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The Boltzmann distribution encodes our subjective knowledge of the configuration in a classical lattice model,
given only its Hamiltonian. If we acquire further information about the configuration from measurement, our
knowledge is updated according to Bayes’ theorem. We examine the resulting “conditioned ensembles,” finding
that they show many new phase transitions and new renormalization-group fixed points. (Similar conditioned
ensembles also describe “partial quenches” in which some of the system’s degrees of freedom are instantaneously
frozen, while the others continue to evolve.) After describing general features of the replica field theories for these
problems, we analyze the effect of measurement on illustrative critical systems, including: critical Ising and Potts
models, which show surprisingly rich phase diagrams, with RG fixed points at weak, intermediate, and infinite
measurement strength; various models involving free fields, XY spins, or flux lines in 2D or 3D; and geometrical
models such as polymers or clusters. We also give a formalism for measurement of classical stochastic processes.
We use this to make connections with quantum dynamics, in particular with “charge sharpening” in 1D, for which
we give a purely hydrodynamic derivation of the known effective field theory. We discuss qualitative differences
between RG flows for the above measured systems, described by N — 1 replica limits, and those for disordered
systems, described by N — 0 limits. In addition to discussing measurement of critical states, we give a unifying
treatment of a family of inference problems for noncritical states. These are related to the Nishimori line in the
phase diagram of the random-bond Ising model, and are relevant to various quantum error correction problems.
We describe distinct physical interpretations of conditioned ensembles and note interesting open questions.
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I. INTRODUCTION

Conventional expectation values and correlators express
our knowledge of the state of a classical system—for example,
a lattice magnet at its critical point—based only on its Hamil-
tonian. If we obtain further information about the state from
measurements, our knowledge and our conditional estimates
of correlators are updated. This response of nontrivial classi-
cal ensembles to measurement contains universal physics that
cannot be simply inferred from the correlators of the initial
(unconditioned) ensemble.

Let S represent a configuration in a classical statistical en-
semble: for example, an equilibrated configuration of spins in
the lattice magnet or of fields in a lattice field theory. Imagine
that we acquire partial information about S by making a set
of measurements of some local observable O (extensively
throughout the spatial configuration), whose outcomes we
denote by M. Since the measurements may be incomplete

or imprecise, their outcomes do not in general fully reveal
the configuration S. However, we may ask to what extent the
measurements reveal the “long wavelength” information in
the configuration. As a simple example, it is perhaps intuitive
that even very imprecise measurement of the microscopic
spins in the critical Ising model is sufficient to completely fix
the configuration of “block spins” on very large scales: in this
case, the measurement “strength” effectively renormalizes to
infinity. In other models, or for measurement of other local
observables, this may not be the case. We may either effec-
tively obtain no information about large scales, or we may end
up in an intermediate situation where measurement changes
our estimates of long-distance correlations in a nontrivial
way, without fully revealing the configuration. Formally, the
question is about the nature of the distribution P(S|M) of
the degrees of freedom S, conditioned on a typical set of
measurement outcomes M. For example, are the fluctuations
of S in the conditioned ensemble short-range correlated, or
critical, or long-range ordered, or something else?

A closely related problem arises if we imagine that con-
figurations S are being sampled using a Monte Carlo Markov
chain, and at some time we decide to freeze (“quench”) the
values of a subset of the local degrees of freedom. As an
example, we may imagine that our magnet is made up of
two species of spins, and the second species is quenched.
Let the quenched degrees of freedom be denoted M. Now,
as the unquenched degrees of freedom continue to evolve,
they explore the distribution P(S|M). In this context, we ask
whether long-wavelength fluctuations are frozen out by the
“partial quenching,” or whether they remain nontrivial.

These two kinds of problem are closely related—indeed,
viewing the measurement outcomes as additional degrees of
freedom that are coupled to the initial physical ones shows
that formally the first type of problem can be mapped to the
second type.

Finally, conditioned ensembles are relevant to the real-
space renormalization group (RG) in, say, a lattice spin model.
In a single step of the real-space RG transformation [1],
“block spins”. M are defined in terms of the microscopic spins
S. For the renormalized couplings to remain short-range, what
we require, loosely speaking, is that conditioning on the block
spins renders the microscopic spins short-range correlated
[2,3]. Formally this is another problem of the above type, with
the block spin values acting as the measurements. Therefore
the properties of the conditioned ensemble in this case are
relevant to understanding when a real-space RG procedure
works, and when it might break down.

We will begin to explore measured critical ensembles,
revealing several new kinds of phase transitions and fixed
points, and analyzing the general features of the RG flows.
(We will also revisit some older problems that can be mapped
to Bayesian inference problems for uncorrelated degrees of
freedom, and which are relevant to error correction.)

Before describing our aims in this paper, let us broaden our
focus away from critical lattice models to review some other
kinds of problems involving Bayesian inference, or related
structures, that have arisen in the literature. First, there is a
significant body of work on connections between Bayesian
inference or error correction and the statistical physics of spin
glasses [4—10]. In particular, the random-bond Ising model on
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the Nishimori line [11] is closely related to a Bayesian infer-
ence (reconstruction) problem for noisy uncorrelated images,
or equivalently for configurations in the infinite-temperature
Ising model [12,13]. Outside the realm of Bayesian inference,
the formal treatment of such problems using the replica trick
also has analogies with methods for exploring free-energy
landscapes in structural glasses, by coupling together sev-
eral replicas of the system [14—16]. Finally, the vulcanization
(cross-linking) process for rubber becomes, in an idealized
limit, a partial quenching process of a certain type [17-19].
At the formal level, these problems, and the problems we will
study here, have in common the applicability of an “N — 1”
replica limit (as opposed to the N — 0 limit used for averag-
ing over quenched disorder). However, the physical questions
and relevant effective theories differ widely between the above
examples and again differ widely from the theories we will
consider here. (For example, a key focus of the Bayesian
inference literature is on finding efficient algorithms.)

In a different domain, there are connections with problems
studied in the quantum literature, and these provide a more
direct inspiration for this work [20-23]. There are physical
and formal analogies (for example in terms of replica sym-
metry) with phase transitions and critical states induced by
repeated quantum measurement [20-38]. (Of course, while
quantum measurements have an “objective” effect on the
wave function, classical measurements only update our sub-
jective knowledge of the system.) Some recent strands of
work in the quantum literature should be specifically high-
lighted in the present context. Reference [23] began exploring
the effect of measurements on quantum-critical ground states
[23,39-46]. The replica field-theory treatment of these prob-
lems has features in common with the discussion here.
(However, for quantum ground states, the nontrivial effects
of the measurements take the form of a boundary condition
in a field theory, while in the problems we study here they
are a bulk effect.) Separately, Ref. [22] introduced the notable
idea of a “charge sharpening” transition for the dynamics of a
quantum system in which an experimentalist makes ongoing
measurements of the local charge density. This transition sep-
arates a phase where the experimentalist can rapidly infer the
global charge from one where this information is “hidden” for
a long time [47]. Despite being quantum and dynamical, this
process is closely related to one of the classical problems we
will discuss. Analogies have also been made recently between
quantum measurement criticality and monitored classical ran-
dom walkers [48] or random paths [49,50].

Finally, we note rigorous results [51-53] on Bayesian in-
ference problems that generalize the Nishimori case [13] (see
main text).

In this paper, we study measured classical critical points,
viewing them as new problems in bulk critical phenomena
that are to be understood using the renormalization group. We
set out the formal description using replicas and use this to
discuss general features of RG flows (Secs. II and III), and
give a unified discussion of the various physical interpreta-
tions of such ensembles (in terms of partial quenching and
real-space RG as well as measurement, Sec. XI). More than
this, however, we aim to demonstrate through an extensive
set of examples that measured classical systems (conditioned
ensembles) give rise to interesting phase transitions and new

bulk renormalization group fixed points (Secs. IV=X). These
examples illustrate more general RG mechanisms in measured
ensembles. They suggest (as does an analogy with disordered
systems, where a remarkable variety of phase transitions have
been found) that there is a wide range of “Bayesian critical
points” to be investigated.

While our main focus is on measured critical equilib-
rium ensembles, we also use the results to shed light on two
related topics. We describe a formalism for monitored clas-
sical stochastic dynamics, based on the Martin-Siggia-Rose
formalism, and apply this to classical particle systems. This
shows, for example, that charge sharpening is a universal
classical phenomenon that relies only on properties of clas-
sical fluctuating hydrodynamics (and not on any quantum
effects). We also give RG results for charge sharpening. Sec-
ond, we revisit Bayesian inference/error correction problems
[8,54,55] involving noncritical ensembles (either paramag-
netic or classically topologically ordered) in order to classify
some closely related universality classes connected with
“Nishimori physics.” We distinguish “Nishimori inference”
from “gauged Nishimori inference” problems which are phys-
ically distinct but share exponents. This classification of error
correction problems in terms of replica gauge theory may
be more intuitive than the standard approach using explicit
mappings to disordered systems (which conceals the full
symmetry).

Our basic framework will be replica field theory (the
replica trick allows averaging over measurement random-
ness). In the conditioned ensemble problem, the measurement
outcomes M play a role that is formally similar to that played
by quenched disorder in a disordered system. However the
key difference with quenched disorder is that, instead of
being drawn from, say, a trivial uncorrelated distribution, the
probability distribution for M is itself generated using the
original statistical ensemble. At the formal level, taking into
account the nontrivial distribution of M leads to an enhance-
ment of replica—permutation symmetry [23,27,29,34,47,56],
from the “Sy with N — 0” of standard disordered systems to
“Sy with N — 1.” Therefore the study of partially quenched
classical systems gives an application to replica field theories
in a different limit to the one usually studied. (Analogously,
monitored quantum systems provided new applications of
various nonlinear sigma-model theories in an N — 1 limit
[35-38,57].)

Overview

To conclude this introduction, we now summarize the main
classes of problems studied.

We start by discussing measurement of nontrivial critical
states, including cases where explicit results can be obtained
using perturbative RG. After a description of replica and RG
formalism in Secs. II and III, Sec. IV describes measurement
of critical Ising and Potts models in arbitrary dimensionality
d. This yields examples of several different kinds of new
critical points in the post-measurement ensemble, including
in two and three dimensions. In addition to RG fixed points
at “weak” measurement strength A, which can be accessed
with perturbative RG in A, we find fixed points at intermediate
A, and fixed points at infinite A (i.e., for perfectly accurate
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measurement), where measurement imposes hard constraints
on the conditioned ensemble. We find that the phase diagram
of measured Ising and Potts models is surprisingly rich (open
questions remain for the future).

2D ensembles that are described by free fields form a
special class of critical states, with some special features (e.g.
exact marginality). In Secs. V and VIII, we discuss mea-
surement of 2D models involving flux lines, or dimers, or
height fields, or XY spins. These various models all share the
feature that the pre-measurement ensemble can be described
in the IR by free-field theory. (Note also the rigorous results in
Ref. [53].) But while the pre-measurement ensemble is free,
the post-measurement ensemble is described by an interacting
replica theory and can show nontrivial phase transitions and
fixed points.

One of the 2D problems we discuss is closely related to
1+1D charge sharpening [22,47]. We fit that problem into a
broader class of monitored classical stochastic processes in
Sec. VI, and we give a simple derivation of the effective field
theory for charge sharpening, for a 1D classical particle sys-
tem, that relies only on standard fluctuating hydrodynamics.
Many of the techniques discussed in this paper generalize
directly to monitoring of classical stochastic processes, as
discussed in Secs. VI A and VI B. We also give a more detailed
discussion of the RG for charge sharpening than previously
available, emphasizing the differences between the RG flows
for charge sharpening and for a closely related disordered
system [58].

In general, the replica field theory for a given measured
system often has a formal similarity to a “related” disordered
system (see below). One lesson from the examples we study is
that, despite this formal similarity, the two kinds of problems
often have very different phase diagrams and RG flows. The
RG flows for the measured system obey constraints that are
special to that context. (The strong-measurement regime is
typically also qualitatively different from a strong disorder
regime.)

In Sec. VII, we give effective replica field theories for 3D
problems involving measurement of flux lines or equivalently
of free gauge fields. We again emphasize the contrast be-
tween the measurement problem and the analogous disordered
system, which is the “vortex glass” [59]. We show that the
topology of the RG flows for the measurement problem dif-
fers from that of the disordered system in 2 4 ¢ dimensions.
(These results are also relevant to 2+1D charge sharpening.)

In Sec. X, the imaging of polymers and of percolation
configurations provides examples of measured critical sys-
tems in which the interesting observables involve nonlocal
connectivity information.

We discuss measurement of noncritical lattice models, ei-
ther “trivial” paramagnetic states or deconfined states of gauge
theories, in Sec. IX. We start this Section with some review:
measurement of the infinite-temperature Ising paramagnet
corresponds to a well-studied Bayesian inference problem
[4,5,12,13], which maps to the Nishimori line in the random-
bond Ising model. Several reconstruction, error-correction, or
quantum measurement problems have been shown to map
to the Nishimori line [8,54,55,60-63]. We use effective field
theory to give a unified discussion of these problems, mak-
ing a distinction between some closely related universality

classes and, we hope, making the ubiquitous appearance of
“Nishimori” exponents in various measurement and error cor-
rection problems more intuitive.

We also comment on the differences in the effective field
theories for measurement of noncritical states and those for
measurement of nontrivial critical states. (One basic differ-
ence is that problems involving measurement of noncritical
states, such as the examples which relate to the Nishimori
line, can be mapped to problems in “conventional” disordered
systems, which is not the case for measurement of generic
critical states.)

Moving away from the discussion of conditioned ensem-
bles in terms of measurement, Sec. XI discusses the two
other physical applications of such ensembles which we have
mentioned above: to partial quenches (Sec. XI A) and to the
real-space RG (RSRG; Sec. XIB). We suggest that “RSRG-
breaking” transitions can occur where a given coarse-graining
rule ceases to give sensible results.

Section XII outlines some future directions. Further discus-
sion and technical details can be found in several Appendices.

II. IMPERFECT MEASUREMENTS: GENERALITIES

This section develops some basic formalism for the mea-
surement problem which is independent of the specific model
being studied (some of the basic structure is a standard
consequence of Bayes’ theorem [4]), and then makes some
general points about the symmetries and the classification of
conditioned ensembles in lattice models. Then, in the next
Section, we describe some general features of RG flows at
small measurement strength X, before moving on to specific
models. A discussion of alternative physical interpretations
of conditioned ensembles, in terms of partial quenches or
real-space RG, is deferred to Sec. XI.

For a given model and a given measured observable, there
is considerable freedom in how the measurement process is
defined, but many of the basic points, for example about
the replica formalism and its symmetries, are independent of
these choices. For concreteness we start with the example
of Gaussian measurements. That is, for each measured local
observable O, the corresponding measurement outcome is a
Gaussian random number, centered on the value O, but with
a variance A% which quantifies the precision of the mea-
surement process. Loosely speaking, A = 1/2A? quantifies
the “measurement strength.” (An alternative way to vary the
measurement strength would be to make the measurements
dilute—we will also comment on this case.)

A. Gaussian measurements

We start with a lattice model for degrees of freedom col-
lectively denoted by S. We will refer to these as spins, but the
formalism is more general: S could represent either discrete
spins or continuous fields. We will absorb the factor of 1/kgT
into the couplings, so that the partition function is

Z= /GXP(—H[S]), ey
S

where |. ¢ 1s the sum or the integral over the spins S.
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We imagine that imperfect measurement is made of a set of
real-valued observables {O, },, where x labels spatial positions
(e.g., sites or bonds of the lattice). In the most trivial case O,
could be the local spin value S, itself, but more generally it
could be an arbitrary local or quasi-local function of the con-
figuration. Let us assume that the corresponding measurement
outcomes M = {M,}, are centered around the true values,
with a Gaussian error of variance AZ. In other words, their
conditional probability density is

P(M[S) = exp (—ﬁ 3 (O, - M) +1n d), @

where d = (2 A%)~(mo- measurements)/2 s 3 pormalization
constant.
The joint distribution of S and M may be written

P(S, M) =Z"" exp (= Hmeas[S, M), 3)

where we introduce an effective “Hamiltonian” for both spins
and measurement outcomes:

1
Hmeas[S, M] = H[S] + m ;(Ox — Mx)2 —Ind. “4)

Starting from the joint distribution (3) and integrating
out/summing over the spins gives the marginal probability
distribution for the measurement outcomes:

Z(M
P(M) = % Z(M) = f exp (—Humews[S. M1).  (5)
S

Our interest is in what a set of measurement outcomes
tells us, typically, about the spins. Therefore imagine that
we know the measurement outcomes {M,},, but we are
not given further information about the spin configura-
tion S™f that they were obtained from.! Assuming that we
also know the physical Hamiltonian H[S], Bayes’ theorem
gives the conditional probability distribution of the spins as
P(SIM)=P(S,M)/P(M):

P(S|M) = €Xp (_ereas[S’ M]) (6)

Z(M)
As expected, the measurement information deforms the dis-
tribution in the direction of the outcomes. We emphasize that
the basic structure of these formulas is a simple consequence
of Bayes’ theorem and, modulo the notation and the choice of
P(S|M), is common to many inference problems in statistical
physics: see for example the review [4].

Eqution (6) resembles a Hamiltonian for spins S in a
disordered system, with the (spatially varying) values {M,},
playing the role of disordered couplings. One of the distinc-
tions from a standard disordered system is that the outcomes
{M,}, should be drawn from the distribution P(M ), which may
encode highly nontrivial correlations arising from the initial
Hamiltonian. (But in the special case where P(M) becomes
short-range-correlated, we can make a correspondence with

"We now denote this measured configuration by S™, to distinguish
it from a sample drawn from the a posteriori measure P(S|M) dis-
cussed below. In one terminology, S™ is the “ground truth” [4].

a conventional disordered system with short-range-correlated
disorder. We discuss this in Sec. [X.)

One kind of question about distributions such as (6) is
algorithmic: given a specific set of measurement outcomes
M for some model, how do we efficiently estimate properties
of the spin configuration [4,5,7]? Here, we instead ask about
properties of the distribution P(S|M), for typical measurement
outcomes. As a result we are ultimately interested in quantities
that are averaged over M.

As a very simple example, we may ask how much the
knowledge of the measurements reduces the uncertainty in
some observable such as the local spin S, itself. We denote the
a posteriori average of the spin® [computed using the distribu-
tion in Eq. (6), given the measurement outcomes M] by (Sy) .
The subscript indicates that the averages are conditioned on
a particular realization M of measurement outcomes. Af-
ter conditioning on the outcomes M, the spin has variance
(S — (Sx)%w. On average, the post-measurement uncer-
tainty is

Ev[((S)*m — (03], 7

where £, is the average over measurements, with distribution
(5). Note that the second term in Eq. (7) may be interpreted
in the spirit of the replica trick: we can think of Ey[(S)3,] =
EM[(Si)M(Sf,) m] as a correlation between two distinct sam-
ples, S I'and $2, which share the same measurement outcomes.
Note also a trivial identity: if e represents an observable for
the spins (in a single sample),

(o) = Err(®)y- ®)

The left-hand side is the conventional average taken with the
Boltzmann distribution P(S). The equality just says that we
are free to average over S in two steps, first averaging over S
at fixed M, and then averaging over M. By contrast, objects
such as [, (e) 1& do not reduce to conventional averages.

Eqution (7) involves a single site. Long-distance corre-
lation functions are more interesting, as they can reveal
universal behavior about the post-measurement ensemble. For
example, we may ask how much the measurement information
reveals about the relative orientation of two distant spins.
These examples again involve correlations between distinct
configurations (“replicas”) that share the same measurement
outcomes. As we discuss next, these averaged quantities may
be addressed using the replica limit applied to a Hamiltonian
for N coupled spin configurations:

N
1
HALS', o SM = YO HIS T+ 5 20D (08 - O,
a=1 a<b x
©

up to an additive constant that vanishes in the replica limit.

A formally similar coupling between replicas also arises in
spin or structural glasses, where, for example, an infinitesimal
coupling can be used to diagnose replica symmetry breaking
in mean-field models [14-16,64,65] (in some of these ap-
proaches the replica symmetry is smaller than Sy).

2This is also called the minimal mean-squared error estimator [4].
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B. Replica formalism

We wish to express correlations between distinct con-
figurations (“replicas”) that share the same measurement
outcomes. Let @ be a quantity that depends on several repli-
cas, S',...,S* (with k > 1) and potentially also on the
measurement outcomes M themselves. Then it is straightfor-
ward to show (see Appendix A) that its average may be written

Ele] = A1]iinl (@), (10

where the average on the right-hand side is computed using an
effective replica partition function in which we integrate over
both the measurements and over N replicas, S', ..., SV, with
the effective Hamiltonian [H eqs i defined in Eq. (4)]

N
HN[SI,...,SN,M]ZZHmeas[Sa’M]- (11)

a=1

As usual (10) is well-defined for N > k, but we hope to be
able to analytically continue to N = 1. As in standard appli-
cations of the replica trick to disordered systems, we expect
this procedure to be well-controlled at least at the level of
perturbative RG [66].

Since M appears quadratically, we can integrate it out
(Appendix A). Abusing notation, we also denote the resulting
effective Hamiltonian, given above in Eq. (9), by Hy. For
many purposes (e.g., for computing RG flows) we may take
the limit N — 1 in the coefficients in the Hamiltonian, giving

N
HylS' ... SN~ Y HIS - éZZQ‘jQ’;. (12)
a=1

a<b x

The nontrivial term in the replica Hamiltonian Eq. (9) (with
the full N dependence) is similar to the one that appears
when the replica trick is used to describe quenched disor-
der,? but with different N dependence for the coefficients.
For the measurement problem, the coefficient of the diago-
nal terms (O¢O” with a = b) must vanish when N — 1 to
ensure Eq. (8). Many RG calculations can be done for the
measurement problem and the disordered problem in parallel,
taking the replica limit N — 1 for measurements and N — 0
for disorder, but there are important structural differences
between the RG flows in the two cases (see Sec. IIIC, and
the examples in Secs. IVD, V A, and VII).

Returning to our simple example, the averaged post-
measurement uncertainty in the spin would be written

Eu[(S P — (893] = lim [((s1)°) — {s?)]
= lim H(s} -2 a3)

where the expectation values on the right-hand sides are
evaluated using Hy [Eq. (9)], and to avoid clutter we have
suppressed the subscript “N” on the replica expectation val-
ues. Note that the post-measurement uncertainty maps to the
“inter-replica” fluctuations.

3Using the replica trick to average over quenched disorder, cou-
pling to O, with variance A% .. gives a replica Hamiltonian with

the term —(Af o qe/2) Y, O“OP [66].

So far we have used the replicas to represent indepen-
dent samples drawn from the a posteriori measure P(S|M).
However it is easy to check that we can also take one of
the replicas, say SV, to represent the “true” configuration S™f
on which the measurements were performed [4] (see Ap-
pendix A). This allows, for example, the computation of the
average overlap S™IS, between the “true” configuration S™
and a sample S from the a posteriori distribution P(S|M) (see,
e.g., Sec. IX).

C. More general measurement protocols

Consider a more general measurement process, where the
measurement probabilities P(M|S) depend on S in an arbitrary
way. The effective Hamiltonian for both measurements and
spins is then (it is convenient to use an informal notation*)

Hineas[S, M] = H[S] — In P(M|S) (14)

and the replica Hamiltonian is obtained from [see Egs. (A4)
and (A5)]

N a
e*'HN[S' ,,,,, SN — / e et HmeasS ,M]. (15)
M

We will denote the associated partition function by Zy =
exp(—F(N)), where F(N) is the free energy for N replicas.
Expectation values may again be computed as indicated in the
previous section.

The example of binary-valued measurements of a binary-
valued observable is discussed in Appendix B. If the binary
measurements are very imprecise, then the leading coupling
in Hy is again of the form in Eq. (12). Perfectly precise, but
dilute, binary measurements give a different term which is
nonzero only if O, is identical in all replicas. (This case is
analogous to the case of “heralded” errors in error correction,
Appendix B.)

Whether these differences are important will depend on the
setting. If our starting point is a critical state, and the mea-
surements are ‘“weak” (either in the sense of being imprecise
or in the sense of being dilute) then we should decompose
the coupling term in Hy in terms of scaling operators of the
(replicated) critical state. The leading perturbation induced by
measurement will then generically be of the form in Eq. (12).
For this reason, the lessons of the discussion in the previous
section apply more widely than just for Gaussian measure-
ments: many different choices for the microscopic P(M|S)
can lead to the same long-distance behavior. On the other
hand if measurements are not weak, the precise measurement
protocol may be important (see, for example, Sec. IV C).

We may also consider simultaneous measurement of mul-
tiple types of observable: i.e., several kinds of local operator
Oy, which we label here by an index w. In general, a
Gaussian measurement (at position x) of the operators O, ,

4Strictly speaking In P(M|S) may not be well defined [e.g., P(M|S)
may vanish for some M] but this is not a problem, as the left- and
right-hand sides of Eq. (14) appear only in the exponent. We will
use a loose notation that effaces the distinction between continuous
and discrete M. It is straightforward to replace the formulations with
more precise ones in terms of the appropriate probability measures.
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is characterized not only by the variance of the error for each
outcome M, ,,, but also by the covariances of these errors. We
will comment on this when we discuss RG flows in Sec. III B.

D. Symmetry

Finally, the symmetries of the measurement protocol de-
termine the symmetries of the replicated theory, as discussed
next. (The following discusion is not essential for understand-
ing most of the concrete examples, but we will appeal to it
in Sec. IX.) Very recent work also discusses symmetry in
Bayesian inference [67] (with different motivations, but also
distinguishing the situations we refer to as invariance and
covariance).

Assume that there is a symmetry group G that acts on
the initial “physical” ensemble via § — gS for g € G, leaving
the Boltzmann weight in Eq. (1) invariant. This notation for
the symmetry transformation is schematic: G could be a global
symmetry, or a local symmetry that acts independently at each
site’ (or a higher-form symmetry [68]); the action on S does
not have to be multiplicative.

At first sight the question is how the measured operators
transform under G. This is not quite the end of the story,
because in a general protocol the measurement “strength”
could also depend on local observables that transform non-
trivially under symmetry. Appendix B discusses the various
possibilities for the specific example of an Ising-like global
7, global symmetry.

More formally, for a given symmetry group G, the mea-
surement process might have any of three (successively
weaker) symmetry properties.

(1) Invariance. P(M|gS) = P(M|S) for all g € G. This im-
plies that measurements can only reveal “singlet” information.
In the Ising case, this would correspond to measuring a Z,-
even operator such as the local energy E. The invariance
implies that the replicated theory has a separate G symmetry
for each replica, giving a G¥ symmetry.

(2) Covariance. P(gM|gS) = P(M|S), for some symmetry
action M — gM on M. This holds, for example, if we measure
the local order parameter S in the Ising model using the Gaus-
sian protocol discussed in Sec. I A. The covariance means
that the replicated theory has at least a single G symmetry
that acts simultaneously on all replicas. Note that, in the Ising
example, the term ), £b S9S? which appears in the replica
Hamiltonian is invariant under such a Z, symmetry.

(3) No condition imposed on P(M|S). An example is
measurement of the Ising spin S, but with a more general
“detector” which is more accurate in detecting + spins than
— spins, or vice versa (Appendix B). In this case the replica
Hamiltonian does not have the G symmetry of the previous
case for general N. However, the fact that the original en-
semble (prior to introducing replicas) possessed G symmetry
imposes an important constraint: any terms which break G
symmetry must involve at least two distinct replicas (or have

SIn Sec. IX, it will be useful to distinguish “local symmetries,”
which relate distinct physical states, from “gauge symmetries”” which
relate different redundant parameterizations of the same physical
state. However, mathematically the action is similar.

a coefficient that vanishes as N — 1; see Appendix B). In
the Ising example one such term involves products S*S”S¢ for
three distinct replicas. For some critical points these higher-
order G-breaking terms will be RG irrelevant, so that G
emerges in the IR, taking us back to the previous case.

Interestingly, symmetries can also be created by the
measurement process. In the limit of perfect measurement
accuracy (A = 00), the measurements effectively impose a
hard constraint on the conditioned ensemble. Similarly, in the
replica theory, all replicas are constrained to agree on the
value of the measured operator [see Eq. (9)]. In some cases,
this constraint—which might for example take the form of a
conservation law for a lattice-flux field—can be interpreted
as a symmetry or higher-form symmetry of the replica theory
(examples in Sec. IX B).

We note that there is a subtlety here about terminology
when we discuss conservation laws and symmetries. In the
language of quantum field theory or quantum statistical me-
chanics, it is natural to consider states that are related by
a local change of basis in Hilbert space as equivalent. As
a result, the presence of, for example, a Z, conservation
law is equivalent to the presence of a Z, symmetry, with
one or the other terminology being natural depending on the
basis we are working in. By contrast, in classical statistical
mechanics there is a preferred basis of classical observables
(for example, in a transfer matrix formulation). Therefore
symmetries/conservation laws that are equivalent in the quan-
tum field theory language may have to be distinguished
in the classical context. (We comment further on this in
Appendix G.)

E. Replica free energy and physical entropies

The free energy of the replica theory may be related to
physical entropies. In cases where the replicated theory is a
2D conformal field theory, this gives an interpretation for the
replicated central charge c¢(N) close to N = 1. This is similar
to the role played by c(N) near N = 0 for disordered systems
[69] (cf. also the quantum measurement transition [70,71]).

We can choose to look at various closely related quantities.
First, note that knowledge of the measurement outcomes will
in general decrease our uncertainty about the spin configura-
tion. This can be quantified by the entropy reduction

ASspins = Sthermo - [EMS(M) (16)

Spll‘lS7
where Siermo 18 the standard thermodynamic entropy (the
Shannon entropy of the Boltzmann distribution for the spins)
and Ss(gn)s is the entropy that remains after conditioning on a
realization M of measurement outcomes.
Second, ASqpiy is also related to the entropy(’ of the prob-

ability distribution of measurement outcomes,

Sieas = — / P(M)In P(M), (17)
M

For simplicity we continue to consider Gaussian measurement
outcomes: since these are continuous variables, the above is strictly
speaking speaking referred to as the continuous entropy or the
differential entropy, rather than the Shannon entropy. Discrete mea-
surements may however be considered similarly and the universal
features will be unchanged.
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via’ ASspins = Smeas — Siv- Here Sy is the “trivial” contri-
bution to the measurement entropy that would be obtained
if the measured observables did not fluctuate: i.e., it is the
entropy of V Gaussian variables of variance A2, where V is
the number of measurements: Syiy = % In(2meA?).

Finally, we can define a free energy conditioned on mea-
surements, F™), using the effective partition function [cf.
Eq. (14)]

ZM) =Y e MIP(M|S) = 7 (18)
S

Again we may relate this to Speas,
[EMf(M) =F+ Smeas; (19)

where F is the physical free energy.

Letting the free energy for N replicas be F(N) = —InZy,
where Zy is the replica partition function defined in Ap-
pendix A, a straightforward calculation (Appendix A) shows
that

EnF™ =F'(1), (20)
Smeas = F,(l) - F(l), (21)
ASspins = F/(l) —F(1) - Strivs (22)

where the prime is the derivative with respect to the number
of replicas (note that Sy, is a nonuniversal extensive term).

