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In realistic nanoscale transport setups, electron-phonon coupling leads to the exchange of heat between
phonon baths and electronic reservoirs with finite heat capacities. Such exchange affects the finite reservoir’s
temperature. However, this sensitivity of the finite reservoir temperature to the exchange of heat with the finite
reservoir has remained unexplored for thermometry. Here, we fill this gap by combining current metrology
techniques with a thermodynamic framework encompassing finite reservoirs. We focus on an experimentally
realizable setup with a quantum dot coupled to a finite reservoir and consider two distinct current-based strategies
in the long-time limit, namely monitoring quanta exchanged between the quantum dot and finite reservoir and the
measurement of the total current flowing from the quantum dot into an infinite reservoir. A third strategy involves
measurements of the quantum dot occupation. For a large but finite reservoir, we show that the Fisher information
for all three strategies captures the finite reservoir’s contribution to sensitivity through common factors. We also
demonstrate that monitoring quanta exchanged between the system and finite reservoir in the long-time limit
achieves optimal precision. Finally, we provide an optimization analysis that explores how maximal precision
can be achieved within each of the current-based strategies by tuning the gate voltage.

DOI: 10.1103/7jl4-jryx

Introduction. Measuring the temperature of phonons is
fundamental for understanding thermoelectric properties in-
fluencing the performance of quantum electronic devices.
Devising practical high-precision phonon temperature mea-
surements is, nonetheless, challenging. In experiments, the
phonon temperature is often inferred using spectroscopic
methods, in particular Raman spectroscopy [1,2]. While com-
monplace, Raman thermometry techniques have relatively
low precision and can be sensitive to imperfections in the
sample [3].

In nonequilibrium experimental configurations, heat ex-
changes between electron and phonon reservoirs enabled by
electron-phonon coupling carry information about the phonon
bath’s parameters. Focusing on measurements of transport
observables, such as currents, could, therefore, potentially
lead to advantageous estimation schemes. Most importantly,
current observables are experimentally accessible in a variety
of open-system platforms at the nanoscale.

In this vein, current-measurement-based parameter esti-
mation strategies recently started to gain traction. Examples
include measuring currents for the estimation of system or
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environment parameters in nonequilibrium scenarios, such as
thermometry exploiting quantum thermal machines [4] and
quantum dot (QD) setups [5,6]. Further recent theoretical
advances include the derivation of classical and quantum
parameter estimation bounds in mesoscopic electronic set-
tings employing an adiabatic linear-response approach [7]
and the Landauer-Büttiker formalism [8]. As well as this,
Bayesian approaches for continuously measured two-level
systems coupled to fermionic or bosonic environments have
been investigated [9].

Previous works on current-based metrology have approxi-
mated the environments driving the system out of equilibrium
as being infinitely large. Notably, however, many realistic
experimental transport setups encompass finite-size reservoirs
[10–14], which undergo fast internal thermalization due to
electron-electron interactions [15,16]. Due to its finite heat
capacity, the temperature of such a finite reservoir is affected
by exchanges of heat with the surroundings. This feature
has been shown to influence transport properties [17–21],
nonequilibrium thermodynamics [22–26], and heat-engine
performance [27–29], but it also makes finite reservoirs ideal
platforms for calorimetry [30]. Indeed, recent experiments
have demonstrated electronic nanocalorimeters that can detect
tiny amounts of heat exchange via measurable changes in their
temperature [31,32]. This sensitive relationship between heat
exchange and temperature naturally suggests that finite reser-
voirs could also be exploited for current-based thermometry,
yet to date this possibility has remained unexplored in the
literature.

