Dupuis, Superuniversal transport near a
(2 + 1)-dimensional quantum critical point, Phys. Rev. B 96,
100501(R) (2017).

115133-18


https://arxiv.org/abs/1512.03673
https://doi.org/10.1103/PhysRevX.7.031058
https://inspirehep.net/literature/61186
https://doi.org/10.1088/0022-3719/6/7/010
https://doi.org/10.1103/PhysRevLett.75.378
https://doi.org/10.1103/PhysRevB.64.054513
https://doi.org/10.1103/PhysRevE.90.062105
https://doi.org/10.1103/PhysRevB.95.085113
https://doi.org/10.1103/PhysRevB.96.174505
https://doi.org/10.1103/PhysRevB.95.014513
https://doi.org/10.1103/PhysRevB.96.100501