The scaling behavior of any of these quantities contains
information about the IR fate of the monitored system. If the
replicated theory flows to a 2D conformal fixed point that
depends on N, the central charge c¢(V) of the replicated theory
may be obtained from universal subleading terms in the free
energy F'(N) on appropriate manifolds. Equation (20) shows
that it is natural to define

Cefr = (1) (23)

which (together with the central charge c(1) of the unmea-
sured theory) will determine universal finite-size corrections
to the above entropies. This effective central charge can be
compared with that often discussed for disordered systems,
defined via the N — 0 replica limit as [69]

ceit = ¢'(0). (24)

The effective central charge has been discussed in the context
of the quantum measurement phase transition in Refs. [70,71].

If the measurements reveal no information about the sys-
tem (Appendix A) then c. is the same as the original central
charge c(1), while if measurements perfectly reveal the entire
configuration, then the partition sum defining 7™ becomes
trivial and c.ir = 0. However, the examples later on will show
that cesr can be either larger or smaller than the central charge
of the unmeasured system. In Sec. XI A 1, we give a protocol
for measuring the effective central charge (23) in a simulation.

"Given a joint distribution P(X;, X>), let S; be the entropy of the
marginal distribution P(X;) of X; (and similarly for S,). Define Sf""d
as the average (over X;) of the entropy of the conditional distribution
P(X1|X>) (and similarly with the variables reversed). Then S; — Sf°“d
is independent of i. We can apply this to P(S, M) to get the result in
the text.

F. Some classes of conditioned ensembles

The space of possible conditioned ensembles is very large,
and we will not attempt an exhaustive classification here.
However we discuss some types of behavior which we will
encounter in this paper.

To begin with, we can classify the problem according to
the nature of the state we are measuring. Our main focus
on this paper will be on measurement of critical states. We
also discuss the measurement of noncritical states—some of
those classical problems are related by various mappings to
quantum error correction [8,54,55] and to quantum dynamics
problems from the more recent literature [60—63].

1. Measuring critical states

First consider critical states, in which, for simplicity, we
measure a single kind of operator (everywhere in space).

One possibility is that these measurements are relevant or
marginally relevant, and also completely reveal the large-scale
structure of the configuration.

A simple example of this is measurement of the spin itself
in the critical Ising model. The dimension of this opera-
tor is small, so that measurements are highly relevant (see
Sec. IITA). We expect that the flow of the measurement
strength is “to infinity” in this example. This means that even
very imprecise measurement of the microscopic spins gives us
precise information about the block spins on large scales.

In the replica language, the flow of the spin measurement
strength to infinity means that all the replicas are perfectly
locked together in the infrared, and the inter-replica fluctua-
tions (of the form S¢ — S”) vanish.

Another possibility is that measurements of the critical
state are relevant, but the flow leads to a nontrivial fixed point.
In later sections, we give some examples in which this non-
trivial fixed point is at small A, so that the RG can be treated
in a controlled manner. As examples we will discuss the Potts
model in 2D; Ising and Potts models above two dimensions;
examples involving measured free fields; and some problems
involving polymers.

If the scaling dimension of the measured operator is suf-
ficiently large, then measurements of the critical state may
instead be irrelevant or marginally irrelevant at small mea-
surement strength. This means that while weak measurements
give us some information about microscopic spins, they tell us
essentially nothing about the configuration of block spins on
large scales.

An example (discussed in Sec. IV) is the critical 2D Ising
model, where we measure the local energy density. The mea-
surement strength is here marginally irrelevant.

However, even if measurements are irrelevant or mar-
ginally irrelevant at small strength, there may be a phase
transition at a finite strength of measurement.® We will argue

81t is interesting to ask what general constraints on RG flows exist
for conditioned ensemble problems. (The replica theory is not a
conventional unitary theory, and so conventional monotonicity re-
sults such as Zamolodchikov’s ¢ theorem [72] are not immediately
applicable. In quenched random systems fixed points are stationary
points of cegr [73].)
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that this is the case for the critical 2D Ising model with bond
measurements. Related things happen for paramagnetic states
(Sec. ITF2). For critical Potts and Ising models in d > 2, we
argue that there is a still more complex phase diagram, with
multiple fixed points.

Some of these strong-coupling fixed points differ qualita-
tively from the weak-coupling fixed points mentioned above.
For many of the former, the natural fields in a Landau-
Ginzburg-like field theory are the replicated order parameters
§¢, carrying a single replica index. At the strong-coupling
fixed points it may be natural also to introduce fields X“
carrying multiple replica indices into the effective field the-
ory (Edwards-Anderson-like “overlap” order parameters; see,
e.g., Sec. IVD).

It is natural to distinguish another special class of nontrivial
fixed points, in which (heuristically) the fixed point is at
infinite measurement strength but, because of the nature of
the measured operator, measurement only freezes a subset of
the inter-replica fluctuations. We will give some examples in
Secs. IV C, VIII, and X.

In special cases measurements can be exactly marginal. A
simple example is measurement of the height gradient Vi
for a free field A, which allows us to continuously tune the
stiffness of the “inter-replica” modes. This example becomes
less trivial when other operators are measured, as the replica
theory becomes interacting. If cosine interactions between
replicas are induced by measurement, a Kosterlitz-Thouless-
like transition can occur. This is essentially the field-theory
mechanism for the charge-sharpening transition introduced
in Refs. [22,47]. In other cases we will find that the replica
theory can show a nontrival interacting RG fixed line, even
though the initial ensemble is free.

We explore a range of critical equilibrium lattice models
involving measured spins, dimers, flux lines or height fields,
for which the pre-measurement ensemble reduces at large
scales to free-field theory, in Secs. V and VIII. We find that
nontrivial RG fixed points and flows are possible in 2 and
2 4 ¢ dimensions. Section VII describes analogous 3D en-
sembles involving flux lines or gauge fields in Sec. VII. (We
touch on other gauge-theory problems in Sec. IX B.)

In Secs. VIA, VIB, and VIIC we take a detour to give
some new results for monitored classical dynamical systems.
This formalism describes for example how charge-sharpening
can be understood using classical hydrodynamics and the
Martin-Siggia-Rose formalism (Sec. VIB).

2. Measuring noncritical states

It is also possible to obtain nontrivial transitions even in the
case where the measured state is short-range correlated, i.e., a
paramagnet [13]. In some cases these examples are related,
by “duality,” to measurement in gauge theories (which may
be in a nontrivial deconfined state). The essential point for the
current discussion is that local observables have exponentially
decaying correlations in all these states. In these cases weak
measurements will not give a nontrivial state, but there may
be transitions at finite measurement strength.

Cases where the initial ensemble has short-range cor-
relations (e.g., paramagnets) have a special feature: the
measurement outcomes [drawn from P(M)] are also

essentially short-range correlated. This means that the effec-
tive Hamiltonian Hpeqs[S, M] in Eq. (4) can be viewed as
a Hamiltonian for spins S in the background of short-range
correlated quenched disorder M.

Therefore the fixed points that appear in this context also
have an interpretation in terms of systems with quenched
disorder. The fact that these disordered systems are “secretly”
measurement problems manifests as a fine-tuning of the disor-
der distribution. A simple example is the paramagnetic lattice
Ising model with measurements of S.S, on bonds (xy). This
is related to the “Nishimori line” [4,5,11-13,56,74-83] in
the phase diagram of an Ising model with random bonds.
This connection between the Nishimori line and Bayesian
inference is discussed in Refs. [4,5,13,84] and reviewed in
Sec. IX A.

Above one dimension, this example has a stable phase
at sufficient measurement strength, in which the replicas are
locked. Physically, this phase is distinguished by the fact that
measurements reveal information about the relative orienta-
tion of arbitrarily distant pairs of spins.

Formally, the stability of the locked phase above 1D is due
to the fact that the locking of replicas is the breaking of a
discrete symmetry (see Sec. IX A 1). Similar examples can
be constructed where the physical symmetry is continuous
instead of discrete, and where the locked phase is stable only
above two dimensions (Sec. IX C).

There is also a wealth of problems involving measure-
ment of discrete gauge theories, some with relevance to error
correction [8,54,55], that are closely related to the above
Nishimori inference problem. We discuss the classification
of these problems in 2D and 3D, and describe some gen-
eralizations where further investigation may be interesting
in Sec. IXB. Some of these problems reveal an additional
interesting phenomenon, which is the emergence in the condi-
tioned ensemble of symmetries (or higher-form symmetries)
that have no precursor in the premeasurement ensemble.

III. MEASUREMENT OF CRITICAL STATES:
WEAK MEASUREMENT REGIME

In preparation for the specific models in the following
sections, it is useful to consider the general structure of the
RG flows for weak measurement of a critical state. Let us look
at the replica Hamiltonian (12)

N
Hy=) Ha—2)y Y OfOF (25)
a=1

a#b i

in the case of weak measurements (large A). We have defined
a “measurement strength”

A= AT (26)
We assume for now that no other relevant couplings are al-
lowed. The effect of the measurement is to try to “lock” the
values of O in the different replicas a = 1, ..., N [this is
more evident in the rewriting in Eq. (9)]. This locking may
be either relevant or irrelevant.
The replica formalism follows that for analogous disor-
dered systems (the N — 0 limit). In particular, our discussion
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of the measured Potts model in Sec. IV draws on the discus-
sion of the disordered Potts model by Ludwig and Cardy and
others in Refs. [69,85-87]. More generally, however, there are
structural differences between disordered systems and moni-
tored clean ones, both in the weak measurement regime and
in the strong measurement regime. We discuss some of these
in the following two sections (and in the context of specific
models, e.g., in Sec. V).

A. RG equations at small measurement strength

A standard result gives the RG equation, to order A2 in
terms of an operator product expansion (OPE) coefficient of
the replicated theory [58,69].° In turn, this OPE coefficient
can be written in terms of the OPE of the original, unreplicated
theory. Normalizing the physical operator O so that this OPE
takes the form

1 C
00)-0O(r) = ﬂTo+ﬂ—O(’)(r/2)+~~ ) (29)

the RG equation in the limit N — 1 may be written (similarly
to the N — O case, e.g., Ref. [88]):

9:h = (d — 2xp)A + (2C? — 4)A%. (30)

We have rescaled A to eliminate a factor of w%/2/T'(d/2)
from the second term. The RG time t is the logarithm of the
observation length scale.

The first term in Eq. (30) is the same as in the case N = 0,
which describes a system with quenched disorder coupling
to O. The criterion for the measurements to be relevant is
therefore the same as the Harris criterion [89] for quenched
disorder to be relevant, viz.

Xo < d/2 (criterion for relevance). 31D

If measurements are weakly relevant, and if the coefficient
2C? — 4 of the second term is negative, then the RG equa-
tion will show a stable nontrivial fixed point at a small value
of A: we will discuss some examples below.

The standard form for the RG equations in terms of OPE
coefficients [66,85] also gives scaling dimensions at the new
fixed point. In particular, consider a scaling operator v (with
dimension xy) that is distinct from O, and assume that sym-
metry enforces () = O (this will be the case if there is some
symmetry under which v, but not O, is charged). Let the OPE
of O withiy be O - = C(‘g,w ¥ + - --. In order to determine

9Defining the perturbing operator P = >, 2b 0“Ob, we write the
OPE as

P-P=ayl+CyP+---, (27)

where dependence on the spatial coordinate is omitted, and where
other terms on the RHS are assumed to be irrelevant. (The constant
ay is not necessarily 1, i.e., we do not assume that P is canonically
normalized.) Then the RG equation to order A” is

d/2

r'(d/2)

A = (d — 2xo)A + CyA2 4+ 00\%). (28)

We will implicitly assume that A is rescaled to absorb the constant
742 /T(d)2).

the probability distribution of the correlator conditioned on
measurements, (¥ ¥ )y, we need the moments [EM(I//l//)ﬁ,,,
which map to correlators of the multireplica operator [85]
Yl ¢k, for all k. To lowest order in A, ~ (d — 2xp), these
operators have dimension

2
k(k — 1)(CE ) (d — 2x0)
2 —C?
in the N — 1 limit.!° This is “multifractal” scaling [85]. In
particular, considering the k — 0 limit for Ey; (¥ (0)3 (r))*
shows that the power-law exponent xgp governing the decay

of correlations in a typical realization of measurement out-
comes,

Xy loyh = kx‘/, — (32)

Ear In (9 (0) (1) yr =~ —2x," Inr, (33)
with
¢’ ) (d = 2x0)
x:pyp =xy + ( Owl — *o , (34)

is larger than the exponent x; governing the usual average
(¥ (0)yr(r)). We will discuss examples of models with this
kind of scaling in Sec. IV A, VIIB, IV D, and VIII.

At the level of the perturbative discussion above, the
replica approach goes through similarly for the case N =0
(describing quenched disorder) and for N = 1 (describing
measurements), though with different nontrivial coefficients
in the RG equations which may lead to different flow
topologies.

However, this similarity may be misleading, as there are
basic structural differences between the N = 1 case and the
N = 0 case. These differences are not apparent in Eq. (30),
since there we (a) consider the flow only of the measurement
strength X, and (b) consider small A.

One key difference is that, in the limit N — 1, single-
replica quantities are independent of the value of A, since they
could equally well be formulated in the nonreplicated system,
in which A does not appear [Eq. (8)]. This is not the case for
N = 0. This independence simplifies the structure of the RG
equations for N = 1: the RG flow of “conventional” couplings
(i.e., those which are already present in the nonreplicated
theory) is independent of A when N = 1. This means that RG
flows can be very different from those that arise in analogous
problems with quenched disorder. We will give a simple ex-
ample in Sec. III C.

The regime of strong measurement is also typically very
different. Heuristically, the measured systems lack the strong
“frustration” possible in generic disordered systems. Later we
will show examples where a replica-locked phase is possible
for N = 1 but not for N = 0. (Formally, this has to do with
differences between the replica group theory in the N — 1
and N — 0O limits.) Systems of line defects in three dimen-
sions give one example. Line defects (e.g., superconducting
vortices) that are subjected to pinning by disorder [59] show
only a trivial weak-disorder phase (there is no “vortex glass”
at nonzero temperature [90-92], Sec. VII B). By contrast, in

10At higher orders, or at the lowest order if ¥ = O, it may be
necessary to consider operator mixing [85].

235113-10



BAYESIAN CRITICAL POINTS IN CLASSICAL ...

PHYSICAL REVIEW B 112, 235113 (2025)

the analogous measurement problem there is both a stable
weak-measurement phase and a stable strong-measurement
“replica-locked” phase (Secs. VII and VII B). “Charge sharp-
ening” and related static problems yield other examples of
significant differences between the N — 1 and N — 0 uni-
versality classes, as discussed in Secs. V and VL.

B. Multiple measured operators

For completeness, we state the generalization of the above
RG equation to the case where we measure several different
types of operators O, withpu =1, ..., Nineas. We have corre-
sponding measurement outcomes M, . For a general Gaussian
measurement of {M,},=i. . A,... the measurement outcomes
at a single spatial location have a conditional probability dis-
tribution of the form

P(M|S) o &3 Mu=OuwKin(M,=O) 35)

where we omit site labels. Here the inverse of the matrix K
determines the covariance of the measurement errors. This
leads to a replica Hamiltonian (cf. Sec. I B)

1

Hy =Y HIS]- 3 > 04K, 0. (36)
a a#b

Defining A,,, = 1K, and taking the single-replica OPE to be

A
My c,
Frutx + Z XX =X, OA + -, (37)
A

0,0, =

a straightforward calculation of the OPE in the replica theory
gives

Ochuy =(d — X — %)y +2 Y ClaClshaphys
afys

=4 AaTlaphpy- (38)
op

Note that, even if the physical measurements have a diagonal
covariance matrix, off-diagonal elements of A may appear
under RG, depending on the structure of the OPE. More im-
portantly, operators that are not measured “microscopically”
can effectively be measured at larger scales. For example,
the RG equation above shows that measuring O effectively
generates measurements of all the operators that appear in the
O - O OPE.

C. No feedback on conventional couplings

Let us illustrate a simple but important feature of the RG
flows for measured systems. The measurements do not affect
single-replica quantities, i.e., conventional expectation values
are unchanged by the decision to measure! [See Eq. (8).]
Therefore any coupling constants that are already present in
the single-replica theory are unaffected by the flow of the
measurement rate.

This is shown most clearly in an example. Consider
the critical Ising model in 4 —e dimensions, in the
Landau-Ginzburg formulation, with measurements of the en-

ergy (¢7):

1 a g a )\' a
Hy =3 §a (Vo) + il §a ()" — m a§#j(¢ Y (@")>.
(39)

Here g is a “conventional” coupling that specifies the initial
thermodynamic ensemble, whereas A characterizes the mea-
surements. These couplings’ RG equations are

N -1

0,8 = €g — 3g2 — — 22 40)

N+2
3 h = €eh — 2gh + TJF’\Z‘ (41)

Note that when N — 1 the conventional coupling g evolves
autonomously, as it should:

d.g=€eg— 3¢, (42)
B A = (€ — 291 + A2 (43)

This is in contrast to the N = 0 case, where the quenched
disorder, represented by A, would feed back into the flow of g
(and also of the mass). The RG flows described by (42) and
(43) are qualitatively different (even in four dimensions) from
those at N = 0, which are discussed in Ref. [93].

At the Ising fixed point, g, = €/3,

€

ek = 3

showing that in 4 — € dimensions the critical Ising model does
not have a weak-measurement fixed point. We will discuss
the measured Ising model (which turns out to be interesting)
futher in Sec. IV D.

In general, for a measured system, we can divide the cou-
plings into the conventional “thermodynamic” couplings {g},
and the couplings {A} which appear only when we use the
replica trick (i.e., measurement strengths). The {A} couple
to operators such as ), £b OQO? that involve more than one
replica and which formally vanish when N = 1. As a result the
RG equations have the schematic form (suppressing indices
on g and A that label different operators)

a‘[g = .B({g})a 0:A = ﬁmeas({g}v {AD). (45)

If, prior to considering measurements, the model is at a fixed
point g = g, then in the second equation we can set g = g,
as in Eq. (44). Note that the full replicated theory may flow to
a nontrivial interacting fixed point even if the “conventional”
sector flows to a free fixed point, for example as a result of
being above its upper critical dimension (analogous phenom-
ena occur for geometrical observables in some lattice models
[94-96]).

In the next few sections we discuss a variety of models
which give rise to interesting fixed points. We start with criti-
cal Ising and Potts models.

A+ A% (44)

IV. CRITICAL ISING AND POTTS MODELS

The Q-state Potts model is defined initially via the nearest-
neighbor interaction —J 86,0, between spinso, = 1,2, ..., 0,
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with the case Q = 2 being the Ising model:

7 = Z &’ Lty ooy (46)
(o}

We will start off in 2D, and for concreteness will consider the
model on the square lattice. The model can be extended to any
real Q > 0 at the cost of considering models with nonlocal
Boltzmann weights (for example, via the Fortuin-Kasteleyn
expansion). We assume throughout that the couplings are fer-
romagnetic, J > 0, and tuned to the critical point.

As in the general setup (Sec. IIF 1) we can then measure
arbitrary local observables built from the spins o,. We focus
here on measurement of the bond energies, setting O = &, 0,
in the lattice model. We will find an interesting phase diagram
as a function of the measurement strength A, with multiple
fixed points. The first of these fixed points, which arises for
Q > 2, can be understood in detail using perturbative RG in
A. We discuss this fixed point in Sec. IV A. (Later on we
will denote it with the symbol ., since it is accessible in
perturbation theory at “weak” measurement.) We then turn to
the global phase diagram, i.e., larger A, in Sec. IV B, showing
that there is a nontrivial phase transition even in the 2D Ising
case. We discuss Ising in higher dimensions in Sec. IV D.

A. Nontrivial perturbative fixed point in 2D

In the continuum limit, O = ¢, where ¢ denotes the energy
operator. This has scaling dimension xp = (3 —2g)/(2¢g)
with g = % arccos(—~/Q/2) [97], so by Eq. (31) the coupling
in the replica theory is marginal in the Ising case and weakly
relevant for small positive Q — 2. This fact has been exploited
in the analysis of the related disordered system [69,85-87],
and we can carry over many results simply by taking N — 1
instead of N — 0.

The RG equation for the coupling A in Eq. (25) has been
computed, for arbitrary N, to order A2 in Ref. [69] and to order
A3 in Ref. [86]. It reads

Ik =y A 4T (N — 20> — 167 (N — 21> + -+, (47)

where y, = 2 — 2x», which will be the small parameter, is the
RG eigenvalue of the perturbation:

_4(Q—2)_4(Q—2)2+.”
T 3gp o2 '

We have y, = % for Q = 3. We will write y = y, below.

For the Ising model weak energy measurements are thus
marginally irrelevant (see Sec. IV B for the regime of larger
A). But in the Potts model with small Q —2 > 0 and N < 2,
there is a flow to a stable weak-coupling fixed point at

Y (48)

. y ¥

Sme-N Tame-Ny

This applies both to the random-bond problem (N — 0) and
to the problem of imperfect measurements (N — 1).

For the random-bond model it has been shown [73,98] that
this fixed point extends beyond the perturbative regime. In
fact, it exists for any Q > 2, even when the transition in the
pure model is first order (Q > 4). This cannot be the case
in the measurement problem, since by Sec. III C a sector of

Foee. 49

the unperturbed model (A = 0) carries over unchanged to the
perturbed one at A*. We therefore conjecture that the weak-
coupling fixed point exists for 2 < Q < 4.

The central charge of the replicated system has been com-
puted to order y? in Ref. [69] and to order y* in Refs. [86,87].
Denoting by ¢(N) the value of the central charge at 1*, and
Nc(1) its value at A = 0, the result reads

NN -1 3
¢(N)=Nc(1l) — 8((N—_2)3(y3 — my4>. (50)
In particular
y3 3y4
c’(l)—c(l)z—g—ﬁ, (5D

which is —8/625 = —0.0128 for Q = 3.

Results for operator scaling dimensions can also be taken
over directly from the random-bond case, where Ludwig [85]
has considered the dimensions xf/f) of the disorder-averaged

k-th moments, {1 (0)v (R)), for an operator . (The brackets
denote the statistical average, while the overline is the disorder
average.) The interpretation in the replica setup is that an
operator ¥ is inserted into each of k distinct replicas out of
the N.

In general models with perturbative fixed points, or in the
present model if i is taken to be the energy operator [85], this
is a nontrivial problem, because an operator like Y% - - - %
is not necessarily a scaling operator. There are (]Z) ways of
choosing the {a,-}f.‘zl, and a scaling operator at the g* fixed
point corresponds to a suitable linear combination of these
choices that mixes them into an irreducible representation
(irrep) of the symmetric group Sy. In other words, one needs
to diagonalize the renormalization matrix by introducing a
new basis of operators. Consequently, the scaling dimension
x% will generally depend not only on the numerical value
of k, but also on the chosen irrep u.

However, for spin operators (i = o), the operator mixing
problem is already diagonal, not only at lowest order,'' but
at any order, as was noticed in the explicit RG calculation
[85,87]. This is in fact a simple consequence of the Potts sym-
metry in each replica, i.e., the global Sp x --- x Sp symmetry
which is present in addition to Sy. The operators o - - - g%
with distinct sets {a',...,a*} belong to distinct irreps of
Sp X -+ x 8p, so cannot mix. It follows that the multiscaling
exponent x*) depends only on k in this case.

Results for energy operators can be read off from Table 1 in
Ref. [85]. Let us focus here instead on spin operators. Let x,

""The renormalization of the scaling dimensions of the opera-
tors ¥ ... % follows from the RG equation for corresponding
infinitesimal couplings g,,,..q. At lowest nontrivial order in A,

.. k) oy seees@), al,..d,
this is of the form 9.8, .o = (y(() )8{,1‘,. at + MM a}f)ga']....a;(’

Y ... % when the operator Y - % is combined with the per-
turbing operator ) _, 4 €a€p. However, unless i is the energy operator

the equation is already diagonal and the operators do not mix at this
order.
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denote the scaling dimension in the unreplicated Potts model:
2
Xy = = [99], so that x, = 5 when Q = 3. Fork =1,
one finds [86]
N-1 TA=3)(E) 4
357 ool 0 (52)
8N =27 1 (=3)I(—¢)

1
M =x, —

and since this is a one-replica quantity the correction vanishes
when we set N = 1 (indeed to all orders in y), in agreement
with the discussion in Sec. III C. The exponent for general k
was shown in Ref. [85] to take the form, to order y?,

0 = o, 4 2D

8(N —2)

for some coefficients a,, b, c; which were left undetermined

at the time. They can however be fixed by comparison with

the later result (52) and the two-loop results for x and x*)
reported in Ref. [87]. The result is

y +k(ay — bok — c2k®)y?,  (53)

ay = m(11+12(N—2)1n2—2E), (54)
bzzm(ll+12(N—2)ln2—3E), (55)
= e (56)

where we have defined
E= —M. (57)

24/3

Let us rewrite (53) in the form x® = kx, + Ax®), where
Ax® is the correction term to order y?. Taking the N — 1
replica limit relevant for the measurement problem, the nu-
merical values are Ax» >~ —0.109 and Ax$) ~ —0.425 for
0=3.

Reference [85] also discusses the universal scaling function
H(a) describing the probability distribution of the rescaled
correlator = —% In G/ In R, where G(R) = (0(0)o (R)) de-
notes the spin correlation function before the disorder average.
H(a) is essentially the Legendre transform of the function
x®_In a typical fixed sample the correlator decays like

G(R) ~ R™¥%,  xyp = @xf,k) L (58)
For Q = 3, we find xy, 2 0.1551, showing that the typical
value of the correlator is parametrically smaller than the mean
(whose decay is governed by x, = 2/15). The higher deriva-
tives of x* with respect to k (at k — 0), of which the next
two can be computed from (53), give access to the higher
cumulants of the probability distribution of In G(R).

B. Global phase diagram for 2D Ising and Potts

‘We now ask what happens at larger measurement strength.
For concreteness, we consider the model on the square lattice.

First consider the Ising model (Q = 2). Weak measurement
of the energy (small A) is marginally irrelevant, as discussed
above, so there is a stable weak-measurement phase. How-
ever, it is easy to see that there is also a stable phase at
strong measurement (large A). In the replica language, this
is a phase where the relative spin between distinct replicas,

Ising d =2

\
4

pani-r (D@ —@—@®
— A

FIG. 1. (a) Phase diagram and schematic RG flows for the critical
2D critical Ising model, on the lattice, as a function of the strength
A of bond-energy measurement. There is a stable phase (—) where
the measurement strength A flows to 0, and another stable phase (mm)
that flows to the trivial replica-locked fixed point . at L = 0o. An

unstable fixed point . separates them. (b) Flows for the critical
2D Potts model with Q > 2. The phase for A < A, (—) is now

nontrivial and governed by a “weak measurement” fixed point .
The phase for A > A, also becomes nontrival and is governed by
a stable strong-measurement fixed point . This fixed point lies
(conjecturally) at A = oo but has nontrivial fluctuations. (Sec. IV C

describes another fixed point for Ising and Potts, @, but we argue

that this is highly fine-tuned and cannot be identified with any of the
fixed points above.)

5485, acquires an expectation value, spontaneously breaking

x¥x?

the symmetry of the replica theory in the pattern'?
(ZzX~-~XZ2)><ISN—>ZQXSN. (59)

Physically, the signature of this symmetry breaking is long-
range order in Ep (SySy)3,,

lim  Ep(S.S,)3 > 0. (60)
lr—y| =00
(The phase is analogous to the strong measurement phase for
the Ising paramagnet, discussed in Sec. IX.) The associated
fixed point @ is a relatively trivial “replica-locked” state
in which all replicas are equal, modulo possible global spin
reversals.

Given the existence of stable phases at small and large A,
the simplest hypothesis is that an unstable critical point «
exists at some order-1 value of A. This hypothesis is shown in
Fig. 1(a).

Next consider the Potts model for Q 2> 2, assuming that
we can continuously vary Q.'"> We know that there is then

12Because whereas the replica Hamiltonian has a separate Z, sym-
metry for each replica, the Edwards-Anderson-like order parameter
54S breaks this down to a single Z, that acts simultaneously on all
replicas.

13The replica partition function has a well-defined continuation to
real Q, and we assume this is sufficient. Whether we can define a
“physical” measurement process (where all probabilities are posi-
tive) for noninteger Q depends on the measurement protocol. It is
not possible for the present protocol (Appendix C). It is possible for
(generalizations of) the one in Sec. IV C, but those cannot access the
strong measurement phase discussed here.
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a stable fixed point . at A, of order Q — 2 (discussed in
the previous section) which governs the weak-measurement
phase. The simplest expectation is that the unstable fixed point
., which was present in the Ising case, has a continuation to
Q > 2, with the exponents changing continuously in Q.

Next consider the fixed point at A = oo. In the Ising case,
this was trivial [e.g., the effective central charge ¢’(1) van-
ished]: perfect measurement of the energy fixes the locations
of all domain walls, and once we know the domain wall con-
figurations, the Ising configuration is fixed up to a global sign.
For Q > 2, however, the fixed point at A = 0o is nontrivial,
because fixing the domain wall configuration in general leaves
freedom in how the domains are “colored” (by assigning
spin values).'* Nevertheless, we conjecture that the nontrivial
A = oo fixed point . remains stable for Q > 2.

These assumptions give the phase diagrams shown in
Fig. 1. The properties of the fixed points D. @. ® of course
depend on Q, but we suppress this label.

Numerics would be required to determine whether this flow
topology remains the same all the way up to Q = 4, but it is
possible this is the case.

C. Aside: measuring Fortuin-Kasteleyn clusters

Above we argued that the Ising and Potts models exhibit
a fixed point @ at intermediate measurement strength that is
unstable to variation in the strength (see Fig. 1). Unlike the
stable fixed point . which we found for Q > 2, the unstable

fixed point @ is not accessible within the above perturbation
theory, so it would require another theoretical approach.
We now briefly discuss a another unstable fixed point, @

This unstable fixed point appears naturally in a different—
highly fine-tuned—measurement protocol that is related to
the Fortuin-Kasteleyn (FK) representation of the Potts model.

At first sight, we might hope that @ could be identified

with @. Instead, we argue that @ is a much more highly

fine-tuned object, with, in principle, an infinite number of rel-
evant perturbations. Therefore, while it arises in the fine-tuned
measurement protocol that we describe next, it is not pertinent
to the more generic measurement process which we described
in the previous section.

Recall the FK representation of the Potts-model partition
function that starts from rewriting (46) as

Z= " T1(m0+2u,180.0)s 61)

{o}.{M} (x.y)

with z = ¢’ — 1. This representation introduces bond vari-
ables M,, =0,1. We think of M,, =0 as denoting an

“In the A — oo limit, the replica partition function is a sum over
configurations C of “nets,” representing domain walls, with a weight
proportional to xc(Q)", where where x¢ is the chromatic polynomial
of the graph of domains. (For integer Q, this is the number of ways
of coloring the domains with Q colors, such that domains separated
by a domain wall have a different color.)

unoccupied bond, and M, , = 1 an occupied bond. The con-
nected clusters of occupied bonds are the “FK clusters.” Note
that, once we condition on the FK cluster configuration, spins
in distinct FK clusters become independent, while spins in the
same FK cluster are forced to take the same value. (This fact
underlies the Swendsen-Wang cluster Monte Carlo algorithm
[100].)

