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We study the SU(4)-symmetric Heisenberg model on a cubic lattice with spatially anisotropic magnetic
couplings. We utilize several approaches based on the tensor-network representation of many-body wave
functions, which enable accurate analysis of ground-state properties of the model in different regimes of spatial
anisotropy including the fully isotropic three-dimensional case. Our results point to the persistence of the

dimerized color-ordered phase throughout a wide range of magnetic couplings.
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I. INTRODUCTION

SU(N)-symmetric quantum many-body systems comprise
one of the central fascinating research areas in modern con-
densed matter physics. They offer rich phase diagrams and
exotic quantum phases that extend far beyond conventional
SU(2) spin systems. The experimental realization of high
spin symmetries has been achieved on several platforms,
most notably with cold gases of alkaline-earth(like) atoms,
where nuclear spin degrees of freedom can be decoupled from
electronic motion, effectively realizing SU(N) symmetric in-
teractions with N up to 10 [1,2], as well as, more recently,
with ultracold molecules reaching even higher values of N
up to 36 [3]. Additionally, transition metal compounds with
orbital degeneracies naturally exhibit SU(4) symmetry when
spin and orbital degrees of freedom are treated on an equal
footing, as observed in certain vanadium and titanium ox-
ides [4-6]. From a theoretical standpoint, SU(N)-symmetric
models provide fundamental insights into quantum criticality,
entanglement properties, and the interplay between symmetry
and topology in quantum many-body systems [7,8]. The com-
putational study of these models, however, presents significant
challenges due to the exponential growth of the Hilbert space
dimension with N, necessitating the development of advanced
numerical techniques that can efficiently capture the entangle-
ment structure of quantum states.

Tensor network methods [9—11] have shown great promise
in the study of strongly correlated quantum systems, includ-
ing SU(N)-symmetric models. These theoretical approaches
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approximate the ground-state wave function or thermal den-
sity matrix as a contraction of a large number of small-rank
tensors—the tensor network. This network of tensors is cho-
sen in a form that faithfully represents the structure of
correlation and entanglement of the ground state. For one-
dimensional (1d) quantum lattice systems, the most widely
used tensor network Ansatze are matrix product states (MPSs),
which also comprise the basis of the celebrated density ma-
trix renormalization group (DMRG) algorithm [12,13]. Direct
generalizations of MPSs to two-dimensional (2d) systems
in the thermodynamic limit are infinite projected entangled
pair states (iPEPSs) [14—17] (for practical introductions, see
also Refs. [18,19]). The iPEPS approaches have been suc-
cessfully employed to study highly correlated 2d problems:
the Heisenberg model on the kagome lattice [20], the doped
Hubbard model on the square lattice [21], and topological
orders [22-24]. The 2d iPEPS algorithms were extensively
applied to SU(NV)-symmetric Heisenberg and Hubbard mod-
els on various lattices, including square [25-28], honeycomb
[29-32], triangular [25], and kagome [33,34] geometries.
The iPEPS tensor networks have recently been further ex-
tended to three-dimensional (3d) quantum systems [35-38].
The main difficulty of 3d iPEPS approaches is the calcula-
tion of observables. This cannot be done exactly and should
be completed using an approximate method. Several approx-
imate solutions were proposed in the literature: First, the
Refs. [36,39,40] suggested using simple update mean-field
(MF) environments to calculate observables. This method
can only be accurate enough for gapped models. Second,
the authors of Ref. [35] proposed either employing cluster
environments or lower dimensional tensor-network methods,
such as 2d boundary iPEPS and the corner transfer matrix
renormalization group (CTMRG), to calculate observables. In
our recent work [41], we have further generalized the bound-
ary iPEPS+CTMRG approach of Ref. [35] by employing the
single-layer mapping for both boundary PEPS and CTMRG
[20,42—46]. This allowed us to significantly reduce the com-
putational cost of the observables calculation for 3d iPEPS
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and reach bond dimensions as high as D = 6. Other relevant
3d tensor-network studies include Refs. [47-52].