In this Letter, we investigate phonon temperature estima-
tion by combining current-based metrology techniques with
transport theory encompassing finite-size reservoirs. We focus
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FIG. 1. Sketch of the finite-size reservoir at stationary tempera-
ture and chemical potential, T and μ, coupled to a phonon bath at
temperature Tph and to the quantum dot system. The finite reservoir
is also coupled to the left infinite-size reservoir at temperature TL

and μL , while the quantum dot is coupled to another infinite-size
reservoir to its right, at temperature TR and chemical potential μR.

on an experimentally realizable nonequilibrium transport
setup supporting particle and heat currents, where an elec-
tronic finite reservoir is both coupled to a bath of phonons
and a single-level QD. Our analysis considers two distinct
current-measurement-based strategies in the long-time limit:
(I) monitoring quanta exchanged between the QD and the
baths, and (II) measuring the net particle current going
through the QD into an infinite reservoir. Pivoting from cur-
rent measurements, we consider a third strategy, i.e., (III)
measuring the QD occupation. We derive analytical expres-
sions for the Fisher information for these three strategies
under the assumption of a large, but still finite, reservoir.
All three formulas are shown to share factors revealing how
finite reservoirs can be harnessed for thermometry. Further-
more, while we show that strategy I enables the optimal
performance achievable in our setup, our optimization anal-
ysis further explores how maximal precision can be achieved
by tuning the gate voltage within each current-based strategy
(I and II).

Nonequilibrium transport setup. We consider the setup
sketched in Fig. 1, where the electronic finite reservoir
QD is coupled to left (L) and right (R) infinite-size reser-
voirs at different temperatures TL/R and chemical potentials
μL/R. Furthermore, the finite reservoir exchanges heat with
a bath of phonons at some temperature Tph as depicted in
Fig. 1. We take all electronic reservoirs to consist of non-
interacting electrons, described by Fermi-Dirac distributions

f (E , T̃ , μ̃) = [1 + e(E−μ̃)/T̃ ]
−1

(we set kB = 1). The finite
reservoir’s thermalization via electron-electron interaction is
considered to be very fast, so that it is in a quasiequilibrium
state at all times, with well-defined, time-dependent tem-
perature T (t ) and chemical potential μ(t ), characterized by
f (E , T (t ), μ(t )) [32,33].

The time evolution of the system is described by the fol-
lowing phenomenological master equation [34],

d

dt

[
p0

p1

]
= W

[
p0

p1

]
=

∑
α=L,R

[−�in
α �out

α

�in
α −�out

α

][
p0

p1

]
, (1)

where pn denotes the probability of the QD being in state n =
{0, 1}, i.e., empty (n = 0) or occupied (n = 1). The tunneling

rates for electrons to jump in or out of the QD are given by
[35]

�in
L = � f (ε, T, μ), �out

L = �[1 − f (ε, T, μ)] (2)

�in
R = � f (ε, TR, μR), �out

R = �[1 − f (ε, TR, μR)]. (3)

The master equation in Eq. (1) is valid in the weak-coupling
regime when � � T . Average particle and heat currents, de-
noted by 〈I (L/R)

QD 〉 and 〈Q̇(L/R)
QD 〉, respectively, flowing from the

QD into the finite reservoir (L) and infinite reservoir (R), can
be expressed as 〈

I (L/R)
QD

〉 = p1�
out
L/R − p0�

in
L/R, (4)〈

Q̇(L/R)
QD

〉 = (ε − μ)
〈
I (L/R)
QD

〉
. (5)

Furthermore, we consider linear response equations to de-
scribe transport between the infinite and finite reservoirs [21].
The corresponding particle and heat currents are given by

〈Iinf〉 = σ�μ, 〈Q̇inf〉 = π2T̄ σ

3
�T + μ̄σ�μ, (6)

where μ̄ = (μL + μ)/2 and T̄ = (TL + T )/2 are the aver-
age chemical potential and temperature, and �μ = μL − μ

and �T = TL − T are chemical potential and temperature
differences. These expressions assume energy-independent
transmission between the finite and infinite electron reser-
voirs, and are valid when the electrical conductance σ is much
larger than �μ and �T . In the Supplemental Material (SM)
[36] (see also Refs. [37–39] therein), we provide a detailed
analysis of their regime of validity using the Landauer-
Büttiker formalism.