We have denoted the bond variables by M because they can
be viewed as outcomes for measurements of the Ising or Potts
spin configuration: i.e., Eq. (61) can be viewed as a combined
measure e~ "°!P(M|o) for spins and measurements, for a
certain binary measurement process defined by

P(Mx,),|0') = (1 =+ Z(Sax,ay)_] (SM”,O =+ Z(SMX.)‘,ISUX,U):)'

This measurement process has a simple interpretation. Unsat-
isfied bonds (those with &, ,, = 0) are detected with perfect
reliability: if 85, ,, =0, then M,, =0 with probability 1.
However, satisfied bonds have a nonzero probability (1 4+ z)~!
of being misdiagnosed as unsatisfied.

We refer to this as the FK measurement process
since, colloquially, it reveals the geometry of the FK
clusters with perfect precision. Since the spins on
different FK clusters are independent, the correlator
Gu(x,y)=(1—0"""8,. —0 ")y conditioned on
measurements is easy to write down:

if x, y on same cluster,

otherwise. (62)

Gulx,y) = {(1)

Therefore, for any k > 0,
EvGu(x, ) = EyGu(x,y) = G(x, y), (63)

where G(x, y) is the conventional correlator without any con-
ditioning on measurements. This fixed point is therefore not
“multifractal,” unlike the stable fixed point for Q > 2 dis-
cussed in the earlier Sec. [V A.

It is also straightforward to write down the replica partition
function. Each FK cluster carries a spin value from each
replica, i.e., it is characterized by a vector & = (o', ..., o)
of spin values. Since G takes Q" values, we effectively have
a Potts model with Q = Q" states. This may be used to write
the effective central charge,

31-¢) | 0
g 4-0

which satisfies cegr > c(1) for 1 < Q < 2.989.
This picture may also be used to assess the stability of the

InQ, (64)

present fixed point, @, to slight changes in the measurement
protocol. We find that it is highly unstable.

[In more detail: a generic protocol involving measurement
of the energy yields the replica symmetry

GQ,N = (SQ X SQ X e X SQ) X SN, (65)

which includes a separate Potts Sy symmetry for each replica,
together with replica exchanges. The fine-tuned process in
which FK clusters are measured perfectly has a much larger
So symmetry, allowing permutations of all the Q = Q" pos-
sible states of the vector & defined just above. When we move
away from this fine-tuned limit, S¢g is broken down to Gg y,
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12— 51 12— 5
p- p-

FIG. 2. Conjectured topology of RG flows for the critical Ising
model (left) and the critical 3-state Potts model (right), in 2D, super-
imposed on a schematic phase diagram in the plane (p_, p, ) for the
generalized measurement protocol described at the end of Sec. [V C.
Here p. is the probability that a satisfied bond (6, ,» = 1) is correctly
measured to be satisfied, and p_ is the probability that an unsatisfied
bond (8, .+ = 0) is correctly measured to be unsatisfied. Note that in
each case there are two stable phases.

allowing additional relevant perturbations in the action. In
fact, in the replica limit, a formally infinite number of relevant
perturbations is allowed by symmetry, all with the dimen-
sion x = 2g — (g — 1)?/(2¢) (Sec. IV A). This mechanism is
loosely analogous to the one [29] that destabilizes the large
Hilbert-space dimension limit [20,27] in which the quantum
measurement phase transition maps to classical percolation.
Further details in Appendix C.]

We may consider a generalized measurement protocol in
which the error probability differs for satisfied and unsatisfied
bonds, giving a two-dimensional phase diagram. The instabil-

ity of @ leads to the conjectural phase diagram topologies

shown in Fig. 2.
For those flow lines for which can compute the effective

central charge in the UV and the IR (involving ©, . @),

uv IR 15
we find that cgf > cgg.

D. Critical Ising model in d > 2 dimensions

We have argued that, in two dimensions, measurement of
bond energies in the critical Ising model leads to relatively
trivial weak and strong measurement phases, separated by a
phase transition. Now we consider d > 2, where the picture
turns out to be surprisingly intricate.

For the purposes of the following discussion, we will as-
sume that the phase diagram can be continued to noninteger
dimensions. Continuations to noninteger dimensions are ubiq-
uitous in statistical physics, but in general have not yet been
rigorously defined. Nevertheless, in the present case they will
help us to formulate conjectures that are ultimately to be tested
for integer dimensions. The continuous-d formulation of the
measured Ising model is also interesting because it allows

13¢7K starts off at Q = 2 being larger than the central charge of

the unmeasured model (consistent with the flow line @ — © in the

Ising case), but has become smaller than the central charge of the
pure model by Q = 3.

wei=s (O—@—@—@
— A

FIG. 3. Conjectural phase diagram and schematic RG flows for
the critical 3D Ising model, on the lattice, as a function of strength
A of bond-energy measurement. The topology of the flows is similar
to the example of the 2D critical Potts model for Q 2 2 shown in
Fig. 1(b), with a nontrivial “multifractal” weak measurement phase.
However the strong measurement phase is now trivially locked.

simplifications not only near two dimensions but also near
four and six dimensions.

First consider 2 + € dimensions. Reference [93] proposed
an expansion of the RG equations for the random-bond Ising
model in € that is easily adapted to measurements:

A=y h—4m22 4o,y ~04de+--- (66)
In Eq. (66), the scaling dimension of the Ising energy opera-
tor is taken [93] from conformal bootstrap [101]. The initial
formulation of the bootstrap in noninteger dimensions is no
longer believed to be exact (since unitarity bounds cannot be
assumed for noninteger d). However, the resulting errors are
believed to be numerically small [102]; in any case, similar
results for y, can be obtained from the resummed expansion
around four dimensions [101,103].

Equation (66) shows that when d is increased above 2, a
new stable weak-coupling fixed point appears (similarly to
what we saw when Q was increased above 2 in the 2D Potts
model). This leads to the flow topology in Fig. 3, where the

stable weak-coupling fixed point is denoted . By continuity,

the unstable fixed point @) persists to 2 4 € dimensions.

What happens as we continue to increase the dimension?
At first glance, a natural possibility might seem to be that the
fixed points . and . meet with each other and annihilate
at some critical value of the dimensionality. If this was to
occur below four dimensions, it would leave no nontrivial
fixed points. As a result, there would be uninterrupted RG
flow all the way from A = 0" to A = 0o, meaning that even
very weak measurement would be sufficient to access the
strong-measurement phase.

We argue below, at the end of this section, that this is not
possible: it is impossible for the strong-measurement phase
to extend to arbitrarily small A. (The argument uses the FK
representation.) Therefore we conclude that . and @ should
not annihilate with each other, at least not before some other
fixed point appears on the scene. The next dimensionality
where we expect a new fixed point to appear is d = 4, as we
discuss in a moment.

Therefore we conjecture that the flow topology in Fig. 3
also holds in three dimensions.

Now consider the vicinity of d = 4. The RG equation for
A has already been given in Eq. (43), where now ¢ =4 — d:

9,0 = g,\ £33 (e>0), 67)

r=er+212 (e <0). (68)
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FIG. 4. Two possibilities for the topology of the RG fixed points
and flows of the critical Ising model with bond energy measurements
as a function of dimension d and measurement strength A. Solid
lines are results near d = 2 and d = 4. Dashed lines are speculative
extensions to a wider range of d.

(The nonanalyticity arises because the conventional quartic
coupling g in Eq. (43) vanishes, at the Ising critical point,
above 4D.) We see that there is no weak-coupling fixed point
just below four dimensions, but there is an unstable weak-
coupling fixed point, at A, >~ ||, above four dimensions. (We
comment in passing that the flows in and below 4D are very
different from the ones that occur in the random-bond prob-
lem, i.e., at N = 0. The latter are discussed in Ref. [93].)

An interesting question (for the future) is how the fixed
points we have found in 2 + € and 4 + |¢| connect up. Figure 4
shows two possibilities—not the only ones—for the global
topology. In the scenarios shown in Fig. 4, two of the fixed
points annihilate at some d, > 4, so that there is (if d, is
strictly greater than 4) a range of d, viz. 4 < d < d,, with a
surprisingly complex phase diagram as a function of measure-
ment strength, with three distinct stable phases.

Simplifications also arise near six dimensions, where it is
natural to formulate an effective field theory by promoting the
overlap order parameter S“S to an independent field X% (for

a % b):

Y= % Xa:(vsa)Z + % Z(anb)Z + mTZ Z(Xab)Z

a#b a#b
— g ZXabSaSb — % Z XabXchca- (69)
a#b a,b,c
distinct

The leading interaction terms allowed by Sy x Z3 symmetry
are marginal in six dimensions. There is no mass term for
S because we are assuming that the initial measured Ising
model is at its critical point. In high enough dimensions, we
expect two stable phases, for positive and negative m? (with
the latter corresponding to large A in the microscopic model).
The interacting theory below six dimensions will be discussed
elsewhere [104]. The same Hamiltonian, but for a smaller
number of replicas, appears in the context of spin glasses
[76,77,105].

The discussion above assumed that the phase diagram of
the hypercubic lattice model could be continued into nonin-
teger d. Somewhat analogous continuations can be studied
directly in integer dimensions if we make the “interactions”
long range. In the presence of measurements, there are various

ways of doing this, since we can control both the interactions
of the original ensemble, and the nonlocality of the measure-
ment process.

Finally, let us substantiate the claim made above, that
the strong-measurement phase cannot extend to arbitrarily
small A.

First we consider the modified measurement protocol in
Sec. IVC, in which FK clusters are measured with perfect
precision. We saw that this protocol does not lie in the
strong-measurement phase (instead it lies at a critical point).
Therefore, weak measurement of FK clusters will certainly not
lie in the strong-measurement phase either. But, on symmetry
grounds, weak measurement of FK clusters maps to the prob-
lem considered in this section, in which the replicated Ising
CFT is perturbed by small A, together with irrelevant terms
that are also small. Therefore we infer that the continuum the-
ory with small A cannot lie in the strong measurement phase
either. If d < 4, so that X is relevant or marginally relevant,
then the theory with small A must flow to some nontrivial fixed
point.

V. MEASURING 2D FREE FIELDS AND FLUX LINES

In this section, we will discuss “Kosterlitz-Thouless-like”
phase transitions that can occur as a result of measurement
in microscopic models whose IR description is free field the-
ory. The models we discuss fall into two classes: one where
the classical configurations obey a conservation law, such
as a system of flux lines, or fully packed dimers, and one
where there is a U(1) symmetry action on classical config-
urations, such as the classical XY model. Though these are
physically different, the IR description is the same in both
cases.'®

There is also a close relationship between these isotropic
2D problems for “static” equilibrium statistical mechanics,
and anisotropic 141D problems describing the dynamics of
charged particles in one spatial dimension. The latter have
a “charge sharpening” transition that was introduced in the
quantum setting in Ref. [22] and related to field theory in
Ref. [47]. Some of the results in this section are also appli-
cable to classical charge sharpening, which we will return to
in Sec. VL.

After this work was completed, we also learned of rigorous
mathematical results for Bayesian reconstruction of free-field
configurations [53]. That paper demonstrates the existence
of two distinct phases for a certain choice of microscopic
model (but does not address universal properties of the phase
transition).

Let us outline the next few sections, all of which connect to
the topic of measurements in free field theories (or free gauge
theories).

In Sec. V A, we define one class of static equilibrium prob-
lems relating to measured free fields, and then describe the
resulting RG flows. These flows require only a reinterpretation

19Formally this is because the emergence in the IR of the enlarged
U(1) x U(1) symmetry of the compactified free boson erases the
symmetry difference between the microscopic models (see below
and Appendix G).
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of existing results, because the replica field theory was studied
in celebrated work on the random-field XY model [58,106],
which is described by N — 0 instead of N — 1. Further, as a
result of the decoupling [47] of the replica-symmetric mode,
the nontrivial sector of the replica field theory matches that
for charge sharpening. There is a “Kosterlitz-Thouless-like”
transition, whose basic features were anticipated in Ref. [47]
even in the absence of explicit RG equations. The explicit
RG treatment provided in Sec. V A is worthwhile for several
reasons. First, it is interesting to note that the RG flows for
the measurement problem are qualitatively different to those
for the disordered system (the limit of strong measurement is
also very different from the limit of strong disorder). Second,
the RG equations show that while the transitions are, loosely
speaking, Kosterlitz Thouless—like, the detailed RG flows dif-
fer from those of the true KT problem. Finally, the discussion
in Sec. V A is useful preparation for the later Sec. VII, where
we will give effective field theories and RG results for higher-
dimensional static and dynamic problems.

In the following Sec. VI, we will discuss dynamical prob-
lems directly. We argue that a large class of monitoring
problems for stochastic hydrodynamic problems and classical
dynamical critical phenomena can be formalized in a similar
manner to Sec. VIA, by applying the replica trick to the
Martin-Siggia-Rose formalism. We use this to discuss the
classical version of the charge sharpening problem and to give
a very simple derivation of the effective field theory.

While the 2D measurement protocols discussed imme-
diately below in Sec. VA do lead to continuous phase
transitions, the RG fixed points governing these transitions are
Gaussian (similarly to the KT transition). Later, in Sec. VIII,
we will show that alternative measurement protocols for free
fields can give non-Gaussian RG fixed points, with nontrivial
“interactions” due to measurements. In fact some readers who
are interested in measurement of free fields may prefer to start
with Sec. VIII, since the discussion of the RG equations is
simpler than that in the present section.

In Sec. VII, which is closely related to the present one,
we will analyze measurement of a family of 3D systems
involving flux lines. We formulate an effective field theory for
these problems, as well as a 2 + € expansion. The results are
also applicable to higher-dimensional charge sharpening. (For
example, they show that in higher dimensions that transition
is not related to standard XY ordering transitions, ruling out
a previous speculation.) We again make the contrast between
the measured system and the analogous disordered system,
which is the “vortex glass” [59] (the effective field theory in
Sec. VII could also be applied to the vortex glass).

Height fields, phase fields, and flux lines in 2D

Here we discuss 2D systems that are described in the deep-
IR by free field theory,

K 2 2, -
0 d“x (Vh)~ + irrelevant terms, (70)

with measurements of the operators

Och, 0yh, cos(h), sin(h). 71)

This is natural in many settings, for example in the context
of models of flux lines or dimers in the plane, or the 2D XY
model (see below).

The discussion of RG flows closely parallels that for the
analogous disordered system, which we may think of as the
XY model, for a spin S = (cos h, sin 1), with random fields
coupling to the operators in (71). Therefore, in this section,
we need only review the RG equations for general N, and note
the significant qualitative differences between the flows at
N = 0and N = 1. The RG equations for Eq. (73) below were
obtained by Cardy and Ostlund [58] and have been applied
to a range of problems, (including crystal surface roughening
[106] and 2D vortex glasses [59,107-109]).

Note that one reason for considering all four observables
in Eq. (71) is that measuring (cos A, sin &) is equivalent, after
coarse-graining, to measuring all four observables. This is
clear in the replica approach [58]. More physically, if we
acquire information about the phase /4 at nearby points, then
we also acquire information about its gradient.

Let us review types of model described by Eq. (70).

(1) Fully packed dimer configurations on the square lattice
map to configurations of a height field 4. At the microscopic
level h is discrete, but the coarse-grained & is real-valued
[110-117]. The dimer occupation number d; = 0, 1 on a link
£ may be written as a linear combination of the continuum
operators in Eq. (71), with coefficients which depend on the
sublattice [113-117]; these formulas are reviewed in Ap-
pendix D. The case where all dimer configurations are equally
weighted gives K = ﬁ, but K can be varied with interactions
[118,119]."7

(2) The example above falls into a larger class of models
involving configurations of discrete flux lines in the plane
[59,108]. For example, a well-known mapping relates dimer
configurations to configurations of vertically directed flux line
configurations: see, e.g., Fig. 1 in Ref. [108]. In a larger
class of models, microscopic fluxes, defined say on the links
of some lattice, correspond to a discretized version of the
continuum flux

I = €uVoh (72)

that may be defined in terms of h. (More precisely, in gen-
eral they correspond to J, = €,,V,h —1—1120) for some fixed

background flux configuration JI(LO).) The picture in terms of
measuring flux lines makes clear why there is a close con-
nection to the dynamical problem of charge sharpening [22]
(Sec. VI A). In the latter case, the relevant “lines” are world-
lines of particles undergoing stochastic dynamics in 1+1D.

(3) Equation (70) also describes the XY model for a spin
§= (cos h, sin h), if vortices can be neglected — either be-
cause they are RG irrelevant'® or because they have been
suppressed energetically.

7The action in the mid-IR also contains a term o< cos(4h), but
this is irrelevant for K < 2/z. If the dimers are fully packed, the
functional integral does not allow vortices in & (Appendix D).

'8For vortices to be irrelevant we require K > 2/m. As in the
disordered system [58], this threshold can effectively be reduced by
measuring a higher harmonic, (cos gh, sin gh) for g > 1, instead of S
itself.
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Microscopically, the flux line models and the XY model
differ at the level of symmetry and therefore in the irrelevant
terms in (70). Loosely speaking, the two kinds of models are
“dual” to each other. However, in the IR, they have the same
symmetry—due to symmetry emergence under RG—and the
same free-field description, so they are equivalent for the pur-
poses of the following discussion. The analogous distinction
between a model and its dual will become more important
when we move to higher dimensions.

In more detail, in quantum field theory language, the 2D
free field possesses a U(1) x U(1) symmetry. If this free field
was describing a one-dimensional quantum Hamiltonian, then
these two U(1) symmetries would be exchanged by a simple
change of basis, so we would regard them as equivalent. But
in a classical model there is a preferred basis of classical
observables (i.e., observables that we can measure), so the two
symmetries are not equivalent. (See Appendix G for other ex-
amples.) Here the observables are functions of 4. In terms of A,
the first U(1) imposes a constraint on configurations, viz. the
conservation law V - J = 0,' while the second U(1) imposes
invariance under continuous shifts of 4. Microscopically, the
flux-line models preserve only the first U(1), while the XY
model preserves only the second. Both models acquire the full
U(1) x U(1) in the IR, for appropriate microscopic couplings.

Letting the measurement strength for the cosine and sine in
Eq. (71) be A [cf. Eq. (26)] and that for the two gradients be
K, we obtain the replica Hamiltonian density

1 . p
Hy =3 ij Kap(Vh*)(VR") = & ; cos(h* — k"), (73)

where the diagonal and off-diagonal elements of the symmet-
ric matrix K, are, in the limit N — 1,

Kjiy=Kp=---=K, Kp=Ki=---==2c. (74

Note that K;; becomes independent of the measurement
strength «, a special feature of the replica Hamiltonian for the
measurement problem.?’

Although our focus is on the measurement problem, it is
interesting also to review the RG flows for the disordered
system (N = 0) [58], which are strikingly different. This is
because the N — 0 limit is more singular than the N — 1
limit.

For N > 0, the natural parameterization of the couplings
uses stiffnesses?! Ksymm and K,gymm for the replica-symmetric
mode ) h° and the N — I remaining modes, respectively
[58]. Since the symmetric mode decouples from the
interactions, Kymm does not renormalize, and the RG equa-
tions reduce entirely to RG equations in the (Kysymm, A) plane.
(And KT-like behavior is possible in this plane [47].) For

Equivalent to absence of vortices in 4.

OFor general N, the bare values of the couplings in the replica
Hamiltonian derived from the measurement problem are K;; = K +
2(%):( and Kj, = —%", and A/N in place of A in Eq. (73). For
comparison, in the case of the replica Hamiltonian for the disordered
system, Kj; = K — A} and K, = — A2 (for any N), where A2 is
the variance of the random fields coupling to d,/ and 9,h.

2II(symm 08 Kll + (N - 1)I(IZ and Kasymm x Kll - K12~

N — 0, this parameterization is not valid, because
Kymm — Kisymm in this limit. Using a complete parame-
terization shows that the RG equations no longer reduce to
equations for two variables [58].

More concretely, the RG equations to O(A?) are
[58,106,107,120-126]

Kii = (N — DA%,
Kip = =17,

A=k +AG)WN — 2)47,
yi =2 —[2n(Ki; — Kl ™"

(They will be written in more physical variables below.) We
will not need the value of the positive quantity A(y; ) in this
section, but for the 2 4 € expansion in Sec. VII we will need
the fact that

A =27+ 0O (75)

when A is close to marginality [120,121,123,126].

(1) Flows for disordered system [58]. The physical param-
eterization is Ky = K — A, K2 = —A},, where K is the
stiffness of the clean model and A?ﬁs is the variance of the
random vector field coupling to V. Setting N — 0 gives [58]

dK di 1
dt

— =0, —=(2-—)r-242%
dt dt 2K
(76)

Remarkably, none of these equations feeds back into the pre-
ceding one. However, K does not form a decoupled sector, as
it appears in the beta function for A.

Consider first the (K, 1) plane. At high temperature, i.e.,
for K < %, the A = 0 axis is stable. This allows a Gaussian
phase. But at lower temperature the A = 0 axis is unstable.
The low-temperature regime is governed instead by a stable
fixed lling:2 at nonzero A, which meets the axis at the point
K=

Th‘ig fixed line is interesting because, although K and A
tend to fixed values, A% flows to infinity. Studying correlators
[106] shows that typical height differences |2(0) — h(x)| grow
parametrically faster than in the case of a free field. This is
a “glassy phase,” in which the field makes large excursions
because of pinning by disorder.

(2) Flows for measurement problem. Now consider the
measurement problem (N — 1). Expressing the RG equa-
tions in terms of the physical stiffness K and the measurement
strengths A and « via Eq. (74),

dK dA , dk A2

— =0, —=|2—— |2 —AA", —=—.

dt dt 2w (K + 2k) drt 2
(77

The part of the Gaussian plane (the A =0 plane) with

K+2k < ﬁ is stable. This gives a Gaussian “weak

22The Gaussian high-temperature phase is really governed by a
fixed plane, since both K and A2 are exactly marginal [58,106].
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measurement” phase with two?® exactly marginal parameters,
K and «: for example?*

1
((h(0) — h(x))*) ~ — I, (78)

1
2 N ——
Epr (h(0) — h(x)) 3y KK+ ¢
(Continuously varying exponents in the charge-sharpening
problem are discussed in Ref. [47].)

However, unlike the disordered system, once A becomes
relevant in the measurement problem, it inevitably flows out
of the perturbative regime. We expect that this leads to a
trivial locked phase, in which inter-replica fluctuations—i.e.,
fluctuations of (A% — h’)—become massive [47]. For exam-
ple, this is the prediction that we arrive at by taking the RG
equations at face value even for nonsmall A. When A becomes
non-negligible and « becomes large, we can expand around
the minimum of the cosines cos(h* — h”), and we find that the
inter-replica fluctuations are massive.

This analysis of the locked state reveals another significant
difference with the disordered systems problem. Expanding
the potential to quadratic order around a replica-locked state
h' = h?> = ... = h" shows that the mass eigenvalue for the
replica-asymmetric modes is proportional to N. So a “trivial”
replica-locked state with massive inter-replica fluctuations is
consistent for N = 1, but not for N = 0. In the disordered
system, the “glassy” phase takes the place of the locked phase.

Summarizing, in the measurement problem we have a
transition between a Gaussian weak-measurement phase and
a trivial replica-locked phase. Slightly disappointingly, this
example did not give an interacting RG fixed point. However,
later we will see that other closely related 2D theories do lead
to new interacting fixed points/lines (Sec. VIII).

In |x]. (79)

VI. MEASURING STOCHASTIC PROCESSES

So far in this paper, we have discussed the measurement
of spatial configurations drawn from “static” equilibrium en-
sembles. In this section, we consider repeated measurement
that takes place throughout the time-evolution of a stochastic
dynamical process. We show how the formalism of Sec. II can
be adapted to this case using the path integral (Martin-Siggia-
Rose) formulation for stochastic processes.”

Z3Formally, this Gaussian phase generalizes to one with more ex-
actly marginal parameters, since we can, for example, choose to
measure d.4 and d,h with different strengths. The resulting theory
cannot be made isotropic in space: we can rescale coordinates to
make either the replica symmetric or the replica asymmetric modes
isotropic, but not both.

ZHigher correlators are given by Wick’s theorem in the replica
theory, but are equivalent to the statement that the random vari-
able 7(0) — h(x) is a sum of two independent Gaussian mean-zero
pieces; first, (h(0) — h(x))y, which is fixed by M, and has variance
given by (79); and second, the residual fluctuation (2(0) — h(x)) —
(h(0) — h(x))y whose variance is equal to the difference of (78) and
(79).

ZThere is a literature on conditioning Markov processes on a
rare large deviation of some observable, e.g., of a time-integrated

We will defer the description of the general formalism until
Sec. VIB, first describing the concrete example of the classi-
cal charge sharpening problem (to which RG results from the
previous section can be applied).

Charge sharpening was introduced in the context of quan-
tum dynamics [22], but the basic phenomenon is classical
and can arise in a purely classical stochastic model, as will
be clear below, or even in a deterministic but chaotic classi-
cal system. (An effective classical model also appears after
quantum-circuit averaging in Ref. [47].)

Here we give a new derivation of the continuum theory
for charge sharpening that relies only on classical fluctuating
hydrodynamics. This demonstrates the universality of the phe-
nomenon, and is arguably much simpler than the derivation of
Ref. [47] for a circuit using particle-vortex duality.

A. Charge sharpening for diffusing particles

Consider a one-dimensional system of particles undergo-
ing classical stochastic motion, either on the lattice or in the
continuum. A very broad range of such systems are described
at large scales by a noisy diffusion equation [130-132].
To begin with, consider the fluctuations, on top of a ho-
mogeneous background density ng, of a continuum density
n(x,t) =ng+ p(x,t):

dhp(x,t) = Ddp(x,t) + den(x, 1), (80)

G, O, 1)) = t8(x — xSt — ). (81)

The diffusion constant D and noise strength t are in general
density-dependent, but we can take them to be constant (i.e.,
evaluate them at the constant density ng) since higher-order
terms in p are irrelevant in the RG sense.

We now imagine that the density is made up of discrete
particles, and that we are making local density measurements
in such a system. The discreteness of the microscopic particles
is important: the IR description encoded in Eq. (80) remains
valid, but discreteness leads to a slightly more nontrivial rela-
tion between the microscopic density and the coarse-grained
field, of a kind which is familiar from bosonization [133].

Let us first set up the field theory in which these opera-
tors will be defined. Eq. (80) maps to a field theory via the
Martin-Siggia-Rose formalism [66]. It is convenient to work
not with p, but with the height field or “counting field” h(x, t),
satisfying h(0, t) = 0 and

1
plx, 1) = —dh(x, 1), (82)
2
so that (80) is

dh = Dd*h + 2m1. (83)

current [127-129]. In the measurement problems considered here,
we instead condition on an extensive number of outcomes (extensive
in space and time) that represent a random, but typical measurement
history, rather than a rare event.
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Then the Martin-Siggia-Rose trick gives the effective “Hamil-
tonian” (see Appendix E for the derivation):

8t

where Hp is a boundary term (Appendix E) that is important
in defining the “direction of time” but which can be neglected
for the purposes of studying bulk RG flows.

This “Hamiltonian” yields a functional integral [, e~
that integrates over spacetime histories of the stochastic pro-
cess with the correct probabilities; therefore the formalism in
Sec. II goes through essentially unchanged. See Sec. VIB for
more detail, where we describe the analogous formalism for
stochastic field theories in a more general setting.

The present “Hamiltonian” is anisotropic in spacetime, but
since it plays the same role in defining the probability mea-
sure for the field as does the Hamiltonian for the equilibrium
problems in previous sections, the measured operators appear
in the replica theory in precisely the same way (Sec. II).

The relation between the microscopic density and the
coarse-grained counting field has been understood in the con-
text of bosonization [133] and is reviewed in Appendix E. For
a broad class of models (either on a 1D lattice or in the spatial
continuum, but evolving in continuous time)

He L / dxdt[(3h)> + D*(02h)°] + Hs,  (84)

1
Amicro = Ny + 2—8xh + Bcos(h + 2mngx), (85)
T

where B is a nonuniversal constant, and we have dropped
less relevant terms. Taking nycro to be the measured operator,
and using the general expression in Eq. (25) (where the limit
N — 1 for the coefficient has been taken), the perturbation
to the replica “Hamiltonian” density due to measurement is
SH = =k [ 3 4ty Miero (Mo (x). Expanding this expres-
sion out using (85), terms that oscillate in x can be neglected
(on large enough scales) since they lead to irrelevant correc-
tions. If the microscopic model is in continuous space, this
leads to

A a b }‘Bz a b
H——— > (@@, — - > cos(h® — ).
a#b a#b
(36)

If the model is a lattice model, half-filling is a slightly special
case because additional terms survive phase cancellation:

SH > — S @) @B")

4 por
1B he — h? he + h? 7
-5 > “[cos(h* — h’) + cos(h* + h")].  (87)
a#b
However, the difference will not matter for the universal be-
havior, because the term cos(h® + h?) is irrelevant.
The resulting replica action

M= 12 > [@h)? + D (82h)]

8wt

A a b )“Bz a b
e Z(axh )(9,h") — - Zcos(h — Kby (88)
a#b a#b

is equivalent to that first obtained in a discrete quantum circuit
model by Barratt et al. [47], up to nonuniversal differences.
(For example, in contrast to the Lagrangian in Ref. [47],
Eq. (88) does not contain the term Za b 3,h%d,h’, but this
is a nonuniversal difference, as this term will be generated
under RG when Eq. (88) is coarse-grained.) The present
hydrodynamic derivation makes evident the universality of
the charge-sharpening phenomenon for classical fluctuating
hydrodynamics and is a starting point for generalizations in
Sec. VIB.

As discussed in Ref. [47], the replica-symmetric mode
decouples (and has diffusive scaling). For the replica-
asymmetric modes, the term with four spatial derivatives
is irrelevant at large scales (for small A). The action
in the replica-asymmetric sector shows (roughly speak-
ing) Kosterlitz-Thouless-like flows, leading to the charge-
sharpening transition [47].

In more detail (writing h* = h + h® with > h® = 0), the
replica-asymmetric sector has the form

Hasymm = g Xa:(vil(ati’\lu)z + v(axfz")z)

— 1) cos(h* — ") + 0(33). (89)
a#b

with a stiffness g = ,/# and velocity v = +/2At, and

A = AB?/2. The RG equations to lowest nontrivial order can
be read off from Eq. (77),%6

ar _ <2— L)i — A(g)i? 8 _ 50 (90)
dt 2wg O e ’
A difference from the static measurement problems in Sec. V
is that here the (bare) stiffness g in the replica-asymmetric
sector vanishes as the measurement rate goes to zero. Another
difference is the different scaling in the replica-symmetric
sector, which means that in the present case there is only a
single exactly marginal stiffness under the z =1 RG trans-
formation, rather than two exactly marginal stiffnesses as in
Sec. V A. Nevertheless we expect the critical behavior in the
replica-asymmetric sector to be the same in the two problems.
The structure of the RG flows differs in detail from those
of the true Kosterlitz-Thouless problem: unlike in Kosterlitz-
Thouless, there is no symmetry X — —X, so that a term of
order A2 appears in the beta function for 1.”’

26 A5 usual a constant has been absorbed into )A», but as discussed
around Eq. (75), the value A(g,) is universal, where g. = 1/4s.