In this paper, we apply tensor-network methods to the
SU(4)-symmetric Heisenberg model on the cubic lattice. We
first introduce the model and discuss the results obtained
previously in its 1d and 2d limits. We analyze the highly
anisotropic limits and further elaborate on the appearance of
previously reported dimerized phases [26]. Finally, we ana-
lyze the 3d cases, both anisotropic and fully isotropic, using
the 3d iPEPS approach developed earlier in Refs. [35,41]. In
our previous work [41], we focused on a rather simple 3d
lattice problem: the SU(2)-symmetric Heisenberg model on
the cubic lattice with a 1x1x1 unit cell. To study the more
complex SU(4)-symmetric Heisenberg model, we generalize
the proposed method to larger unit cells. We describe the
necessary generalizations and apply these to the system under
study.

II. MODEL

The main focus of our current study is the SU(4)-
symmetric Heisenberg model on the simple cubic lattice. The
internal degrees of freedom on the lattice sites (sometimes
also called colors) transform in the fundamental representa-
tions of the symmetry group (the local Hilbert space on each
lattice site has dimension 4). The Hamiltonian of this model
has the following form:

H=>"JP; (1)
(ij)y

where (ij), denotes summation over the nearest-neighbor
pairs of sites along the crystallographic axis y = {x, y, z}, and
P;j is the permutation operator, which acts on the two local
basis states on sites i and j as follows: Pjjlo;8;) = |Bia;).
Note that the coupling constants J,, can be different; however,
if not stated otherwise, we fix J = J, = J, # J;. The case in
which all couplings are equal is referred to as the 3d isotropic
point.

In the limit J;, — 0, the layers in xy planes decouple
from one another. It is known that, in this limit, the ground
state of the SU(4) Heisenberg model on the square lattice
spontaneously breaks both translational and cyclic rotational
symmetry as well as continuous SU(4) spin symmetry. The
many-body ground state in this limit is characterized by the
4 %2 unit cell, with different colors forming pairwise dimers
[26].

In the opposite limit J, — oo, the chains of sites in the
z direction also decouple from each other and are described
separately by the SU(4)-symmetric Heisenberg models on the
chain. It is known that the 1d SU(4) Heisenberg chain (com-
pletely decoupled from the other neighbors) does not break
any symmetries; the system resides in the critical phase, with
its low-energy theory described by the Wess-Zumino-Witten
(WZW) conformal field theory [53,54].

Our main claim in this study is that the dimerized color-
ordered phase, which is known from the isotropic 2d limit,
persists throughout the entire phase diagram of the model for
arbitrary finite J;/J and is continuously connected to the limit
of decoupled WZW models, as illustrated in Fig. 1. We argue
that the coupling of SU(4) chains in the transverse directions
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FIG. 1. Idealized representation of the ground-state wave func-
tion in SU(4)-symmetric Heisenberg model on cubic lattice with
spatially anisotropic magnetic couplings.

induces dimerization, which leads to the known ground-state
configuration of Néel-ordered color dimers.

Let us also briefly comment on the possible physical origin
of this configuration using the MF theory argument. For the
magnetic product-state configurations, the MF energy expec-
tation value is zero, as upon permutation, these magnetic
states are mapped to other magnetic configurations. In con-
trast, two-color dimers (as depicted in Fig. 1) are eigenstates
of the permutation operators with the eigenvalue P/SB) =—1.
This results in substantial energy contribution on dimerized
bonds. In turn, the antiferromagnetic arrangement of these
dimers yields zero MF energy for all nondimerized bonds:
operators on nondimerized bonds permute the colors from
one type of dimers to the sites populated by colors from
another pair, such that the resulting state overlap is zero.
The overall argument for dimerized states cannot be fully
convincing since quantum fluctuations can significantly lower
the energies of magnetic configurations. However, together
with supporting tensor-network numerical analysis confirm-
ing stability of the dimerized phase with respect to quantum
fluctuations, this argument can serve as explanation.

The dimerized phase can be characterized by a simple
order parameter in the form of the difference of energies
between dimerized and nondimerized bonds, e.g., in the z
direction, which we denote below as AE..

