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This work introduces a theoretical framework based on the Kadanoff-Baym equations in spinor space to
study ultrafast magnetization dynamics in itinerant ferromagnetic systems from first principles. By incorporating
spin-orbit coupling into the ab initio Hamiltonian and generalizing the self-energies to include terms beyond the
charge sector, I derive scattering integrals within the Markov approximation and quasiparticle renormalizations
for electrons and phonons in the presence of spin-dependent effective interactions within a many-body perturba-
tion theory approach. I explicitly discuss how magnons emerge in this framework, and derive, through suitable
approximations, a closed and tractable set of equations for coupled electron, phonon, and magnon dynamics that
can be solved from first principles. I discuss the equations of motion within a minimal ferromagnetic model,
where the coupled equations are solved numerically. This approach allows one to treat coherent and incoherent
magnetic dynamics on an equal footing, paving the way for a first-principles understanding of ultrafast magnetic
dynamics and demagnetization, and opening the door to a truly predictive theory of femtomagnetism in periodic

systems.
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I. INTRODUCTION

Femtosecond laser pulses can induce magnetization
changes hundreds of times faster than any conventional mag-
netic switching technique [1], offering a pathway toward
next-generation magnetic devices with unprecedented speed
and energy efficiency [2-4]. The landmark observation of
sub-picosecond demagnetization by Beaurepaire and cowork-
ers [5] established that all-optical control of magnetic states
is possible at the femtosecond timescale, opening a rich
research direction that has since led to the discovery of nu-
merous intriguing phenomena: all-optical switching [2,3,6-9],
ultrafast magnetization reversal, light-induced magnetic phase
transitions [10,11], light-enhanced magnetism [12-14], opti-
cally induced intersite spin transfer [15-18], and light-induced
magnetization of intrinsically nonmagnetic materials [19-22].

Despite these advances, a comprehensive theoretical un-
derstanding of ultrafast magnetic dynamics remains elusive,
owing to the complex interplay of multiple microscopic mech-
anisms. The fundamental role of spin-orbit coupling (SOC)
in demagnetization was recognized early [23], yet after three
decades no consensus has been reached on the relative im-
portance of the concomitant processes involved, including
SOC-mediated transfer of angular momentum to the orbital
degrees of freedom [24-26] (subsequently dissipated via
phonon scattering [27]), superdiffusive spin transport [28,29],
spin-mediated electron-phonon coupling [30-32], and hot
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magnon generation [33,34]. While each of these mechanisms
captures certain aspects of ultrafast demagnetization, a truly
unified theoretical framework is still missing.

Other theoretical efforts have focused on understanding
how ultrafast laser excitation can induce magnetic order in
nonmagnetic systems: for example, a magnetic instability has
been predicted in the V,05 semiconducting compound fol-
lowing above-gap photoexcitation [35] employing constrained
density-functional theory, a quasiequilibrium approach capa-
ble of identifying laser-induced instabilities after above-gap
pumping in semiconductors [36—42], while a mechanism
exploiting spin transfer from a ferromagnetic layer was
proposed to induce ferromagnetism in MoSe, monolayers
interfaced with MnSe, [43]. Further theoretical studies have
shown that magnetic dynamics can also be initiated by oft-
resonant pumping through time-local explicit time-reversal
symmetry breaking [44], even with linearly polarized light,
or through a carrier-envelope phase that explicitly breaks
time-reversal symmetry [45]. A large part of these works is
grounded in real-time time-dependent density functional the-
ory (TDDFT), and there is broad consensus that SOC plays
a pivotal role in the coherent magnetic dynamics simulated
within TDDFT [46]. TDDFT and ab initio (or ab initio in-
formed) molecular dynamics have also been widely applied
to ultrafast demagnetization [24-26,47], Hubbard U renor-
malization [48], photoinduced structural dynamics [49-53],
and hot-carrier relaxation [54,55]. It is important to note that
TDDFT-based approaches generally suffer from a fundamen-
tal limitation: they lack intrinsic dephasing and relaxation
mechanisms, which can, however, be, in principle, incorpo-
rated through Lindbladian extensions [56].

Nonequilibrium Green’s function (NEGF) methods
based on the Kadanoff-Baym ansatz [57,58] and their
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generalization to electron-boson systems [59,60], as well
as density matrix formulations [61,62], have emerged as
alternative powerful tools for studying nonequilibrium
electronic, optical, and lattice dynamics [59,63-66], also in
the context of correlated systems [67]. Often, Kadanoff-Baym
equations and their electron-phonon generalization [68]
are solved within the Markov approximation [69-72]
to reduce their prohibitive scaling. Within this class of
methods, photocarrier-induced modifications to electronic,
optical [73-75], and lattice dynamics [76], as well as certain
aspects of photoexcited carrier dynamics [77-80], have been
analyzed, often in the semiclassical Boltzmann limit [§1-93].
Recently, a first-principles framework that simultaneously
treats electron-electron, electron-phonon, and phonon-phonon
interactions in real time has also been proposed in this
context [94].

The study of spin dynamics with NEGF methods is
relatively less frequent and has concerned a few selected prob-
lems. Spin Bloch equations have been employed to model spin
dynamics in nonmagnetic semiconductors [95] and Rashba
SOC [96], while first-principles spin relaxation calculations
have only recently appeared in the literature, either with the
inclusion of electron-phonon and impurity scattering within
a Lindbladian formalism [97] or through the explicit calcu-
lation of the spin-spin correlation function [98]. Conversely,
spin dynamics has been extensively investigated theoretically
within the Kadanoff-Baym formalism applied to nonequi-
librium quantum field theory in the context of relativistic
high-energy physics [99-101].

Considering all of the above, extending the many-body
NEGF formalism to treat nonequilibrium magnetic dynam-
ics in crystalline materials would represent a desirable step
forward and give access to a theoretical framework where
coherent and incoherent magnetization dynamics could be
addressed on equal footing. To this end, this work presents
a practical approach based on suitable approximations of the
Kadanoff-Baym equations to describe magnetization dynam-
ics in ferromagnetic crystals. Starting from the first-principles
noncollinear Hamiltonian, I derive the Kadanoff-Baym equa-
tions for electrons in spinor space and identify practical
approximations for the electron self-energy, discussing the
role of SOC and its coupling to phonons and other mi-
croscopic mechanisms relevant to magnetization dynamics.
After explicitly showing how magnons emerge from trans-
verse contributions to the electron self-energy, I outline a
strategy to close the dynamics and obtain a numerically treat-
able set of equations for electrons, phonons, and magnons
within the Markov approximation. I identify and discuss
the most important contributions to scattering integrals and
quasiparticle renormalization, including electron-electron,
electron-phonon, and electron-magnon channels, and out-
line a practical route for future numerical implementations.
I then study the numerical solution of the resulting set
of equations in a simple one-dimensional ferromagnetic
model, and qualitatively discuss the most notable findings.
The present framework provides a unified description of
coherent and incoherent magnetic dynamics, opening the
door to a rigorous and comprehensive treatment of magne-
tization dynamics and ultrafast demagnetization from first
principles.