27 A version of the charge sharpening problem with random forced
measurements (where we condition on measurement outcomes that
are chosen randomly and independently for each spacetime point,
rather than with the “correct” correlated probabilities) is described by
an N — 0 limit for a Hamiltonian with the same terms as Eq. (88). As
in the isotropic case (Sec. V A), the N — 0 and N — 1 theories have
very different scaling behavior. The higher-dimensional anisotropic
N — 0 theory has been studied in the context of liquid crystals
[134-136]. In 141D, one possibility is that the cosine term is always
irrelevant.
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B. Measuring more general stochastic field theories

The inference problem in the previous Section concerned a
particular problem in fluctuating hydrodynamics. The formal-
ism extends to more general stochastic field theories, which
could provide interesting examples for future study.

For concreteness, we assume the stochastic dynamics is
given by an Itd differential equation of the schematic form
(the expressions f and g depend on § and its derivatives)

9SS = fIS]+ glS1n, oD

where 7 is white noise of strength t = 1 [compare Eq. (81)].
Depending on the interpretation of S this could represent, for
example, one of the Hohenberg-Halperin dynamical univer-
sality classes [130], or a nonequilibrium stochastic process
such as directed percolation [137] or surface growth.

The Martin-Siggia-Rose approach writes the correctly
weighted function integral over field configurations using an
(imaginary) auxiliary field S to enforce the equation of motion
[66]

7 — / e J dlxdi G +SS=Sf1S1-SglSTm) 92)
S.8,n

or, after integrating out n, Z = f s.5 e M with
IS, 51=S(S — f1S]) — 157¢[ST1%. 93)

The theory in the previous section was particularly simple
because S could also be integrated out, leaving an effective
“Hamiltonian” for the physical field S alone (denoted by A
above).

The replica treatment goes through as in the case of a
spatial ensemble. The measured operator is a function O[S]
of the physical field S (but not of the response field S§),
so by (9)

a ‘Ga A a b1\2
Hy = ;H[s L5+ ﬁ;(ow 1- 0[S (94)
It will be interesting in the future to study the RG for a wider
range of such theories including, for example, the various
models of dynamical critical phenomena [130].

VII. MEASURING DIMERS AND FLUX LINES IN 3D

We return to equilibrium statistical mechanics models and
consider 3D generalizations of the 2D problems in Sec. V A.

As mentioned in Sec. VA, we are able to think of the
2D free field theory as describing ensembles of discrete
integer-valued (divergence-free) currents in the plane—or,
equivalently, ensembles of oriented “flux lines” with short
range interactions. We now consider imaging flux lines in 3D,
either on the lattice or in the continuum.

A physical example of such an ensemble is the ensemble
of flux lines (vortex lines) in a type II superconductor above
H.; [59]. Another example is spin ice, which maps to an
Ising-like antiferromagnet on the pyrochlore lattice and whose
configurations may be mapped to flux loop configurations (see
Refs. [138,139] for reviews). A final concrete lattice model is
the fully packed dimer model on the cubic lattice [140-145].

For these measurement problems, an analogous disordered
system (N — O instead of N — 1) is the “vortex glass”

problem for disordered superconductors introduced by Fisher
[59]. The replica field theory proposed below should apply
to both problems, when the appropriate replica limit is taken.
(Indeed, this is simply the natural effective field theory to
write down for vortices, given the comments in Ref. [59] about
an off-diagonal condensate.) But despite the unification via
the N-dependent effective Hamiltonian, we will show (using a
2 + € calculation and results directly in 3D) that the RG flows
for the disordered system and for the measurement problem
are very different, as they were also in the 2D case (Sec. V A).

A. Effective field theory

An example of a 3D lattice model in the relevant class,
which is simpler than the dimer model, is a model of fluxes
Jij € Z that live on the links (i, j) of the cubic lattice (J;; =
—Jij). A positive value of J;; is interpreted as a positive
flux, directed from i to j, along the link. The divergence-
free constraint (V - J); = Y j Jij = 0 is imposed, and we take
the energy to be Kiu Y ;) Jl-zj. For small enough?® K, this
model is in a stable power-law-correlated phase known as the
“Coulomb” phase, whose IR description is free U(1) gauge
theory [139,140,146,147]:

Hzgfd%(VxA)z, J=(V x A). (95)

Here J = (Jx, Jy, J;) is the coarse-grained current, and K is a
renormalized stiffness. The gauge field A has been introduced
in order to resolve the divergence-free condition on J. The
Coulomb phase has a dual description as the ordered phase of
an XY model [148], but the gauge description is more useful
for us at the moment.

Now consider measuring the lattice currents J;; on each
bond, with measurement strength A. The general formalism
(Sec. II) shows that weak enough measurement only leads to
a continuously varying off-diagonal stiffness K’ oc A for the
replicated gauge fields. On the other hand, one may argue that
strong enough measurement gives a “trivial” (replica-locked)
phase in which the fluctuations in the conditioned ensemble
are “massive.”>” We claim that the full phase diagram is cap-
tured by a U(1)V gauge theory for the replicated gauge field,
with N(N — 1)/2 matter fields z,,, each coupling to two gauge

B1f K becomes too large, the model can leave the Coulomb
phase (and enter a trivial short-range correlated phase) via a Higgs
transition in which a matter field condenses (the dimer model has
more intricate analogs [142-145]). This matter field is omitted in
Eq. (95) because it is massive in the Coulomb phase.

*We may write the measurement outcomes as M;; = Ji¥' + A nyj,
where J™' is the measured sample and n;;, of variance unity, is the
rescaled measurement error. The effective Hamiltonian (4) shows
that, at small A, there is a large energy cost~ A=> Y, i — Jl.rj?f)2 +

- if J fluctuates away from J''. This leads to a trivial phase with
exponentially decaying correlations.
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fields:

K K’
Hy = Z E(V x A%)? — Z 7(v x AY)(V x AP)
a a#b

2
3 YV A Azl el V. (96)
a<b
V includes higher-order potential terms for z,; (see below).
For positive N, the symmetric combination of the gauge fields,
ASYmm — ZaA", decouples from the other fields, leaving a
U()¥~! gauge theory.

We posit this effective theory on the grounds that it re-
produces the expected phases. We assume that increasing the
microscopic measurement strength A not only increases K’
in the effective theory but also decreases m?, so that weak
measurement corresponds to positive 72? (and small K’) and
strong measurement corresponds to negative m? (and large
K).

(1) When m? is large and positive we can integrate out
the matter fields, giving a finite renormalization of K’. The
resulting free theory matches what we obtain (by the general
formalism, Sec. II B) if we make weak measurements of J
in the continuum theory (95). This is the weak measurement
phase. It can be viewed as a line of fixed points, parameterized
by the dimensionless ratio » = K'/K. Moving along this line
varies the relative strength of the Coulombic [138,139] intra
and inter-replica correlations:

3x,x, — 8,wx2

MW = —
_3xux, — Sux® 1
Ear T G oDy = — 57 e 7

(2) When m? is large and negative we condense the matter
fields, giving a Higgs mass for the relative fluctuations of the
gauge fields. Crucially, one may check that the squared-mass
for these fluctuations (the eigenvalue of the mass matrix) is
proportional to N. Since this remains positive at N = 1, there
is a stable phase in which the only nonmassive field is A%Y™".
This is the expected strong measurement phase, where there
are no nontrivial current fluctuations left after we condition on
the measurement.>”

We might hope to study the transition between weak and
strong measurement phases, at renormalized mass-squared
m? = 0, using RG for Eq. (96). The leading term in the po-
tential V' is cubic, zupZpczea (We let zp, = Z). This means that
the gauge-matter couplings and the cubic term do not have
the same upper critical dimensionality (4 and 6 respectively),
making an € expansion challenging. It might be possible to
apply perturbative or nonperturbative [149] RG directly in
3D. (In the next section, we discuss an alternative approach
in 2 4+ € dimensions.) The gauge theory is interesting for arbi-
trary N as a simple “quiver” gauge theory, where each matter

OThat is, the fluctuation on top of the conditioned average,
J — {(J)u, has exponentially decaying correlations, in contrast to
the weak measurement phase, where (97) shows that the two-point
correlator of J — (J)y is a power law with prefactor proportional to
1/(1 +r).

field carries positive charge under one of the gauge groups and
negative charge under another.

To end this Section, let us briefly contrast the measurement
problem with the quenched disorder (vortex glass) problem.
We expect that they are described by the N — 1 and N — 0
limits of the gauge-Higgs model in Eq. (96).

For N — 1, there is a stable massive phase in which the
inter-replica gauge fields are Higgsed. This is the strong mea-
surement phase. However there is no corresponding stable
massive phase for N — 0, because as noted above the Higgs
mass for these fluctuations is proportional to N. A priori this
phase could be replaced by a nontrivial stable glass phase, but
in fact numerics [90-92] suggest that the quenched disorder
problem has a unique trivial phase for nonzero temperature
(this is also consistent with the 2 + € expansion below).

Therefore the phase diagram structure conjectured for
pinned vortices in Ref. [59], although not applicable in the
original setting, turns out to be applicable to a different prob-
lem, namely measurement of flux lines in a system without
quenched disorder.

B. Flux lines in 2 + € dimensions

In Sec. VA, we discussed measurement of the operators
(cos h, sin h, dch, dyh) for a 2D free field A. In this section, we
use these 2D results as the basis for a 2 + € expansion for the
3D flux line problem [150].

Interestingly, there are two natural ways in which the 2D
field theory can be extended to d dimensions (i.e., these are
two theories that are distinct in general d, but coincide in
d = 2). One of these extensions describes the higher-d flux
line problem, and this is our motivation here. However before
getting to this, we comment on the other d-dimensional the-
ory: although it leads to a rather trivial measurement problem,
involving measurement of an ordered state, this provides a
particularly simple illustration of the fact that N — 1 and
N — 0 limits can describe completely different physics.

(1) Measuring a phase field in d dimensions. The first
model we consider is a phase field / in d dimensions,

K
H = 3 / dx (Vh)?, hel0,2n). (98)

We will discuss the measurement problem and the disordered
system simultaneously, so we allow either measurements of
(cos h, sinh), or disorder coupling to these operators. The
regime we will talk about is where the initial ensemble is
at large stiffness, so for d > 2 this is simply a long-range-
ordered XY model.

The theory above is the most obvious extension of the
theory in Sec. V A to d > 2 dimensions, but it is not the one
that is useful for the 3D flux line problem in Sec. VII A. We
discuss it anyway, as an example of how disordered systems
and measurement problems can have very different RG flows.

First imagine coupling very weak quenched disorder to the
XY order parameter S = (cos h, sin ). This has a radical ef-
fect: by the Imry-Ma argument, the ordered state is completely
destroyed (for d < 4). If we allow vortex defects in &, then
the disorder will cause them to proliferate, producing a trivial
paramagnetic state (smoothly connected to the limit where
every spin is strongly pinned by its local field). If vortices are
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forbidden “by hand,” then weak disorder leads to a nontrivial,
power-law correlated phase, the Bragg glass [151-156].

Compare this to the problem of weak measurement of the
clean system. At first glance the replica Hamiltonian looks
similar, but this is of course misleading. Unlike disorder, the
measurements cannot have any effect on the long-range order
[formally, this is guaranteed by Eq. (8)]. Here, the fact that
measurements are strongly relevant just means that they fully
reveal the coarse-grained configuration. Formally, the inter-
replica fluctuations of the Goldstone mode become trivially
massive. Vortices are not induced (and it does not matter
whether or not we forbid them by hand). This physics has very
little to do with that of the disorder problem.

More formally, we can consider the 2 4 ¢ expansion for
these problems based on (73) [150,157]. We assume that
vortices in ki are forbidden (as they were in the 2D case in
Sec. V A). The appropriate replica Hamiltonian is then that
in Eq. (73), extended to d dimensions. Working close to 2D
and close to the point where A cos(h® — h?) is marginal,’!
one finds that the flows lead out of the perturbative regime,
to large values of the stiffnesses. In the case of measurement
we interpret this as flow to the trivial, replica-locked phase.
In the case of quenched disorder a trivial locked phase is not
consistent’” and we interpret it as flow to the Bragg glass.

(2) Measuring flux lines. The second class of problems, of
more interest for us here, involves ensembles of discrete flux
lines. We have encountered these problems in 2D (Sec. V A)
and 3D (Sec. VII). Microscopically we may have, for exam-
ple, integer-valued fluxes defined on the links of a lattice,
satisfying the lattice version of V - J = 0.

We have already discussed one way to formulate a con-
tinuum description, which is to resolve the divergence-free
constraint, writing

Jy=¢€,V,h in2D, J, =¢€,,V,A, in3D

(or their lattice analogs), and so on. These fields are massless
in the absence of measurement. Replica field theories in the
presence of measurement were discussed in Secs. VA and
VII. At weak measurement, the N replicated fields ({h“}Y_,
or {AZ}aN:l) all remain massless in the IR. At strong mea-
surement, replicas are “locked” together, and only a single,
replica-symmetric mode remains massless. The locking is
effected by cos(h® — h?) terms in the 2D case [47,58] and by
condensation of Higgs fields z%” in the 3D case.

In this language, the effective field theories for flux lines
look quite different in 2D and 3D (with a scalar field in 2D
and a gauge field in 3D).

To unify them, we can pass to the dual language [148].
Physically, this means that we think of the microscopic flux
lines as worldlines for a complex scalar field ¥ ~ expif.
More formally, we interpret J,, as the U(1) conserved current

for this scalar.

3'We expand in € in the regime where A = O(\/€) and
(K1 — Kyp) = ﬁ + O(y/€). To lowest order in ¢, the only change
to the Cardy-Ostlund RG equations is that the stiffnesses acquire an
RG eigenvalue €.

2By logic similar to that discussed for the Higgs mass in Sec. VIL

In outline, the weak-measurement phase is one where
there is separate long-range™ order (/%) # 0 in each replica,
while in the strong-measurement phase there is long-range
order only in a composite field made from all the replicas:
(w'---yM) £0.

In more detail: a heuristic way to understand this is by not-
ing that long-range order in i corresponds to a proliferation
of worldlines. In the weak-measurement phase, where replicas
are not locked, worldlines proliferate in each of the N replicas.
In the strong-measurement phase, locking means that the only
kind of line that can proliferate is a multistrand made up of N
worldlines, one from each replica. The proliferation of such
multi-strands is long-range order for ¢! - - - ¥V,

In the weak-measurement phase, long-range order for each
of the ¥y“ means that there are N free Goldstone modes 6,
which are dual to the free fields 4 (in 2D) or A, (in 3D). In
the strong-measurement phase there is only a single Goldstone
mode ), 6. In 2D this is dual to the replica-symmetric height
field Za h“ that is not locked by the cosine term, and in 3D it
is dual to the replica-symmetric gauge field ), Aj, that does
not get Higgsed.

We can be more concrete in 2D. Dualizing the replica field
theory (73) gives the formal Hamiltonian

1
Haval = E(K_l )ap(VO)(VO?) — 22 ; Vap.  (99)

Here V,;, = V}; is an operator that inserts a relative vortex [47],
i.e., a vortex in replica a and an antivortex in replica b. That
is, A is interpreted as a fugacity for such vortices.

In higher dimensions vortices are no longer point objects
and cannot be associated with a local operator. Nevertheless,
we may attempt to use (99) as the starting point for a 2 + ¢
expansion. Ref. [158] used the Kosterlitz-Thouless RG equa-
tions as the starting point for a 2 + € expansion for the XY
model, which was extended to the O(n) model in Ref. [159].
Such approaches are based on the assumption that (a) the RG
fixed point of interest has a meaningful continuation in d, and
(b) the RG equations can be expanded in €. It is not clear
whether these assumptions are generally valid. However, this
criticism can be made about € expansions more generally. It
is interesting to explore a 2 + € expansion of the present RG
equations too [150].

The assumption that the RG equations can be power-
expanded in € fixes the leading terms (cf. footnote 31):

Kii = —€Kii + (N — DA%, A =yd+AN —2)2%,

yi =2 —[27n(Ki1 — Ki2)] ™!
(100)

Ki» = —€Kjp — A%,

(notation in Sec. V A).

These equations differ from the 2 + € expansion discussed
above for the field / in Eq. (98) by the sign of the € term. This
sigrll change is related to the fact that duality exchanges K and
K= (99).

33In 2D, there is only quasi-long-range order.

235113-23



ADAM NAHUM AND JESPER LYKKE JACOBSEN

PHYSICAL REVIEW B 112, 235113 (2025)

For the flux-line measurement problem (N — 1), the
replica-symmetric stiffness Kgymm = K decouples and, recall-
ing that Kasymm =K1 — Kip =K+ 2k,

di
)x — AX?,

>
dt 27 Kasymm
d Kasymm
dt

(101)

= —€Kpsymm + A% (102)

. . . ~ 1 Ae ~ €
This gives a fixed point at Kasymm >~ 7 + 1oz, A N
with one unstable direction, and corresponding correlation

length exponent v given by (recall A = 2.,/7)

VA2 64 — A
pl o VAT ZA o 156,
N

The flow topology means that the € expansion gives a picture
for the 3D phase diagram which is consistent with Sec. VIL A.

The theory above may also apply to charge sharpening in
1 + € spatial dimensions, see Sec. VIIC.

Note that the universality class of the above transition
differs from that of the XY nodel. For the Kosterlitz-Thouless
RG equations of the XY model (extended to 2 + € dimensions
[158]) the O(A?) term in Eq. (101) is not present, leading to a
smaller correlation length exponent, v=! ~ 2, /e.

Finally, let us comment on the quenched disorder problem
(N — 0), which corresponds here to pinning of vortex lines
[59]. As for the Bragg-glass problem mentioned above (a
random phase field % coupled to quenched disorder), in 2 + €
the flows exit the perturbative regime where the expansion
is formally valid. However, whereas for the Bragg glass the
stiffness of # and the strength of the disorder coupling to
Vh flow to larger values, the opposite happens in the “vortex
glass”: the stiffness for J,, and the disorder coupling to J,, flow
to smaller values.

This difference arises from the fact that, while these two
kinds of disordered system are dual to each other in 2D [59],
they are no longer dual to each other in 2+ €. This is a
heuristic explanation for the numerically demonstrated lack
[90-92] of a stable vortex glass phase in three dimensions.

(103)

C. Charge sharpening in 2 or 1 + € dimensions

The field theories proposed above can also be adapted to
charge sharpening in higher dimensions.

First, adapting the discussion in Sec. VI A, we may write
the diffusing density in the charge sharpening problem, in
two spatial dimensions, as p o (A, — d,A,) for a gauge
field A (in the Weyl gauge A, = 0). We may then expect an
anisotropic version of Eq. (96) in which the replica-symmetric
AY™™M mode has z = 2 (diffusive) scaling.

Since A®Y™™ naively decouples, at first sight we might
expect the same critical behavior to apply for the flux line
problem in the previous sections and for higher-dimensional
charge sharpening. However, as noted in Ref. [47] (see
also Ref. [160]), in the anisotropic case one must con-
sider additional symmetry-allowed terms coupling the sectors.
Specifically, here we must consider the term p&, where
p ~ (V x A¥™™), is diffusive density, and € ~ 3, |Zap|* is
most relevant operator of z = 1 sector. This term is irrelevant

only if v > 2/d, where d is the spatial dimensionality in
d + 1 dimensions.

However, Ref. [47] also pointed out that in a lattice model
with particle-hole symmetry the condition for irrelevance is
relaxed (the particle-hole symmetry p — —p forbids p& but
allows p%&). By a heuristic argument, we find the weaker
condition v > 4/(3d) for irrelevance in this case.>* In 241D,
the leading-order estimate from our e-expansion in Sec. VII B
is close to the threshold for this weaker condition. Therefore
it could be that the two sectors decouple even in the dy-
namical problem. This requires further investigation (e.g., via
simulations).

In Ref. [47], it was suggested that the charge-sharpening
transition in higher d may have XY exponents. The results
of the previous sections show that the transition is not an XY
transition, even for d = 1 + €. As a result, the exact value of
v is not known in 2 + 1D. While the dual formulation (99)
is expressed in terms of angular degrees of freedom 69, the
fact that the relevant vortices in that theory (which become
vortex lines in 24-1D) are vortices in the relative phase of
two angles means that we are also very far from a Landau-
theory-like regime described by coupled XY models for the
corresponding “order parameters” ¢ ~ /.3

VIII. A NONTRIVIAL RG FIXED LINE FROM
MEASURING FREE FIELDS

In this section, we discuss protocols that reduce to
measurement of a free field—so that the premeasurement
ensemble is effectively

K 5 .
H= > (Vh)” + irrelevant terms, (104)
but for which, unlike the measurement protocol in Secs. V A,
the post-measurement ensemble is described by a nontrivial

conformal field theory in the infrared. The microscopic prob-
lems considered here reduce to measurement of the operator

O =cosh (105)

in (104). We show that, depending on the stiffness K, weak
measurement of O can induce flow to a nontrivial line of
interacting fixed points in the replica theory. In addition there
can be nontrivial fixed points at A = oo.

This problem with O = cos & can be obtained from various
very different physical models. These may behave differ-
ently at strong measurement rate but are equivalent at weak

3*This differs from the v > 1/d stated in Ref. [47] so further
examination is warranted.

3For example, if we neglect fluctuations of the replica-symmetric
mode, we may parameterize the theory by N — 1 independent com-
plex unit vectors ¥ = exp(i6*) (Sec. VIIB) fora=1,...,N — 1,
so that ¥y = (¢! - --¥V=1)*, In principle, one might try to formulate

a soft-spin Landau theory for ¥', ..., ¥*¥~!. However, the full sym-
metry of the theory (which is hidden by the representation in terms
of ¥!, ..., ¥"1) shows that ! and (3! ---¥"~") have the same

scaling dimension. This is not possible at a “perturbative” fixed point
at small values of the Landau couplings, where the scaling dimension
of y!---yN=1isclose to (N — 1) times the scaling dimension of 1.
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FIG. 5. Imperfect measurement of contour lines of a height field
(not intended to accurately represent protocol in text).

measurement rate as a result of the common field theory
description.

One possibility is to interpret S = (cos &, sin ) as an XY
spin. Then we are measuring a single component of S. For
the free-field description to be appropriate, we must be able
to neglect vortices: this is true at arbitrarily large scales if
K > 2/m [66].%°

We focus on a more entertaining interpretation which in-
volves thinking of h(x, y) € R as a height field, instead of an
angular degree of freedom. For concreteness, we imagine a
regularization of the theory in which the height field h(x, y) is
defined in the spatial continuum, say with a momentum cutoff,
rather than on a lattice. See the cartoon in Fig. 5.

Now imagine that we are given a noisy version of a contour
map of h, indicating the lines where h € «Z. Here « is a
constant that determines the spacing of the level lines: we
choose to normalize & so that « = 2. The level lines are
assumed to be unlabelled and unoriented (i.e., we are not told
the corresponding value of A, or the direction in which the
level line should be traversed in order for A to increase’’).
What information does the noisy contour map give us about
the configuration?

There are many ways of defining the measurement process.
(For example, one possibility would be to take the contour
map to be made up of discrete pixels, each either black/white,
with some probability of error.) But in the limit where the
measurement is weak, i.e., the contour map is very noisy,
we can decompose the measured operator into scaling oper-
ators, and retain only the most relevant. By symmetry, this is
O =cosh.®

36This means that in the XY model, with measurement of cos /1, a
part of the nontrivial fixed line discussed below will be destabilized
by vortices. In order to see the full fixed line we can modify the
problem by instead measuring a higher harmonic of the XY field.
Equivalently, we take the XY angular variable to be H = h/q. Vor-
tices are then irrelevant over the larger range K > 2/(m¢?).

37If we change those assumptions, then the measurements reveal
more information, and the universal description will change. In
particular, knowledge of labelled level lines is clearly enough to
reconstruct the full field configuration on large scales. We expect that
measuring labeled level lines is equivalent at large scales to measur-
ing h, so that the replica Hamiltonian then has a term Zab(ha — hy)?,
which gives a mass to replica-asymmetric modes. Oriented (but unla-
belled) level lines essentially take us back to the setting in Sec. V A.

3For example, one way to define the measurement process would
be via a measurement of a regularized version of the Dirac comb

A

-
'

1
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FIG. 6. Schematic RG flows (107) for Hy in Eq. (106).

Both for the XY model with measurement of a single
spin component, and for the height field with noisy contour
measurement, we obtain the usual form of the replica Hamil-
tonian at weak measurement strength

Hy = g/;(w“)z —k/ZO“Ob,

a#b

where now we take O o cos h® to be conventionally nor-
malized (its two-point function is a power law with unit
coefficient). This description is universal for weak mea-
surement strength, but it is important to note that distinct
microscopic models may have different fates at strong mea-
surement. We will describe the strong measurement limit for
a particular model below.

Note that this replica Hamiltonian retains a separate h* —
—h® symmetry in every replica a. This prevents the gen-
eration, under the RG, of an off-diagonal stiffness term
>, #(Vh“)(th). Importantly, the stiffness K cannot flow
either, by the general property of the N — 1 limit discussed in
Sec. III C. As a result, the RG flows in this problem are very
simple: we need consider only the RG flow of A.

The operator O does not appear in its OPE with itself, so
the general formula (30) gives

1 2
OA=(2———|1—4)r
2K

(where xp = 1/47K is the scaling dimension of the measured
operator). Therefore the flow diagram is as in Fig. 6, with
a stable interacting fixed line appearing for K > 1/4m. This
fixed point is under analytical control if K — 1/4x is small,
since A, = (K — 7-)/2K is then small. In the future, it would
be interesting to compute correlation functions on the new
fixed line.

The phase diagram at strong measurement rate may depend
on more details of the microscopic realization. Here we men-
tion a lattice example having a nontrivial fixed point at A = co
for which the replica partition function can be computed ex-
actly using results from loop models.

This is a standard model for discrete heights h € 2w Z on
the sites of the triangular lattice, in which adjacent heights

(106)

(107)

operator Y, 8(h — 2rn), which is peaked on the level lines. When
we expand this operator in scaling operators, the most relevant term
is cos A, leading to the replica description above.
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differ by at most 1 unit, with an energy cost for height dif-
ference. We can uniquely assign heights & € 2n(Z + 1/2) to
level lines that live on the links of the dual honeycomb lattice
and form closed loops. After a trivial shift of 4 by 7 this is an
example of the kind described above (we discuss the model in
more detail in Appendix F).

An effective field theory for it is a sine-Gordon model with
an irrelevant cosine potential: in the IR it flows to (104) at the
specific value K = # This is in the regime where weak mea-
surement is irrelevant. However, very strong measurement of
the level lines gives a nontrivial replica theory. All replicas are
forced to agree on the positions of the loops, but there is still
freedom in the “orientations” of the loops which determine
which side of the loop has a larger value of 4. This gives an
effective loop model.

We argue (Appendix F) that the effective central charge at
A=o001is

12In2
Ceff = 3
T

~1-0.157. (108)

Conditioning on the measurements has a subleading (though
universal) effect on the expectation value ((h(x) — h(0))?)y.
However, it has a strong effect on correlators of vertex opera-
tors ("0 e=ih()y conditioned on measurement. The mean
value of the conditioned correlator is of course the conven-
tional correlator (e ¢~y However, this is dominated
by rare measurement outcomes, so that the value for a typical
measurement sample is smaller:

(eiah(O)efiah(x)) — |x|72xav(ot)’ (109)
e A A (110)
with
1
Xa(@) = 20°,  xyp(@) = —— Incos |27al. (111)
T

We leave the characterization of the large-A regime in more
general models to the future.

IX. NISHIMORI LINE AND ITS COUSINS: MEASURING
NONCRITICAL STATES

We now consider an important special class of measure-
ment problems, in which the initial state has short-range
correlations. To be more precise, we assume here that local
observables are short-range correlated (which could allow for
classical topological order).

Inference phase transitions are still possible in this setting.
A paradigmatic example corresponds to measuring S,S, on
nearest-neighbor bonds (xy) in the infinite-temperature Ising
model [5,13], as illustrated very schematically in Fig. 7, left.
(In the 2D case, this can be thought of as an inference problem
for images made up of uncorrelated bits.)

In this problem, there is a weak measurement phase in
which we have essentially no information about the relative
sign §,.S, for distant site pairs x, y, and a strong measurement
phase where we do have information about long-distance rel-
ative orientations. By a change of variable (reviewed below),
this Bayesian reconstruction problem can be mapped [13]
onto the Nishimori line [4,5,11-13,56,74—-83] in the phase
diagram of the random-bond Ising model.
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FIG. 7. Schematic: three types of measurement problem that
all show transitions with “Nishimori” exponents, but which are
physically distinct. Each class exists in any dimension: here we
show the 2D case. (Left) Starting with an Ising spin configuration
(white = spin up, gray = spin down), we make a noisy measurement
of the domain walls (i.e., of S;S; on bonds), indicated schematically
by the lower-left image. (Center) The physical configuration is now
not a configuration of spins but a configuration of closed strings [or
closed (d — 1)-dimensional membranes in higher dimension d]. This
can be viewed as a configuration in a gauge theory, see text. We
make a noisy measurement of the local string density (or membrane
density in higher d). (Right) The physical configuration is now a
configuration of potentially open strings. Instead of measuring the
string density, we make a noiseless measurement of the locations of
string endpoints (in higher d, we measure membrane boundaries; see
Fig. 8).

Our aims in this section are as follows. (We will also
spend some time on review.) First, we aim to clarify some
general differences between measurement problems involv-
ing critical states (discussed in previous sections) and those
involving noncritical states. Second, we will suggest some
generalizations of Nishimori-like problems, including new
inference problems in 3D.

Third, we aim to clarify the relation between the Nishimori
inference universality class and two other—closely related—
universality classes. We will refer to these as “gauged
Nishimori inference” problems. These problems share Nishi-
mori exponents but are really physically distinct. They are
illustrated in Fig. 7 and will be explained in Sec. IXB. An im-
portant example arises from a simple model of error correction
in the toric code state, which was shown to have an inference
phase transition with Nishimori exponents in Refs. [8,54].

Further discussion of these problems and higher-
dimensional analogs is in Sec. IX B. A wide range of problems
involving quantum measurement [60—63] or classical infer-
ence [55] have been related to the Nishimori line in the recent
literature. We hope that the unified discussion in Secs. IX A,
IXB will help make the ubiquity of these exponents more
intuitive.

Before discussing specific models, we now note some gen-
eral ways in which the problems in this Section (arising from
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measurement of noncritical states) differ from those in previ-
ous Sections (arising from measurement of critical states).

First, the present problems have a special relation to
disordered systems. Since the initial state is short-range cor-
related, the measurement outcomes M are (loosely speaking)
also short-range correlated. As a result, the Hamiltonian
Hmeas[Ss M1 [Eq. (14)], which determines the a posteriori
probability distribution for the spins (conditioned on the mea-
surements M) can be reinterpreted as a Hamiltonian in which
M represents random local couplings, i.e., short-range cor-
related disorder. In this reinterpretation, we “forget” that M
arose from measurement.

This reinterpretation means that the critical points encoun-
tered in measuring paramagnetic states can be mapped to crit-
ical points in disordered systems.*® The disordered systems
arising from these mappings are however of a special (fine-
tuned) kind. The difference is encoded in the replica symme-
try. For a generic disordered system, the replica trick leads to
S, symmetry with the limit n» — 0. The disordered systems
arising from the above mapping have an enhanced symmetry,
Sy with N =n+ 1 and N — 1 [56]. This enlarged symmetry
is enforced by the underlying measurement interpretation.