III. METHODS

We employ several tensor-network methods to investigate
the model under study. The main reason is that the SU(4)-
symmetric Heisenberg models are capable of hosting various
highly entangled phases, such as valence-bond solids or spin
liquids [26,30]. To properly describe these strongly correlated
regimes, it is necessary to work within a theoretical frame-
work capable of representing highly entangled states. Among
such methods, the most widely used are either tensor network
or variational Monte Carlo approaches (including the neural
quantum state algorithms). In this respect, tensor networks
have a slight advantage, as they can be directly applied in
the thermodynamic limit. Note that, below, we generally em-
ploy real-valued tensor networks. For verification purposes,
we also developed other alternative optimization schemes
with complex-valued tensor networks, which resulted in the
same observations. We also do not impose any additional
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FIG. 2. Tllustration of three different tensor network Ansdrze em-
ployed in this study: (a) 3d iPEPS wave function with tensors 7'
placed on the sites of cubic lattice and bond matrices A obtained
naturally within the simple update (note that the matrices A are
bond dependent, but the picture is simplified); (b) 2d iPEPS wave
function with the 2x2 unit cell (indicated by surrounding dashed
lines); (c) MPS+MF ansatz (with the unit cell 2x2x2), where the
wave function is represented as a product of MPSs formed along the
z axis. In all cases, the different tensor colors correspond to different
tensors inside the unit cell. Note that the unit cells are chosen here
for illustrative purposes and may differ from the unit cells used in
actual computations.

symmetries [both continuous symmetries as SU(4) and dis-
crete symmetries as lattice rotation or reflection] on our tensor
networks.

Our theoretical analysis consists of three parts. First, we
briefly return to the SU(4)-symmetric Heisenberg model on
the square lattice, which was already studied in Ref. [26].
The difference from the previous study is that, here, we also
consider the anisotropic cases with J, # J,. We employ 2d
iPEPS to obtain results in this regime of anisotropic couplings.
Second, we consider another limit, where J, > J, = J,, and
work in the framework of the decoupled MPS (decoupled
chains) Ansatz to study this regime with the MPS+MF theory
approach [55-57]. Third, we focus on the genuine 3d isotropic
point with J, = J, = J; and employ 3d iPEPS. These three
cases are described in detail below.

A. 2d iPEPS

We begin our theoretical analysis from the SU(4)-
symmetric Heisenberg model on the square lattice with
anisotropic couplings (J; # J,). For this purpose, we employ
the standard iPEPS Ansatz, as shown in Fig. 2(b). We take the
elementary unit cells of size 4x2 and 4 x4. The iPEPS is ini-
tialized with a random product state and then optimized using
the simple update method with a gradually decreased time step
[18,19,58]. After the optimization, we compute energies for
different lattice bonds using the double-layer CTMRG method
[59,60].

B. MPS+MF

We are also interested in the limit where the coupling along
one crystallographic axis is much stronger than the couplings

in the transverse plane. In this limit, we can view the system
as a set of nearly decoupled, weakly interacting chains. We
expect that the correlations in these chains are strong, as
is natural for 1d systems, while the entanglement between
different chains should be weak. In the extreme case, we can
consider that the interaction between different chains can be
included by the MF treatment, while the entanglement along
the chain should be fully described with a nonperturbative
method. In this limit, we propose using the Ansatz consisting
of separate MPSs along different chains, as shown in Fig. 2(c).
Such a combination of MPSs along the chain and MF theory
treatment of the interaction between the chains is known as the
MPS+MF framework [55-57]. To optimize such an Ansatz,
we employ infinite time-evolving block decimation (iTEBD),
where after the application of imaginary time Trotterized evo-
lution gates between different chains, we truncate the new
bond back to the bond dimension D = 1. Note that, since the
chains are decoupled, we can compute all the observables ex-
actly without CTMRG. During the optimization, we gradually
increase the bond dimensions of separate MPSs.

C. 3diPEPS

In the proximity of the isotropic point of the model in
Eq. (1), we cannot expect decoupled chains or 2d iPEPS wave
functions to be suitable Ansdtze, as generally, we can expect
rather complex 3d correlations. To include such a possibility,
we employ 3d iPEPS wave functions, as shown in Fig. 2(a).
The 3d iPEPS wave function is optimized using imaginary
time evolution with the simple update method [18,19,58], as
described in Refs. [35,36,39,40]. As a parameter of conver-
gence, we analyze bond matrices A on the bonds of the lattice,
which naturally appear in the simple update scheme.

As an initial approximation, we compute observables with
the simple update environments (see Ref. [36]). This calcu-
lation is approximate, but it allows one to estimate the phase
of the wave function (perhaps except for the states with topo-
logical order, which is not the case for the SU(4)-symmetric
Heisenberg model). In addition, it allows one to pinpoint the
necessary unit cell and iPEPS bond dimensions D. After this
initial step, the observables of iPEPS are computed with a
more accurate CTMRG method, which is described below.