II. THE AB INITIO HAMILTONIAN

While most aspects of the formalism discussed below are
general, I will at times explicitly refer to the prototypical
case of a photoexcited metallic system with a pre-existing
ferromagnetic state, where ultrafast demagnetization was first
observed. Rydberg atomic units are employed across the
manuscript, i.e., i = 2m, = &2 /2 = 4mey = 1, unless explic-
itly stated. I will work in the framework of out-of-equilibrium
many-body theory, and apply the Kadanoff-Baym equa-
tions formalism to the electron-phonon problem [60] in the
noncollinear magnetic case. It is important to remark that
the inclusion of noncollinearity in the formalism, SOC in
particular, is strictly necessary to have a qualitatively correct
discussion of demagnetization processes, even for collinear
systems; this has already been discussed extensively else-
where [23-26,102] and will become even more evident later
on in this work. Thus a fully noncollinear treatment is neces-
sary even in a collinear system. Due to the nontrivial internal
spin structure of the Hamiltonian in the presence of non-
collinear terms, magnetic systems can host very complex
out-of-equilibrium spin dynamics. To understand why, I start
from the ab initio relativistic Hamiltonian for electrons and
nuclei:

H=H"+ I'?O,ph + HAg_e + I‘L.ph. (1)

Each term is defined in analogy to Ref. [68]: ﬁO,ph is the
bare phonon Hamiltonian, H.,_, is the electron-electron Hamil-
tonian and I?g_p is the electron-phonon Hamiltonian, and
they are all defined as in Ref. [68]; here though, the elec-
tronic creation and annihilation operators in Bloch space
will be labeled as 6kﬂ (or 6‘:("0(), and ¢, (or Ckne), Where
the index p is a cumulative band and spin index u =
{n,@}, and o can assume either spin-1/2 value, {1, |}.
I additionally include relativistic terms in the single-particle
electron Hamiltonian H%¢ (see Appendix A for details
and notation), at variance with previous works on the
ab initio dynamics of electrons and nuclei [60,68,94],
where they were neglected in the study of nonmagnetic
dynamics.

Among the relativistic terms, SOC plays a crucial role
in magnetic dynamics. When the SOC contribution, Hso o
6*L, +6Yﬁy +6Zﬁz, is included in the Hamiltonian, two
qualitative differences arise with respect to the collinear case.
First, no spin projection is a good quantum number anymore
since the Hamiltonian does not commute with any Pauli ma-
trix, [Hso, 67%] # 0, as one can infer from the commutation
rules of the Pauli matrices. This implies that spin evolution
can be nontrivial, even in the absence of magnetism. Second,
the Hamiltonian acquires a more complex spin structure, pos-
sessing 6** components.

Let me now consider the concrete case of nonequilib-
rium magnetic dynamics initiated by ultrafast laser light.
This is described in the present formalism by an explic-
itly time-dependent light-matter interaction term Hdrive(t),
which is added to H, and which I assume to couple only
to electronic degrees of freedom. Its form follows from the
minimal-coupling substitution, and in the Coulomb gauge
and within the dipole approximation, is written in second
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quantization as

Agive(t) =D Fieuu (2], Cxye )
ko,

where I introduce the bare Rabi frequency matrix
Fiuu ) = V2E(@) - D 3)
and the electric-dipole matrix elements Dy, :

Dy = v | Vil ) @, 4

where the matrix element is evaluated over the unit cell €2
between the periodic parts uy, of the Bloch states ¥, =
e[k'ruku, and iV is the gradient representation of the position
operator acting on Bloch states in a periodic solid. This opera-
tor has a purely “charge” character, being proportional to 6° in
spinor space. The coupling between matter and the magnetic
field component of the laser is assumed to be negligible. The
presence of the explicitly time-dependent Hygve (¢) brings the
system out of equilibrium, and the out-of-equilibrium dy-
namics will be investigated here within the Kadanoff-Baym
formalism.

III. KADANOFF-BAYM EQUATIONS IN SPINOR SPACE

Having established the Hamiltonian, I now focus on the
system’s real-time dynamics. The starting point is the elec-
tronic Green’s function in real space. Due to the presence of
SOC, the electronic Green’s function and self-energy gener-
ally acquire nonzero components over all four 6/ channels.
The time-ordered electronic Green’s function G is a 2x2
matrix in spinor space:

(G4 (1,2)
ca.2 (G113

where 1 and | represent the two spin components with re-
spect to a chosen quantization axis, conventionally Z (for
a ferromagnetic system, the magnetization axis). I employ
the shorthand coordinate notation 1 = {r, z;} to indicate a
generic space-time point at position r; and complex time z;
lying on the Schwinger-Keldysh contour. The components of
G are defined as

Gup(1,2) = —i(T W, (HF}(2)), (6)

G, (1,2)
G (1, 2)>’ ®)

where W, (1) represents the electronic field operator that an-
nihilates an electron with spin « at 1 = {r;,#,} and T is the
time-order operator on the Schwinger-Keldysh contour. Since
in this paper I consider lattice-periodic systems, it is useful to
keep in mind the expansion of electronic field operators in the
complete orthonormal Bloch basis:

B (r) = ) v () (7)
kn

where v, is the Bloch wave function of the single-particle
Bloch state labeled by {k, n, a}.

A formal derivation of the Kadanoff-Baym equations in
spinor space is given in Appendix B. The result is an equa-
tion for the lesser propagator, Eq. (B8), whose equal-time
form is an equation of motion for the one-body electronic
density matrix, defined as Pep(t) = —iGog(t, 7). In periodic

systems, Eq. (B8) can be recast in Bloch space, as a matrix in
the band index space, as [60,68]

10 P (1) + [P (K, 1), p=K()]ap

t
= —/ [Eg o, . 1)Gy 5, 1)
0
— X, t, 1G4, )] +He, (3)

where I have defined the matrix hZ’g"p (k1) = (Y2 | HP(t)

wan,) and the greater/lesser electronic Green’s function ma-
trix in Bloch space:

G (11, 1) = i(20,5(82) Cuna (1)) Gl (11, 12)
= —i(Crna (1) &5 (12)), ©)

where 6ltm(t1) and Cku(t;) are in the Heisenberg picture,
and p=¥(1) is the 1, — 1 limit of Gy, 4(t1, 7). The spin
density matrix equation (8) is formally equivalent to the one
obtained in the spinless case. However, it generally describes
anontrivial spin evolution, both in the coherent and collisional
part, since both the electron density matrix and self-energy are
generally nondiagonal in spinor space. Due to the presence of
the electron-phonon Hamiltonian term in Eq. (1), the electron
self-energy contains terms that couple the evolution of elec-
trons and phonons. For this reason, an additional equation for
the (one-body) phonon density matrix is required for the prop-
agation of interacting electrons and phonons. Following the
discussion of Ref. [59], the phonon propagator is expressed in
terms of a two-dimensional vector of fluctuation operators:

Sl 21 A1
( ¢Qv(r)> _ <¢Qu(t) (¢Qv(t>>>’ 10)

565,1)) ~ \$o,(1) = (85,0)
where
5t R
21 a' o, ) +agy ()
o) | ;a0 d0 |’

V2

and ag,(t) and &av (t) are the phonon annihilation and cre-
ation operators for the equilibrium Born-Oppenheimer (BO)
phonon mode v and momentum Q. The phononic greater and
lesser Green’s functions in reciprocal space are defined from
the fluctuation operators as in Ref. [68]:

19 = 380,
Lo (b1, 12) = =i(30 o, (118, (1), (12

and the one-body phonon density matrix equation in matrix
notation reads [68]

Ay )+ i(THNQ, 1)y (1) — vg (RN (Q, 1)T)
=J/ dt’[Ea(t,t’)ﬂa(t’,t)—Ea(z,t’)ﬁa(t’,t)]+H.c.,
0
(13)

where Eg(t, t") is the lesser phonon self-energy, ygv‘ij ) =

iﬁgfv(t, t) is the one-body phonon density matrix, while the
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commutator metric J acts in the two-dimensional space as
Jvy = —678,, [68], and the quasiparticle phonon Hamilto-
nian hg?,(Q, t) is defined as

HhQ.1) = B(Q) + () A, (Q) = (ngQ) N )

v’

(14)

with K,,(Q) the bare elastic tensor and E‘SQ(I) being the
singular part of the time-dependent phonon self-energy. The
equation is identical to the nonmagnetic collinear case [68],
the only difference being that in the noncollinear case the
dressed electron-phonon coupling, appearing in the phonon
self-energy in many approximated expressions, can gener-
ally be nondiagonal in spinor space, as I will discuss in
Sec. V.