Second, the critical points in this Section have a differ-
ent field-theory structure. The basic field S,, with a single
replica index, is not critical in these examples*’ (unlike those
in previous Sections) and instead only an “overlap field” of
the schematic form X% ~ §S? carrying more replica indices
becomes critical. The resulting Landau-Ginsburg theories
therefore have a similar structure to those for spin glasses.

More formally, the measurement problem for the infinite-
temperature Ising paramagnet possesses a local Z, symmetry.
Similar local symmetries are characteristic of many other
paramagnet-measurement problems (and distinguish them
from problems in which critical states are measured). As clar-
ified below, the local symmetries are microscopically exact in
the simplest cases (e.g., measurement of the Ising paramagnet
at infinite temperature) and are emergent in the IR in more
general cases (e.g., measurement of the Ising paramagnet at
some finite temperature above its critical point).

At a heuristic level, the present critical points are rather dif-
ferent from the perturbatively accessible “weak measurement”
critical points discussed in, for example, Secs. IV A and VIIL.
In the latter, we started with a replicated critical field $¢, and
(in 2D) the weak measurements (which suppress inter-replica
fluctuations) led to a reduction of the effective central charge
ceff compared to that of the unmeasured theory. In the present
section, we start with paramagnetic states, with ¢ = 0. Adding
measurement is then (loosely speaking!) akin to reducing the
temperature for inter-replica fluctuations, leading to a conden-
sation of X% ~ §9S? at some finite measurement strength. At
the critical point, c.f is positive, and therefore is larger than
that of the unmeasured theory.

3 A change of variable is necessary to make these disordered sys-
tems look more natural [4], see below.

40The spin S in the inference problem should not be confused with
the spin in the random-bond Ising model on the Nishimori line,
which we denote S. The two fields are related by a simple change
of variable, reviewed below.

A. Measuring the Ising paramagnet: “Nishimori Inference”
universality class

First we review the Bayesian inference problem [13] that
permits a mapping to the Nishimori line [4,5,11-13,56,74—
83] in the random-bond Ising model.

To begin with, consider a system of Ising spins at infinite
temperature (so that the initial reduced Hamiltonian is H = 0)
for which we measure §,.S, on every bond [13]. For simplicity
we will continue to consider Gaussian measurements, with
variance A? = (21)~!, but noisy binary measurements may be
treated similarly. The replica Hamiltonian is (dropping terms
of order N — 1)

Hy =21 > (S485)(S28?) (112)
(xy) a#b

—AZZX“”X“” (113)
(xy) a#b

As usual, we have N — 1 replicas, and X is defined by
X = §%SP for a # b (and we can take the diagonal elements
of X to vanish).

The above rewriting suggests (correctly) that as long as we
are above 1D there will be some A., such that for A < A,
all correlations decay exponentially, while for A > A, the
overlap field X is ordered in the pattern (X%) = Cx“x? (for
some C > 0 and some signs x“ = =1 that select one of the
symmetry-related ground states), so that

lim  Ey(S,S,)> = lim (X”X?)=C>  (114)

lx—y|—00 lx—y|—00

In this strong-measurement phase, the local relative measure-
ments together give us useful information about the relative
orientation of distant spins. Note that [/ (S,S,)y = 0 regard-
less of A, since as usual this “single-replica” quantity reduces
to the conventional correlator in the initial Gibbs state defined
by H = 0: (S,S,) = 0.4

A Landau theory for the transition may be formulated by
promoting X to an independent fluctuating field in the func-
tional integral [76,77,105],

1 aby\2 2y aby2 abyrbecyca
H=5 ) VX +mXUP ] +g Y, XUXPX,
a#b a#b#c#a
(115)

where the terms respect the symmetry discussed immediately
below. In the N — 1 limit this theory shows a nontrivial fixed
point in 6 — € dimensions.

4!In this example, the inference problem is nontrivial even though
the initial ensemble is paramagnetic. A different way in which
paramagnetic models can give rise to nontrivial correlators is
through nonlocal geometrical observables: for example the infinite-
temperature Ising model on a 2D (triangular) lattice may be mapped
to critical site percolation (Sec. X B).

“In Refs. [76,77,105] the Landau theory is written in terms of an
n X n matrix Q and an n-component vector M, since this is natural
in the disordered systems context (Sec. IX A 2). These are essentially
sub-blocks of the N x N matrix X in Eq. (115) (with N = n + 1).
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1. Symmetry and emergent symmetry in the paramagnet
measurement problem

Let us take a brief detour to see how the symmetries of the
above problem fit into the general framework in Sec. II D.

First consider the initial ensemble (the infinite-temperature
Ising model), before we introduce replicas. Since this Ising
model has reduced Hamiltonian H = 0, it has not only a Z,
global symmetry, but in fact a local Z, symmetry for every
site: any spin can be flipped, without changing the value of H.
We denote this collection of local symmetries by 7. We do
not refer to it as a gauge symmetry, because flipping a spin
gives a physically distinct state.

Note that the global Ising symmetry is** a subgroup of
75l The local and global symmetries play different roles,
because they have a different effect on the measurements M, ,.
The measurements are in general covariant under le"cal, but
are invariant under the Z£°™ subgroup (Sec. 1 D).*

As aresult, when we introduce replicas, the replica Hamil-
tonian is symmetric under ZX¥ transformations only if they
are applied to all replicas simultaneously, but it is symmetric
under global Z, transformations for each replica separately,
i.e., under lev transformations. Replica-uniform Z, trans-
formations (in the diagonal subgroup of Z%) are already
contained in ZX, so the global symmetry that acts nontriv-
ially is the remaining Z’zv ~!, so the full symmetry of the replica
theory for Nishimori inference is

Zy x 7y (116)
together with replica permutations.

The Z‘z"cal transformations act trivially on the order pa-
rameter X%. The global symmetry Z)~' acts nontrivially
on X;"’ . This symmetry of the replica Hamiltonian ensures,
for example, that in each term of (112), each replica index
appears an even number of times. In the strong measurement
phase, the global lev ~! symmetry is broken completely by the
expectation value for X .

So far we have considered the case where the initial Hamil-
tonian is at infinite temperature (H = 0). We would of course
expect essentially the same physics if the initial Hamiltonian
is at finite temperature, within the paramagnetic phase, i.e., if
H=1J) ., S:Sy with sufficiently large J. In this case, part
of the symmetry in (116) is emergent.

The introduction of a nonzero J preserves the Z5°™ sym-
metry of the initial ensemble, but it explicitly breaks the
75l symmetry. Accordingly the replica Hamiltonian retains
(ZE°"" N symmetry, but its 7% symmetry is explicitly bro-
ken by the J term:

Hy=J) D SS"+1y Y xPx.

(xy) a (xy) a#b

(117)

“More precisely, for any fixed lattice, Z5°™ is a subgroup of Z*!,

“In other words, Z¥“* has a combined action on the spins and
the measurements via Sy — xSy, My — XxxyM,, (for local sym-
metry transformation parameters y, = £1), which leaves P(M|S)
unchanged. For the global symmetry, x, = x is independent of posi-
tion, so that M does not transform.

We can also write a Landau theory, with the same symmetries,
in which S and X are treated as independent fluctuating fields,
coupled by a term X%S4S? (see Sec. IV D).

However, this reduction in microscopic symmetry does not
change the universality class, because leocal is recovered in
the IR in a very simple way so long as the initial ensemble is
paramagnetic (J > J.). In this case, S is a massive field, and
may be integrated out. In the vicinity of the phase transition
at A, induced by measurement,*> we are left in the IR with
a theory that only includes the field X. Since X is invariant
under 7, this means that Z! is recovered as an emergent
symmetry of the replica theory in the IR.

This emergent symmetry may be understood more heuris-
tically without replicas. We start with an Ising model in the
high-temperature phase. In a naive real-space RG picture, this
flows to the infinite-temperature fixed point with J = 0, where
75 s recovered.

2. Mapping to a random-bond Ising model (review)

We now review the connection between the Bayesian in-
ference problem and a disordered Ising model [12,13]. This
mapping to a disordered system will not be needed for
our subsequent discussion of measurement problems, but we
include it for completeness since it underlies the basic ter-
minology. The phrase “Nishimori line” refers initially not
to a Bayesian inference problem, but rather to a line in the
phase diagram of the random-bond Ising model. The connec-
tion between this line and Bayesian inference is discussed
in Refs. [4,5,12,13]. The enlarged replica symmetry on the
Nishimori line is discussed in Refs. [56,76,77].

Let us first describe the mapping without using replicas.
Recall the structure of the inference problem. There is the
initial or “true” configuration, which we denote here by S™f
(for “reference configuration”; in the terminology of Ref. [4]
this is the “ground truth”). Measurements, with Gaussian
errors €, of variance A2, are made on the bonds of this
configuration, giving measurement outcomes

M,y =SESE + €.y (118)

These measurement outcomes are then fed into Bayes’ theo-
rem to give the a posteriori (conditional) distribution P(S|M).
This probability distribution has the form of a Boltzmann
weight with effective Hamiltonian Hyeqs[S, M] (Sec. IIC),

Hineas[S, M1 = 1) (8.8, — My,
(x.y)

(119)

We now reinterpret this as the Hamiltonian for spins S with
quenched random couplings set by M. For this purpose, we
can expand out the brackets and drop terms that are indepen-
dent of S. We also recall that instances of M are generated as
in Eq. (118). We denote the resulting effective Hamiltonian by
Hquenched (and suppress the arguments):

HquenChed = 2)\' Z (S;efs;ef + ex,y)SxSy.
(x,y)

(120)

43The value of A. will depend in general on J.

235113-28



BAYESIAN CRITICAL POINTS IN CLASSICAL ...

PHYSICAL REVIEW B 112, 235113 (2025)

This can be understood as a disordered system in which the
quenched disorder is determined both by uncorrelated binary
variables Sfff on sites and by Gaussian variables €, , on bonds.

This is not yet the Nishimori problem. To obtain that, we
make a change of variable, defining

S, =SS, (121)
to give
Hauenchea = 21 (1 +%, )5S, (122)

(x.y)

This is now a disordered system with only Gaussian bond
randomness, and with a nonrandom ferromagnetic coupling.
(Here €, , = ex,yS;“‘fo,ef has the same statistics as €, ,.)

The variance of the bond randomness and strength of
the ferromagnetic coupling are not independent (recall A =
1/2A?). This is a “line” in a two-dimensional phase diagram
where the ferromagnetic coupling strength and the disorder
variance are the two axes. The part of the line with A < A,
lies in the paramagnetic phase for S, and the part of the line
with A > A lies in the ferromagnetic phase [see the discussion
below Eq. (125)]. In 2D, the Nishimori critical point [given by
Eq. (122) at A = A.] is, for the disordered magnet, a multicrit-
ical point on the paramagnet—ferromagnet phase boundary. In
higher dimensions, the paramagnetic, ferromagnetic and spin
glass phases can all meet at this point [5,56,76,161].

In the original measurement interpretation, S is the overlap
between the (unknown) measured configuration, and a sample
drawn from the conditional distribution. When we reinterpret
(122) as the Hamiltonian for a disordered system, S is instead
regarded as a physical spin variable.

The change of variable goes through similarly in the replica
theory [76]. As usual the measurement problem gives

Hy _,\ZZ (S¢54)(S2S%).

(x,y) ayéb

(123)

Recall that, in the correlation functions of the replica theory,
S™ may be identified with one of the rephcas let’s say SV

(Sec. IIB). We define S¢ =8a8VN fora=1,...,N — 1, giv-
ing [56,76]
Hy =21 Z e84 4 Z Z Sase)(SESt),  (124)

(x,y) a=1 (x,y) a#b

1
where we have used n = N — 1. The field SV no longer ap-
pears in Hy, so may be trivially summed over.

Since the replica limit is n — 0, this is just the replica
formulation of the random-bond Ising model in Eq. (122).
This replica Hamiltonian has an S, permutational symmetry
and a single global Z,, giving Z, x S,. However, as we have
just seen it is thermodynamically equivalent to (123), which
has a much larger symmetry, discussed in Sec. IXA 1. The
global symmetry is (Z») % Sy, and in addition the replica-
uniform subgroup of the (Z,)" symmetry is promoted to a
local symmetry.

As is well-known, the random-bond Ising model on the
Nishimori line obeys various exact identities between corre-
lators [74]. In the replica approach, these follow from the

enlarged replica symmetry [4,56,77]. For example,*®

(8:5,) = (5:5,)% = En(S:5,)%, (125)
where the first two quantities have a meaning in the disordered
systems problem, and the overline is the average over the
Gaussian bond disorder in Eq. (122), and the final quantity has
a meaning in the related inference problem. To see Eq. (125),
note that the first of the above correlators can be written (in
the replica approach) using the operator S' = SVS! at each
site. The second can be written using $'S? = (SVS1)(SVS?) =
S1S5? at each site, giving the same result. Note that the “strong
measurement” phase of the inference problem maps to a fer-

romagnetic phase for S, since, by Eq. (125), the long -range

order of [y (S,S, )2 implies long range order in (S S ).

There is a terminological subtlety about whether we decide
to say that the inference problem at A, and the related random
bond Ising problem at the Nishimori critical point are “in the
same universality class,” or whether we only say that there
is a mapping between these two universality classes. We will
avoid this terminological decision because in the rest of this
section we will only be concerned with the inference prob-
lems, and will forget about the associated disordered systems.

We will refer to the universality class of the Ising-
paramagnet inference problem as the “Nishimori inference”
(NI) universality class.

B. “Gauged Nishimori inference” problems in error correction
and Z, gauge theory

Next we discuss two universality classes of measurement
transition that we argue should be distinguished from that
of the “Nishimori inference” problem, but which are closely
related to it and share the same exponents (in any d). We will
refer to these as “gauged Nishimori inference” problems.

It has long been known that a standard error correction
problem involving matching of pointlike defects in 2D can be
mapped to the Nishimori line in the 2D random-bond Ising
model [8,54]. We will formalize this and related problems
in terms of measurement of classical Z, gauge-Higgs theory
(note also Ref. [55]) together with replicas.

Figure 7 summarizes the three closely related problems
in 2D which all have Nishimori exponents. The relations are
quite simple from a heuristic point of view: let us first give a
schematic overview.

(1) Inference in Ising paramagnet (recap). Recall that the
Nishimori inference problem effectively involves measuring
the density of domain walls in an Ising model, with some
measurement strength A. In d dimensions, these domain walls
are closed (d — 1)-dimensional hypersurfaces (loops in 2D,
membranes in 3D). See Fig. 7, left. The most basic object for
which inference can be performed is the relative orientation
S.S, of distant spins.

(2) Inference in deconfined state. An “almost” equivalent
inference problem arises in other models involving closed
(d — 1)-dimensional hypersurfaces which are nor domain

4More generally, <§x§y>2k_
itive integer k [4,77].

l= (8,5,)% = Ey(S,S,) for any pos-
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FIG. 8. The 3D generalizations of the problems in Fig. 7 can
be viewed in terms of ensembles of membranes. Cases with closed
or “almost closed” membranes correspond to deconfined states of
the gauge-Higgs model (left) and cases where membrane boundary
proliferates correspond to confined states (right). In the case where
membranes are strictly closed, they are dual to Ising domain walls.
(Figure adapted from Ref. [164].)

\'%

walls for anything—see Fig. 7, center. Loosely speaking,
such a state, in which closed hypersurfaces proliferate, is an
example of a “deconfined” state in the gauge-Higgs theory
(details in Sec. IX B 2). Physically, a problem of essentially
this kind could arise from an imperfect measurement of a
2D topological quantum wave function in the computational
basis. A closely related problem describes spacetime histories
of errors in the 1D repetition code [8], where (heuristically)
the loops represent worldlines of point defects, about which
partial information is obtained by measurement.

Inference is no longer about local observables: since the
hypersurfaces are not domain walls, “S,S,” has no meaning.
The role of the latter is instead played by a topological*’ line
observable Vp, labeled by a path P between x and y, which
counts the parity of the number of hypersurfaces intersecting
P. (In the gauge theory language this is just a Wilson line.)
The expectation values of this operator are analogous to those
of S,S, in the Ising paramagnet inference problem.

Within the deconfined phase the “single-replica” expecta-
tion value (Vp) decays to zero, but we may consider

lim  Ey(Vp)y,

lx—y| =00

(126)

where P is, say, a straight path connecting x and y. This is
nonzero at large enough measurement strength A, indicating
a phase where measurements allow nontrivial inference about
the sign of Vp for long paths.

Above we considered hypersurfaces that were strictly
closed. In the classical gauge-Higgs theory, this is the extreme
limit K — oo for the gauge coupling (Sec. IXB2), where
gauge fluxes are absent. In 2D, going away from this limit
trivializes the phase diagram, but in 3D, the transition survives
for large enough finite K (Sec. IXB2). In this regime the
membranes are not strictly closed, but the holes in them are
“small” and disappear under RG (so that in the IR there is
again a mapping to the Ising paramagnet). We must however
generalize the topological operator Vp to a “dressed” version
[164]. See Fig. 8 for a schematic of these membranes.

“IThe value of Vp is unchanged under deformations of P that
preserve its endpoints [68,162,163].

(3) Inference in confined state. Above, the configurations
were made up of closed loops in 2D (or closed/almost-closed
membranes in 3D), making the relation to the inference prob-
lem in the Ising paramagnet straightforward.

However there can still be a Nishimori-like transition even
in the case where string endpoints (or membrane boundaries
in 3D, see Fig. 8) proliferate, so long as they are accurately
measured. This was shown in 2D by mappings to the random-
bond Ising model in Refs. [8,55].

In the gauge-Higgs language, the proliferation of string
endpoints (or membrane boundaries in 3D) is a proliferation
of gauge fluxes, meaning that the physical gauge field is in a
confined state. However, what is important for the preserva-
tion of the Nishimori exponents is that the inter-replica gauge
fluctuations are deconfined. This is the case if the fluxes are
measured perfectly (in 2D) or with sufficient accuracy (in 3D).

In the setting of a single round of measurement in the toric
code [8], the strings correspond to a set of lattice links (a
1-chain) where errors have occurred, and the string endpoints
are revealed by measurement of check operators. In the con-
text of classical statistical mechanics, Ref. [55] described a
slightly more general inference problem, phrased explicitly in
terms of 2D gauge theory. (We will clarify the universality
class of this more general transition, which was left open in
Ref. [55].)

Below we formulate the above transitions in terms of a
replicated gauge theory. For measurement of both deconfined
and confined states, the “replica-asymmetric” sector of the
critical field theory is the same, and hosts a Higgs transition
with Nishimori exponents.

The 2D transitions in Refs. [8,54,55] exist only for per-
fect measurement accuracy of the string endpoints, i.e., of
the error locations. (Note that, unlike the transition in the
infinite-temperature Ising model, the transitions are driven
not by a measurement strength but by a “temperature” in
the initial ensemble.) In 3D, the analogous transition sur-
vives for finite measurement strength, so does not require
fine-tuning.

In three dimensions, discrete gauge theories can give rise
to nontrivial phase transitions even when the microscopic
model obeys no symmetries (or constraints) whatsoever. This
is because the deconfined phase is absolutely stable in the
RG sense. (The deconfined phase can be characterized in
terms of spontaneously broken emergent one-form symme-
tries [68,162,163,165-168].) The 3D measurement problems
introduced in Sec. IX B 3, and Sec. IX B 4 show that nontrivial
measurement phase transitions can arise even when the mi-
croscopic model obeys no symmetries or constraints, and the
state being measured is thermodynamically trivial. In this case
deconfinement and one-form symmetries are instead emergent
properties of the inter-replica fluctuations.

(4) Other inference transitions in Z, gauge theory. In
3D, the phase diagrams of discrete gauge-Higgs theories can
be quite rich [169]. References [164,167] discuss some al-
gorithmic problems involving defects in 3D gauge theory
which could be explored further using the present tools. Even
restricting to cases where the physical (“premeasurement”)
gauge field is noncritical, the full phase diagram of the repli-
cated gauge-Higgs model is nontrivial, as we discuss briefly
in Sec. IX B 4, and could be explored further. (One axis of this
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phase diagram is related to a standard error-correction process
for the toric code in 241D spacetime [8,54].)

1. 7, gauge-Higgs model: review

For completeness we give a rapid review of the model dis-
cussed in the next couple of subsections. For a standard review
see Ref. [170]. For a more detailed recap of the geometrical
picture in 3D see e.g., the early sections of Refs. [164,167] as
well as the pioneering paper [171].

In Sec. IX A above, we discussed measurement of bond
energies in an [sing paramagnet,

H=—J)_5S,. (127)
(x.y)

(We focused on the paramagnetic phase, especially the simple
case J = 0.) Next, we will consider the case where the spins
are gauged. In other words, we take the initial ensemble to be
defined, on a hypercubic lattice in d dimensions, by

H = —JZnySxSy - KZO’OO’G.
O

(x,y)

(128)

Here o,, = 0,y = £1 is a Z, gauge field living on the links
of the lattice, and S, = =£1 is a Higgs field living on the sites.
We have written the last term schematically: it is a sum over
the square plaquettes of the lattice, and oo oo is the product
of the gauge fields on the four links of a given plaquette. If
oooo = —1 for a plaquette, this plaquette is said to host a
nonzero gauge flux.

This theory [169,170,172] is sometimes referred to as a Z;
gauge—Higgs model. It has the gauge redundancy S; — X,
Oxy —> XxXyOxy (Where x, = =£1 are arbitrary gauge transfor-
mation parameters). That is, configurations that are related
by such a gauge transformation are regarded as identical.*®
This gauge redundancy should not be confused with the local
symmetry ZY? which we encountered in the paramagnet—
measurement problem (Sec. IX A 1), which related physically
distinct configurations.

Configurations are most easily visualized on the dual lat-
tice. In outline, the values of the gauge-invariant degrees of
freedom {0,,S,Sy} can be represented in 2D by a configuration
of “strings,” made up of links on the dual lattice, and in 3D by
a collection of “membranes” made up of plaquettes of the dual
lattice. See footnote for details.*”

“8We are free to pick a gauge in which S, = 1, but below it will be
more convenient not to do this.

“In 2D, a link (xy) of the original square lattice pierces an or-
thogonal link of the dual square lattice. By defining the dual link
to be occupied if 0SS, = —1 we map the configuration to a con-
figuration of occupied links on the dual lattice. We refer to these
occupied links colloquially as making up strings (this terminology
does not imply any restriction on the topology of the configuration—
the “strings” can intersect). In 3D, a link (xy) pierces a plaquette
of the dual lattice, and a similar mapping gives a configuration of
membranes, which just means a collection of occupied plaquettes
on the dual lattice. In 2D, a “closed” string configuration (a config-
uration of loops) means one where each site of the dual lattice is
incident on an even number of occupied links. Similarly, in 3D, a

In 2D, a gauge flux (a plaquette with cooo = —1) is the
endpoint of a string. In 3D, the gauge fluxes form “loops” on
the dual lattice and these loops are the boundaries of mem-
branes. Therefore, when K = oo, so that there are no gauge
fluxes, the hypersurfaces (strings/membranes) are closed.

In this limit, the model is closely related to the Ising
model (with coupling J) [169,170,172]. Essentially, the closed
loops/membranes can be mapped to Ising domain walls.>°

When K = oo and J is small enough, the model is in a
nontrivial “deconfined” state. This regime maps to the para-
magnetic phase of Ising in the above mapping, but it is
a thermodynamically nontrivial phase in the gauge theory.
This nontriviality can be diagnosed from the properties of
the topological line operators mentioned in the preface to
Sec. IX B, which are simply Wilson loops or open Wilson
lines [68,162,170]. Formally, the deconfined state is nontriv-
ial because it has a spontaneously broken (d — 2)—form Z,
symmetry [68] that is associated with these topological oper-
ators.’

In 2D, the deconfined state is unstable and the model
becomes thermodynamically trivial (confined) for K < oco. In
3D, the deconfined state is stable and occupies an open region
in the (J, K) phase diagram for small enough J and large
enough K [167,169,170,172—174]. This concludes our review
of Z, gauge theory.

2. Measuring a Z, deconfined state

First we consider measurements in the model with
J =0 and K = oo (the extreme limit of the deconfined
regime/phase). Specifically we consider Gaussian measure-
ments of the basic gauge-invariant observable, i.e., 0,,5,S, on
bonds. This corresponds to measuring the string density in 2D
or the membrane density in 3D: see Fig. 7, center, for the 2D
case.

closed membrane configuration means one where each link of the
dual lattice is adjacent to an even number of occupied plaquettes.

3 Alternately: if K = oo then in any simply connected region we
can choose the gauge o = 1, so that the first term in (128) has the
form of an Ising Hamiltonian. The model is an orbifold of the Ising
model, meaning just that we have gauged the Ising model with a
“flat” gauge field (a gauge field for which the gauge flux ocooo is
nonzero). One effect of this gauging is that there is no longer a local
observable corresponding to the Ising spin. (S, is not gauge-invariant
so is not a local observable.)

SlIn 2D, this is a O-form symmetry. Usually we say that a O-
form symmetry is just a conventional global symmetry. However
in Appendix G we note a subtlety about the interpretation of such
symmetries in classical, as opposed to quantum, models. Classical
statistical mechanics models come equipped with a preferred choice
of basis for the transfer matrix, and this must be taken into account
when we classify states according to their symmetries. Models which
are “equivalent” in the formal quantum field theory sense (because
they are related by a change of basis in the transfer matrix) may
be inequivalent as classical statistical mechanics problems. In the
present context, the O-form symmetry is not equivalent to what we
usually mean by a global symmetry in a classical model (instead it is
a constraint on the classical configurations).
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The general recipe (Sec. II) gives the replica Hamiltonian

——,\ZZ ol XPX© — KZZ(GGUJ)“ (129)
a [

a#b (xy)
for measurement strength A. In the first term, X% = §95°
[compare Eq. (112)]. We have similarly defined
ol =ohob. (130)

Again we have simplified the notation in the second term of
(129), where the replica index a is to be understood to be
carried by each o.

Since K = oo, the gauge fields o are deconfined for each
a. Neglecting boundary-condition effects, we can choose the
gauge o = 1. We then see that we formally recover the
replica theory for the standard Nishimori inference problem
in Eq. (112), with a phase transition at some A, at which X
“orders,” with Nishimori exponents.

However, the physical interpretation here is slightly differ-
ent.>> The condensation of X is a Higgs transition rather than a
standard ordering transition, since X is not gauge-invariant.

Physically, this is because the weak and strong mea-
surement phases must be distinguished using Wilson loop
operators rather than local operators. As discussed around
Eq. (126), we can distinguish the phases using Ej; (Vp)3, for an
open path P. Standard ideas [170] show that this expectation
value becomes nontrivial when X condenses.”

The case with large but finite K can also be understood
using standard results for discrete gauge theories [170]. In
2D, the weak and strong measurement phases immediately
collapse to a single phase once K < oo (i.e., once the loops in
Fig. 7, top center, become open strings). All correlators of Vp
decay exponentially in the resulting regime, and this operator
is no longer topological (invariant under deformation of P).

In 3D, 1/K is an irrelevant perturbation at the critical point,
and the distinction between the two phases survives. While the
“bare” operator Vp is no longer topological, it can be replaced
with a “dressed” Wilson line operator [164] which distin-
guishes the phases in the same manner as for K = oco. The
geometrical interpretation is that, although the membranes are
not strictly closed (so do not map to Ising domain walls at
the microscopic scale) the holes in them are of a finite size
and disappear under RG (so that the mapping to Ising domain
walls, and Nishimori inference, is recovered in the IR).

3. Measurement of fluxes in the confined state

In the previous section, it was important that the gauge
fields coupling to X*’ were deconfined. But note that X cou-
ples only to the “interreplica” gauge fields 0. Therefore,

2In Eq. (129), the replica theory for the Nishimori inference prob-
lem has been gauged with a flat (K = oco) gauge field. We can say
that we have an orbifold of the usual Nishimori critical point. In
another terminology we can say that we have a “starred” [164,175—
180] version of the usual Nishimori replica theory.

3In more detail, if P is a path from x to y, then Vp =
S, (]_[ (wgyep Owz)Sy. Note that, in the replica theory, (Vavh) =
(X Tmyer oe)XP). In the gauge 0 =1 (valid in the infinite
system for K = o) this becomes (XX ).

so long as these inter-replica fluctuations are suppressed, we
can have a nontrivial Higgs transition for X, even if a single
gauge field o“ is strongly fluctuating. This setting is relevant
to various error correction problems [8,55], as summarized in
the preface to Sec. IX B.

Consider the setup of Ref. [55], generalized to arbitrary
d. This is an inference problem in which the information we
are given is the positions of the gauge fluxes, i.e., the values of
oo oo on plaquettes. We consider the regime where the gauge
field is confining: in 2D this just means that K is finite rather
than infinite. Assuming to begin with that the information
about the gauge fluxes is perfectly reliable, which corresponds
to measuring these operators with a measurement strength
AQ = 00, the replica Hamiltonian is the limit A — oo for

N=—dD Y 0lsist KDY (eoo0)
a (xy) a O
-0 Z Z(oaoa)“b.

a#b 0O

(131)

The A term involves the product of 0® = o%c” over the four

links of a plaquette. The K = 0 case can be mapped to the
2D toric code (single-round) error correction problem [8] by
viewing occupied links as errors.

The transition will be driven by varying J. Here we con-
sider only the phase-diagram structure and assignment of
universality classes; the operational meaning of these kinds
of transition is discussed in Refs. [8,55]. In outline, if J is
sufficiently large, then we can estimate Vp using the flux
measurement information.>*

Let us separate out the replica-uniform and replica-
asymmetric gauge fluctuations by writing

O';}. = oxyrm, (132)

where, to avoid redundancy, rxly = 1. Since A = 00, we have
(ttt7)? = 1 for all a, and the nontrivial terms in the Hamil-
tonian are then®

N=—T Y0 oy (ThSeSY)
a  (xy)

We have assumed that we are at finite K in 2D, or small
enough K in 3D, such that the gauge field o is confining.
This means that at large scales we can work with an effective
Hamiltonian that only includes fields that do not carry gauge
charge under o. This is simplest to see when K = 0 and J is
small, when

~ __ZZ abXathh )‘-DZZ(TTTT)G[’

a#b (xy) a#b O

—K Z(O’O’O’O’).
O

as we see by doing the sum over o separately for each link. We
have restored the A term explicitly to emphasize that this is a

3#Unlike in the previous section, Vp is not a topological operator
(its value is not invariant under deformation of P). However, the
perfect measurement of fluxes means that the product V, V;? over two
replicas is a topological operator.

35 As usual, we may set N — 1 in the coefficients of the Hamilto-
nian for the purposes of understanding phase diagrams.
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gauge-Higgs model for the “replica-asymmetric” fields, in the
limit A — oo where replica-asymmetric gauge fluctuations
are suppressed.

When K is nonzero the effective Hamiltonian is not strictly
short range. However, this should not matter for the universal
physics.’® By increasing J, we expect to be able to drive a
Higgs transition for X .

Reference [55] noted in 2D that in the special case K = 0 a
relation with the Nishimori line could be established directly,
i.e., without using replicas (see also Ref. [8]), while in the
limit K = oo a conventional Ising transition was obtained.
The generic universality class of the transition was left open.
Here we find that the universal behavior in the “inter-replica”
sector is identical to that in Sec. IX B 2 (despite the fact that
the control parameter is now a physical coupling, J, rather
than a measurement strength). That is, we expect Nishimori
exponents to apply generically for this transition in 2D, for
any finite K.