D. Boundary iPEPS and single-layer CTMRG

To compute operator expectation values, it is necessary
to contract an infinite double-layer 3d tensor network, as
shown in Figs. 3(a) and 3(b). Such tensor network contraction
is performed approximately in two steps. First, the tensor
network parts from the top and bottom, which sandwich a
chosen horizontal layer, are contracted. Let us first assume
that the unit cell has the lowest (i.e., unit) periodicity in the
vertical direction. To contract the bottom and top parts of
the tensor network, we should note, first, that a horizontal
layer of the 3d tensor network can be viewed as a matrix
formed by its top to bottom indices. Then the contraction is
equivalent to finding the leading left and right eigenvectors
of this matrix. Due to the inherent lattice structure of the
matrix, we can assume that the leading eigenvectors can be
represented as 2d iPEPS (boundary iPEPS or bPEPS) with
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(a)

FIG. 3. 3d double-layer tensor network representing the norm of
the 3d iPEPS wave function: (a) From the on-site tensors 7', we
can form the double-layer tensors A. Note that additional A matrices
on the bonds of 3d iPEPS are assumed to be already absorbed into
iPEPS site tensors 7T'; (b) 3d tensor network representing the norm
of iPEPS wave function (different colors of A tensors show the
different sites in the unit cell, which is chosen as 2x2x?2); (c¢) the
boundary iPEPS approximating the leading eigenvector of the matrix
formed by the two horizontal layers of A tensors. We introduce the
subscripts # and d in the boundary tensors B to distinguish between
the boundary iPEPS representing the contraction of top and bottom
parts of the tensor network, respectively. Note that various bond
matrices A are different on different bonds and for different bPEPS,
but we show them in a simplified way here.

bond dimension x;, as shown in Fig. 3(c). To find these lead-
ing eigenvectors, we employ the power method, as described
in detail in our previous work [41]. We apply every double
layer to the boundary iPEPS in two stages, as discussed in
Ref. [41]. After each stage, we truncate the bond dimensions
of the bPEPS indices back to their original values using
superorthogonal canonical form [61,62]. This transformation
into superorthogonal canonical form has a computational cost
D’x; and memory scaling D®x;}. In practice, in our analysis,
the computational time of the bPEPS part is always smaller
than the time required for the CTMRG part, but exactly this
bPEPS transformation constitutes the main memory bottle-
neck.

We can now weaken our initial assumption of unit period-
icity in the z direction and assume that there are k different
layers stacked vertically and repeating periodically. In this
case, the contraction of the tensor network from the top and
bottom is equivalent to finding the leading eigenvectors of the
matrix obtained as multiplication of the k-layer transfer ma-
trices. To obtain these eigenvectors, we again assume that the
eigenvectors can be approximated as 2d iPEPS and then apply
these k-layer transfer matrices to these 2d iPEPS sequentially
(similar to how it is done in the 2d case with the boundary
MPS approaches [63]). After application of every layer, we
perform truncation of bPEPS bond dimensions.

In practice, we usually obtain the bPEPS tensors with a
gradual increase of y,. We initialize bPEPS as a product state
with x, = 1 and then gradually increase x, = 2,4, .... At
every xp, we check the element-wise convergence of bPEPS
bond matrices A up to accuracy 107°. It is usually sufficient
to perform 5-8 power-method iterations to converge to this

FIG. 4. Contraction of a residual 2d tensor network consisting
of a middle layer with the double-layer tensors A (see also Fig. 3)
sandwiched between the boundary iPEPSs, which represent the top
and bottom parts of the tensor network. Different colors of tensors
show different points in the projected unit cell, which is chosen here
as 2x2. The resulting four-layer tensor network can be mapped into
the effective single-layer tensor network with a 16-times-larger unit
cell, as discussed in detail in Refs. [41,44].

accuracy. In this way, we increase x, up to values necessary
for convergence. In our experience, for observables to con-
verge up to accuracy 107>—~107*, the smallest diagonal values
of A matrices should be of the order 107>, Using these criteria,
it is approximately possible to find correct x,. This x; should
be additionally checked for convergence using comparison of
final results with the previous ;.