IV. SPIN STRUCTURE OF THE ELECTRON
DENSITY MATRIX

When compared to the spinless case [68], the evolution of
the electron density matrix, Eq. (8), presents the extra compli-
cation of the internal spin structure. Some particularly relevant
aspects in this regard are discussed below. First, the coherent
evolution of the density matrix is described by the commutator
in the left-hand side of Eq. (8). The coherent evolution in
the noncollinear magnetic case discussed here is generally
nontrivial in spin, since the single-particle Hamiltonian H9”
is nondiagonal in spinor space due to the presence of SOC.
This means that the total spin magnetization is generally not
conserved in time, and spin and orbital degrees of freedom
can exchange angular momentum. This coherent process has
been discussed in depth in the framework of TDDFT [24-26]
and is a source of coherent demagnetization in the presence of
light-matter coupling. The right-hand side of Eq. (8) contains
instead the collision integral term, which describes incoherent
dynamics, and can include electron-boson or electron-electron
scattering contributions [59,68,94]. Due to the presence of
off-diagonal terms in spinor space in the electron Green’s
function, even a nonmagnetic interaction vertex can cause a
spin flip, both through electron-electron and electron-phonon
processes, through the Elliott- Yafet mechanism [34,103-105].
Conversely, in the nonmagnetic collinear case, each scattering
event conserves spin. A very useful alternative perspective on
Eq. (8) is obtained by introducing a different single-particle
orthonormal representation {k, A}, defined by the unitary

transformation U¥ that diagonalizes the quasiparticle Hamil-

tonian at = 0, K™ (k, 1 = 0):
R (k1= 0) =" Uktep, (UK. (15)
A

In this alternative {k, A} representation, one can identify
quasiparticle eigenvalues &), and eigenvectors ;. The
generic eigenvector v, is nondiagonal in the spin basis, i.e.

Via = a 11) + b 1), (16)

where ay; and by, are the orbital components. In this basis, it
is possible to rewrite Eq. (8) as

10,055 () + (W77 (&, 1), p=* ()]

t
= —/ dr' [Z 50t )G 0, (', 1)
0

— X )G, )] +He.,  (17)

This basis choice has the clear advantage that the equation of
motion for the density matrix, Eq. (17), becomes formally
identical to the spinless case. The price to pay is that the spin
evolution is implicit, since each eigenstate identified by {k, 1}
is a spinor with components in both spins. I observe that if
both H9” and p are diagonal in the A basis, no coherent spin
precession is possible and the expectation value of the spin
operator over any single-particle electron state (S(¢));:

(SN = (Yol () 1Y) (18)

is manifestly constant in the dynamics. A coherent spin pre-
cession can only be initiated by band off-diagonal A # A’
terms in the commutator, either in the single-particle Hamilto-
nian (for example, through the explicitly time-dependent laser
Hamiltonian or the time-dependent renormalization of the
exchange splitting), or by electronic density matrix band off-
diagonal terms, whose dynamics is initiated by the laser itself.
The complexity of a quantitative theory of ultrafast magnetic
dynamics can thus be ascribed to the simultaneous presence
of coherent and incoherent demagnetization channels in the
nonequilibrium evolution triggered by the laser.

Any solution of Eq. (17) requires an approximate ex-
pression for the contour electronic Green’s function and
self-energy. The objective is to develop physically motivated
approximations that capture the dominant scattering mecha-
nisms and quasiparticle renormalization effects, allowing one
to obtain a quantitative description of the time-dependent
electron density matrix and, thus, of the time-dependent mag-
netization. The general idea of this work is to assume that
the quasiparticle approximation for the retarded electronic
Green’s function holds and resort to the mirrored version
of the generalized Kadanoff-Baym ansatz for the lesser and
greater components [68,69], properly extended to the spinor
case. Approximations for the self-energy in the framework of
many-body perturbation theory are instead discussed in detail
in the next section. The approach proposed in this work is
expected to be most naturally applicable to relatively weakly
correlated itinerant systems far from the Mott limit [106],
where these assumptions are expected to be physically
justified.

V. APPROXIMATIONS FOR THE ELECTRON
SELF-ENERGY

To build a physically grounded approximation for the
self-energy, I adopt a many-body perturbation theory frame-
work, and extend the considerations made in Ref. [94] to
the magnetic case. In order to give a realistic description of
the magnetization evolution, a scheme is necessary that is
able to not only account for electron-electron and electron-
phonon, but also for (emergent) electron-magnon effects, as
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the latter play an important role in ultrafast magnetic dy-
namics [33,34,107]. In order to do so, additional diagrams
must be included besides the ones present in the nonmagnetic
case [94], namely, the ones constituting the transverse GT
self-energy in the particle-hole channel [108]. In the follow-
ing, Sec. A will outline a strategy to consistently do so in an
intuitive, yet consistent, way. I will start from the Fan-Migdal
self-energy, originating from the electron-phonon interaction
Hamiltonian, and then pass to GW and GT self-energies com-
ing from the electron-electron interaction Hamiltonian.

A. Fan-Migdal self-energy

The electron-phonon self-energy contribution is included
at the Fan-Migdal level, as discussed in Ref. [94]. The corre-
sponding self-energy in the presence of spin-orbit coupling is
expressed, in the spin-orbital basis {k, A} defined by Eq. (15),
as [68,94]

ST =i Y gh(Qk—Q)

QLA vy’

X L3l G ()G (8,183 (Q. k — Q)
(19)

where g%,,(k, Q) = (1/fk+er|AVelv'ph|wkx) represents the stat-
ically dressed electron-phonon coupling matrix element, see
also the discussions in Refs. [68,94]. It is related to the
electron-phonon coupling in the {k, n, «} basis through the
transformation:

S (K, Q) = UETU g (k, QQUDEL.  (20)

I note that the screened electron-phonon coupling can, in
principle, contain all the 6/ components in the form of
Eq. (A2), even if the bare electron-phonon interaction is
purely charge-like in spinor space. This is the case, for ex-
ample, at the self-consistent density-functional perturbation
theory level [109,110]. The charge component proportional
to the identity 6° in spinor space is the one responsible for
the Elliott-Yafet [103,104] type scattering, while the three
magnetic components are only present in the noncollinear
magnetic case, contributing both to the quasiparticle Hamil-
tonian, and to the collision integrals, as I will discuss in later
sections.

B. GW self-energy

I now pass to the discussion of the GW self-energy, which in
the spin-dependent case takes the form [111]:

Soy (1,2) = iGpy (1, 2)Waypp(1, 2)
=i6,,Gpy (1,2)Wy(1,2)8],. 21
The corresponding lesser component is

Tep T(1L,2) =Gy, (1L, 2)W5,5(1,2)

=i6,,Gy, (L2YW;(1,2)6),.  (22)

Compared to the collinear nonmagnetic case, the GW self-
energy presents a much more complicated spin structure when
the interaction W is spin dependent, since both interaction ver-
texes can flip spin, thus mixing charge and spin components.