Finally, the exchange of heat between the finite electronic
reservoir and the phonon bath is expressed as

〈Q̇〉 = −�
(
T n − T n

ph

)
, (7)

where Tph is the temperature of the phonon bath and � ac-
counts for the phonon-electron interaction. Equation (7) is
valid when we only consider a single phonon mode with a
well-defined temperature Tph, and is valid to first order in �.
Here, we only consider a single phonon mode with a well-
defined temperature Tph. The extension to multiple phonon
modes is, however, straightforward within our framework.
The exponent n takes different values depending on the sys-
tem. Usually, n = 5 for normal bulk metals [31,40], but other
values are possible for dimensionally restricted electron gases
[16,41–44].

From here on, we write 〈IQD〉 = 〈IL
QD〉 and 〈Q̇QD〉 = 〈Q̇L

QD〉
to ease the notation. The time evolution of the finite reservoir’s
chemical potential and temperature will depend on particle
and heat currents as [21]

μ̇ = 1

ν0
(〈IQD〉 + 〈Iinf〉), (8)

Ṫ = 1

Cel
(〈Q̇QD〉 + 〈Q̇inf〉 + 〈Q̇ph〉), (9)

where ν0 is the density of states of the electrons (taken to
be energy independent for simplicity), and Cel = ν0π

2T/3 is
the specific heat of a free-electron gas. At the nonequilibrium
stationary state (NESS), we have that μ̇ = Ṫ = 0. From now
on, T and μ will denote fixed, stationary temperature and
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chemical potential of the finite reservoir, which can be found
by self-consistently solving the coupled equations for the cur-
rents presented above.

The finite reservoir’s NESS temperature and chemical po-
tential depend on how strongly the finite reservoir couples to
the infinite reservoir, the QD, and the phonon reservoir. In the
following, we define the dimensionless quantity ζ = σTL/�,
representing the coupling strength of the finite reservoir to the
infinite electron reservoir relative to its coupling to the QD.
We also define ξ = �T n

ph/σT 2
L , which captures the relative

coupling strength of the finite reservoir to the phonon ver-
sus the electron reservoir. To make progress analytically, we
assume that ζ � 1 and ξ � 1, which describes the regime
of a large, but still finite, reservoir [21] whose temperature
is significantly influenced by the phonon bath. With these
approximations, we can write T = Tph + �T and μ = μL +
�μ, with �T/Tph � 1 and �μ/μL � 1 given by

�μ ≈ −Vb

σ
G, �T ≈ π2Tph

6nξ

(
1 − T 2

ph

T 2
L

)
, (10)

where G is the conductivity of transport through the QD. See
the SM [36] for the detailed derivation and justification of the
expressions in Eq. (10). The SM also provides an analysis of
the contrasting regime in which ξ � 1 (ultraweak coupling
to the phonon reservoir), but this yields substantially reduced
thermometric sensitivity so we focus on the case of ξ � 1
from here on.

A few remarks about (10) are in order. We first note that
�μ is insensitive to the phonon temperature. This results
from the fact that the phonon temperature enters (8) indirectly,
through T . Instead, the change in μ is dictated by the relation
between the tunneling strength into the QD and the infinite
reservoir. On the other hand, �T is inversely proportional to
the relative strength ξ .

Estimation theory. Given a sequence of measurement
outcomes, x = {x1, x2, . . . , xN }, an estimate of the phonon
temperature can be obtained by employing an estimator,
which is a function of the measurement data x. In particular,
unbiased estimators, Ťph(x), satisfy the property that their
expected values, taken over all possible measurement records,
correspond to the true value of the parameter, 〈Ťph(x)〉 = Tph.
The precision of the phonon temperature estimation is cap-
tured by the variance of Ťph(x), which is bounded by the
Cramér-Rao bound [45,46] as Var[Ťph(x)] � 1/F (Tph), where
F (Tph) is the Fisher information [47]

F (Tph) =
∑

x

P(x)

[
∂

∂Tph
ln P(x)

]2

. (11)

Here, P(x) is the Tph-dependent probability to obtain the mea-
surement data x.

Strategy I. We first consider continuously measuring the
system, as it evolves under Eq. (1). In this case, measurement
outcomes are, in general, correlated with each other [48].
A measurement record is, in this way, constituted of data
points characterizing a given trajectory. For example, trajec-
tories can be constructed by keeping track of the sequence
of stochastic jumps of electrons tunnel in and out of the QD,
x = {x1, x2, . . . , xN }, during the time interval 0 � t � τ .