After we determined the bPEPS tensor networks, we con-
tract the residual four-layer 2d tensor networks shown in
Fig. 4. To this end, we first map the resulting tensor net-
work onto the single-layer network, as shown in Fig. 4 and
discussed in detail in Ref. [41]. The main difference in this
mapping compared with Ref. [41] is that the original unit cell
in the xy plane can be nontrivial (e.g., of size m x n with
m, n € N). Then the mapping results in the single-layer tensor
network with the effective unit cell 4mx4n. This new single-
layer tensor network is then contracted with the CTMRG
algorithm and auxiliary bond dimension x. [59,60,64,65].
Note that one may sometimes encounter the ill-convergence
of this CTMRG by starting from random values. To mitigate
such potential issues with convergence, we use two differ-
ent approaches: (i) physical initialization of CTMRG tensors
(physical initialization can be set as a product of Kronecker
deltas connecting both iPEPS and bPEPS bra and ket indices)
followed by a couple of layers of bMPS-based contraction
prior to full CTMRG (bMPS truncation uses much larger
effectively infinite environment for the truncations, which
is initially much better than the nonconverged CTMRG en-
vironments); (ii)) CTMRG with larger environments for the
definition of projectors (if for computing projectors, one usu-
ally contracts 4x2 blocks formed by the tensor network and
CTM tensors [29], then in our case, we use 4x/ blocks,
where / > 2). In addition, we usually gradually increase the
bond dimension y,. starting from some moderate values (e.g.,
Xc = 30) up to the maximal values. At every x., we perform
the fixed number of CTMRG iterations, e.g., seven sweeps
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per four lattice directions. The relevant observables are then
measured at both intermediate and final values of x. to check
convergence.

The computational cost of the CTMRG part scales as
x2D*x} + x2(D° + D*x;}). Note that x;, ~ 3D and x. > D*.
In our previous study [41], we suggested the scaling D'? of
the whole calculation, but it is difficult to confirm this since
it is possible to perform calculations only up to D = 6 in
some cases. In addition to that, the precise scaling of yx, with
D remains not completely clear. For the SU(2) Heisenberg
model on the simple cubic lattice, the scaling is approximately
X» = 2D, but for the SU(4) Heisenberg model, it is closer to
X» =~ 3D, and it may have some nonlinear dependence on D.
The precise dependencies of x. and x, on D necessary for
convergence will probably be determined only after a suffi-
cient number of models studied with the method.

In the discussion above, we generally assumed that the
tensor network is contracted from the top and bottom of a
chosen layer with bPEPS. This contraction allows us to com-
pute operator expectation values for the operators inside this
layer. Hence, the CTMRG contraction should be repeated for
all k layers. Still, the described construction cannot be used
to compute the energy expectation values for operators along
vertical z bonds. To deal with such operators, we rotate the
tensor network and repeat the calculations above with the
rotated network, where the new horizontal layer corresponds,
e.g., to the original xz planes.

Finally, there are additional self-consistency checks, which
enable verification of our results. First, the local reduced
density matrices are hermitian, but the contraction method
described above does not guarantee this hermiticity since
the top and bottom bPEPSs are generally different, and the
single-layer CTMRG also does not use hermiticity. Hence,
the hermiticity of the density matrix is restored only after
sufficient convergence of bPEPS and CTMRG—This is one of
the nontrivial checks of the validity of the algorithm. Second,
as mentioned above, certain observables require additional
tensor network rotations to be found, while other observables,
such as the on-site reduced density matrices, can be deter-
mined by using both the original and rotated tensor network
contractions. Therefore, we compute these on-site reduced
density matrices by utilizing both mentioned contractions and
compare the results to confirm the algorithm convergence and
consistency.

IV. RESULTS
A. 2d limit

We first turn our focus to the systems in the limit of de-
coupled planes, i.e., square lattices with anisotropic in-plane
couplings. In the 2d case, the full machinery of 2d iPEPS is
available to us.

