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Floquet engineering magnetism and superconductivity in the square-lattice Hubbard model
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We study the interplay of magnetic order and superconductivity in the square-lattice Hubbard model under pe-
riodic driving with circularly polarized light. Formulating diagrammatic techniques based on the random-phase
approximation in terms of Floquet Green’s functions, allows us to analyze fluctuation-driven unconventional
pairing for weak to moderate interactions. The interplay of repulsive interactions and photoassisted hopping of
electrons gives rise to a rich magnetic phase diagram featuring an antiferromagnetic-to-ferromagnetic transi-
tion prior to a Floquet Lifshitz transition. Close to the antiferromagnetic transition, topological d + id-wave
superconductivity prevails in the phase diagram for a wide range of drive parameters. At intermediate- to
high-frequency driving near the Floquet Lifshitz transition, superconducting orders are tuned from spin-singlet
d-wave to spin-triplet p-wave character, providing an effective protocol for Floquet engineering topological
superconductivity.

DOI: 10.1103/7cj5-tqys

The ability to manipulate quantum materials using tai-
lored laser fields has opened new directions for dynami-
cally controlling their properties [1]. In particular, Floquet
engineering—the use of periodic driving to modify the
effective low-energy Hamiltonian—has emerged as a promis-
ing route to realize exotic nonequilibrium states, ranging
from topological phases [2–9] and magnetic order [10–13]
to light-induced superconductivity [14–33]. Although many
theoretical approaches focus on the high-frequency or low-
amplitude limit, where heating is minimal and analytic control
is tractable, the low- to intermediate-frequency regime at
arbitrary drive amplitude remains less understood. Recent
experiments further demonstrate that Floquet engineering
of correlated materials extends beyond Mott insulators [8],
underscoring the need for theoretical methods capable of
addressing the weak- to moderate-coupling regime under
subbandwidth driving, with direct relevance to Moiré-based
systems [9].

We explore the periodically driven square-lattice Hubbard
model, where previous works have investigated the possi-
bility of Floquet engineering magnetic order in the strongly
interacting limit [10,13] and, for weak coupling, suppression
of antiferromagnetic (AFM) order at low drive frequencies
[34]. In the limit of strong interactions, there has also been
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progress on the Floquet engineering of chiral d-wave su-
perconductivity [26,35]. Here, we complement these results
using the nonequilibrium Floquet Green’s function formal-
ism [36–40] that can be systematically extended into the
low- to intermediate-frequency regime beyond the reach of
analytical expansions. To assess the emergence of collective
charge, spin, and superconducting fluctuations, we resort to
diagrammatic expansions on the level of the random-phase
approximation. This enables us to study the impact of driven
fermiology on the formation of electronic order. We find that,
in the t-t ′ Hubbard model away from half filling driven by
circularly polarized light at subbandwidth drive frequency,
photoassisted processes lead to a switching between AFM and
ferromagnetic (FM) orders. This is fundamentally different
from the Floquet Lifshitz transition effects expected in the
high-frequency limit, where next-to-nearest-neighbor hopping
can be tuned to dominate over nearest-neighbor hopping.
Close to the Floquet engineered magnetic instabilities, we find
significant tunability of chiral d/p-wave superconductivity
throughout the subbandwidth driving regime.

Model. We consider the square-lattice Hubbard model
driven by an in-plane electric field and coupled to a metallic
reservoir to facilitate a nonequilibrium steady state. The time-
dependent Hamiltonian is given by

H (t ) = −
∑
i j,σ

t̃i je
−iA(t )·Ri j ĉ†

iσ ĉ jσ + U
∑

i

n̂i↑n̂i↓ + Hres, (1)

where ĉ†
iσ (ĉiσ ) is the creation (annihilation) operator of a

fermion with spin σ on site i and n̂iσ = ĉ†
iσ ĉiσ . U and t̃i j

are the on-site repulsion and hopping between site i and j,
respectively. For the latter, we allow for nearest-neighbor
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hopping t̃ as well as next-nearest-neighbor hopping t̃ ′ to break
the perfect nesting condition and allow for superconducting
order close to the magnetic transition [41]. Circularly polar-
ized light, breaking time-reversal symmetry, is included via
Peierls substitution [42] with its vector potential