In 2D, this transition only exists in the limit of infinite
measurement strength A, as otherwise the inter-replica gauge
field 7% becomes confined.

In the analogous 3D problem, however (i.e., at small
enough K), the “gauged Nishimori” transition extends to finite
A0, since the deconfined phase for 7% is stable. Therefore this
example shows that nontrivial measurement critical points are
possible even in a setting where no symmetries or constraints
are imposed, and the pre-measurement ensemble is thermody-
namically trivial.

4. More general phase diagrams in 3D

To end the discussion of inference in Z, gauge theory, we
briefly note that in three dimensions the full phase diagram
includes more types of transition than those discussed above.

For simplicity, we restrict here to the simplest possibility
for the initial ensemble, where both J and K are zero,

H =0,

but we expect the universality classes of transitions that arise
are representative of a broader class of “paramagnetic” initial
states.

The terms in the replica Hamiltonian then come entirely
from measurement. We combine the bond measurements of
Sec. IXB2 with the flux measurements on plaquettes of
Sec. IX B 3 with arbitrary strengths (A, Ap):

Hy = —X Z Z a)g%’X;‘bXV“b - A0 Z Z(oaaa)“b.

a#b (xy) azb O

(133)

(134)

This is a gauge-Higgs theory with gauge group®’ (Z,)V~!.
By analogy with simpler gauge theories, we expect (in 3D)

two absolutely stable phases: a deconfined phase (in the corner

of the phase diagram where A is sufficiently large and X

35For example, it is straightforward to check that making K nonzero
does not lead to any new relevant perturbations at the critical point.

STWe write (Z,)V~! rather than (Z,)" because the replica-uniform
gauge fluctuations have dropped out of the Hamiltonian and only the
inter-replica gauge fluctuations appear.

is sufficiently small) and a trivial phase. Again by analogy
we would expect distinct Higgs and confinement transitions
out of this phase (perhaps meeting at a multicritical point).
The Higgs transition is driven by condensation of X (e.g.,
by increasing ) and the confinement transition is driven by
fluctuations of the gauge field.

We leave the analysis of this 2D phase diagram to the
future. Here, to make contact with Refs. [8,54], we comment
briefly on the A = 0 axis, where (134) becomes a pure gauge

theory,
Hy = —An Z Z(aoao)“b.
azb O

(135)

We expect the confinement transition to occur at some
(A0)e.>® The confinement transition in this 3D effective field
theory is relevant to a dynamical process, in two spatial di-
mensions, describing error correction in the toric code, which
Refs. [8,54] related to a Nishimori line in a disordered gauge
theory. We expect that model to have the same exponents as
(135).

The pure gauge theory in Eq. (135) describes a problem
in which we imperfectly measure the density of unoriented
“loops” (more precisely, we measure the links of a Z, one-
chain [8]) in 3D. We may discard the Higgs fields, which
do not appear in the Hamiltonian or in the measured opera-
tors. The gauge-invariant observables are then only the gauge
fluxes cooo on plaquettes, which map to a loop configu-
ration on the dual lattice. Measurements are made of loop
density on the dual links. In the error-correction interpreta-
tion, the loops are (heuristically) worldlines of excited defects
(anyons), which are imperfectly measured. As in the 2D case,
this problem—involving measurement of the string density
for closed loops—is also closely related to a problem involv-
ing measurement of the density of open loops (Appendix H).

In 3D, pure discrete gauge theories are dual to theories
without any gauge fields [172]. For the case of Eq. (135),
the dual order parameter is a spin (', ..., TV) € {+1, -1}V
satisfying 717, - - - Ty = 1, as we discuss in Appendix H. This
description may make it possible to study the confinement
transition using Landau theory techniques.

C. Continuous symmetry: measuring rotations

So far we have discussed Nishimori-Inference-like prob-
lems with discrete symmetries—we briefly mention an
example with continuous symmetry [51,52] which it may be
interesting to investigate with field theory.

Each site hosts an independent Haar-random element from
a Lie group such as SU(g) or SO(g). Measurements are of
the group elements (or basis changes) that relate matrices
on adjacent sites [52]. This problem is known as group syn-
chronization and the SO(g) version has many applications in
image processing [181-183].

3This is the limit A — O of the confinement transition line in the
more general (A, Ag) phase diagram. The universality class at L. = 0
presumably matches that for small nonzero A. We could also restore
a small “physical” gauge coupling K without affecting the following
discussion.
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Restricting to SU(g), we could measure two quantities on
links

Wy =VV,, Wy =WV (136)

(note that the bar does not denote conjugation; WXTV = Wy0).

Perfect knowledge of either {W} or {W} is sufficient to “re-
construct” the matrices (up to a global transformation). For
example, given Vj, any other matrix V, can be obtained using a
product of W matrices along a path or a product of W matrices
along a path. Rigorous results (for the case where W is mea-
sured) show that in 3D there is a stable phase at sufficiently
accurate measurement where reconstruction is possible [52]
and that the “corresponding” disordered system (Sec. IX A 2)
has a long-range-ordered phase [51].
In the replica formalism for Gaussian measurements,

Hy=— > (MWW +XuWeo W) (137)

(o) atb
=33 (ux®XX + TuXy X)), (138)
(xy) a#b

showing that the natural order parameters are collections of
SU(g) matrices

xe = veyht X¥ = yeiyb, (139)

The symmetry structure is richer than in Sec. IXA 1. The
V, are Haar-random and uncorrelated ( = 0) so the initial
ensemble is invariant under local SU(g); x SU(q)g transfor-
mations,>®

V. = LV,R!, L., R, € SU(q). (140)

L lobal
The W measurements are invariant under SU(¢)7 """, and

covariant under SU(q)}é’cal (see Sec. IID), and the converse
is true for the W measurements. As a result, the two terms in
(138) preserve different symmetries

wterm: [SU@E™™]" x SU(g), (141)

* term: SU(g)°! x [SU(g)5**™]". (142)

It will be interesting to explore this structure, and possible
emergent symmetries in the IR, further.

The simplest case is where only one measurement strength,
say X, is nonzero. Then it is natural to formulate a con-
tinuum nonlinear sigma model for the order parameter
X, H= éf P tr(VX)(VX"). In the nontrivial phase,
we expect X to develop an expectation value that breaks
[SU(@)E™ Y down to the diagonal subgroup (compare
Sec. IXA1).

Standard dimensional analysis shows that in 3D the sigma
model has such a long-range ordered phase (i.e., a phase
where reconstruction is possible—see Sec. IX A 1). This
agrees with the rigorous result [51,52].

Two dimensions is the marginal dimensionality for con-
tinuous symmetry breaking, so we must examine the beta

¥More precisely the local symmetry is [SU(g), x SU(q)kl/Z,
since transformations in the center of SU(g) can be implemented via
either L or R.

function for the sigma model in more detail to determine the
topology of the 2D phase diagram. We anticipate that in 2D
there is only a trivial (weak measurement) phase, but with a
correlation length that grows exponentially at large A. This
could be explored further.

Another class of toy models that may be tractable (using
the sigma model in the present case, or domain-wall RG in
cases with discrete symmetries [184]) is obtained by allowing
measurements of Wy, for distant site pairs in one dimension,
giving a long-range replica theory.

X. IMAGING POLYMERS AND CLUSTER
CONNECTIVITIES

In this section, we consider measuring, imperfectly, the
spatial density of a polymer chain. We also consider imaging
percolation configurations.

These settings provide simple examples in which the weak-
measurement regime and the strong-measurement limit can
both be understood. It is possible to understand these exam-
ples without using field theory, but we put them in field-theory
language because they nicely illustrate that the field-theory
degrees of freedom appropriate for the strong-measurement
limit may be different from those appropriate for the weak-
measurement limit (similar structures may be relevant to
other problems where the phase diagram is not so easy to
determine).

Unlike the problems in the preceding sections, many of
the natural observables in this Section are nonlocal, relating
to the way in which local segments of the polymer connect
up, or to the connectivity of distant percolation sites. How-
ever, the formalism is contiguous with that of the previous
Sections since, as is well known (see, e.g., Ref. [66]) many
of these geometrical observables may be related to standard
field-theory obervables by invoking a separate limit in an
additional “integer” parameter m (not to be confused with the
replica limit for N).

A. Polymers

There are many variants of the polymer problem, depend-
ing on the dimensionality and the polymer’s interactions. First
we will consider a polymer with excluded volume interac-
tions (the universality class of the “self-avoiding walk” or of
a polymer in a good solvent [66]). Here we see that weak
density measurements are enough to reveal the coarse-grained
geometry with essentially perfect precision. Next we consider
a polymer at the ® point in 3D (where the leading interaction
term is tuned to zero), which is essentially Brownian at large
scales. In this case, weak measurements are still RG relevant,
but they do not fully reveal the polymer’s coarse-grained
geometry.

The partition function for a self-avoiding walk (of some
length £) on a finite square or cubic lattice is given simply
by summing over all possible configurations of the walk that
do not visit any site more than once. At large scales this is
a random fractal: in two dimensions it has fractal dimension
dy = 4/3, while in three dimensions dy is close to 5/3 [66].
Each bond is visited either once or zero times, so the config-
uration can be characterized by densities p, = 0, 1, where for
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convenience we take x to run over bonds here. We imagine
a Gaussian measurement of the local densities with strength
(inverse variance) A.

A well-known framework relates long self-avoiding walks
to the critical O(m) field theory,® for a field ¢,, with
a=1,...,m,in the limit m — 0 [66,185]:

2
1
H = E/;(wa)%g/ (Zajaﬁi) : (143)

The polymer can be thought of as a “wordline” of the field
(or, in a lattice formulation, as a graph appearing in a high-
temperature expansion). When m is an integer greater than
zero, this worldline carries a “flavor” index « which runs
over m values. Closed loops therefore have a weight m, and
the limit m — O may be used to isolate a single polymer.
The lattice density p, maps onto the continuum operator
(52 =, ®2 (up to less relevant terms), and in the limit m —
0 the scaling dimension of this operator is x4 = d — d;.

Note that m should not be confused with the replica in-
dex N, which has not yet been introduced in Eq. (143),
since that theory describes the unmeasured ensemble. With
measurements, the replica Hamiltonian 4y contains the term
=0 D (P

The usual result for the RG eigenvalue of the measurement
strength in terms of the scaling dimension of the measured
operator (Sec. III A) gives y, =2dy —d, ie., y, =2/3 in
two dimensions and y, >~ 1/3 in three dimensions. Therefore
weak measurement is relevant.

Where does this RG flow lead? We argue that the fixed
point at infinite measurement strength is stable, and that weak
measurement (A < 1) flows to infinite measurement strength
(A = 00). So, while measurement noise may prevent us from
inferring the position of every monomer, the coarse-grained
geometry is fully determined. More concretely, there is a
lengthscale L, ~ A~!/** beyond which measurements become
informative.®!

In heuristic terms, the A = oo fixed point is stable for a
simple reason. When measurements are strong but not perfect
(1 € A < 00), the main cause of ambiguity in inferring the
structure of the polymer arises from self-approaches, where
the polymer approaches the vicinity of the same point twice.
(Figure 10 below illustrates a closely related phenomenon in

%More precisely, the field theory at a fixed mass maps to a partition
function for a polymer with a fixed fugacity for the length rather than
a fixed length [66]. The typical polymer length diverges as the mass?
tends to zero from above.

%' The renormalized measurement strength at scale L is ~AL,
leading to a length scale L, ~ A~'/% at which the coarse-grained
measurement strength is of order 1. We interpret this as a charac-
teristic scale above which the spatial structure of the polymer can be
reliably inferred. For example, consider a polymer chain of length
¢ > L,. What is the probability that the geometry of this chain is
ambiguous even on the largest scale £? It will be ambiguous if the
chain, after coarse-graining to this scale, has a self-approach (see
the discussion later in the section). In the field theory language, this
probability is determined by the (negative) RG eigenvalue y, of the
four-leg operator: Pynpiguity ~ (£/L)" 4.

a 1 al
2 by
% ps
a3 B
a 23

B 2

FIG. 9. Schematic of the local reconnection event discussed in
main text, for the case N = 3.

a different geometrical model.) But a well-known property of
the polymer is that such self-approaches become more and
more rare under coarse-graining. Formally, there is an RG
eigenvalue y4 associated with such events, which is negative.

Let us describe this in field theory terms. We will initially
restrict to the 3D case, because the 2D case has an additional
subtlety arising from the fact that the polymer does not cross
itself.

First, when we have a single replica (N = 1), we have a
single walk. When we view this as a worldline of the O(m)
model, it acquires a flavor index « that runs over m values.

Now consider the replica theory. When A = 0, we have N
independent walks, carrying flavor indices «y, .. ., ay.

When A — oo the spatial conformations of these walks
become identical: so we are back to a partition function for
a single walk. However, this walk still carries the flavor in-
dices from all the replicas, i.e., it is labeled by a multi-index
(a1, ..., ay), which can take M = m" values. The “replica-
locked” walk may therefore be described by an O(M) model

FIG. 10. Critical site-percolation configuration as described in
the main text.
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with Hamiltonian density

1
5 2 (Vo w) T8l Y (Pura)’

(neglecting the mass, which will tend to zero). Note that
the field content here differs from the field content in the
weak-measurement description above, which was formulated
in terms of fields ¢g.

Now consider reducing A away from oco. This allows local
events with the topology in Fig. 9, where one of the replicas
reconnects differently from the others. This diagram can be
thought of a vertex in the field theory, and it corresponds to a
perturbation

(144)

q>oz|oz2...aNq>ﬂ]ﬂ2...ﬂNq>,61a2...aN q>0‘lﬂ2~~~ﬁN +eee (145)

(The ellipses represent symmetrization with respect to Sy
replica permutations and possible subtraction of an O(M)
singlet term.) Further, for arbitrary N there are arbitrarily
many further quartic terms, representing more complex kinds
of reconnection.®> However, these quartic terms are all of the
form ®, Pz P Pp where A, B, C, D are distinct values for the
multi-index. These operators are known as four-leg operators
in the polymer language, and are irrelevant [186].%%

As a result, the infinite-measurement fixed point is stable,
and the likely situation is that weak measurement flows to this
fixed point. The 2D case may be discussed similarly. Again the
irrelevance of the four-leg operator guarantees the stability of
the strong-measurement limit.

To see that the RG flows are not always of this type,
consider the case where we turn on physical interactions for
the polymer to tune it to the “® point” (in three dimensions).
This means that the (renormalized) coefficient g in Eq. (143)
is tuned to zero. In 3D the sextic term is marginally irrelevant,
so the theory is free in the infrared: i.e., the walk becomes
essentially a Brownian path. (We will neglect corrections due
to the marginally irrelevant coupling.)

The fractal dimension is dy = 2, so weak density measure-
ments are strongly relevant with y;, = 1.

What about the strong-measurement fixed point? We must
consider the quartic perturbation (145) for the case where
_____ ay 18 simply a free field. Unlike the previous case, this
perturbation is strongly relevant in three dimensions.

An interpretation is that weak measurements reveal the
coarse-grained density of the ®-point polymer, but they can-
not reveal its coarse-grained geometry, because there are many
ambiguities about how the polymer strands are locally con-
nected up.

%In a given replica, there are three ways of connecting the four
outgoing polymer strands. We must assign each replica to one of
the three patterns. In three dimensions, the topologically distinct
kinds of assignment (i.e., after identifying patterns that differ by
permuting replicas or by permuting the different connectivities)
are labeled by integers (ny, ny, n3) with N > ny > n, > n3 > 0 and
n +n,+n3=N.

% They belong to the four-index symmetric tensor representation of
O(M), which is RG-irrelevant when M — 0. (This is the limit of
interest, since M =m" andm — O,N — 1.)

B. Percolation

As a final example of field theory for measurement of ge-
ometrical configurations, we consider percolation. Figure 10
illustrates a measurement problem in which we measure the
site occupancies in triangular-lattice site percolation and at-
tempt to infer long-distance connectivities.

To simplify the picture, we show a protocol where some
sites are known to be measured with perfect accuracy
(black = occupied, white = unoccupied) while for some sites
(gray) we have no information. (Since we know which sites
we lack information about, this is like “heralded errors” in
error correction; the points below also apply to more general
measurement protocols.) For the latter sites, the true occu-
pancy, unknown to the measurer, is indicated via dark vs light
gray. Red lines show the known cluster boundaries.

The picture illustrates the fact that, when errors are rare,
the main cause of ambiguity in the long-distance connectivity
arises from sites where four segments of cluster boundary
meet. It is easy to argue, from standard properties of per-
colation configurations (essentially the fact that such sites
have a positive fractal dimension, ds = %) that any finite error
rate leaves us ignorant of the connectivities at large scales.
Nevertheless, it is interesting to formalize the problem using
field theory. One formulation uses a representation of 2D
percolation via a nonlinear sigma model (with a ® term) and is
described in Appendix I. In addition to the replica number N,
this theory has a second replica-like number m (with m — 1)
which is required, even in the unmeasured theory, in order to
express nonlocal geometrical correlation functions. If we start
at very strong but finite measurement, the RG flow goes from
a single CPM~! sigma model in the UV to a tensor product of
N copies of the CP" ! model in the IR,

cpM-1 1% cpm-t o cprt, (146)

Here M = m". We note in passing that a special feature of
this percolation problem is that we do not in fact need to take
a replica limit for N. The partition sum Z remains trivial
even after conditioning on measurement outcomes M and can
be normalized to Zy; = 1. As a result, there are no nontrivial
denominators (Appendix A), so no need for an analytic con-
tinuation in N: we may fix any value of N that is large enough
to express the desired correlator.

In the 2D case, it is possible to also dispense with the need
for a replica limit in m, by using a supersymmetry formalism
for 2D loop models (Appendix I). In place of the RG flow in
Eq. (146), we then have a flow between supersymmetric sigma
models, with no replicalike limits. These RG flows may have
analogs in other replica and supersymmetric sigma models
(Appendix I).

XI. OTHER PHYSICAL APPLICATIONS OF THE
CONDITIONED ENSEMBLES

A. Partial quenches

Let us give an alternative physical interpretation of the
formulas in Sec. II, which does not require the language of
measurements. In outline, we imagine that we initially have a
system which is at equilibrium, and is evolving in time with
equilibrium dynamics. Then, at some time ¢,, an intervention
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is made which freezes the motion of a subset of degrees of
freedom but allows the others to continue to evolve. We ask
about the thermodynamics of the resulting partially quenched
state. This alternative interpretation is useful for Monte Carlo
simulations of the conditioned ensembles, and is a promising
direction for experimental investigation of Bayesian critical
points (Sec. XII).

To begin with, consider the formalism in Sec. II in the case
where A — 0, so that the observables O, are nonfluctuating
in the conditioned ensemble. In the replica language, O¢ is
equal for all replicas (giving a constraint in the replica parti-
tion sum). One way to think about the conditioned ensemble
and the replicas is then as indicated above: we first equilibrate
a sample S' using the original physical Hamiltonian. We then
freeze the degrees of freedom {O,}, to the values they take in
configuration S 1 Asan example, if our model contained two
different species of spins, then this could mean freezing one
of the two species.

We then rethermalize the remainder of the degrees of free-
dom (still using the original Hamiltonian®) to get a new
sample S2. It is easy to check that this sample is drawn from
the conditioned ensemble P(S|M), where M, = O,. Simil-
iarly, the correlations between S' and S? are the same as those
of the replicas in the replica formalism. This can be continued
to larger numbers of replicas, i.e., larger numbers of samples
drawn from the post-quench ensemble. The replica correlation
functions give information on the post-quench distribution.

For example, the efficacy of the quench in freezing the
local spin fluctuations will be reflected in the correlator
(S — 82)%) in Eq. (13).

The connection between partial quenching and conditioned
ensembles is not restricted to the limit A — (. An alternative
quench interpretation of the formulas in Sec. IT A, which does
not require this limit, is to promote the measurement out-
comes {M,}, to additional physical degrees of freedom, i.e.,
to interpret Hmeas(S, M) in Eq. (4) as a physical Hamiltonian
for coupled degrees of freedom S and M. The quench is
then the quench of the M degrees of freedom, leaving the S
degrees of freedom to evolve. This interpretation gives the
natural protocol for Monte Carlo simulations of conditioned
ensembles.

Remarkably, the vulcanization process for rubber, i.e., its
transformation from a liquid to a solid by the formation
of chemical bonds that connect different polymer segments,
is a physical example of a “partial quenching process,” at
least in an idealized limit where cross-links are formed
instantaneously [17-19]. The statistical mechanics of the vul-
canized state was addressed using an N — 1 replica limit in
Refs. [17-19,187-192]. A difference between that problem
and the partial quenches discussed in this Section is that
the constraints in the rubber problem are not associated with
spatially localized degrees of freedom. As a result, the replica
theory has a very different structure: for example, the relevant
order parameter has its spatial argument replicated, rather than
having the field itself replicated [19].

%If the Hamiltonian is changed after the quenching operation, this
is a more general setting: see comments in Sec. XII.

Measuring c

Related ideas can be used to measure the effective central
charge of Eq. (23) (the nontrivial derivative term ¢’(N) in the
replica limit N — 1) numerically in 2D.

The central charge is notoriously difficult to obtain in
Monte Carlo simulations, where it requires constructing a
lattice discretization of the stress-energy tensor. While this can
be done in simple models [193] it does not look promising in
the case at hand.

By contrast, ¢ is simply related to the finite-size scaling of
the free energy f; per unit area on a semi-infinite cylinder of
circumference L [194,195]:

e

_ _ = -2
fu= fu = 255 oL, (147)

In a translationally invariant system, f; is readily obtained
from the leading eigenvalue A( of the corresponding row-
to-row transfer matrix, as f; = —%ln Ag. In the case of
quenched disorder the derivative of the replica free energy
is f{(N)ly—o = —1InEo, where Eq is now the leading
Lyapunov exponent of a product of random matrices, still
describing the transfer in the cylinder geometry, but now
depending on the quenched randomness. For instance, for a
random-bond problem the transfer matrix would depend on
the random realization of coupling constants for the corre-
sponding row of the lattice. The finite-size scaling of f] (V)|
then produces c.f = ¢’(0), as in Eq. (147). The feasibility
of this protocol as a numerical scheme was demonstrated in
Refs. [98,196].

The issue of ces for a critical point in a problem of im-
perfect measurements is slightly more involved, because of
the need to sample from the nontrivial correlated distribution
of measurement outcomes. This has been addressed for the
quantum measurement phase transition in Ref. [70].

In the classical system, we suggest first making a standard
Monte Carlo simulation of the system on a cylinder of size
L x Ly, with Ly, > L. Performing the measurements gives
outcomes {M,},. We can then compute the leading Lyapunov
exponent & for the corresponding system, using the transfer
matrix for the physical degrees of freedom S, with the values
{M,}, quenched to their previously measured values. This
computation can be made via exact diagonalization (transfer
matrices), or alternatively by an approximate method based
on linear operators that evolve the system in “imaginary time”
(along the L, direction) such as DMRG.

B. Real-space RG and RG-breaking transitions

We now describe a connection between conditioned en-
sembles and the real-space renormalization group (RSRG).

In the RSRG for the Ising model [1] (Fig. 11), the spins S,
are grouped into blocks (labelled by X') for which block spins
S’ are defined. Block spins are determined from microscopic
spins either via a deterministic rule, such as the majority rule,
or more generally [1] by a probabilistic one: S} is drawn from
a distribution P(Sy[Sx.1,-- .. Sx.»), where b? is the number
of spins in the block. We denote the product (over blocks) of
these conditional probabilities by P(S’|S). Then the renormal-
ized Hamiltonian #' is defined by a partition sum for S of the
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block spins = §’

/(/*/‘/;/ microscopic spins = §

FIG. 11. Schematic illustration of real-space RG procedure. For-
mally, the block spins S’ play the role of measurements of local
observables for the microscopic spins S.

form:

e MBI =3 " HBIp(s)S). (148)
S

(In the special case where the block spins are deterministic
functions of the microscopic spins, then the right-hand side
is just the constrained sum over S, with the block spins §’
held fixed.) Summing over S’ shows that the original partition
function is preserved.

Note that the right-hand side determines an ensemble for §
which depends on the values of S'. For a given choice of ,
this ensemble is precisely of the form defined by Hpeas[S, M]
in Eq. (14), if we identify the block spin values S’ with the
measurements M. (This identification is legitimate since Sy
only depends on the spins in a local region, i.e., S% corre-
sponds formally to a local measurement.) What is the relation
between the universal properties of the conditioned ensemble
and the properties of the RSRG?

In order for the RSRG to be useful, the coarse-grained
Hamiltonian H'[S'] must remain quasilocal [2,3,197-199]:
in some sense, the amplitude of long-range couplings should
decrease exponentially with distance. Heuristically, we ex-
pect H'[S'] to be quasilocal if the conditioned ensemble in
Eq. (148) is in a trivial phase with exponentially decaying
correlations [2,3]. For the majority-rule transformation of the
square lattice Ising model, this has been established for some
specific configurations of S in Refs. [2,3].

A strict requirement on the RG transformation would be
that the conditioned ensemble for S has exponentially de-
caying correlations for any configuration of the block spins
S’. Rigorous work has considered the question of whether
the RG transformation defines a Gibbs measure: see, e.g.,
Refs. [197-199]. This is also a “strict” requirement as it per-
tains to all possible configurations §’.

However, it is natural to expect that a much weaker re-
quirement is sufficient for many purposes, namely that the
conditioned ensemble for S has exponentially decaying corre-
lations for a typical configuration S’. Then we are in precisely
the situation considered in this paper, where we investigate the
properties of the spins conditioned on typical measurement
outcomes. Let us define an RSRG transformation that obeys
the above weaker requirement, for a given initial Hamiltonian,
to be a “valid” RSRG rule for that Hamiltonian.

In standard RG schemes, the block spins do not correspond
to “weak” measurements. Instead we are in a stronger-
measurement regime. Nevertheless, we suggest that phase

transitions in the conditioned ensemble can be relevant to
classifying RG transformations.

Since the RG transformation is to be applied iteratively,
we would like the RSRG transformation to remain valid
all the way along the flow (and in particular for the fixed-
point Hamiltonian). For simplicity, here we consider only
the validity of the transformation after a finite number of
coarse-graining steps, arguing that this can already show a
nontrivial transition. Without loss of generality, we can then,
in fact, consider just the first coarse-graining step, since the
composition of several steps can be regarded as a single step
with a larger scale factor b. In the future it will be interesting
to consider the action along the full flow, and at the fixed point
H*.65

In general, there is freedom to choose the kernel
P(S%|Sx,1,-..,Sx ) defining the RG transformation (for
example, this freedom may be used to optimize the transfor-
mation for numerical efficiency). Therefore let us imagine that
the kernel depends on additional parameters {«} that can be
smoothly varied. Let us assume that « = O represents a valid
RG transformation rule. It is easy to show (see below) that
as we vary k we can encounter an “RSRG-breaking” phase
transition at which the validity of the RG step breaks down.
In the simple setting of a single RG step, this transition is of
precisely the kind described in this paper.

The properties of the conditioned ensemble show that, for
some models, any sensible RSRG rule is valid, at least in the
sense of preserving locality after a finite number of RG steps®
(locality could still fail as RG time — oo). However, this is
not the case in all models.

For example, consider the critical Ising model. The spin S,
provides a local scaling operator that is sufficiently relevant
(i.e., xs < d/2, Sec. III) that weak measurements are relevant.
We expect that the measured ensemble is in a trivial replica-
locked phase even for small measurement strength. A generic
block spin transformation in which the block spin S’ is odd
under Ising symmetry is equivalent, at the level of symmetry
(e.g., in the replica formalism) to measurement of S. Since
the RG fate of this model is independent of the measurement
strength, we therefore expect that “quenching” the block spins
is sufficient to trivialize the microscopic spins. This is our
assumed criterion for the validity of the transformation.

The self-avoiding walk gives a less trivial example in
which any reasonable RG transformation will be valid (at
least for a finite number of RG steps). Here we assume the
coarse-grained variable couples to the monomer density. The
RG flows in Sec. X show that any generic such rule lies in the
strong measurement (valid) phase. (But they show that this

%For self-consistency, the RG transformation must be valid when
applied to H... The difference from the case of a single RG step is
that now the Hamiltonian that the RG transformation acts on, and the
transformation kernel P(S|Sx 1, . .., Sx ), both depend on «.

%6 A well-known fact is that the decimation transformation [1] does
not lead to a valid representation of the Ising RG fixed pointind > 1.
The argument above indicates that it gives a quasilocal renormalized
Hamiltonian after any finite number of RG steps; however, the range
of this Hamiltonian diverges as the RG time tends to infinity.
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is not true for the ®-point polymer, where the RG flows are
different.)

In other models, on the other hand, it is not possible to lock
the replicas with weak measurement. For example, we may
lack a local operator with a small enough scaling dimension.
Another possibility is that an operator with a small scaling
dimension exists, but that the RG flow induced by weak mea-
surement does not lead to a trivial replica-locked state.

In these cases, the RG transformation
P(S%|Sx,1,...,Sx ) may fail if it does not correspond
to a strong enough measurement of the microscopic degrees
of freedom. On the other hand, it may be possible to recover
a valid RG rule by changing the kernel P(S%|Sx.1, ..., Sx.p)
so that it corresponds to a stronger measurement.

For a simple example of the first mode of failure, we can
take a vortex-free 2D XY model®’ at a small enough stiffness
K that weak measurement of § is irrelevant. As a proof of prin-
ciple we can imagine a transformation in which the block spin
§§( is formally like a noisy measurement of the magnetization
of block X. When the noise variance is large, this is like the
weak measurement problem, showing that the replicas are not
locked.

An even simpler example is a deconfined state of a 3D
discrete gauge theory (Sec. IX B). This state is not critical, but
it is nevertheless thermodynamically nontrivial, i.e., it flows
to a distinct RG fixed point from the paramagnet. Since it is
noncritical, there are no relevant operators to couple to, and
weak measurement is irrelevant, so there is a stable “phase”
in which the RG rule is invalid.®® The results in Sec. IX B2
show that there is a “gauged Nishimori inference” transition
into a phase where the RG rule is valid.

For an example of the second mode of failure, consider
either the Higgs transition or the confinement transition in
the 3D Z, gauge-Higgs model. Both of these transitions are
“starred” Ising transitions (orbifolds of the Ising critical point
[164,172,175-180]): the spectrum of local operators is ob-
tained by eliminating Z,-odd operators from the spectrum of
the Ising critical point. Weak measurement of a generic lattice
operator in the gauge theory will map to weak measurement of
the Ising energy operator. Weak measurements of this operator
are relevant, but as shown in Sec. IV D, the resulting flow
does not lead to the locked state. Therefore we expect that an
RSRG rule for the gauge theory transition can either be valid
or invalid depending on the parameters of the transformation.

7We suppress vortices in order to be able to access the critical state
at small K, which would otherwise be destabilized by vortices

%The properties of this phase are easily appreciated from the
extreme limit in which § is completely decoupled from S.
The original Hamiltonian for #[S] is in the deconfined phase.
The renormalized Hamiltonian H'[S’] has the schematic form
H'[S'] = H paramagnet[S'1 — In N, where H' is a trivial paramagnetic
Hamiltonian for §’ and V is the topological degeneracy of the classi-
cal state (e.g., 8 for Z, gauge theory on a 3D torus, corresponding
to the 8 possible values for the winding Wilson loops in each of
the three directions). Note that the nonlocal topological quantity N
spoils the quasilocality of the renormalized Hamiltonian. Even if we
discard this term, H'paramagnet is DOt in the same phase as the initial
Hamiltonian.