In this case, for a sufficiently large τ , the Fisher informa-
tion can be expressed as [49]

FI(Tph) =
[(

∂Tph�
in
L

)2 pss
0

�in
L

+ (
∂Tph�

out
L

)2 pss
1

�out
L

]
τ, (12)

where pss
1 = ( f + fR)/2 and pss

0 = 1 − pss
1 are stationary

probabilities. We note that FI depends only on the rates de-
scribing the coupling to the finite reservoir, �in

L , �out
L , as the

derivatives of �in
R , �out

R with respect to the phonon temperature
are zero. In this way, the sensitivity is entirely determined by
the exchange of quanta with the finite reservoir. In the SM
[36], by considering the approximations in (10), we show that
FI can be approximated as

FI(Tph) ≈ χeχph

[ 〈Nin〉
f 2

+ 〈Nout〉
f̄ 2

]
, (13)

where f = f (ε, T, μ) and f̄ = 1 − f (ε, T, μ), while 〈Nin〉 =
pss

0 �in
L τ and 〈Nout〉 = pss

1 �out
L τ . Additionally, we have that

χe ≡
(

∂ f

∂T

)2

= (ε − μ)2

16T 4 cosh4
(

ε−μ

2T

) , (14)

χph ≡
(

∂T

∂Tph

)2

=
[

1 + π2

6nξ

(
(1 − n) + T 2

ph

T 2
L

(n − 3)

)]2

.

(15)

The expression in Eq. (13) is particularly insightful, as each
of the three multiplicative factors captures distinct contribu-
tions to the phonon temperature sensitivity, as explained in
the following. The first factor, χe, quantifies the sensitivity of
the finite reservoir’s Fermi-Dirac occupation, f (ε, T, μ), to
changes in its temperature T . The second factor, χph, measures
how T changes with the phonon temperature. Altogether,
the product χeχph weights the Fisher information with the
sensitivity of the finite reservoir to the phonon temperature.
In this sense, we show that the finite reservoir temperature
becomes independent of Tph when ξ → 0 and ζ → 0. This
means that χph vanishes in the limit of an infinitely large
electronic reservoir, which implies zero sensitivity (see the
SM [36]). Finally, the last factor is expressed in terms of the
expected value of the number of tunneling events into (out)
the QD from (into) the finite reservoir during the measuring
time τ , 〈Nin〉 (〈Nout〉).

To put our result in Eq. (12) into perspective, we consider
the upper bound on the Fisher information, namely the quan-
tum Fisher information [50], derived by Gammelmark and
Mølmer [51] for measurements on the global system (i.e.,
system and environment) during a certain time τ . Specifically,
they obtained an analytical expression for the Fisher informa-
tion corresponding to the optimal measurement on the global
system, out of all possible quantum measurements. This result
therefore corresponds to the maximum precision achievable
by measuring the global system for a sufficiently long time
(see the SM [36] for details).

In the SM [36], we show that, in the long-time limit,
the Fisher information for jump trajectories equals the upper
bound derived in Ref. [51] for any classical rate equation.
We can therefore conclude that, for very large τ , monitoring
jumps corresponds to the best possible precision.

L291406-3



BRATTEGARD, MATERN, MITCHISON, AND MOREIRA PHYSICAL REVIEW B 114, L291406 (2026)

Strategy II. We will now consider measuring the net charge
N transferred from the QD into the right reservoir during the
time τ . Such a measurement can be performed by integrating
the dc current measured by an ammeter over a time window τ ,
and can be modeled theoretically as a two-point measurement
of the number of electrons in a given reservoir [52]. For large
τ , the average and fluctuations of N increase linearly with
time, i.e., 〈N〉 = τ 〈IQD〉 and Var(N ) = τ 〈〈I2

QD〉〉, with 〈〈I2
QD〉〉

being the diffusion coefficient [53]. Given this, the asymptotic
Fisher information for such a current measurement can be
expressed as F (Tph) = τ (∂Tph〈IQD〉)2/〈〈I2