However, I note that its time structure on the contour remains
the one of a pointwise product, as in the spinless case. Thus one
can conceptually operate in the same way on the lesser/greater
self-energy, and express W < through the Dyson’s equation for
the screened potential, W = v 4+ vPW, where P is the polar-
ization and v is the bare Coulomb interaction. Employing the
Langreth rules (see also Appendix B), one has [68,81,94]

W= = WRPZWA, (23)
P can then be approximated with the noninteracting polariz-
ability x°:

Proun(1,2) 2 x%= (1,2) = —iG(2, DGy, (1,2). (24)

Furthermore, the retarded and advanced screened interactions
W are approximated as time-local [94]:
WA, 2) = Wiy (r1, 12, 20)8(21 — 22)- (25)

Within these approximations, the GW contribution to the elec-
tron self-energy can be systematically framed as a perturbative
diagrammatic expansion in terms of a time-local interaction,
see also Appendix C and Ref. [94]. T obtain the following
expression for the lesser GW self-energy:

zggvm, 2)
= iGyy, (1, 2)Wasye (1. D x 55 (1 2Weyep(1,2).  (26)

In periodic systems, the screened Coulomb interaction is
invariant under lattice translations, and its Fourier represen-
tation reads [112]

Wapys(ri, 12, 1)

- é DY SO WS (q, ) e 9 (27)
q GG

where q belongs to the first Brillouin zone, G, G’  are
reciprocal-lattice vectors. Incidentally, I note that in metals it
is sometimes a qualitatively good approximation to simplify
this expression by only retaining the head of W and neglecting
local fields, i.e.,

WE'(q,1) ~ WP(q,1)8co 5cr0- (28)

It is convenient to work in the Bloch space. I consider the
GW matrix element between Bloch states labeled by {k, n, «},
namely,

GW,< /
2:knm,oz/S (t o )

- / Ay ()G (1, WS o (1 YL (),
(29)

Expanding the Green’s function through Eq. (7) and employ-
ing crystalline momentum conservation, one finds

GW, < N ey <.nm'n’'m IN<n'm ’
igimap 1) = Wik oyns (A1, 1)Gg 3" (1)

nan'a >.ba ’ <,ab ’
= k,qa5n9 (pa t)Gq+p‘K9 (t ’ I)Gk+p’5;‘ (tv t )

X W ey (—B DG 1.1, (30)
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having defined the matrix element
W (@)

= ST @ WS (k= K BT, 6D
GG’

and the oscillator matrix element

P (G) = (Yicna [ KT Yp). (32)

The complex spin structure of the lesser GW self-energy can
be simplified considering a purely chargelike screened inter-
action:

RA ~0 R,A A0
WEAL(1,2) = 60, Wos* (1, 2)6,. (33)

In this approximation, the real space expression of the GW
self-energy is

Ty T(1,2) =Gy (1, )W (1, 2)Py, ., (1, 2)Wy(1, 2),
(34)
thus recovering a form similar to the one obtained in the
spinless case. The self-energy Eq. (30), expressed in the spin-
orbital basis defined by Eq. (15), reads

GW,< N oy <sAp pd / < /
Yo @) =iWy (t,1)Gq (1)
= W' (p, )G ', )G 1)
—_ k,q p, q+p,/i///)\/r/ 3 k+p)~”u” )

X Wb (=P, )Gy (8,1, (35)

with a structure that is formally identical to the collinear
one [68], while the complex spin structure is hidden in the

matrix element ka f(“ "(q, 1), defined as

W (g, 1)

e »
= U U, Wkialys (@ DU UpS™. (36)

C. GT self-energy and electron-magnon coupling

As already mentioned, a quantitative description of ultra-
fast magnetic dynamics requires the inclusion of electron-
magnon scattering. The strategy I follow is to derive an
effective electron-magnon interaction from the particle-hole
channel of the transverse GT self-energy [108,113], as
electron-magnon scattering is known to emerge from this
channel [114]. An important premise is due: care must be
taken in the simultaneous inclusion of GW together with
particle-particle or particle-hole 7T matrix, to prevent double
counting of low-order terms, specifically the direct diagram
in the second Born approximation [115]: a consistent in-
clusion of more than one correlation channel requires a
suitable strategy [108,113,116,117]. This can be done, for
example, within the fluctuating exchange (FLEX) approxima-
tion [116,118,119], where one writes the exact self-energy
up to the second Born and then sums each correlation
channel’s contribution starting from the third order. A fully
self-consistent FLEX treatment would remove this overlap
systematically at the price of solving four-point integral equa-
tions at every time step of the nonequilibrium evolution,
currently out of reach for the ab initio, real-time setting tar-
geted in this work. Since here I am ultimately only interested
in including the poles of the GT self-energy and discard

any finite-order term emerging from it, I adopt a different
approach, where the pole contributions of the full transverse
electron-hole T matrix are included in combination with the
GW self-energy. A more detailed justification on this ap-
proach and its limitations is given in Appendix D. In the
noncollinear case, the GT self-energy on the contour reads

SOT(1,3) = —iGps (2, DTapys(1,213, 4. (37)

where the particle-hole 7 matrix can be expanded in a spin
basis as

Tupys(1,213,4) = 6., Ty (1, 2|3, 465 (38)

and obeys the following self-consistent Bethe-Salpeter equa-
tion (BSE) in the ladder approximation:

Tupys(1,213,4) = 64, Wy, (1,2)645 (1 —3)8(2 — 4)
+ 64, Wi (1, 2)073 Ky (1, 2]1,2)
X ley(g(l/, 213, 4), 39

where 1  defined the  particle-hole  propagator
Koo (1,1'12,2") = G (1, 1)Gp(2', 2). The T matrix is
a four-time function on the contour, which makes the GT
self-energy a complicated object. A substantial simplification
arises upon assuming a time-local screened interaction W, as
in the GW case:

Wi (1,2) = Wy (ry, 12, 21)8(21 — 22). (40)

Within this approximation, the 7 matrix will only depend on
two times, z; = z; and z3 = z4. Explicitly,

Topys(1,2|3,4) = Typy5(r1, 12, 21|13, T4, 23)
x 8(z1 — 22)8(z3 — z4). (41)

This approximation has already been discussed in previ-
ous literature [108,113,117] and is expected to correctly
capture electron-magnon physics. Within this time-local ap-
proximation for W, I am explicitly neglecting potentially
important dynamical effects like magnon-phonon coupling,
which should emerge when a dynamically screened (time
nonlocal) interaction is considered in the BSE equation for the
T matrix [120,121], in analogy with the exciton case. Once
the time-local expression for 7 is inserted in the self-energy
> 6T its time structure is much simpler, since the two internal
time integrations over f, and 4 become trivial, reducing to the
simpler form:

EffVT(l, 3) = —iGps(r2, 21, ¥4, 23) Tupys (X1, T2, 21|13, Ty, 23).
(42)

In this approximated form, the GT self-energy is a simple

pointwise product on the contour, and its lesser component

is

S0 =(1,3) = —iGgy (. 11, ¥4, 13)T,5 (X1, T2, 11 [X3, Ty, 13).
(43)

D. Quasistationary limit and pole decomposition

To extract the poles of the 7 matrix and come to a simpler
electron-boson form for the GT self-energy, Eq. (43), I first
consider the more intuitive collinear ferromagnetic case. Once
the procedure has been clarified, I will discuss the effect of
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FIG. 1. Diagrammatic representation [122] of the transverse particle-hole 7 matrix Bethe-Salpeter equation in the Bloch space.

noncollinearity. Assuming that the screened interaction is a scalar and that the magnetic component can be neglected, transverse
and longitudinal channels are separated, and it is possible to focus on the transverse channel only:

Tow(1,2[3,4) = W(r1, 12, 20)8(1 = 3)8(2 — 4) + W(r1, 12, 21)Kow (1, 21, 20T, o (1, 213, 4), (44)

where « and o’ are opposite spins and I define T, = Tyorqe and Kyor = Kyarao- The GT self-energy is
297(1,3) = —i/dl‘zdea/(l’z, 21, T4, 23)Toe (Y1, 2, 21|13, T4, 23), (45)

where I define Gy = G, . 1 briefly anticipate the strategy here employed to build an approximated form for the lesser T
matrix, appearing in the lesser GT self-energy collision integral: I first employ the zero-temperature time-ordered formalism
and build the T matrix BSE equation using standard diagrammatic perturbation theory, and derive an approximated form for
time-ordered T by operating a pole decomposition. Having identified this simplified structure, I then extend it to the lesser T
matrix component, 7=(¢,¢’). In the time-ordered formalism, the transverse particle-hole 7 matrix obeys the following BSE
equation:

Tow(1,213,4) = W(r1, 12, 11)8(1 = 3)8(2 — 4) + W (1, 12, 1)Koe (1, 2[1, 2)) T o (1, 2']3, 4). (46)
Aiming at separating a fast (7) from a slow () dynamics, I introduce Wigner coordinates:
t=(Mn+86)/2, t=t-n 47)

and make a a quasistationary assumption on the 7 dependence in Eq. (46). In this limit, it is possible to decouple the effect of
the dependence on the time 7 and Fourier transform in the relative time t, obtaining the following expression for the Fourier
component T (w):

Tow (r1, 12|13, 1451, @) = W(ry, 12, 1) + W(r1, 12, DKoo (1, 02 [r 112, 1, 0) oo (X1, T |13, 143 £, @). (48)

For periodic systems, I work in the Bloch space as for the GW self-energy. It is thus convenient to consider the matrix element
of the T matrix between Bloch states labeled by {k, n, o}, namely,

TI" " Ky, Ko, ks, ka, 7, 0) = / dridradrsdry Y (0O () Taw (11, 2|83, 1437, )Y, (0, (R (49)

By expanding the Green’s function through Eq. (7) and imposing crystalline momentum conservation at each vertex in the T
matrix, one of the four crystal momentum dependencies in Eq. (49) is removed, obtaining

T 0K @, 7, @) = W™ (g, D)+ W @, DKL K, g, 1 o) T (6K g, @), (50)
where I defined the electron-hole propagator in reciprocal space:
+0o0 d(,()/
Ny m3m. / 7 . myms 7 / 1o M. by /
Kk, q, 7, w) = —zf e Gl (t, )G (0 + ), D
—0o0
and the spin-independent matrix element W,'\>"" (q, 1) = W,/ }J2% (q, ). A pictorial depiction of Eq. (50) is given in Fig. 1.
For simplicity, the evaluation is now restricted to the band-diagonal case, n; = n3 and n, = ny:

Tk, K, q, 1, w) = W]Z'k”,zn‘”z (q.7) + Wl:'l:f?m""z (q, DK™ K, q, 1, )T (K K, q, 1, o), (52)
but the band-diagonal assumption can be readily lifted if necessary. The idea now is to retain the singular part of the 7 matrix
emerging from infinite ladder summation, related to magnon emergence, and to neglect the Stoner continuum. Before doing so,
I recast the 7' matrix in a symmetric form:

T=W+WKW+WEKWKW +.-..=W+WEKW = (53)

Tozilnzmnz (k, k/7 q, f, w) = lellgmmz (q7 ZT) + leig?mlmz (q, t‘)K’ZE/mzmzm4 (k//7 k///7 q, 3 a))WSiY:;‘nlnz (q’ f) (54)
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9

>

FIG. 2. Pictorial representation [122] of the GT self-energy approximation as an emergent boson in proximity to a pole. Here, the wiggly
red line represents the time-local screened interaction W, the black arrow represents the dressed electronic propagator, the gray arrow represents
the bare electronic propagator and the wiggly double green line represents the magnon.

The interacting kernel K contains the whole frequency depen-
dence of the T matrix. It is immediate to verify that K obeys
the following BSE:

R =K +KWR, (55)

which is the spin-flip analog of the excitonic BSE in the
longitudinal particle-hole channel [123,124]. Practical solu-
tions of this equation at equilibrium, in terms of magnon
eigenvalues and eigenvectors have been discussed in various
works [125-131], both for metallic and insulating magnetic
systems. I rewrite Eq. (55) as

(K'-W)K =1, (56)
where I note that poles correspond to the zero-eigenvalues of
the operator (K~! — W). The pole decomposition is written as

- 1S) (S

K(w) = —_ 57
(@) ij o) (57)

with A8 being the eigenvalues and |S), (S| the left and right
eigenvectors, respectively. I Taylor-expand the eigenvalue
close to the pole, obtaining:

As(@) = Ag(@)|w=g; (@ — Q). (58)

|
To™"" (06, K Q. T @) = W™ (D) + W™ (@) ) —
N

Since the aim is to evaluate the self-energy close to the T
matrix pole, I only retain the frequency-dependent second
term in Eq. (60), discarding the first term, and proceed to
define the electron-magnon coupling:
W (g, DAY K, 4, 7)
mi,ﬂz,aa’(k’ q.7) = ’ oo = , (61)
g (7,) ‘
dw w:Qz'(W, @)
and recast Eq. (60) in the simpler form:
T (0K g, 7, )

. (62)

— Z mi,nz,txa’ (k’ q, f)mﬁiknz,aa’ (k/’ q, f)
5 w— Qe () +in

where 1 assume real isolated poles and add an infinites-
imal positive broadening n = 0%. In the assumption of
Hermitianity, left and right eigenvectors are related through
A = A*. I make another simplifying assumption, namely, that
the magnon amplitude A2, (k, q) is time independent. These
approximations to the 7 matrix allow one to reformulate
the GT self-energy as an effective electron-boson coupling,

The explicit expression for the interacting kernel K is

Kok, K, g, 7, )
niny Y AM3N4 / by
_ Z Ao (K, g, DAG (K, q, 7)
5 NS (F,w)

(0 = 24 D)

Jw ‘w:QgW'(E)

+ Koo " (K, K, q, 7, ), (59)

(7%

where I defined the magnon amplitude AY'y:, (k, q,7) and the
ans

residue Rg = (a,—cj’)*1 < 1 due to the presence of the Stoner
particle-hole continuum. I explicitly isolated the magnon
poles (first term), emerging from the infinite ladder resum-
mation, from the continuum contribution, i.e., the other zero
eigenvalues, that I have put in Ky and that I will exclude from
the evaluation of the GT self-energy. This approximation is
schematically represented in Fig. 2, and is expected to work
well close to the ladder poles. This expression for K allows
one to express the 7" matrix in a simpler form of an effective
electron-boson coupling. As a first step, I substitute the ex-
pression for K, Eq. (59), inside Eq. (54) (excluding the Stoner
continuum Kp):

Amlmg (k//, , lT)A“tn3m4: (k///’ , ZT) ~
q S,OlDt q Wkr:f/}.rlrz;tn]nz (q’ t). (60)

(00— 25 1)

NS (7,0)

dw ‘w:ﬂa‘w/ @

(

whose effect in the one-body electron density matrix evolution
can be understood in analogy to the electron-phonon Fan-
Migdal term [68,94]: indeed, I note that the 7 matrix pole
has the form of a boson propagator for an infinitely long-lived
quasiparticle:

1
w— Q) +in

Dy (7, ) = (63)

With this definition for the bosonic propagator, the GT self-
energy in Bloch space now takes the form:

zgman

[ aa G, oo Tk a )
BZ JQp;
i

- dq G2" (, 1)

Qpz Ja,, ke
|2 ym.ad 7
X Z |ml§1n2,arx’(k’ q, t)| Dq;s (. 7), (64)

S
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where Dgf’g‘“/(t_ ,7) is the Fourier antitransform in o of
Eq. (63), and I introduced the Brillouin zone volume 2p;.