We analyze the 2d limit by taking J, =0 and J, # J,.
Without loss of generality, below, we assume that J, > J, and
J = 1. In the isotropic case, it is known that the model is in
the color-ordered dimerized phase [26], which spontaneously
breaks lattice translational, lattice rotational, and continuous
spin-rotational SU(4) symmetries. In this subsection, we study
the anisotropic case with J, € [0, 1] by applying the iPEPS
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FIG. 5. Dependencies of the average energies E, and E, on x and
y bonds, respectively, and the average difference of energies between
the two consecutive x bonds |AE,| on the strength of interaction
on the y bonds J, in the 2d limit of SU(4) Heisenberg model (with
J. = 1). The calculations are performed within the 2d iPEPS with the
bond dimensions D = 10. For comparison, we also show the results
atJ, = J, = 1 and D = 10 from Ref. [26] (see Fig. 3 therein) as star
symbols.

algorithm and show that the dimerized phase at J;, = J, is con-
tinuously connected with the limit J, — 0, which is described
by the decoupled translationally invariant WZW models, with
translational invariance [and SU(4) symmetry] along the chain
gradually restored.

We take the 2d iPEPS wave functions with unit cells of
size 4x4 and bond dimension D = 10 as the ground-state
Ansdtze. We employ the CTMRG approach with the auxiliary
dimension y = 100 for the computation of two-site correla-
tion functions. In all cases, we observe the same structure of
the dimerized phase as in the isotropic limit.

In Fig. 5, we show the energy expectation values along the
x direction (along the dimer orientation) for both strongly and
weakly correlated bonds. Note that, here and below, the bond-
specific energies E;;, = (H;;,) are additionally averaged
over all similar bonds in the given unit cell. We can conclude
that the breaking of translational symmetry, as well as the
continuous SU(4) symmetry, is a consequence of the addition
of a (small) coupling between different chains. Moreover, the
greater the interchain coupling J,, the more pronounced the
breaking of translational symmetry along the chain becomes.
It means that the coupling between different chains is the
reason for the dimerized color-ordered phase, which remains
stable including the 2d isotropic point.

B. 1d limit

We proceed to study the limit J, =J, =J — 0 while
keeping the coupling between chains along the z direction
fixed (J; = 1). The decoupled chains are described by the
WZW models and are translationally invariant. As discussed
in the previous subsection, the addition of a small coupling
between the chains may naturally lead to dimerization. In the
MF description, the interaction with the four nearest-neighbor
chains is simply the same as the interaction with the two
chains with the twice larger couplings. Hence, we can expect
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FIG. 6. Dependencies of observables: (a) The average energy on
the x and y bonds E, ,/J and (b) on the z bonds E, (in units of J, = 1),
(c) the average difference of energies between the two consecutive
z bonds |AE,|, and (d) the correlation length £ on the coupling in
transversal directions J = J, , in the 3d chain regime (J < J,) of the
SU(4)-symmetric Heisenberg model. The calculations are performed
within the 3d chain MPS with different bond dimensions up to
D, = 150.

that the behavior of coupled chains can be qualitatively similar
on both highly anisotropic square and cubic lattices (with the
difference that the cubic lattice may potentially have more
complex unit cells).

We study the behavior in this limit within the decoupled
chain MPS+MF Ansatz. Our results for the energy depen-
dence on different lattice bonds are shown in Fig. 6 on the
cubic lattice with unit cell 4x4x4. It is clear that, in both
cases, dimerization develops as a consequence of interchain
coupling. The results are obtained for the MPS bond di-
mensions up to D, = 150. For moderate interchain couplings
J & 0.25-0.5, the results are converged in bond dimension.
For very small J, the local operators are almost converged,
but the correlation length £ shown in Fig. 6(d) continues to
increase. This behavior is expected, as in the limit J — 0,
the correlation length should diverge. Note that the employed
method in this study may be not optimal in the regime of
very small couplings and nearly critical systems; it should
become more efficient if one extensively uses symmetries as
SU(4) and probably applies some version of DMRG instead
of iTEBD.

We would like to comment slightly more on the correla-
tion length behavior. In principle, dimerization spontaneously
breaks the SU(4) symmetry, and the full system correlation
length should diverge for every value of interchain coupling
J. It seems that the coupled MPS Ansatz is incapable of
describing this behavior with sufficient accuracy, and for this
reason, the correlation length stabilizes at finite values at
higher interchain couplings.

Note that we cannot strongly confirm that dimerization
develops immediately after addition of nonzero interchain
coupling. At very small interchain coupling, our iTEBD-based
calculations are slightly noisy due to the large size of the

unit cell and small couplings between chains. This does not
allow us to prove that dimerization develops for any inter-
chain coupling and not at some nonzero interchain coupling
J ~0.1.