QD〉〉 [8].
In our case, the average current reads 〈IQD〉 = �( f −

fR)/2. As we assume that the finite reservoir is large enough,
i.e., ζ � 1, we neglect temperature fluctuations in the sta-
tionary state. In this way, the calculation of the diffusion
coefficient gives (see the SM [36] for details)

〈〈
I2
QD

〉〉 = �

[
f f̄ + fR f̄R

2
+ ( fR − f )2

4

]
. (16)

Using (10), we obtain the following expression for the Fisher
information,

FII(Tph) ≈ χeχph
�τ

( f + fR)( f̄ + f̄R)
. (17)

We can immediately see that the first two factors in Eq. (17),
χe and χph, are the same as in Eq. (13). The third factor in
Eq. (17) quantifies how much information about the phonon
temperature can be extracted from the total current flowing
through the QD.

Strategy III. Lastly, we consider repeated measurements
on the system. The protocol is as follows. After the QD
evolve into the NESS, a measurement of the QD occupation
is performed. Then, the system is again allowed to evolve for
a sufficiently long time, so that it relaxes back into the NESS,
and a new measurement of the QD occupation is realized. This
procedure is repeated N times, thereby giving rise to N in-
dependent measurement outcomes. In this context, the Fisher
information for the measurement of the QD occupation can
be expressed as FIII(Tph ) = (∂Tph〈n̂〉)2/〈〈n̂2〉〉, where 〈n̂〉 = pss

1
is the average occupation of the QD, while its fluctuations are
given by

〈〈n̂2〉〉 = 〈n̂2〉 − 〈n̂〉2 = f f̄ + fR f̄R

2
+ ( fR − f )2

4
, (18)

where we used that 〈n̂2〉 = 〈n̂〉. Using (10), we get

FIII(Tph) ≈ χeχph
1

( f + fR)( f̄ + f̄R)
. (19)

We note that the Fisher information for a single occupation
measurement in Eq. (19) only differs from FII in Eq. (17) by
a factor of �τ . If we now express N = τ/τM , where τM is the
time interval between measurements, we have that

NFIII = FII

�τM
. (20)

In order to ensure that the system has reached its NESS before
performing a new measurement of the occupation, τM must be
significantly larger than the relaxation timescale of the system,
τrel. The latter is determined by the nonzero eigenvalue of the
rate matrix W in Eq. (1), and is given by τrel = 1/2�. Thus,

FIG. 2. Sensitivity rate of the three thermometry schemes as a
function of (left column) phonon temperature and (right column)
bias voltage. The top row has electron-phonon coupling with an
exponent n = 5, while the bottom row has n = 3. The parameters
used are TL = TR = 10�, Vb = 40�, σ = 300�/TL , and Vg = −10�.
When n = 5, we use � = 1000σ/T 3

L , and when n = 3, we use
� = 100σ/TL . In the right column, we set the phonon temperature
to Tph = 8�.

if we fix the time between measurements to be τM = 2ητrel

for some constant factor η > 1, then we find NFIII = FII/η,
i.e., the total Fisher information for strategy III is less than
for strategy II. Finally, we note that the Fisher information
in strategies II and III is only proportional if the coupling
strength � with the left and right reservoirs is the same.

Thermometric precision. The Fisher information in
Eqs. (13) and (17) increase linearly with time. In order to
compare the thermometric performance of the current-based
strategies I and II, we define the sensitivity rate as

γ 2
l = T 2

phFl

τ
, (21)

where l = I, II and Fl is the corresponding Fisher information.
We evaluate the sensitivity rates numerically, which are plot-
ted in Fig. 2 for strategies I (solid blue lines) and II (dashed
orange lines) as a function of the phonon temperature, Tph/TL

(left column) and bias voltage Vb/Vg (right column). They
are shown for phonon-electron coupling models for which
n = 5 (top row) and n = 3 (bottom row). We also plot the
approximations in Eqs. (13) and (17) (gray dotted lines). In
all cases, we see that strategy I, where the sequence of jumps
is monitored, significantly outperforms strategy II. This is
expected, since Eq. (12) corresponds to the optimal measure-
ment performed on the global system during the time τ .