E. Effect of noncollinearity in the GT self-energy

Now that an insight about the GT self-energy in the
electron-boson approximation has been developed, I discuss
noncollinear effects in spinor space. The purely transverse
character of magnon excitations is generally lost in the non-
collinear case, where spin can flip during propagation and
at any interaction vertex. I start from Eq. (39) and consider
once again a simplified “charge-only” form for W, as already
done for the GW case, W3 .(1,2) = 6O?VWO§(1, 2)625. In this

o afyd .
approximation, the 7 matrix equation reads

Tupys(1,213,4) = 00, Woo(1, 2)0 5 + 6.9, Woo (1, 2)

X 629K,79uv(1, 2|1, 2Ty s(17, 213, 4).
(65)

Even if the screened Coulomb lines do not flip spins, spin can
still flip during propagation (off-diagonal terms in the electron
propagator in spinor space) at any point between interaction
lines in the T matrix ladder. The consequence is made evident
if I explicitly rewrite the GT self-energy Eq. (37) in the form
of Eq. (A2), namely,

so =256, + 27765, + 2776, + 27767, (66)
It is possible to divide the contributing processes in two
classes, namely, the ones with an odd number of spin flips
between 1 and 3, which will contribute to the off-diagonal
o # y part of the self-energy, and the ones with an even
number of spin flips, contributing to the diagonal « = y term.
In this classification, the collinear case considered in the pre-
vious discussion belongs to the diagonal part, since no spin
flip was possible during propagation. The off-diagonal con-
tributions are the ones that break SU(2) symmetry, gapping
the Goldstone mode in the ¢ — 0 limit. Unlike the collinear
case, it is not possible to strictly isolate a transverse chan-
nel and a longitudinal channel, see also the discussions in
Refs. [125,130,132]. All poles of the 7 matrix can, in prin-
ciple, mix, and are obtained from the zeros of the now 4 x4
matrix determinant (in spinor space)

det[K ™" — Wlyp,s = 0, (67)

which, in principle, can describe collective modes in any
type of noncollinear magnetic configuration. In a ferromagnet,
assuming that one has a way to find solutions of Eq. (67), it
would still be possible to identify “quasitransverse” modes by
calculating their spin expectation value and selecting the ones
with the largest spin component, see also the discussion in
Sec. X.

F. The transverse limit

Purely transverse excitations can be recovered under suit-
able approximations for the GT self-energy, by forcing the
spin of the electron Green’s function to be transverse, i.e.,

Sgy (1,3) = —iGay (2, H)Toa.,7(1,213,4),  (68)

where @ is constrained to be the opposite of «, i.e.,
a=| = @=1
a=1=> a=\| (69)

and the same for y. Since the screened interaction does not
allow for spin flips in its charge-only form, the self-energy in
this case is

Tuayy (1,213, 4) = o, Woo (1, 2)0g;, + 6, Woo (1, 2)

X 6'5;,Knﬁuﬂ(1a 2|1,7 2/)Tuﬂy}7(1/’ 2,|37 4),
(70)

i.e., while spin can flip during propagation, the two spins o
and o' are constrained to be opposite at any time in the T
matrix. This self-energy automatically reduces to the usual
transverse particle-hole T matrix of the collinear case if
spin-orbit coupling is not present. An even more drastic ap-
proximation, justified if SOC is weak, would be to force no
spin flips in the GT self-energy, i.e., only consider contri-
butions of the form o« = n = u = y in Eq. (70), recovering
the same self-energy of the collinear case, £S7. Physically,
this amounts to assume that SOC is weak enough that no
spin-flip is possible during the ladder propagation, effectively
assuming that the electron-boson interaction is much larger
than SOC. Within this spin-diagonal approximation, the GT
self-energy in the noncollinear case becomes

DIGPRRIR
oo )
i ] 7 ]
= oo [ 494G @0 Tk ka7, 1)
BZ JQpz
i
=——=— [ dqG % ;1)
Qpz Qs k—q,aa
-2 ;o
X D e (s €. D DG (). (1)
N

The GT self-energy in the form of Eq. (71) in the purely
transverse limit is the starting point to treat the emerging
electron-boson coupling. In analogy to the GW and Fan-
Migdal self-energies [68,94], its contour representation can
be decomposed into a singular contribution, which determines
the quasiparticle properties, and a lesser/greater component
that will contribute a new term to the scattering integrals in
the right-hand side of Eq. (8), which I later identify in the
electron-magnon contribution. The effect of the singular part
can be understood looking at the spin-antisymmetric part:
RO =3 RGO- RO, 0D
Ei,GT,o

and similarly for the spin-symmetric part

%(El‘z’?{ + El‘i’gf), which  simply renormalizes the
quasiparticle dispersion. In the matrix form,
20 =200 60+ 2D 67 (73)

Thus the singular part of the GT self-energy will contribute to
an effective magnetic field term in the quasiparticle Hamilto-
nian, which will be discussed later in Sec. IX, together with
the other contributions to the singular part of the self-energy.
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It is important to stress that, even in the spin-diagonal approx-
imation, an effective boson-induced spin flip is still possible
due to the Elliott- Yafet mechanism in the presence of the spin-
orbit coupling (i.e., the diagonal self-energy still contributes
to off-diagonal components of the Green’s function). Once an
approximation for the GT self-energy has been chosen, it is
possible to express it in the basis of spin orbitals through the
basis change U, defined in Eq. (15):

S ) = U S (1 U (74)

In the spin-orbital basis, the self-energy maintains the same
structure, as can be explicitly shown by the insertion of the
UUT identity between the Green’s function and the vertex and
between the two vertices, obtaining

2T T)

i _ 'y _
=—— | dqGx_quv@ 1) T"" (k Kk, q,7,7)
Qpz Qpz
i _
=—-—— dq Gx—qun(t, 1)
Q7 Ja,
x Y Im, (k, q, DIPDy (7, 7). (75)
S

I suppressed the explicit «, &’ (or A, A") dependence from the
D propagator: the reason will become evident in Sec. VI,
where I discuss the magnon propagator in detail. For sim-
plicity, in the rest of the work, I will employ the transverse
approximation to the GT self-energy, Eq. (75). The connec-
tion between the obtained GT self-energy and formulations
of electron-magnon scattering in itinerant ferromagnets in the
context of the Hubbard model is discussed in Appendix E.

VI. MAGNON PROPAGATOR AND MAGNON
KADANOFF-BAYM EQUATION

Since the only two-time function in the 7 matrix in Eq. (75)
is the bosonic propagator, the lesser GT self-energy in this
approximation is simply

o< ,GT

i
f - -
DN (2] o)

dq Gy_q ;0 (. 7)
Bz Jou,

x Z|mw(k @.)|’ DS ). (76)

The one-body electronic density matrix evolution is thus cou-
pled to the new boson appearing in the lesser GT self-energy,
and an additional equation of motion for the new boson is
necessary to close the system of equations. As I will now
discuss, this new boson is the magnon. In what follows, I show
how this additional equation can be practically written for the
ferromagnetic case with purely transverse magnons, while the
general mixed longitudinal-transverse case is left for future
work. The boson propagator appearing in the GT self-energy
in the purely transverse limit inherits its Dyson equation from
the BSE defining the 7 matrix in the pole approximation,
Eq. (60). Namely,