Another example, where the IR theory is less well understood,
is given by the multicritical point in 3D Z, gauge-Higgs
theory [167,173,174,200].%°

In practice, of course, an RSRG rule will only be useful if
it lies in the interior of the “valid” phase (and not too close
to the phase boundary), so it is an open question whether
the critical properties of the RSRG-breaking transitions have
relevance to applications. Nevertheless, it would be interesting
to understand the structure of these transitions better, taking
into account the entire flow and not only a finite number of
steps.

XII. OUTLOOK

We end by noting some promising directions for the future,
and then some general lessons from the models we have
examined.

There are both specific open questions about the phase
diagrams of the models and broader directions to pursue.

Questions about specific phase transitions. Let us start with
the former. We have for example made conjectures about the
phase diagram for bond-energy measurement in the critical
Ising model, in general dimension d, that it would be inter-
esting to test. Similarly it would be interesting to resolve the
question of how the fixed points evolve, when d is continu-
ously varied.

For the 2D Ising and Potts models, it would be interesting
to study the conjectured intermediate—A critical point, denoted
@ in Sec. 1V B, cither numerically or analytically. (For ex-
ample, can it be addressed using a fermionic representation
for the Ising case?) It would be worthwhile to measure cegr for

both . and ., using the method outlined in Sec. XI A 1, and

to establish the precise locations and properties of both critical
points akin to what was done in Refs. [73,196].

Section VII introduced a measurement problem for flux
lines in 3D and suggested a replica-Higgs description: it
would be interesting to analyze the critical point in this
system. (We can also ask whether the resulting critical ex-
ponents have a connection with 241D charge sharpening,
Sec. VIIC.)

Section IX B 4 described a two-parameter phase diagram
for a 3D discrete gauge theory describing inference in a para-
magnetic state: what is the structure of this phase diagram?
For example, does it have a confinement transition and a Higgs
transition that meet at a multicritical point?

All of these models are numerically accessible via a Monte
Carlo scheme that mimics the “partial quench” (Sec. XI A).

Next let us turn to broader directions.

Monitored noisy classical dynamics. We have proposed
a general continuum formulation for monitored classical
stochastic processes or fluctuating hydrodynamics, via a repli-
cated Martin-Siggia-Rose action (Sec. VI). We used this
formalism to analyze monitored dynamics of classical par-
ticles. It is clear in our approach that charge sharpening is

% At this critical point, there is an operator A with dimension close
to 1.2 and an operator S with dimension close to 1.5 [167]. Weak
measurement is relevant at least for A, but it seems unlikely that the
RG flow is to a fully replica-locked state.
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a generic classical phenomenon that relies only on universal
properties of fluctuating hydrodynamics (and does not require
quantum effects).

This formalism could be applied to many other stochas-
tic or chaotic systems: it will be interesting both to explore
examples and to try to formulate general heuristics for phase
diagrams.

Measuring free field models. The models studied in Secs. V,
Sec. VIII, while physically varied, were all described in the
IR by free-field theory (prior to introducing measurements,
which yielded interactions in the replica theory). Even for
models described by (some number of) measured free fields,
there is in principle an arbitrarily large space of models to
explore and perhaps partially classify. Different measurement
processes are natural depending on the physical interpretation
of the field.

Measuring interacting conformal field theories. The Ising
and Potts models in Sec. IV (and the self-avoiding walk in
Sec. X) are examples where the pre-measurement ensemble
is an interacting conformal field theory. (Formally these cases
differ from the free-field examples, and unlike many of the lat-
ter, the replica-symmetric mode cannot be decoupled.) These
examples revealed some generic types of phase transition
and RG topology, and it is natural to ask whether similar
things happen for other celebrated models of classical critical
systems.

In addition, in this paper, we have only explored spatially
homogeneous measurement for translationally invariant mod-
els: as in standard critical phenomena, various elaborations
may lead to interesting criticality—for example, quenched
disorder, or boundaries (which may allow connections with
[23]) or defects/impurities.

In the case of quenched disorder, the formal treatment
involves two separate replica limits, one for measurement
randomness and one for quenched disorder. The way in which
these two limits are implemented depends on whether we
assume the realization of quenched disorder to be “known”
or “unknown” when we perform inference (see the discussion
below about nonoptimal inference). The latter assumption is
perhaps more natural in the Bayesian inference setting, but the
former is relevant in the “partial quench” interpretation of the
formalism.

Discrete gauge theories. The discrete gauge-theory prob-
lems in Sec. IXB also permit many generalizations. On the
formal side, phase transitions in gauge theories can give
interesting examples of critical points that are beyond stan-
dard Landau-theory techniques. It will also be interesting to
explore whether there are applications to error correction.
Separately, other RG approaches could be applied to more
general “Nishimori-like” critical points (Bayesian inference
for noncritical states) even for simple order parameters: e.g.,
2 4+ € expansions using nonlinear sigma models in cases
with continuous symmetry, or 1D long-range toy models
(Sec. IXO).

Algorithmic questions and fine-tuned structures. There
are various algorithmic questions related to computing esti-
mates in conditioned ensembles. One possible direction would
make contact with the disordered complex-systems literature
[4,5]: an important challenge in many inference problems
is to find algorithms for efficiently estimating conditioned

observables without resorting to a direct simulation. That is
not our present focus: instead we are interested in directly
simulating the conditioned ensemble, for example via Monte
Carlo as described in Sec. XI A. (Note that it is remark-
able that replica approach can give results about Bayesian
inference that are algorithm-independent.) Recall that highly
efficient nonlocal cluster Monte Carlo algorithms are available
for many of the workhorse models of classical statistical me-
chanics in the translationally invariant setting [100]. In what
cases are there efficient nonlocal algorithms for simulation
of the conditioned ensemble? How does the measurement
process affect the dynamical exponent of cluster-based
algorithms?

Let us also comment on a structure that arises in some
special cases. In Sec. IV C we described a (fine-tuned) mea-
surement process that mapped to measurement of FK clusters.
Spin clusters and FK clusters form a pair of “mutually refin-
ing” observables, with the latter carrying less information than
the former [201-203]. This structure is closely related to that
which underlies Monte Carlo cluster algorithms [204]. Other
examples with a similar structure could be set up, where we
measure the finest observable and acquire imperfect knowl-
edge of the coarsest.

RSRG-breaking transitions. The practical relevance of the
RSRG-breaking transitions in Sec. XI B remains to be inves-
tigated, but the point that models fall into different classes,
depending on how delicate it is to coarse-grain them, seems
intriguing. The most famous applications of RSRG are to sys-
tems with an order parameter, where it is “easy” to formulate
a reasonable RG rule. But there also exist topological phase
transitions which lack an order parameter, and where we also
lack a convenient continuum field theory:”® in these cases, an
efficient RSRG scheme might be useful.

Experiments. Bayesian critical points of the type described
here could be explored experimentally in more than one
way. An interesting feature is that the “partial quench” in-
terpretation of these phase transitions may make them much
more accessible experimentally than quantum measurement
phase transitions, where an analogous interpretation is not
available.

First however let us discuss the interpretation in terms
of measurements. In settings where local imaging of the
configuration is possible — for example, via quantum gas mi-
croscopy [205,206], or scanning tunneling microscopy [207],
or flourescence imaging of adsorbed DNA [208] — it is natu-
ral to consider conditioned expectation values (e),, of the type
discussed here. We could consider either static configurations
or dynamical trajectories.

The results in this paper demonstrate that there are sharp
distinctions between different imaging protocols (for exam-
ple, between protocols with different resolutions or different
noise levels), according to how much information they reveal
about the large-scale structure of the configuration. In this
interpretation, we think of conditioned correlators such as
(SiS)m as objects that are to be computed (or estimated) from
the measurement data.

"0See, e.g., discussion in Ref. [167] and Appendices of Ref. [164].
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We can also consider direct experimental measurement of
the nontrivial fully averaged correlation functions, such as
Epr (S:S j>12W (in the Ising example of Sec. IV). This would
be interesting, but likely limited to small enough systems,
as a result of a statistical sampling problem similar to that
discussed extensively (see, e.g., Refs. [20,209-217]) for the
quantum measurement phase transition.”! Similar approaches
to circumvent this “postselection problem” [214-217], for
example involving auxiliary simulation, could be applied here.

However, the classical Bayesian phase transitions also
have a different experimental application, to partial quenches
(Sec. XTA). In this interpretation, the “measured” variables
are in fact a subset of the physical degrees of freedom of
the system. If the experimentalist has the ability to freeze
these degrees of freedom while allowing the others to continue
to fluctuate (and to be probed),”” the sampling problem is
avoided. It would be interesting to explore such protocols in
(say) cold atom experiments.

Nonoptimal inference. In the measurement scenarios con-
sidered in this work, the true Gibbs ensemble (i.e., the
physical Hamiltonian #), and the properties of the measur-
ing device [encoded in P(M|S)] are assumed to be known
when we make inferences about the spins. If these two
objects are not known perfectly [for example, if there is
uncertainty about some of the parameters in H or P(M|S)]
this in general changes the inference problem [4] and can
reduce the symmetry of the replica description from Sy
to Sy—i. Similar considerations are relevant to experimen-
tal partial quench protocols, as discussed in the previous
footnote.

Nevertheless, some of these “nonoptimal” inference prob-
lems in fact reduce in the thermodynamic limit to problems of
the type considered in the preceding sections. This is because
we may be able to perform a two-step inference procedure,
where in the first step we perfect our knowledge of H and
P(M|S), so that in the second step we are back to a problem
of the type we have discussed.”® In other cases the inference
problem is likely to be genuinely different, for example if
there are an extensive number of unknown local parameters in
the physical Hamiltonian H that are associated with quenched
random fields.

"'In order to accurately estimate [, (e)? directly from experiments
(i.e., without auxiliary simulation), we need to generate many real-
izations of the measurement process that share the same (or more
generally, sufficiently similar) measurement outcomes. However, the
probability of two realizations having the same measurement out-
comes falls off exponentially with the number of observables that are
being measured, requiring an exponentially large number of samples.

To obtain the universality classes discussed in this paper, the
quenching process should not change the effective classical Boltz-
mann weight for the nonquenched degrees of freedom (at least not in
any RG-relevant way). Otherwise we are considering a generalized
problem with reduced replica symmetry—see the next heading.

73For example, if the unknown parameter is the coupling strength J
of the Ising model, and if we assume translation invariance, then the
unbounded growth of the amount of measurement information as the
thermodynamic limit is taken will allow us (in principle) to estimate
J perfectly.

Finally we summarize a few general theoretical points.

Measurement versus quenched disorder. First, consider the
analogies and differences with problems of quenched disor-
der. There is a formal analogy between measured systems and
disordered ones, and in various settings it is possible to do
perturbation theory for both cases in parallel (e.g., Sec. IV A).
However, we have also seen that this can obscure differences
between the two kinds of problems. Measured systems obey
additional constraints on the RG flows, and the behavior in the
strong-measurement limit is typically very different from the
behavior of the disordered system in the strong-disorder limit.
Even in weak-coupling examples (e.g., Sec. IV D), the flows
can have a different topology at N — 0 and at N — 1, while
at strong coupling there can be fundamental differences that
are formally to do with differences in replica group theory
and physically to do with the difference between a glassy
phase and a simple “replica-locked” phase where measure-
ment trivializes the conditioned ensemble (see e.g., Secs. VA
and VII'A). Exposing a long-range ordered state either to
weak measurements or weak disorder gives an even simpler
illustration of the fact that the physics in the two replica limits
is in general very different (Sec. VIIB). Analogously, there
are also qualitative differences in the quantum setting between
an N — 1 limit representing quantum measurements, and an
N — 0 limit representing a certain postselected measurement
process [29,34-37].

Nontrivial Bayesian critical points in trivial models. The
examples in 3D gauge theory demonstrate that nontrivial mea-
surement phase transitions can occur even when the degrees of
freedom in the initial ensemble are not only short-range cor-
related, but also completely structureless—with no imposed
microscopic symmetries, constraints or conservation laws at
all (Secs. IX B 3 and IX B 4). In those examples, the nontrivial
state was associated with a stable deconfined phase for inter-
replica fluctuations (with corresponding emergent one-form
symmetries in inter-replica space). It would be interesting to
look for other mechanisms for nontrivial transitions that do
not require microscopic symmetries (or significant fine-tuning
of RG-relevant couplings). For example, in 4D, it is possible
to have stable deconfined phases for continuous gauge groups,
and we could ask if there is any connection to dynamical
processes (e.g., in quantum circuits) in 3+1D.

Having seen that the conditioned ensemble can have
more structure than the pre-measurement ensemble (e.g.,
can have nontrivial phase transitions even when the pre-
measurement ensemble is trivial), it is clear that this is
relevant to monitored stochastic systems too. It is possible
to construct proof-of-principle examples based on Sec. IX B,
but it would be interesting to explore physically natural
examples.

Measurement-enforced symmetries and constraints. Strong
(accurate) measurement can enforce constraints on the condi-
tioned ensemble. In some cases, these constraints are formally
equivalent to a symmetry or higher-form symmetry in the post-
measurement ensemble and in the replica theory. Section IX B
gave examples of a zero-form symmetry and one-form sym-
metries emerging in this way.

Note, however, that in the context of classical statisti-
cal mechanics, some symmetries/conservation laws which
would be naturally regarded as equivalent in a quantum
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partition function should be regarded as distinct, see
Appendix G.

In other examples (e.g., for level lines in Sec. VIII or
polymers and percolation configurations in Sec. X B), strong
measurement imposes a geometrical constraint on configura-
tions. In some cases this can restructure the field content of the
replica theory, organizing the replicated field ¢, of the original
theory into a “superfield” &, 4, that inherits an index from
every replica.

Quantum analogies. The classical problems here may yield
insights into quantum analogs. To give one example, they
suggest examining a wider range of quantum measurement
transitions. In the examples of measuring a classical para-
magnet, the natural replica order parameter was an overlap
field of the schematic form X carrying two replica indices.
Overlap order parameters with two replica indices also arise in
quantum measurement problems [34], albeit with a different
replica group theory structure/ordering pattern and a very
different physical interpretation. In many of the examples
of measurement of a critical classical state, it was natural
instead to work with replicas of the “elementary” order param-
eter, say ¢“, i.e., fields with a single replica index. Quantum
models where measurement modifies existing critical order
parameter correlations also exist [23]. But one of the clas-
sical critical points we have discussed in Sec. IVD shows
that for some classical measurement transitions it is natural
to retain both “elementary” and “overlap” fields in the criti-
cal Langrangian. One can also imagine settings in quantum
models where both elementary and overlap fields should be
retained in the effective Lagrangian. We hope to discuss this
elsewhere.

Note added. We draw readers’ attention to work that ap-
peared recently and which is related to two specific topics
we have discussed. Reference [218] also addresses field the-
ory for charge sharpening and related stochastic processes,
while Ref. [219] describes connections between quantum
and classical charge sharpening. Reference [220] discusses
measurement of the 2D critical Ising model and provides sim-
ulation results, which are consistent with our phase diagram
in Fig. 1(a).
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APPENDIX A: REPLICA IDENTITY

Let P.(S', ..., S*; M), for k € N, be the joint probability
distribution of the measurement outcomes, together with k
samples that are conditioned to have these outcomes. We may
write this as

P(SY, ..., 8% M) =PM)PS' M) P(S*|M)

M) 1

T Z Z(M)
[see Eq. (6)]. We use the replica trick to formally promote
factors from the denominator to the numerator:

o~ Lt Humeasl S M)

(AD)

ZMN* .
P(S'..... 85 M) = lim ZM)” Z) ¢ Lmt HaculS™ M1,

Writing Z(M) explicitly as an integral [Eq. (5)],

1 .
P(S', ..., 85 M) = lim — ¢ Tmt HnculS" M1,

N—>1Z7Z Sk+1 N

yeeey

(A2)

Using Eq. (A2), the expectation value of a quantity e that
depends on S', ..., S, and potentially also on M, is
1 «
E®[e] = = lim o™ Xom HonlS™ M1 (g)  (A3)
ZN=1 )y, st 5N
The integral on the right-hand side (over M together with
S, ..., SV) defines the replica partition function for a given

value of N, which we may denote Zy:

Zy =f
M, S!

Since M appears quadratically in Eq. (4), we may integrate it
out of the partition function [and similarly for the numerator

of Eq. (A3)]
ZN:/ e~ HNIS!SM]
StV

o~ Lot Humeas[S* .M (A4)

(AS)
with

N
a 1 a
HNIS! S =) HIS T+ o D (0= 0

a=1 a<b

1
—(N—l)lnd+§1nN. (A6)
Note that the limit of the replica partition function is simply
the physical one, limy_,; Zy = Z. This allows us to replace
the factor of 1/Z outside the limit in Eq. (A3) with a factor of
Zy" inside the limit. This finally gives

E®le] = lim (o).

(A7)

as written in the main text [see Eq. (10)], where (e)y denotes
an expectation value for the N-replica problem, taken with
the Hamiltonian Hy in Eq. (A6). The right-hand side must in
principle be computed for N > k and analytically continued
to N = 1. The terms in the second line of Eq. (A6) vanish for
N — 1, leading to Eq. (9) in the main text.
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For many purposes, we may take the limit N — 1 directly
in the coefficients in H, giving the simplified forms stated in
the main text [see Eq. (12)].

Note also that one of the replicas appearing on the right-
hand side of Eq. (A2) has been used to generate the factor
of P(M) in Eq. (A1l). Physically this replica (which we can
take to be, for example, SM) can be interpreted as the actual
measured sample, S™f [4].

Finally, let us derive the identity

Smeas:F/(])_F(l) (A8)

used in the main text [see Eq. (21)], where F (V) is the free en-
ergy for N replicas, i.e., Zy = e F™, and Syc4s is the entropy
associated with P(M). The replica partition function may be

written
N
ZN:/ (/eH[S]P(M|S)) :
M S

Up to a factor of Z = Z;, the factor inside the parentheses
is just the probability P(M) for a given set of measurement
outcomes, SO

(A9)

ZNzy = / PM)N. (A10)
M
The right-hand side appears in the definition of the Nth Rényi
entropy:
/MP(M)N = exp [—(N — DSRenyi]- (A11)
The N — 1 limit of the Rényi entropy is the Shannon entropy.
This gives Eq. (AS8).

As an illustration, consider two extreme limits. For con-
creteness, let us consider the Gaussian measurement protocol
in Appendix A, as above, and let us assume the spins are
discrete variables.

First, consider the case in which the measurements reveal
no information about the system. This can be achieved by
taking the measured operator O, to be a trivial constant, e.g.,
O, = 0. The replicas are then decoupled from each other. As
a result, the free energy of N replicas is just N times the
free energy of a single replica, except for trivial terms that
come from the Gaussian integrals over local measurement
outcomes,’”* giving

Steas = Striv(A)v (AIS)

where Syiv(A) = %ln(Zn AZe) is the entropy of V Gaussian
variables with variance A%, where V is the number of mea-
sured sites.

Next, consider the case where the measured operator is the
spin itself, and the measurements are very precise (A — 0).
Then the configurations of the replicas become identical, and
the replica Hamiltonian is effectively equivalent to the initial

74

F(N)=NF()+ 1 > (nN+ (N - Din@rAY).  (Al2)
24 '

Hamiltonian, but at a temperature that is reduced by a factor
of N.”> Expanding around N = 1 gives

Smeas = Sthermo + Striv(A)v (A16)

where Sipermo = (H) — F (1) is the thermodynamic entropy of
the original model.

APPENDIX B: ALTERNATIVE MEASUREMENT
PROTOCOLS

1. Diluted binary measurements

Consider a binary observable O, = *1 that gets measured
with a probability ppe,s. If it is measured, the probability of an
error is per. We can represent the absence of a measurement
by the value M, = 0. The above probabilities then specify the
distribution

P(M|S) = e KIMS] (B1)

for M, = —1, 0, 4+1. Note that the case where pye,s < 1 but
Perr = 0 is similar to the case of “heralded” errors in error
correction: while we do not have information about all sites,
we know that the information that we do have is trustworthy.

The replica Hamiltonian, after integrating out M, is given
by (to simplify notation we consider a single site and omit the
site index)

HyIS', .., M=) HIS + Heouplingl S, ..., SV (B2)

with
e*’Hcoupling — Z HP(M|SLI) (BS)
M=—1,0,+1 a
= (1 = Preas)” + Ploas D (1= perr)¥ plie,

o==+1

(B4)

where in the second line ¢ = £1 runs over the possible
measured values and N, is the number of replicas for which
O=o.

First consider the case where ppme,s = 1 (all sites are mea-

sured) but the measurements are very imprecise: per = % —€
with € < 1. Then (noting that Ny — N_ =" O%)
Heoupling = —262<Z 00P — N) +((N-=1)In2
ab
=26 00"+ (N - 1)In2. (B5)

a#b

75That is, the nontrivial part of the replica Hamiltonian is NH[S] =
HIS]+ (N — 1)YH[S]. Treating the second term as a quantity to be

averaged leads to
F(N) = F(1) — In (¢~ W-DHIST (A14)

1
+5 XX:(lnN + (N = D) In@2r AY)). (A15)
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We see that in this weak measurement limit (¢ < 1) we re-
cover the same kind of replica coupling that we found in the
Gaussian measurement case.

If we consider very imprecise measurements that are also
diluted, O < pmeas < 1, then (apart from a change to the ad-
ditive constant, which anyway vanishes at N = 1) the only
effect is to change the coefficient 2¢? in Eq. (B5) to 2€2 pieas-

Finally, consider the opposite limit where pe,, = 0, so that
the measurements are perfectly precise. Then

- pmeas)N + pIIVneQSSO}:OE.:...:Oﬁ’ 5 (B6)

where the delta function enforces equality of O in all the
replicas. Using the fact that this delta function only takes two
values, taking the N — 1 limit for the coefficient in Hcoupling
and dropping a constant gives

e*’;{coup]ing — (1

Pmeas) - (B7)

If the initial theory is critical, and if ppe,s is small (so that
Hcoupling 18 small), then at large scales we should decompose
the perturbation in terms of the scaling operators of the contin-
uum theory, and the leading term is again of the type discussed
in the Gaussian case.

Hcouplmg - (1 - (S(')l =02= _oN) 111(1

2. Global symmetries in replicated theory

We comment on the symmetry of the replicated theory
(Sec. IID) in the specific example of a Z, (Ising-like) sym-
metry of the initial ensemble that acts as § — —S.

Let us consider various cases. The obvious ones are the
following:

(a) We measure a Z,-even observable O using the pre-
scription in the main text. The replica Hamiltonian preserves
the Z, symmetry within each replica, so that there is a 7%
symmetry. Together with replica permutations, this gives the
global symmetry group 75 x Sy.”

(b) We measure a Z,-odd observable O using the prescrip-
tion in the main text. Then the replica Hamiltonian does not
preserve a separate Z, for each replica (because of the terms
5S%) but it does preserve a single global Z, that acts simulta-
neously on all replicas. This gives the symmetry Z, x Sy.

However, the measurement protocol in the main text is not
fully general, even if we assume that the P(M|S) is Gaussian.
We may also allow the standard deviation A of the measure-
ment error to become a function of a local operator, rather than
being a constant. As an example, we could take

A2 = A1 +€S,), (B8)

so that the precision of the measurements depends on the
local Z,-odd observable S,. In other words, it is possible to
introduce symmetry-breaking not only via the observable that
is measured, but also via the measurement strength.

We will consider the effect of this in the two cases above,
in which the measured operator O is even/odd respectively.
First, let us write the more general form of the replica Hamil-
tonian that results. The term induced by measurements in the

"®The notation indicates that Z} is a normal subgroup of Z5 x Sy.

replica Hamiltonian, at a given site, is

1 (O — Ob)?
SH = , B9
4% A2 Z A2A2 ®9)

where we suppress the x index, and
A;2 = A"2(1 +€5%. For concreteness,
that € is small, so that we can expand:

N €
SH = — O — O + — $1OPO*
4A2 ;( y 2A2 Z

write
let us assume

all dlstmct

(2 —N)e s
+ 5 ;S[(’)]—i—

We have dropped terms whose coefficients vanish when N =
1. (In order to perform RG, we would expand [(?”]? in terms
of scaling operators.)

We consider the analogs of the cases (a) and (b) above.

(a") The measured operator O is Z, even, but the measure-
ment error variance depends on a Z,-odd operator.

We claim that, as far as symmetries go, this is really a dis-
guised variant of case (b") below (where Z,-odd operators are
measured), because even in the present case the measurement
outcomes do carry information about Z,-odd observables.

First, this can be seen heuristically: consider a long-
wavelength spatial variation in Sy. In the regions where S,
is smaller, the measurement outcomes will fluctuate more
strongly, by (B8). Therefore we can obtain coarse-grained
information about S from the size of the fluctuations in M.

Second, this equivalence to the case where Z, odd op-
erators are measured can be seen more formally from the
replica Hamiltonian in Eq. (B10). This “bare” Hamiltonian
does not contain the term §9S% which would be present
if we directly measured the operator S. However, this term
will be generated under RG from the terms that are present,
with an effective measurement strength of order €2/ A*. (De-
tails in footnote’”.) That is, roughly speaking, after some
coarse-graining the situation is similar to one in which we
directly measure S with an error variance ~A*/e2.

In many cases the effective measurement of the Z,-odd
operator S will be more RG relevant than the direct measure-
ment of the Z,-even operator ©. However, if A2 « 1, then the
effective measurement strength for S is much weaker than that
for O (in the present setup), and both facts need to be taken
into account in determining the fate of the system in the IR.
Our main point is that, as far as symmetry is concerned, case
(a’) is equivalent to case (b').

(B10)

7To see this it is sufficient to consider the final term in (B10). [O*]*
can be decomposed into local Z, even scaling operators. Let the lead-
ing nontrivial operator be ob (generically O = O; the contribution
from the identity operator vanishes, because the sum over b gives a
coefficient N — 1 — 0). Therefore we have a term A D ks 590" in
the bare Hamiltonian, with h=¢ /A% By considering the OPE [66]
of this term with itself, we see that the term ) _ £b §9S? is generated
under RG. If the coupling for the latter term is denoted A’, then
the beta function for A’ contains a term proportional to 22. After
coarse-graining for an order-1 amount of RG time, a A’ of order
€?/A* is generated.
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(b’) The measured operator O is Z, odd, and the measure-
ment error variance depends on a Z,-odd operator.

In general, the replica symmetry is then different from both
case (a) and case (b) above. Whereas in case (b) the replicated
theory has a single Z, symmetry for any N, in case (b’) this Z,
symmetry is absent except when we set N = 1. For general N
the symmetry is therefore just Sy. However, the fact that the
N =1 model has a Z, symmetry is important: this implies
that the terms breaking Z, involve at least two distinct replica
indices, making them less RG-relevant.

It is certainly possible to construct examples where the
difference in symmetry between (b) and (b’) reflects a genuine
difference in universal properties.”® However, we expect that
for many ensembles in the weak measurement regime, (b)
and (b") will be equivalent up to RG-irrelevant terms. In other
words, the “missing” Z, symmetry can emerge under RG.

To see this, consider the case where O = S. We may ex-
pand [O0”]? = [5%]? in Eq. (B10) as a sum of Z,-even scaling
operators. Letting the nontrivial leading operator be denoted
&P and setting N — 1 in the coefficients,

1 b € boc
(SH:—EZS“S + 50 > sests

a#b abc,
7 all distinct

€ X const aob
+TZSS +o-
a#b

(B11)
If £ is less relevant than S, then the leading term is the
first one, Za#b 5¢8P, just as in case (b). This leading term
preserves a single Z, symmetry [as in case (b)]. If the terms
proportional to € are irrelevant at the IR fixed point, then the
Z, symmetry is emergent under the RG flow, and we are back
to case (b).

(For concrete examples of this emergent symmetry we
could probably adapt the problems in Secs. V A and VI A by
adding variations in the measurement strength that introduce
irrelevant cosine terms which break the & — —h symmetry.)

APPENDIX C: RG INSTABILITY OF THE FK-CLUSTER
MEASUREMENT PROTOCOL

We expand further on the instability of the FK-cluster-
measurement fixed point @ discussed in Sec. IVC. It is

convenient to use a Landau-Ginzburg notation, although the
basic points depend only on symmetry.

Recall from Sec. IV C that the FK measurement protocol
is described by a critical Potts model with Q = Q" spin

78 A contrived example is a system with spontaneously broken Z,
coexisting with critical Z,-even degrees of freedom. We measure the
Z,—o0dd order parameter via a process of type either (b) or (b'). After
picking one of the two equivalent symmetry-breaking macrostates,
we are left with an effective measurement problem for the critical
Z,-even degrees of freedom. (Coarse-graining effectively generates
measurements of Z,-even operators.) If the original process is of type
(b), the two macrostates give rise to equivalent effective measure-
ment problems for the critical degrees of freedom. On the other hand
in case (b’) the measurement strength in the effective problem differs
for the two macrostates.

states and So symmetry. The spin values, labeled by S =
1,...,Q, are in correspondence with values of the vector
o = (o1, ..., oy)introduced in the main text. That is, picking
a value for the “superspin” S in the replica theory corresponds
to picking a spin value o € {1, ..., Q} for each of the N
replicas. The large Sg symmetry of the replica theory is a
consequence of fine-tuning of the measurement protocol.

As is standard, we can represent the Q-state Potts degrees
of freedom with a Landau-Ginzburg field ¢s (with compo-
nents S = 1, ..., Q). We may think of ¢s as the density of
sites with spin value S, up to a constant shift which imposes
Zgzl ¢s = 0. The remaining Q — 1 independent compo-
nents then form an irreducible representation of So symmetry.

Now we consider perturbations that can arise when we
move away from the fine-tuned FK measurement protocol,
bearing in mind that more general protocols need retain only
Gon = (Sg x -++ x §p) X Sy symmetry.

The mass term in the Landau theory, which is an Sg scalar,
and which tunes the Potts model to criticality, is ) g ¢s@s.
The coefficient of this term is tuned to the critical value. In our
interpretation, this is fixed by the fact that the original physical
model that we are measuring is the critical Potts model. (In
other words, the theory that remains when we set N =1 is
critical.)

Consider instead the operators of the form

1
As.s = psps — o) Y bsids,

S

(ChH

which form a nontrivial irrep. These operators are “two clus-
ter” operators, in the geometrical interpretation of the FK
cluster model, and have scaling dimension x =2g — (g —
1)?/(2g) for g = % arccos(—~/Q/2). They are relevant if Q <
4 and marginal when Q = 4.

When we have So symmetry, As s is forbidden by sym-
metry from appearing in the action (since it is not an Sg
singlet). However, when we break So down to the generic
Gon = (Sg x -++ x 8p) X Sy, various linear combinations of
A components can be added to the action. We do not enter
into the group theory here, but nevertheless it is clear that,
when we treat N as arbitrary, there are an infinite number of
G n-allowed relevant terms, because

> As.5

R

G,6
(¢, &’ differ in k replicas)

(623

is invariant for any k. (We use & as a label to emphasize the
replica structure, but this label is equivalent to S.)