A(t ) = E0

�
(cos �t, sin �t ), (2)

where E0 is the electrical field strength and � the drive
frequency (drive period T = 2π/�). The reservoirs are mod-
eled by noninteracting tight-binding chains that are weakly
coupled via a constant hopping term V to each lattice site
independently,

Hres =
∑

kr

εkr d̂
†
kr

d̂kr +
∑
kkrσ

V (ĉ†
kσ d̂kr + d̂†

kr
ĉkσ ). (3)

In the wideband limit [43], this is modeled as a constant
hybridization γ = πρ0|V |2 with ρ0 being the reservoir density
of states. The (thermal) reservoir is defined by the reservoir
distribution function f (ω) = [e(ω−μ)/Tres + 1]−1 at tempera-
ture Tres and chemical potential μ. The hybridization enters
as an imaginary self-energy through the Dyson equation into
the reservoir dressed Green’s function of the system.

The system is initially in the uncorrelated normal state
(paramagnetic), and we investigate how driving affects col-
lective fluctuations and the emergence of magnetic and
superconducting order in the weak to moderately interacting
regime. The weak coupling to the bath facilitates the forma-
tion of a Floquet steady state that is synchronized with the
drive (on the timescale t∗ ∼ γ −1) [44]. In this formalism, dis-
sipation and heating balance each other and no other heating
channels are available.

High-frequency limit. In the limit of high driving frequency
we can gain analytical insight via the Magnus expansion [45],
which expands in 1/� to find an effectively static Floquet
Hamiltonian. The lowest-order result for the Hubbard model
is known [15,16,46,47], and we can define effective hop-
ping parameters t̃eff ≈ t̃J0(E0/�) and t̃ ′

eff ≈ t̃ ′J0(
√

2E0/�).
In this limit, we can find two characteristic points. First, a
Floquet Lifshitz transition [48–51] at E0/� ≈ 2.28, where
t̃eff = t̃ ′

eff , which leads to a topological change in the Fermi
surface from a continuous one to separated pockets. Second,
the dynamical localization point lies close to the Floquet
Lifshitz transition [52], where t̃eff → 0, at E0/� ≈ 2.4. Here,
the effective model is a square-lattice model on an enlarged
unit cell with hopping t̃ ′

eff and tilted by π/4.
Floquet random-phase approximation. Based on the Flo-

quet Green’s function formalism [36–40,53,54], we start
from the retarded noninteracting SU(2)-symmetric Floquet
particle-hole susceptibility

χ
ph
nn′ (Q) = i

N

∑
l,k

∫
dω

2π
GR

n,n′+l (K )G<
l,0(K − Q)

+ G<
n,n′+l (K )GA

l,0(K − Q), (4)

introducing the multi-index K = (ω, k) for the real frequency
ω and the momentum k as well as discrete Floquet indices
n, n′, l . The Keldysh Green’s functions that fulfill GX

k (t, t ′) =
GX

k (t + T, t ′ + T ) for X ∈ {R, A,<} were Fourier

transformed twice into

GX
K,nn′ = 1

T

∫ T

0
dt

∫ ∞

−∞
dτei(ω+n�)t−i(ω+n′�)t ′

GX
k (t, t ′), (5)

with t = t+t ′
2 and τ = t − t ′ [see Supplemental Material (SM)

for details [55]]. Equation (4) is a matrix in Floquet space χ̂
ph
Q

and we can define the spin (s) and charge (c) susceptibility as
a geometric sum within the random-phase approximation

χ̂ s/c(Q) = [1 ∓ V̂0χ̂
ph(Q)]−1χ̂ph(Q), (6)

where the bare (and undriven) interaction is introduced as
V̂0 = U1 with 1 the identity matrix. The geometric series of
the spin susceptibility diverges at a critical interaction strength
Uc = 1/λm where λm is the eigenvalue with maximal real part
of all matrices χ̂ph(q, ω = 0), which is the Stoner criterion
for the onset of magnetic order [56]. As long as U < Uc, the
system remains paramagnetic and subsidiary superconducting
order driven by spin-fluctuation exchange [57–61] can arise,
captured by the singlet (s) and triplet (t) components of the
retarded effective pairing vertex

V̂ P,(s)(Q) = V̂0 + 3
2V̂ 2

0 χ̂ s(Q) − 1
2V̂ 2

0 χ̂ c(Q), (7)