We should also emphasize several details here. First, at
small interchain coupling (J,, < 0.1J;), the energy per bond
smoothly connects to the WZW model with a uniform dis-
tribution of energies along the chain with E, ~ —0.825 [54].
Second, the expectation values of the exchange operators
P., = E\ ,/J between different chains (which are computed
in a MF-like fashion since the neighboring chains are not
entangled) decrease from 0.25 to 0.1. The limit with P = 0.25
corresponds to the probability that the sites in two different
chains have the same color when the colors are distributed
homogeneously along the chain. The decrease of this expec-
tation value to 0.1, even at the level of MF theory, points to
dimerization in the chains. Finally, we observe that, for the
sites on the same chain, the expectation value of the operator
P differs between even and odd bonds. This also points toward
the dimerization of the chains.

C. Isotropic point in 3d

From the two previous subsections, it is clear that dimer-
ized color-ordered states appear in the cubic lattice both in the
limit of large J, and in the opposite limit J, — 0. The nat-
ural question is whether these two regimes are adiabatically
connected to each other through the isotropic point. In this
subsection, we present the evidence that this is, indeed, the
case. For this purpose, we study the system at the isotropic
point within the 3d iPEPS approach.

We first optimize the iPEPS wave function with the simple
update on the 4 x4 x4 lattice and with bond dimensions up to
D = 8. The choice of the unit cell with all dimensions being
multiples of 4 is natural for the model with the SU(4) symme-
try group since it can host the relevant dimerized or magnetic
orderings, as those discussed in Ref. [66]. To approximately
pinpoint the phase, we calculate the observables using the sim-
ple update environments. Note that it is possible to complete
simple update calculation even for larger bond dimensions
(up to D = 12), but it is currently too costly to compute
their expectation values with controlled methods. One can
still obtain some reliable information on the state from the
converged simple update tensors. For example, it looks re-
alistic to compute observables based on approximate simple
update environments [36,40] or to inspect bond spectra in the
superorthogonal canonical form [50]. Both the approximate
observables and bond spectra allow one to approximately
infer the nature of the phase but do not give systematically
controlled results.

Our numerical analysis suggests that, starting from D = 4,
the wave function converges to the dimerized phase with the
2x2x4 unit cell. Note that we use different initialization with
random product states to check that simple update converges
to the same phase. After this preliminary estimation of the
necessary unit cells and bond dimensions, we focus on the
2x2x4 unit cell with the bond dimensions D =4 and 5.
The maximal bond dimension D =35 was chosen because,
for bond dimensions D > 6, the necessary computational cost
for the tensor-network contraction with CTMRG becomes
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too large. The results below are shown for the D = 5 and 4
wave functions. Note that these results may be criticized from
different points of view. The first critical point is that the local
Hilbert space dimension is 4, and bond dimension D = 5 is
only moderately larger. The second important point is that the
simple update may be insufficient to detect some phases. In
our defense, we could say that the simple update approach was
also employed in the 2d SU(4)-symmetric Heisenberg model
in Ref. [26].

Next, we employ the boundary iPEPS+CTMRG approach
to calculate observables of the optimized 3d iPEPS wave func-
tion. We calculate the local on-site reduced density matrices
for all sites inside the unit cell as well as the energies on
the bonds. It is necessary to converge boundary iPEPS in z
and y directions to calculate energies on all bonds. For the z
direction, the maximal boundary iPEPS bond dimension for
the D = 5 wave function is fixed to x; = 14, while for the
y direction, the maximal boundary iPEPS bond dimension is
fixed to x, = 17. For the D = 4 wave function, the maximal
X» values in z and y directions are, respectively, 10 and 14. For
these bond dimensions, the smallest boundary iPEPS bond
spectra A are of the order 1073, which is used as a criterion
of bPEPS convergence. For converged bPEPS, we finally cal-
culate the observables using the single-layer CTMRG, with
the CTMRG bond dimensions up to x. = 160 for D = 5 and
up to x. = 120 for D = 4. The corresponding bond energies
converge reaching accuracy in the range 107°-10~*, while the
local reduced density matrix elements converge with accuracy
below 1073 Note that the local reduced density matrices also
converge with respect to hermiticity up to errors of the order of
1079, and the difference between local reduced density matrix
elements computed with the original and rotated bPEPS is of
the order of 1073,