DI'i, ) = Dy (D) + Dy (D, )DL, 0),  (T7)

where 1 identify the bare propagator Dy = m~'Win~!, the
magnon-electron self-energy T = mKm and D = m=\T !
is the dressed magnon propagator. Incidentally, I note that it
would be possible to systematically go beyond this level of
theory by considering other diagrams beyond the ladder series
in the T matrix. A “dressed” T matrix could include phonon
insertions, resulting in an effective magnon-phonon coupling,
to be derived from first principles similarly to what has been
done for exciton-phonon coupling [120,121,133], as well as
magnon-magnon processes, with the understanding that care
must be taken to avoid double counting. Before proceeding to
the formal definition of a magnon propagator, it is necessary to
make some additional considerations on the GT self-energy.
I assume for definiteness that the system under investigation
has spin up majority. The majority spin self-energy E?T will
describe a majority electron absorbing a boson, flipping to
minority down spin, then re-emitting the boson and flipping
back up. Explicitly,

s
i
— [ aqGem | G o Tk K, g F T)
Q7 Jo, T4 0t )
i
———— | dqGpm 1)
Qps Uy qll
x Z |3, 1 (K. @ DD ). (78)

Conversely, the minority spin self-energy describes a minority
electron emitting a boson, flipping to majority up spin, then
reabsorbing the boson and flipping back down:

(@ T)
i
_ dq anﬂz (l ‘C) Tnlnznlnz(k’ k’ q, f’ ‘L')
Q7 Jay, q. M Pt
i
_ dq G (l ‘C)
QBZ Qs k—q, 11
x Z ‘mn]m iT(k q, t)‘ Dm H\(t’ T)' (79)

The above discussed magnon absorption and emission pro-
cesses are the so-called Stoner processes. The anti-Stoner
processes, consisting of magnon emission from spin-majority
electrons and magnon absorption from spin-minority elec-
trons, are also possible in the presence of SOC. A fundamental
symmetry of the retarded boson propagators entering the ma-
jority and minority GT self-energies is (see Appendix F)

[DFre ., —w)]". (80)

Thus both electron-boson self-energies couple the electron to
the same emergent bosonic quasiparticle, the magnon, defined
in this context as the boson that carries an up-to-down electron
spin flip. Correspondingly, I deﬁne magnon annihilation and
creation operators qu (t) and qu (1):

bys(t)
n . 81
<bj15 Y )> e

Rmota (l (,())
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Note that, in principle, these operators may have nonzero
expectation values in the presence of coherent bosons. For
this reason, it is desirable to define the fluctuation operators
in analogy with phonons, as

8bas(®)\ _ (bas(t) = (bas(®)) )
8b (1) bis(t) = (bis)) )
Given the electron-boson coupling structure, a natural choice
for the bosonic propagator is the following matrix form:

b ) Dyls(t, 1) Dig(t, 1)
as(.1) = D21, 1") D2(t, 1)
((Tab‘qsa) 8b_qs(1)) (T8D' 45(1) 5131;3(:/»)

(T8bys(t) 8b_qs(t")) (T8bys(t) 8bjs(1"))
(83)

This bosonic propagator form is different from the one pre-
sented in Ref. [59], whose approach is natural in the case of
phonons [68]. For the magnon propagator, I find the present
definition to be more convenient due to the form of the effec-
tive electron-magnon interaction, which is not proportional to
the displacement operator. One recognizes in the D;; compo-
nent the D™ propagator and in the Dy, the D' propagator.
Instead, the off-diagonal “coherent” components do not cou-
ple with electrons in these approximations and are assumed
to be zero. Starting from Eq. (77), the aim is to now obtain
Kadanoff-Baym equations for magnons. The first step is to
define an auxiliary bare quasiparticle propagator, since Dy has
no poles. I note that the pole Qfl""“/ (f) in Eq. (63) is gener-
ally complex, and is solution to the following transcendental
equation:

» = Qe (D) + 5 (7, o), (84)

where Qg’“o‘/(t_) = 0 since no pole is present in the absence
of the interaction. I adopt an analogous approach to the one
employed for phonons and electrons, namely, I divide the
magnon self-energy as follows:

M3 (F, w) = 5 (7) + ATIS™ (7, ), (85)
where TT° is a purely real time-local part of the magnon self-
energy, while ATI is the time nonlocal part, which is neglected
in the 7" matrix solution. This defines an infinitely-lived quasi-
particle propagator:

1

/ . 86
— 55 (7) + in (86)

Dy’ (7, ) =

The notation can be simplified by specializing Eq. (86) in the
two spin components and employing Eq. (80):
1
mlT(t 0= —— mTl (7, w)
0s = —q,08
by, Q@) +in 7T
1

= 87
a)—l—Qfl(t)—l—in (87)

where I defined Q5 (F) = I35 (7) = M55“(f). The quasi-
particle will then be dressed by the time nonlocal self-energy

ATI. On the Keldysh contour, the magnon propagator pre-
serves the same pole structure as the time-ordered propagator
because the contour formalism only modifies the time-
ordering prescription, while the poles are still determined
by the quasiparticle spectrum, which follows from the equa-
tion of motion and therefore remain unchanged on the contour.
The contour magnon Green’s function is thus obtained by
extending the real-time propagator to a contour-ordered ob-
ject. The Dyson’s equation for the magnon Eq. (77) can be
expressed in terms of Dy, since

D' =Dy + Al (88)
and thus, in the Dyson equation form,
D = Dy + DyAIlID. (89)

The Dyson equation for the magnon propagator, Eq. (89), is
the starting point for the magnon Kadanoff-Baym equations.
From the Fourier antitransform in w of Eq. (87) extended to
the contour, Dyj satisfies the following:

Do z.2) = 8(z — 2 —id. — Q5 ()] Dy s 2. 2)
=48z —12), (90)

which defines the auxiliary inverse bare magnon propagator.
Through the application of the inverse propagator, Eq. (90), on
the Dyson’s equation for the magnon, Eq. (89), one obtains the
(left) Kadanoff-Baym equation for the magnon propagator, in
matrix notation over magnon mode space:

1
D;’"(r,ﬂ):/o dt' [ AT (¢, 1D =(1', 1)

— AT (2, )Di~ (¢',1)] + Hee,
on

where, due to the canonical commutation relations inherent to
magnon propagator, the coherent dynamics of the density ma-
trix exhibit pseudo-Hermitian evolution [134]. Furthermore, I
defined the diagonal matrix:

2= (M %) ©2)

and all quantities should be intended as matrices in the
magnon modes space. By an analogous procedure already em-
ployed for the electron Green’s function and in Ref. [68] for
the phonon Green’s function, an equation formally analogous
to the one for the phonons can be formulated for the magnon
density matrix [cf. Eq. (13)]:

— 0 Bq (1) + (67 Rq(1)Bq (1) — By (1)Rg(1)67)

t
:51/ di'[ATLZ (1, 6D =(t', 1)

0
— AT (2, 1D~ (7, H]+He., (93)

where I defined ,3q<(t) = iD;(t, t). This is the equation of
motion for the one-body magnon density matrix, which closes
the set of equations of motion for electrons, phonons, and
magnons.
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VII. MIRRORED GENERALIZED
KADANOFF-BAYM ANSATZ

In order to reduce the complexity of Kadanoff-Baym
equations and obtain practically solvable equations I re-
sort to the mirrored generalized Kadanoff-Baym ansatz
(MGKBA) [68,69], expressing the lesser and greater Green’s
functions using a relation that is exact in the noninteracting
case. I now discuss how the MGKBA can be extended for the
case of electron, magnons and phonons in the noncollinear
magnetic case.

A. Spinor
The MKGBA in the spinor case is taken to be of the same

form as the one for the spinless case [68], and it is written, in
matrix form:

G2, 1)~ —pS(OGR@, )+ G, ()p2 (). (94)

The difference with the spinless case is in the fact that Green’s
function in spinor space is nondiagonal. The retarded Green’s
function is written in the quasiparticle approximation as

Gﬁaﬂ(t, th = —if(t — ﬂ)T{exp < - i/ dr hzl;,(k, t_)> },
t (

where I introduced the time-ordered exponential operator. Ad-
ditional care must be taken with respect to the spinless case,
since the quasiparticle Hamiltonian A% evaluated at ¢ and
t' # t do not generally commute.