V̂ P,(t)(Q) = − 1
2V̂ 2

0 χ̂ s(Q) − 1
2V̂ 2

0 χ̂ c(Q). (8)

Unconventional superconducting order facilitated by nearby
magnetic order is analyzed by diagonalizing a linearized
gap equation using a static approximation of the vertex
V̂ P,(s)/(t)

k−k′ ≡ V̂ P,(s)/(t)(k − k′, ω = 0). The superconducting gap
equation in the Floquet-Keldysh formalism is given by

�
(s)/(t)
k;n = i

N

∑
k′;l

V P,(s)/(t)
k−k′;n−l

∫
dω′

2π
F<

k′;l (ω
′). (9)

Here, we transformed the Floquet matrices into the single
index notation from Ref. [36]. In linear approximation, the
anomalous Green’s function is obtained as

F<
k;nn′ (ω) =

∑
lm

GR
k;n,m(ω)�(s)/(t)

k;m−l G
>
−k;n′,−l (−ω)

+ G<
k;n,m(ω)�(s)/(t)

k;m−l G
R
−k;n′,−l (−ω). (10)

With Eq. (10) we can solve Eq. (9) as a non-hermitian
eigenvalue problem. An eigenvalue λsc > 1 signals the onset
of superconducting order, and the corresponding eigenvector
contains information about the symmetry of the gap function.
Detailed derivations are provided in the SM [55].

In the numerical results, the units are set by the hopping
t̃ = 1, leading to a bandwidth W ∼ 8. We choose a small bath
hybridization γ = 0.1, set next-to-nearest-neighbor hopping
to t̃ ′ = −0.2 and fix the time-averaged filling of the noninter-
acting (but open and driven) system to n f = 0.6, away from
half filling. This is done through the chemical potential of the
reservoir μ, where the reservoir temperature is set to Tres = 0.
We consider a drive frequency regime within the bandwidth
� � W , from low- (� = 2.0) to intermediate- (� = 5.0) to
high-frequency driving (� = 8.0) where photoassisted pro-
cesses become relevant.

Floquet-induced response transition. In Fig. 1, we present
the Floquet engineered noninteracting susceptibility and spec-
tral function. For reference, the t̃ ′ = 0 case has been studied
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FIG. 1. Time-averaged driven noninteracting susceptibility at ω = 0 and spectral function at ω = μ. (a), (b) Normalized particle-hole
susceptibility in momentum space plotted over drive amplitude. (a) shows low drive frequency, and (b) high drive frequency. Gray dots mark
the maximum of the susceptibility for a given amplitude. The blue dashed lines mark the Floquet Lifshitz transition (FLT) and the black dashed
lines mark the dynamical localization point (DLP). (c) and (d) show the Fermi surfaces for � = 2.0 at the transition point of the susceptibility
maximum. (e) and (f) show the same for the high-frequency case (� = 8.0, at bandwidth driving). (g) and (h) show the time-averaged spectral
function at ω = μ in momentum space over drive amplitude for both low and high frequency. Again, the dashed lines mark the Floquet-Lifshitz
transition and the dynamical localization point. (i) and (j) show the first harmonic (n = 1 Floquet component) of the spectral function.

in Ref. [39]. For t ′ �= 0, the periodic drive leads to a Floquet
Lifshitz transition of the time-averaged Fermi surface [given
by the spectral function Ak;0(ω = μ)] in the vicinity of the
dynamical localization point [Figs. 1(e)–1(h)], which also af-
fects the two-particle response function. Figures 1(a) and 1(b)
show the static (ω = 0 but periodically driven � �= 0) non-
interacting susceptibility evaluated along a path connecting
the high-symmetry points of the Brillouin zone as a function
of the drive amplitude-to-frequency ratio, E0/�. Figure 1(b)
presents the result for the high-frequency driving, � = 8.0,
where the effects of the Floquet Lifshitz transition and dy-
namical localization reflect as a transition of the response peak
away from the M point towards the X point. Figure 1(a) shows
low-frequency driving, � = 2.0. Here, the transition occurs
at substantially smaller E0/� ∼ 0.8. Before this transition,
incommensurate peaks emerge at approximately E0/� ∼ 0.4,
indicated by a small shift of the peak away from the M
point. This behavior cannot be explained by either the Floquet
Lifshitz transition or dynamical localization, as in the � =
8.0 case. Instead, one needs to take into account scattering
processes not only within the “main” Fermi surface in the
time-averaged component [Figs. 1(c) and 1(d) show no signif-
icant change], but also between the Floquet sidebands in the
time average and higher harmonics that include photoassisted
hoppings and lead to a nonthermal electron occupation; see
Figs. 1(g)–1(j) and Ref. [39]. In this way, an additional overlap
of spectral weight with almost zero momentum transfer is
generated by the drive, the process only being enabled by the
scattering with multiple photons.