From a lattice perspective, note that in the fine-tuned
model, the interaction between the “superspins” S, i.e.,
between the vectors &, is of the form 85,z . When the mea-
surements of the FK clusters are imperfect, more general
interactions are allowed, which respect G y but may not
respect So. A basis for these interactions is given by functions
{0k (8, 3))}3-, » where 1(Gy, Gy) is 1 if 6, differs from G, in k
of the N replicas, but agrees in the other N — k replicas. Only
1n0(Gx, 0y) = 85,5, respects Sg symmetry.

There may be further constraints on the interactions beyond
those given by symmetry. Nevertheless the natural expectation
is that a generic small change to the measurement protocol
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(away from the FK-measurement protocol) will induce an
infinite number of these relevant perturbations.

Finally, note that the measurement protocol discussed
above, which effectively amounts to measuring FK occupation
numbers, allows an extension to any real Q > 0 in which all
the probabilities are positive. (The Gibbs weight for an FK
cluster configuration is proportional to Q" U™ which is
positive for Q > 0.) By contrast, if we wish to measure the
energy operator d,, ., then we must use a formulation of the
model in which this is a local observable. This can be done,
for arbitrary Q, by writing the partition function in terms of
Potts domain wall configurations weighted by a chromatic
polynomial (obtained by summing over all spin configurations
consistent with the given domain wall locations). However, in
general this weight can be negative when Q is noninteger.

APPENDIX D: SQUARE-LATTICE DIMER MODEL

In Sec. V A, we mentioned the square-lattice dimer model
as an example of a system described by the Hamiltonian in
Eq. (70) for a height field &. This Appendix reviews operator
identifications in this model and describes a heuristic way
of understanding the relation between lattice and continuum
theories.

We first recall [114] the formulas for the lattice occupation
numbers in the case where the partition function is the equally
weighted sum over all fully packed dimer configurations. A
constructive derivation was given recently in Ref. [117]. If
dy(x, y) [respectively d,(x, y)] is the occupation number of the
bond connecting (x, y) to its east [respectively north] neigh-
bor, then

(_)x+y+l 1
dx_> Tayh-F—(—)xCOSh-’-"' , (Dl)
( )x-H
dy — 8h+—( Ysinh+ -- (D2)

where a depends on the regularization of the field theory
[117].

Second, we show that ideas from deconfined criticality
[221,222] give a quick way of rationalizing the field theory
for the square lattice dimer model without the detailed height-
field analysis.

We orient all the links of the square lattice such that each
of the four columnar dimer configurations corresponds to oc-
cupying only links of a single orientation, and such that each
of the four compass directions is represented at each site.

For each site (x, y), we then define a vector S (x,y) that is
parallel to the occupied oriented link touching that site. Since
S(x, y) on a single site can only point in four directions, we
view this as an unconventional lattice regularization of an XY
model with strong fourfold anisotropy.

Next note that, as for the valence-bond solid order parame-
ter in a 2D antiferromagnet [221], the full-packing constraint
prevents S from having vortices. For example, it is easy to
check that a monomer (unoccupied site) corresponds to a vor-
tex or an antivortex, depending on the sublattice the monomer
sits on (see Fig. 4 in Ref. [221]).

Finally, we write a continuum Hamiltonian for the coarse-
grained phase & of S = (cos h, sin ). We include cos(4h) in
the action since the microscopic regularization has fourfold

anisotropy, but we do not allow vortices in A:

K 2
'H:E(Vh) —gcosdh+ - (D3)

This heuristic argument does not fix the couplings, but it turns
out that for equally weighted dimer configurations K = ﬁ is
small enough that g is irrelevant.

Finally, consider the operator identifications for the dimer
occupancies. The presence of the cosh and sin/ terms in
Egs. (D1) and (D2), with their alternating sign factors, follows
immediately from the microscopic relation between S and

bond occupations. For example,

22(( )'di(x, y), (=)dy(x,y)) = ZS(x »)

X,y

(D4)

(up to boundary terms, and for some choice of origin).
Therefore we expect (—)*S, = (—)*cosh to appear in the
continuum expression for d,, etc.

The presence of derivative terms in Eqs. (D1) and (D2)
can be understood from the constraints imposed on S by its
relation with a dimer configuration. For example, if S, (x, y) =
41, then the phase increment h(x + 1,y) — h(x, y) can be
(=)' 5S8,(x,y), but it cannot be —(—)"%S,(x, y). Therefore,
microscopically, —(—)*S, is positively correlated with 9,/.
Equivalently d, is positively correlated with —(—)*""d,h.
Therefore, in the continuum, we expect (—)**'9,h also to
appear with a positive coefficient in the expression for d,.

APPENDIX E: FIELD THEORY FOR NOISY DIFFUSION

1. Martin-Siggia-Rose action

Starting with (82), the Martin-Siggia-Rose approach gives
a functional integral

2
- / DnDhé(3;h — Do — 277) exp (— / dtdx;—)
T

1
- thexp (—mfdtdx(alh—Daf)2>. (ED)

In the first line, we integrate over spacetime trajectories of the
noise and of the field 4; the exponential gives the probability
density for the noise configuration, and the delta function
enforces the dynamical equation. In the second line, the noise
has been integrated out. When we expand the square in the
exponent, we encounter the total derivative term (h = 04,
h = 9.h):

W' = 3. (hh') — 18, (W)*. (E2)

In writing Z, we were vague about boundary conditions. We
can impose boundary conditions on a finite domain x € [0, L]
such that 2(0, ) = h(L,t) = 0. The integral of the first term
in Eq. (E2) then vanishes, but the second term gives a contri-
bution on the temporal boundaries. If time ranges from O to 7',
then Z = [ Dhe™* with

M=o L [ axai[@ny + D*020)7] + My (E3)

Hp = dx[p(x, T)* — p(x, 0)*]. (E4)

82t
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We have written the boundary term Hp in terms of p = 9,/ in
order to emphasize that it is an integral of a local observable.
Since it is localized at the temporal boundaries, it cannot affect
the bulk RG flow. It is the boundary term that “remembers” the
direction of time in Eq. (80) (D — —D changes the sign only
of HB)

The “Hamiltonian” H above (we use this terminology to
preserve the analogy with the static problems studied else-
where in this paper) allows us to integrate over spacetime
trajectories of p(x, t) with the correct probabilities, and there-
fore to apply the Bayesian formalism in Sec. II. See Sec. VIB
for more general stochastic processes (where it is convenient
to introduce a “response field” in H [66]).

2. Lattice and continuum operators

In this Appendix, we review a standard construction from
the sine-Gordon description of 1D quantum fluids [133]. De-
fine a microscopic version of the counting field, Amyicro(x, 1),
using the microscopic density:

x+0*

hmicro(x, 1) = 27 / Mmicro (X, 7). (ES)

In continuous space, the density (at a given time) is a sum of
delta functions and, as we increase X, Amicro(x) jumps by 27w
wherever a particle is crossed. In a 1D lattice model, Apcro 1S
naturally assigned to bonds of the lattice, and again jumps by
27 every time a particle is crossed. First iyicro Will be coarse-
grained to obtain a continuum field 4. Finally, the field that
appears in the continuum action is obtained by subtracting the
uniform part of the “tilt” in &, which is proportional to the
background density ny:

hx,t) = h(x,t) — 2mngx. (E6)

Note that the introduction or removal of particles very far
away from x (to the left) can change /micro(x), and therefore
h(x), by multiples of 2. This implies that when local micro-
scopic observables are written in terms of 4, the expressions
must be invariant under # — h & 2. In addition, parity sym-
metry (spatial reflection) acts as

x—>L—%,  fmico = Mmicos " — 27N —h.  (E7)

Note that V7 and cos(i[) are invariant under 1 — h % 27 and
are even under parity, like 7m;cro-
While nyicro can be written simply as” Nmicro = %thim,

the right hand side cannot simply be identified with %Vﬁ in
the coarse-grained theory. In general, determining an exact
relation between correlators of ﬁthicm and those of the

coarse-grained 7 would require a nontrivial renormalization
group calculation starting at the lattice scale,®® or matching

"If we are considering a lattice model, then V is the lattice deriva-
tive and we take the lattice spacing @ = 1 for now.

$0[n momentum shell RG, the continuum field 7 is determined by
a linear operation on the lattice field /., but note that this does not
mean that correlators of Ay, can be rewritten as correlators of /4 by
a simple linear substitution. The nontrivial integral over fast modes
renormalizes the operator insertions.

against exact results for correlators. Haldane instead gave a
heuristic argument [133] determining the leading terms which
we now attempt to summarize.

hmicro 18 a sequence of steps between values in 27 Z. Imag-
ine that # has been obtained by performing a smoothing
operation on an intermediate lengthscale in such a way that
h € 2n(Z + 1/2) at the locations of the particles x; (where
j indexes particles). Then the density may be written (we
consider the spatial continuum)

Miero (¥) = Y 8(x — x;) (E8)
J
=@h) Y 8(h—(@k+Dm)  (B9)
k=—o00
= @B Y e, (E10)

This argument does not fix coefficients, but it suggests that in
the IR we should have (keeping the most relevant terms)

1 ~ ~
Rmicro (X, 1) = Z—th(x,t)+3005h(x,t)+~~ ,  (E11)
T

where B is a nonuniversal constant. We may argue (by consid-
ering the integral of ny;.ro, see below) that the coefficient of
the first term is the naive one.

Making the shift in Eq. (E6),

1
Pmicro =~ 1o + 2_8xh + Bcos(h + 2mnpx).
T

The coefficient % is fixed by considering adding &np X
L additional particles to the system, so that the inte-
gral of npico is increased by dmgL. Therefore, by (EY),
ﬁ(hmicm(L) — Pmicro(0)) 1is increased by the same amount.
Finally, we can perform coarse-graining in such a way that
this also matches the increase of %(h(L) — h(0)). This fixes

the coefficient.

(E12)

APPENDIX F: SOLVABLE MODEL OF LEVEL-LINE
MEASUREMENT

Consider a standard model of a discrete lattice height field,
h € 2 Z, that is defined on the sites of the triangular lattice,
with the constraint that adjacent heights are equal, or differ by
+2m in which case an energy cost is incurred. If this energy
cost is not too large, then in the mid-IR this model is described
[223] by a sine-Gordon model

H = gf(w)2 - g/cos h, (F1)

where the g term is the remnant of the discreteness of the
microscopic field. In the deep IR, the model becomes a free
field withg=0and K = .5

87

81 With appropriate boundary conditions [224], the partition func-
tion can be mapped to the partition function of a model with an SU(2)
symmetry. This symmetry is one way to understand why the IR value
of K is forced to be equal to 1/87.
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In this model we may naturally define level lines on the
dual honeycomb lattice. These are nonintersecting loops that
separate differing values of h. (A given level line is thus
naturally associated with a field value in 27[Z + 1/2].) The
measured operator lives on a bond (i j) and can be taken to be

O=1-"6nn, (F2)

detecting the presence of a level line.

For weak measurement, O may be decomposed into scal-
ing operators, and the most relevant ones that appear (cos A,
and the components of the tensor V,AV,h) have dimension
2. Therefore weak (highly noisy) measurement of the level
lines is irrelevant for the above value of K: all the replicas are
independent in the IR.

The limit of strong measurement is more interesting. In this
limit, all the replicas share the same level-line configuration.
However, they can differ in the orientation of the level lines.

As is well known [223], a configuration of the height field
h maps (modulo to a global shift # — & + const) to a configu-
ration of oriented loops (level lines) on the dual (honeycomb)
lattice. For an appropriate choice of boundary conditions, the
partition function of a single replica is

7 — § ono. ofloopsxloop lenglh. (F3)
C

Here C is a configuration of unoriented loops, and the factors
of 2 are from summing over orientations. The weight x is
determined by the energy cost for height differences. For
x=>1/ /2 the model is in the massless phase [223].

Now consider N replicas with perfect measurement. The
measurements determine C, but they do not determine the loop
orientations. Therefore

ZN — Z(2N )no. of loops (XN )loop length. (F4)
C

This is the partition function for a loop model with a modified
loop fugacity n = 2V,

For large enough x, this model is critical for n < 2, but not
for n > 2. The central charge, as a function of N = log, n, for
N < 1,is [225]

_ 2
c(N)=1- 6w, g(N) = leurccos(—2N’1).

gWN) m
(F5)

How should we interpret the effective central charge [cf.
Eq. (23)],

Cefr = (1), (F6)

in this example? This is not immediately obvious, because
the replicated theory flows to a nontrivial CFT for N < 1,
but flows to a trivial fixed point (with only short loops) for
N > 1. This means that ¢(N) is not even continuous at N = 1.
However, it has a left derivative there, and we conjecture that

this is the correct definition to use in Eq. (F6).%? This yields

12In2
Coff = - ~1-0.157. F7)

The fact that the replicated theory is nontrivial can be seen
more directly from correlation functions.

First consider the height difference h(x) — h(0) between
two points. (In fact measurements reveal only subleading in-
formation about this quantity: they reveal more information
about other quantities, as discussed below.)

For a single replica, we have as usual

1
((h(x) — h(0))*) ~ g Inlx|~8Inxl. (F8)

By symmetry (h(x) — h(0)),, vanishes even after condition-
ing on measurements, but we can ask whether measurement
information improves our estimate of [A(x) — h(0)]>. Let

Vo (M) = ((h(x) — h(0))*) y (F9)

be the estimate of this quantity for a given set of measurement
outcomes. We will show that V; (M) differs from the uncon-
ditioned estimate (F8) only by a subleading (though universal)
term.

Note that the value of A(x) — h(0) is given by the signed
number of oriented level lines that are traversed in connecting
0 and x (see Ref. [226] for an application of this fact to the
percolation of level sets). We can write this as

NE,
h(x) = h(0) =27 ) Xi.

i=1

(F10)

where NS is the number of unoriented level lines separating
0 and x, and y; = %1 distinguishes the two orientations of
the level lines. After conditioning on C (i.e., on the measure-
ments), the orientations x; are uniformly random, so that

Vox(M) = 27)* N, (F11)

The distribution of N, is in principle accessible using
Coulomb gas (or rigorous [227]) techniques. More simplisti-
cally, a standard coarse-graining argument indicates that J\/OC,X
is asymptotically Gaussian, with a mean (N ) = %ln |x|
that is fixed by (F8), and a variance of order In |}c|. Therefore

var Vo (M) ~ In |x]. (F12)

In other words, conditioning on measurement outcomes only
changes the two-point function by a subleading amount:

((h(0) — h(x))*)u = ((h(0) — h(x))*) + AVo (M), (F13)

82The derivation of the entropy in Sec. IIE makes clear that the
correct order of limits is to take the derivative in N first, and then the
thermodynamic limit. Since it is written in terms of the derivative
of ¢(N) (which is a quantity defined through the thermodynamic
limit), Eq. (F6) assumes these limits can be commuted. When ¢(N) is
singular this may not be guaranteed. In principle, we should consider
the RG flow of a finite-size estimate, dyc(&N, L)|y=1. We expect that
here this converges to the one-sided derivative of c(N).
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where AVp (M) is a Gaussian random variable whose order
of magnitude is +/In |x|, and which is therefore much smaller
than the leading term ((2(0) — h(x))?) ~ 81n |x|.

Next consider correlations of ¢/*", which are more strongly
affected by conditioning. In our model with a discrete height
field we cannot distinguish ¢/®" from e/ **" 5o we restrict to
o € [—1/2, 1/2]. In terms of the level lines,

Nie
(eiah(o)e—iah(x)>M — <eXp <27'(iot Z Xi>> (F14)

= (cos(2ma))Vox, (F15)

Let us consider the typical absolute value3® of the correlator,
obtained by averaging the logarithm of |{(...))| over mea-
surement outcomes, and then re-exponentiating. [Recall that
the average over measurement outcomes is equivalent to the
average over /\fOCx in the loop ensemble, Eq. (F3).]
}(eiah(O)e—iah(x))

= | cos(2ma)| N, (F16)

M |lyp

This gives the typical value quoted in the
main text [Eq. (110)], with a scaling dimension
Xyyp(a) = —% Incos|2rw|, to be compared with the
exponent x (o) = 20> governing the standard expectation
value (e"®¢=@h) The Taylor development of the typical
exponent reads Xyp(a) = 2a%(1 + 2737—2042 4 ...), so the two
exponents agree to order a?, but the typical correlator decays
faster than the mean correlator. This is because the standard
correlation function (e ®e=ieh®)y — [, (o0 p=ichx)y, jg
dominated by rare loop configurations (i.e., rare measurement
outcomes M) with anomalously small N/{ .

APPENDIX G: NOTE ON SYMMETRY IN CLASSICAL VS
QUANTUM MODELS

The following comment is a digression from our main
topic—the aim is to point out that specifying the symmetry
structure of a classical system requires more information than
specifying that of a quantum system.

We use the example of the gauge-Higgs theory at K = oo
in 2D (Sec. IX B 1), but the basic point is more general.

The gauge-Higgs theory at K = oo has a (d — 2)-form
Z, symmetry, which loosely speaking means that there are
nontrivial topological operators Vp supported on closed paths
P (here they are Wilson loops), with V? = 1 [68]. In 2D this
is a O-form symmetry.

In the usual field theory terminology, a O-form symmetry is
equivalent to a conventional global symmetry. In the present
context this is most easily understood in the transfer matrix
language, i.e., via the classical-to-quantum mapping [66].

In this mapping the 2D gauge theory at K = oo is mapped
to a one-dimensional quantum gauge theory [170]. But after a
local change of basis in the Hilbert space, we find that this spin
chain is equivalent to a conventional nongauged Ising model

with quantum Hamiltonian ﬂgﬁg, with order parameter %1-3

8For |a| > 1/4, it is possible for the conditioned correlator to be
negative, hence the use of the absolute value.

(where f; is the third Pauli matrix at site j of the new model).
(Note that this Ising model should not be confused with the
Ising model discussed in Secs. IXB and IX B 1. The two are
related by Kramers-Wanner duality.)

Before the basis rotation, a Wilson line in the quantum
gauge theory, which runs along all the bonds of the chain,
gives a O-form symmetry operator V. After the basis change
this becomes the operator ]_[j T jl implementing the conven-

tional Z, symmetry transformation of I-?g;;g, i.e., a flip of all
the quantum spins to the symmetry-related state. Note that this
is an off-diagonal operator in the basis where the Ising order
parameter %13 is diagonal.

In the 1D quantum setting (or if we are doing formal
quantum field theory), we would say that the K = oo gauge
theory and the Ising model are equivalent systems viewed in
different bases.

Returning to the 2D classical case, however, it is clear that
the gauge theory and the Ising model should no longer be
viewed as equivalent. This is because a classical statistical
mechanics problem comes with a preferred choice of basis.

In the 2D classical gauge theory, the operator V associated
with the symmetry is a standard classical observable: that is,
the Wilson line is a function of the gauge-invariant classical
degrees of freedom o,,S,S,. Correspondingly, it is a diagonal
operator in the quantum formulation if we use the natural
“classical” basis.

In the 2D classical Ising model, the symmetry operator V is
not a diagonal operator. This is apparent from the fact that, in
the quantum formulation, it is an off-diagonal operator when
we use the 3 basis mentioned above. Instead, it is a “defect
line” in the language of classical statistical mechanics.

Formally both models have a (0-form) symmetry, but the
interpretation and the natural terminology differ in the two
cases. We would naturally say that the 2D classical gauge
theory has a Z, conservation law: the topological invariance
of the Vp operators imposes a constraint on classical config-
urations. (This is the fact that the configurations are made up
of closed strings in the plane, see Sec. IXB 1: these strings
form the Z, analog of a divergence-free field.) By contrast in
the 2D classical Ising model we would naturally refer to the
special property as a Z, symmetry (relating distinct classical
configurations).

This gauge theory example falls into a larger class of exam-
ples involving classical models with local constraints that can
be interpreted as conservation laws, including e.g., classical
dimer models with full-packing constraints.

Yet another example is the 3D XY model. As a quantum
field theory, this is equivalent by duality to a model of a U(1)
gauge theory interacting with a complex Higgs field [148],
and we may say that both models have U(1) global symmetry.
As classical problems these are distinct. The first is a model of
spins that are acted on by U(1) transformations and the latter
is essentially a model of fluxes that satisfy a conservation law.

These points are straightforward, but they indicate that the
classification of phases by symmetry (and higher symmetry)
in classical systems should take into account the preferred
choice of local basis that the classical statistical mechanics
problem comes equipped with. This could be investigated
further.
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These considerations are relevant to classical inference
problems, because the measurements are necessarily of clas-
sical observables (corresponding to diagonal operators in the
classical basis).

APPENDIX H: DUAL REPRESENTATION OF 3D REPLICA
GAUGE THEORY

Here we relate the pure gauge theory in Eq. (135) to a dual
order-parameter theory.
We write the partition function of the gauge theory as

Z x ZHH —}—x(aaao)“b)

{oe} O a<b

(HI)

for x = tanh 2A, and expand the product over plaquettes. For
each plaquette, and for each pair of replicas (ab), we must
choose either the 1 term or the x term. We visualize the latter
as an “occupied” plaquette of type (ab).

The sum over {o xy} on the links ensures that, for each
replica index a, and for each link, an even number of occupied
plaquettes that involve index a meet at the link. This ensures
that (neglecting boundary condition effects) we may map the
plaquette configurations to domain wall configurations for an
order parameter

N
(T TVye{+1, -1}V with J]7*=1.

a=1

(H2)

The dual spin T lives at the centers of lattice cubes (i.e., on
sites of the dual cubic lattice). To illustrate the basic idea, let
us assume that x is small, so occupied plaquettes are rare, and
neglect doubly occupied plaquettes. Then a single occupied
plaquette of type (ab) is interpreted as a domain wall where
spin components 7 and T” change sign. The cost x for such
a domain wall is reproduced by an energy JT; - T for the
corresponding bond (i j) of the dual lattice, with x = ¢=*/.
The full dual Hamiltonian (beyond this small-x approx-
imation) is more complicated,84 but the above is sufficient
to see the global symmetry of the dual theory, which allows
replica permutations and lev ~! transformations (note that if
we take an element of Zg ~! to assign signs to the first N — 1

components of T, the sign of the last component is fixed by
Eq. (H2)).

The model in Egs. (135) and (H1) can be viewed as arising
from measuring the occupied link density for a configura-
tion of closed loops. Now we discuss another measurement
problem which we expect to give a transition with the same
exponents, and where the effective Hamiltonian can be de-
rived more simply.

In this problem, the physical degrees of freedom are a
collection of occupied bonds of the cubic lattice. Heuristically
we think of this as defining a collection of—possibly open—
strings. The relation between this problem and the previous

80n each plaquette we must sum up configurations of occupied
plaquettes that correspond to the same domain wall configuration.
For example, an occupied plaquette of type (12) and a pair of oc-
cupied plaquettes of types (13) and (23) correspond to equivalent
domain wall plaquettes.

one is therefore analogous to the relation between the 2D
problems in the central and right panels of Fig. 7.

Each bond (xy) is occupied with some probability p; we
define J by tanhJ = p/(1 — p). Such an ensemble of occu-
pied bonds arises from the “high-temperature” expansion [66]
of an Ising model in the limit of an infinitely strong magnetic
field,® which can be written

Z = ZH(1+(tath)TT)l_[(l+T)

{T} (xy)

(H3)

As usual, the expansion of the product over (xy) generates
diagrams made up of occupied links. These diagrams may be
referred to as 1-chains or more colloquially as string diagrams.
A given string diagram determines a collection of string end-
points (endpoints are sites adjacent to an odd number of
occupied links, i.e., sites in the boundary of the 1-chain).

Now we measure the positions of the endpoints with (for
simplicity) perfect precision. In the replica description, we
obtain a partition function for N replicas that are forced to
have the same endpoints. The resulting ensemble matches the
high-temperature expansion of

z=>Y"TIITC —i—(tath)T“T“)l_[(—I-Y}I'-'TXN).

{T} (xy) a

(H4)
Equivalently,

(H5)

/
ZaZexp .7227_}7_; ,
(T} a (xy)

where the prime on the sum indicates that for each site we
sum over a vector 7' in {4+1, —1}" obeying the constraint in
Eq. (H2) [which is enforced by the final factor in Eq. (H4)].

Note that, as in the first model in this Appendix, the spins
T are “dual” degrees of freedom used to express the partition
function and are not local physical observables. (We could
also obtain Eq. (HS) by starting with a gauge theory repre-
sentation of the loops and performing duality.)

The replica Hamiltonian (HY) is slightly different from that
of the previous example, and the physical parameter driving
the transition is also different (it is the string “tension” in
the pre-measurement ensemble, rather than a measurement
strength). However the natural expectation is that there is a
transition in the same universality class in both models.

APPENDIX I: STRONG MEASUREMENT REGIME FOR
PERCOLATION

Continuing from Sec. X, we analyze measurement of the
local occupancy in 2D percolation. The physical conclusion
here is almost trivial and easily guessed without field theory:
unless measurement is perfect, it reveals essentially nothing
about percolation connectivities at large scales. However, it
is interesting to see how this is interpreted in field theory.

85We expect the universal behavior would be the same in a finite
field (the latter would correspond to introducing an additional prob-
ability cost for string endpoints).
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Starting with a weak perturbation of a nonlinear sigma model,
we end up in the IR with N independent nonlinear sigma
models.

To be concrete, consider two-dimensional bond percolation
on the square lattice, which is critical at occupation probabil-
ity 1/2. There is a well-known mapping of configurations to
configurations of completely packed loops on the “medial”
lattice [228]. These loops are (modulo some small loops) just
the percolation cluster boundaries, so local measurement of
the bond occupancies in the percolation language is equivalent
to measurement of the local geometry of the loops. Similarly,
knowing the large-scale geometry of the clusters is equivalent
to knowing the large-scale geometry of the loops. We focus
first on the loops since this connects to the discussion in
Sec. X.

We would expect that any finite measurement strength
flows to zero. Heuristically, this is because, for example, a
spanning percolation cluster in a system of size L has O(L3/*)
“red bonds”—breaking any one of these bonds makes the
cluster nonspanning [229]. Therefore once the probability of a
measurement error reaches O(L /%) we lose the ability to ac-
curately determine whether the configuration has a spanning
cluster.

We focus on the limit of almost perfect measurement, and
relate it to field theory.

First consider a single replica. A loop may be viewed
[230-233] as a “worldline” of a complex field z,, with o =
1,...,mand |z|> = 1. Here « is a fictitious flavor index for
the loops, introduced to allow correlators to be expressed, and
the relevant limit is m — 1. (If we consider m # 1, then there
is an additional weight m"® 1°°PS in the partition function; by a
standard mapping [228], this corresponds to boundaries of FK
clusters for Q-state Potts with Q = m?>.) The field theory for
Zq is the CP™ ! nonlinear sigma model,

1 ) , 16
H= Zg|(3 ia)zy|” + . Euvauav» dn
where a,, = %((auz)"'z — z"'Buz), and 6 =  if the percolation
model is critical. (The sum on « is implied.)

In order to consider measurements we introduce N repli-
cas. When measurements are perfect, the loops in all replicas
are locked. As in Sec. X, this means that we go back to the
theory of a single loop, except that now the loop carries not
one flavor index but N of them. The corresponding field also
carries multiple indices:

I+ ﬁewauAv. 12)

1
= —\(0—iA)Zy .«
H 2gl( iAo |+ o

This is the CPM~! model, with M = m". Note that the
relevant limit is again M — 1 [just as for the theory in
Eq. (I1) it was m — 1] because taking m — 1 and N — 1
gives M — 1.

Now we slightly weaken the measurements. By a logic
similar to that in Sec. X A, this induces terms such as

Z:]OKZMOZNZ;;IﬂzmﬁNZﬁlOQmaNZalﬁz---,ﬂN T 13)

corresponding to locations where loops in the first replica
reconnect differently to those in other replicas, as well as sim-
ilar terms with different numbers of differently reconnecting

replicas. These terms are RG-relevant, with RG eigenvalue
y4 = 3/4 (they are “four-leg” operators [234,235]). In prin-
ciple, we could compute the coefficients of the corresponding
perturbations explicitly in a lattice version of the field theory
[233] that maps to the original percolation model but we do
not do this here.

Instead, we conjecture that the universal effect of these
terms, beyond the lengthscale where they become significant,
can be captured by pretending that they simply impose a
potential which restricts Z to a submanifold of cPM-1) of
the form CP"~! x ...CP™~!, parameterized as

Zala2~~~aN = Z(LIZiz o 'Zng’ (14)
where each of the z is an m-component unit vector. Substi-
tuting this into Eq. (I2), we find that it becomes a sum of
N CP"™ ! model Hamiltonians, one for each of the z%. This
is the zero-measurement fixed point, where the replicas are
independent, and each one is described by a theory of the form
an.

We expect that a somewhat analogous collapse of complex
projective space to a submanifold, induced by quartic terms,
gives the RG flow from percolation, viewed as a fine-tuned
limit of the integer quantum Hall transition [236,237], to the
generic universality class [238,239] for the latter transition
[240].

If we consider m > 1 instead of m — 1, then the above
corresponds to measurement of FK clusters, as discussed in
Appendix C (and the main text), for the Potts model with Q =
m? states. For Q < 2,i.e.,m < «/5, weak measurement is RG-
irrelevant, and the phenomenology above carries over.

Above we have applied the general formalism for measure-
ment problems, with a replica parameter N. We note, however,
that at m = 1 (critical percolation) we do not in fact need an
analytic continuation in N. Recall the lattice formulation in
terms of bond percolation at occupation probability 1/2. For
concreteness, imagine that we measure every bond, with a
probability g of the measurement giving a correct outcome.
We may check that the conditioned partition function Zy; is
then equal to a trivial M-independent constant. In terms of the
general formalism (Appendix A), this means that we do not
need an analytic continuation in N. It is possible to evaluate
correlators at any fixed N that is large enough to express a
given correlation function.

As an aside, we note that it is also possible to avoid the
replica-like limit in m in the present 2D model. Recall that
the parameter m (the number of flavors for loops) was intro-
duced in order to allow nonlocal correlation functions to be
expressed. An alternative to taking the limit m — 1 is to allow
for k + 1 bosonic and k fermionic flavors. The integer k can be
fixed to any value large enough to express a desired correlation
function. A single copy of the system is then described by a
sigma model on the supermanifold denoted CP*, with a 6
term at & = ; [230-233,241]. For N replicas (again, N is a
fixed integer, e.g., N = 2), the RG flow analogous to Eq. (146)
in the main text is

flow

CcPKIK 25 cpkk « ... x CcPYIk, (15)

with N copies on the right-hand side. Here

K = %((Zk + 1)Y — 1) is the number of possible fermionic
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flavors for a “composite” worldline (made up of worldlines
from each of the replicas) and K + 1 is the number of possible
bosonic flavors for a composite worldline. This flow does not
involve any replicalike limits.

We can also phrase the RG flow in terms of the Landau
theory for the Potts model that was discussed in Appendix C.
This formalism is also applicable to percolation in higher

dimensions. In the strong measurement limit, we work with
a field ®,, ., with Zgl Dy, ..oy =0 (Appendix C).
For Q < 2, we can think of this field as fragmenting, during
the RG flow to weak measurement, into N fields ¢4 (with
Za ¢4 = 0), one for each replica a, via

Doyoy =P, + 0+ By - a6)
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