In the left column of Fig. 2, we see that the sensitivity rates
display a nonmonotonic behavior as a function of Tph. The
approximations agree with the numerical results for Tph large
enough, so that ξ � 1. We also note that we get a significant
difference in the value of sensitivity rates for different values
of n. More specifically, the sensitivity rate is always higher
for n = 5 than for n = 3. This can be understood as ξ ∝ T n

ph,
i.e., phonons couple more strongly to the finite reservoir for
n = 5 than for n = 3. In the right column of Fig. 2, both γI

and γII vanish at the point where the chemical potential of
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FIG. 3. Optimized sensitivity rate over gate voltage as the
phonon temperature Tph is varied. The inset shows the corresponding
optimal bias voltage. The parameters used are n = 5, TL = TR =
10�, Vb = 40�, σ = 300�/TL , and � = 1000σ/T 3

L . For these pa-
rameters, we have that ζ = 300, and ξ � 1, provided the phonon
temperature is sufficiently large, i.e., Tph � TL/3.

the finite reservoir is equal to the QD level energy, μ = ε.
This is because χe = 0 at this point, as the tunneling rates
become independent of finite reservoir temperature. We also
see that the sensitivity rates increase linearly from the point
where μ = ε, in agreement with Eqs. (13) and (17). Overall,
we see that the numerically calculated sensitivities agree with
the approximations to a remarkable degree in the considered
range for the voltage bias.

As we have seen, Fig. 2 demonstrates the existence of
optimal current-based sensing of phonon temperature for any
set of parameters. We further numerically investigate this by
considering the optimisation of sensitivity rates over the ex-
perimentally tunable gate voltage, Vg,

γ max
l = max

Vg

γl , (22)

for a fixed value of phonon temperature. We denote the gate
voltage that maximizes the sensitivity rate by V max

g . The result
of the optimisation is shown in Fig. 3 for both strategies I and
II. We see that, for Tph � TL/3, a very favorable and robust
estimation regime is achieved. The inset shows the corre-
sponding optimal gate voltage for both strategies. These re-
sults can guide experimentalists to implement optimal phonon
temperature sensing schemes by tuning the gate voltage.

Conclusion. We introduced an approach harnessing finite
reservoirs for current-based phonon temperature estimation
in the long-time limit. By showing that the Fisher informa-
tion for jump trajectories corresponds to the quantum Fisher
information for any classical rate equation, we were able to
demonstrate that monitoring the sequence of electron jumps
between the QD system and the finite reservoir (strategy I)

enables the best possible current-based sensitivity. We also
investigated the sensitivities of measuring the total charge
transferred (strategy II) and the QD occupation (strategy III).
For large but still finite reservoirs, we derived analytical ex-
pressions for the Fisher information in strategies I, II, and
III. These expressions clearly capture the finite reservoir’s
thermometric contribution via common multiplicative factors.
Furthermore, we demonstrate optimal precision within current
strategies I and II by tuning the gate voltage.

In most experimental scenarios, it will be easiest to use
the estimation scheme II, which requires only a simple dc
current measurement. Strategy III can be realized using fast
real-time detection of the QD charge state, e.g., via radio-
frequency reflectometry [54]. However, as we have shown,
this does not give any significant advantage in our setting,
since strategy II yields a higher rate of precision gain once
the time between measurements in strategy III is accounted
for. Strategy I is theoretically optimal but also the most chal-
lenging to realize, as it requires resolving each individual
exchange of charge between the QD and the finite reservoir.
Such detection of jumps mediated by a specific reservoir is not
out of the question in more complex nonequilibrium setups,
e.g., as demonstrated recently using real-time charge detection
on a double-quantum-dot system in the high-bias, Coulomb
blockade regime [55].

In conclusion, our results show how finite reservoirs can
be harnessed for metrology in nonequilibrium steady states.
While we focus on an electronic transport setup, our results
serve as a basis for the investigation of how finite reservoirs
can be harnessed for current-based parameter estimation in
other scenarios, such as superconducting qubits coupled to
bosonic environments [12,13].
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