Floquet engineering magnetic order. The critical interac-
tion strength Uc, above which the system develops magnetic
order, is shown in Fig. 2(a) as a function of E0/�. For
the high-frequency case, � = 8.0, we observe a monotonic
decrease of Uc, whose behavior closely follows the results

obtained from a first-order expansion of χ
ph
00 (q = qC, ω = 0),

denoted by O(E0/�), where qC is the momentum giving Uc in
the Brillouin zone (see SM for details [55]). This can be inter-
preted as the peak of the noninteracting susceptibility around
the M point increasing in magnitude as t̃eff → 0 without a
change in position, as shown in Fig. 1(b) up to E0/� ∼ 2. A
further increase of E0/� continues to decrease Uc, despite the
change in the peak position induced by the Floquet Lifshitz
transition. At the dynamical localization point (t̃eff = 0), the
nonzero values of t̃ ′

eff and γ prevent Uc from reaching zero.
More complex behavior is to be expected in the low-frequency
regime, � = 2.0, 4.0. We find a suppression of magnetic or-
der that can also be captured by an expansion up to second
order, O[(E0/�)2], as denoted by the open dots in Fig. 2(a).
This is similar to the results presented in Ref. [34] for the
perfect nesting scenario. After the photoassisted response
transition, Uc starts to decrease again and the expansion breaks
down. In this regime, the strong band deformation dominates
over photoassisted processes [see Fig. 1(g) at E0/� � 1.5],
restoring dynamical localization.

A nonequilibrium phase diagram of the time-averaged
steady state is presented in Figs. 2(b) and 2(c), revealing the
dominant magnetic phases above the critical interaction Uc

[identified in Fig. 2(a)] as well as possible superconducting
phases in the vicinity of Uc (see the next section). For both low
and intermediate frequencies with U > Uc, Néel-type AFM
order appears at small E0/�. Upon increasing E0/�, FM
order emerges since the peak position of the susceptibility
is now located near the 
 point, as shown in Fig. 1(a). At
intermediate to high frequencies (� = 5.0, 8.0), a stripe AFM
ordering develops on the next-to-nearest-neighbor bonds, de-
noted as AFM2 in Fig. 2(c), at the dynamical localization
point. At low-frequency driving, photoassisted processes de-
stroy the AFM2 phase, leaving only the FM phase [Fig. 2(b)].
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FIG. 2. Interplay of magnetic order and superconductivity in the weak-to-moderate interacting regime. (a) The critical interaction strength
for the onset of magnetic order under circularly polarized light as a function of E0/�. Open dots show results obtained by an expansion of
χ

ph
00 (q = qC, ω = 0) up to second order O[(E0/�)2] (see SM for details [55]). The Dashed line shows the first-order expansion [O(E0/�)]

for � = 8.0. (b), (c) Tentative nonequilibrium phase diagram of the time-averaged Floquet steady state at low- and intermediate-frequency
driving. AFM and FM order are identified by the position of the peak of the susceptibility in momentum space. AFM1 is conventional Néel-type
AFM order on the square lattice, while AFM2 also entails spin antialignment but on the enlarged and tilted lattice given by the next-nearest
neighbors (the susceptibility diverges at the X point), leading to stripe ordering. The superconducting regimes dSC1 and dSC2 correspond to
the respective AFM transitions and show different mixings of the dx2−y2 - and dxy-symmetry components. Triplet p + ip-wave superconductivity
(pSC) is found close to the FM transition at intermediate drive frequency [(c)]. Insets: Decomposition of the respective symmetry components
of the superconducting order.