‘We observe that the bonds can be divided into three groups
according to their respective energies: The first group consists
of x and y bonds; the second group includes energies on z
bonds starting from even z coordinates; the third group in-
cludes the rest of the z bonds. The average energy of bonds
in the first group is equal to E, ~ E, = —0.1823 (for D = 4,
it is equal to E, ~ E, = —0.1704). The energies of bonds in
the second group have the average energy E; even = —0.8668
(for D = 4, E, even = —0.8003), while the energies in the third
group are equal to E, ,qqg = —0.1908 (for D =4, E, oqq =
—0.1779). Note that, as various rotational and translational
symmetries are not enforced during the optimization and sim-
ple update iPEPS optimization being not very accurate, there
were some residual discrepancies between energies on bonds
of the same group, especially for the bonds in the first and
third groups.

In Fig. 7, we show the on-site concentrations at D =5
of different colors on different sites of the unit cell and the
bonds with the largest energies (these we call above bonds of
the second kind). The concentrations of colors on the site ap-
proximately follow the proportions 0.447:0.442:0.057:0.054.
The slight difference between the first and second concentra-
tions is likely due to the limitations of the simple update at
the bond dimension D = 5. Still, we can conclude that the
concentrations of the first two and the last two colors are
approximately equal on all sites. In Fig. 7, we can clearly see

E. cven ~ —0.8668

—C E. oaa ~ —0.1908
~006  ~0.06
L ~owm iéz 0.44
- E,

E,~ E, ~ —0.1823

FIG. 7. Sketch of spin-flavor concentrations in the 2x2x4 unit
cell of the isotropic cubic lattice. Bold lines correspond to the bonds
with the lowest energy E; cen. The results are obtained by 3d iPEPS
with the bond dimension D = 5.

that the colors form either red-green or yellow-blue dimers
with large negative energies.

V. CONCLUSIONS AND OUTLOOK

We studied many-body ground states of the SU(4)-
symmetric Heisenberg model on a simple cubic lattice using
different tensor network approaches by employing 3d iPEPS
variational wave functions. For this wave function Ansatz, we
extended our previous method of calculating observables to
handle large unit cells. Our numerical results point toward
the persistence of the dimerized color-ordered phase known
from the 2d limit [26] in both anisotropic and completely
isotropic 3d regimes. This, in turn, is a sign that the 3d SU(N)-
symmetric lattice systems remain very promising as hosts for
exotic quantum phases beyond the MF theory results [66].

There are several possible additional research directions.
One of them is the extension of the method to different lattice
geometries. The simplest lattices to extend our calculations
are hyperhoneycomb and diamond lattices, as the tensor net-
works on these lattices can be easily mapped onto the simple
cubic lattice after the combination of several tensors into
one. It is also possible to develop algorithmic extensions to
pyrochlore and octahedron lattice geometries (3d Lieb lattice)
after switching from iPEPS to the infinite projected simplex
states (iIPESS) Ansatz [67]. Some other cases, such as the
face-centered cubic lattice, may also be within reach after
the inclusion of longer range interactions. In this respect,
the most straightforward direction to proceed is to study the
Heisenberg model on the pyrochlore lattice [68] and some
additional models on the hyperhoneycomb lattice. Note that it
was previously proposed that some SU(4)-symmetric models
may be realized on the hyperhoneycomb lattices [69].

In addition to potential extensions to other lattice geome-
tries, it is also possible to further develop the algorithm on
the cubic lattice. One potential extension is the implementa-
tion of the full update optimization scheme [70,71] for the
3d iPEPS wave functions. The cost of such optimization is
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higher but technically manageable. In conditions where we
are restricted to small bond dimensions, the energy benefit
of the full update scheme can become substantial. A lighter
version of this approach is the implementation of a 3d ex-
tension of the neighborhood tensor update from Ref. [72],
which combines higher accuracy than the simple update with
a still reasonable cost even in 3d. Another possible algo-
rithmic development concerns the calculation of operator
averages. In this study, we employed only simple update
environments to optimize bPEPS tensors; however, it is also
possible to use the full update. It may also be interesting
to compare our observable calculations with the loop ex-
pansion modification of belief propagation from Ref. [73].
Furthermore, one can also investigate issues with poten-
tial CTMRG ill-convergence and compare the observable

calculations from the rotated tensor networks to analyze al-
gorithmic convergence.
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