Superconductivity near the magnetic instability. After
establishing the modified magnetic phase diagram of the
Floquet-driven Hubbard model, we continue to investigate
spin-fluctuation-mediated superconductivity. The possible
symmetries of the superconducting order parameter are given
by the irreducible representations of the C4v point group of the
underlying square lattice. In addition to the s wave, the irreps
are given in momentum space by �dx2−y2 (k) = cos kx − cos ky,
�dxy (k) = sin kx sin ky, and �px(y) (k) = sin kx(y). By project-
ing the superconducting gap onto the irreps we can determine
the gap symmetry [41]. In Figs. 2(b) and 2(c), one can find
different superconducting regimes in the vicinity of mag-
netic order for the low- and intermediate-frequency cases.
In the absence of driving (E0/� = 0), but with coupling to
the reservoir, we find spin-fluctuation-induced dx2−y2 pair-
ing, as expected from equilibrium [62–64]. Upon turning
on the drive, the dx2−y2 ordering persists in the vicinity of
Néel-type AFM ordering (AFM1) for both low (� = 2.0)
and intermediate (� = 5.0) frequencies up to E0/� � 1. Al-
though the dominant pairing symmetry remains dx2−y2 , driving
induces a mixing with dxy symmetry components (see the
inset). To investigate the mixing of the subcomponents and
their topological properties, we calculate the Berry curvature
of the associated Bogoliubov–de Gennes Hamiltonian using
Fukui’s method [65]. We find that a topological dx2−y2 + idxy

order with Chern number C = 2 is induced by driving in
the vicinity of AFM1 for both � = 2.0, 5.0. In the low-
frequency case [Fig. 2(b)], chiral d-wave superconductivity is
suppressed as soon as the magnetic instability switches to FM
order. Although triplet superconductivity could be expected
to emerge in the vicinity of the FM instability, we do not
find this order for the given parameters. However, in the
intermediate-frequency regime [Fig. 2(c)], triplet p + ip-wave
superconductivity can be stabilized around E0/� ∼ 2 close to

the Floquet Lifshitz transition [see also the inset in Fig. 2(c)].
With a further increase of E0/�, the effect of the dynamical
localization point becomes evident, where dx2−y2 + idxy order
is stabilized again, but now with the dxy component being
dominant (dSC2). This phase appears in the vicinity of the
magnetic instability towards the stripe AFM order (AFM2),
rather than AFM1. All orders are found to be topologically
nontrivial (see SM [55]).

Discussion. We leveraged methodological advances to
theoretically describe magnetic order and spin-fluctuation-
mediated superconductivity in the circularly driven square-
lattice Hubbard model. Introducing the Floquet random-phase
approximation approach we could study the effective pairing
vertex and the resulting superconducting gap under subband-
width driving. At low drive frequency, photoassisted hopping
and the resulting nonthermal electron occupation generally
suppress magnetic order, whereas at strong drive amplitude,
band deformation can still lead to a dynamical localization
effect that enhances magnetic order. However, the Floquet
engineered fluctuations change the ordering tendency from
AFM to FM order. We then investigated the fate of super-
conducting order in the vicinity of the magnetic instability,
finding that superconductivity can generally survive and is
engineered into topological d + id order that is stable over a
wide range of drive parameters. While low-frequency driving
with high amplitude towards the FM regime destroys any
superconducting order, at intermediate-frequency driving, p-
wave superconductivity emerges together with a second type
of topological d + id-wave ordering in the vicinity of the
Floquet Lifshitz transition.

We have shown that analytical expansions cannot be
reliably extrapolated from their respective limits, but in-
stead the complex interplay of multiphoton processes and
deformed bands needs to be fully accounted for in the
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weak-to-moderate interacting regime. Further improvements
to the method would involve its extension to truncated-
unity functional renormalization group [66,67] and to treat
inelastic scattering processes by including frequency and mo-
mentum degrees of freedom simultaneously. Both avenues
require further advances in quantum field theory simulations,
a promising idea being, for example, tensor cross interpolation
[68–70].

Our theoretical simulations highlight parameter regimes
that are accessible in pulsed experiments [8] in which Floquet
engineering allows to control the subtle interplay of magnetic
and superconducting order. This offers different pathways for
understanding the nature of unconventional superconductivity
in cuprates [15], rhombohedral multilayer graphenes [71–73],
or moiré materials [74–77].
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