It is convenient to now define the unitary transforma-
tion that diagonalizes hg’;”"/, namely, I consider a short time
interval T =t — ¢’ where it is meaningful to adiabatically
approximate the time evolution as follows:

Ur(t,t —1) = {exp ( - i/ dr h?% (k. z‘))}

~ Ut (0)lexp(—i Ak()T) 1 (UDE5(1),  (96)

where exp(—iAk(¢) t) is the diagonal matrix containing the
exponential of the eigenvalues e~***®) while U(t) is the
unitary basis change matrix that instantly diagonalizes the

J

Di(t, 1) =6 —1') &Z(

The lesser/greater magnon propagators in the MGKBA cor-
rectly reduce to the equal-time density matrix, Dzl’z(t, ) =
—iﬁqz (t). To verify it, I consider the equal-time limit of the
retarded and advanced propagators:

DZ"R(t, t) = i6%, D:;”A(t, t) = —i6*. (103)
In forward-time propagation (¢ > ¢’), the advanced compo-
nent vanishes, reducing the ansatz to

D 2(t, 1) ~ B2 ()6 DR, 1), (104)

q

exp(iQq (1)t — 1)) 0 )

quasiparticle Hamiltonian [at # = O, this is the basis change of
Eq. (15)]. In this basis of Eq. (15), the Hamiltonian at time ¢
will be generally nondiagonal, as I discuss in detail in Sec. IX.

In analogy with the spinless case, a simplification consists
then in assuming that quasiparticles remain band-diagonal
along propagation, i.e., GEM(r, t') = SM/GE,M(L t'). In this
case, it is possible to write the lesser/greater propagators in
the form:

GE,, (1. 1) = iexp(—ie (1)t — 1)
x [0t — 1) fio () + 01" — 1) fint)],  (97)

or, in the {k, n, o} basis:

Gogi (1.1) = D USGE, .U (98)

AN

B. Magnon

The spinor equation for the electron is coupled to the
bosonic Kadanoff-Baym equations for the magnon through
the electron-magnon self-energy, Eq. (93). In order to solve
the coupled equations, a Kadanoff-Baym ansatz for the
magnon is needed. The specific algebraic structure of the
ansatz is fundamentally dictated by the requirement to pre-
serve the equal-time boundary conditions. The proposed
MGKBA for the magnon propagator is

D= (1, ) = —BE 06D, 1)) + Dy, 16 B,
(99)

together with the following ansatz for the retarded magnon
propagator:

DR, 1) = —if(t — )= IWIO(WrD) ™. (100)
where I defined
W) =T eXp( - i/ df 4(F)(~6* )). (101)
0

The simple diagonal form of the commutator metric, com-
bined with the adiabatic time dependence of £24(7) immedi-
ately gives the diagonal expression for the retarded magnon
propagator:

exp(—iQq(t)(t —1')) (102)

(

and substituting the value of Da”’R(t, t) in the equal-time limit
correctly gives.

D2 (t,1) = —BZ(1)67(i67) = —iBZ(1). (105)

C. Phonon

For the phonon propagator, there is no formal difference in
the noncollinear magnetic case with respect to the collinear
nonmagnetic case, and I can adopt the same procedure ex-
plained in Ref. [68], and employ the MGKBA in the form of
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Ref. [68]:
L@ 1) =y OT LY.t — Lot )Ty @),  (106)

accompanied by the following quasiparticle ansatz for the
retarded propagator:

L@, 1) = —ib — 1) TWet)Wg' (1),

where

Wo(t) =T exp(— i/ dfhg;(Q,z‘)j>.
0

(107)

(108)

The singular part of the self-energy appearing in
hZ};(Q, f), Eq. (14), is chosen as the adiabatic phonon
self-energy [94,135-138], to recover a phonon quasiparticle
description consistent with the equilibrium BO normal modes
at t = 0. In the no-mixing approximation employed here,
hgl;,(Q, f) remains diagonal at any time in the BO basis, and
the retarded phonon propagator is [68,139]

Le o (£ ') = iévv’e(t—_t/)[exp(ia)Qv(t)(t —1')
’ 2a)Qu
1 —iwgu(r)
x (inv(t) @3, (1) )

— exp(—iwq, (t)(t —1"))
1 iwgy (t)
x <—inv(t) wév(t)):|'

VIII. MARKOV APPROXIMATION
AND COLLISION INTEGRALS

Once the MGKBA has been performed, the Markov ap-
proximation consists in approximating the time integrals in
the right-hand side of the density matrix evolution for elec-
tron, magnons and phonons in Egs. (17), (93), and (13).
Having defined t =¢ — ¢’ and f = %, one assumes that the
only 7 dependence in the Green’s function and the self-energy
are of the oscillating exponential form e£% and employs the

(109)

identity
00 .
f dr ¢ 7 =271 8(E) (110)
—0Q
to approximate the time integrals as
t
/ dr &% OT ~ 1 §(Q,,(D)), (111)
0

where ,, represents an adiabatically time-dependent quasi-
particle energy. In this approximation, one neglects memory
effects in the kernel and formulates the problem in terms of
a time-local real-time dynamics. This is a reasonably good
approximation as long as time ¢ is long enough with respect
to 1/S4,(7); the earliest stage of the dynamics is corre-
spondingly the least controlled. Nevertheless, the coherent
evolution generated by A9’ is treated exactly in time and is
unaffected: the approximation is on the scattering part only.
Thus the present framework should be expected to describe
well the very early dynamics at the level of the coherent
terms, with the incoherent channels becoming quantitative
only a bit later. I note that this approximation is consistent

with those introduced earlier, since the quasiparticle form
assumed for GF in the MGKBA, the time-local approxima-
tion for W, and the pole approximation for the 7 matrix
all rest on the same assumption that the relevant excita-
tions are well-defined quasiparticles, of which the Markov
approximation is the counterpart at the level of the time
integration.

The logic up to this point can be summed up as fol-
lows: after choosing a self-energy for electrons, magnons
and phonons, one proceeds to obtain Kadanoff-Baym equa-
tions from the Dyson equations shown in Fig. 3. Then,
through the use of the Markov approximation in combi-
nation with the Kadanoff-Baym ansatz, collision integral
terms in the electron, magnon and phonon density matri-
ces, Egs. (17), (93), and (13), are simplified. The obtained
equations for the density matrices form a system of cou-
pled differential equations, which I discuss below, starting
from the collision integrals appearing in the right-hand side
of the three equations. For the electron, three contributions
are present, namely, electron-electron, electron-phonon, and
electron-magnon:

Iel(t) — Iel—el(t) + Iel-ph(t) + Iel-mag(t)' (112)

For the magnon, I only consider the magnon-electron contri-
bution:

™38 (r) = Mgl (1), (113)

while for the phonons one has the phonon-electron contribu-
tion:

PP (1) = 1P (1), (114)

with the understanding that phonon-phonon scattering can
also be included within this formalism if necessary, as
discussed in Ref. [94]. Band off-diagonal scattering terms
are instead approximated through a relaxation-time approx-
imation. I define the time-dependent electronic occupa-
tions fi, (1) = pg;, (1), magnon occupations Ngs(f) = ,3q<ss(t),
phonon occupations ng, (t) = yQ<W(t) and electronic polariza-
tion pi; () = piaw (¢) from their respective density matrices.
The diagonal electron-electron collision integral takes the
form [68,80,81]:

1o (0)

= 5 LW A~k = W .0
K. g/,
X [fa—qu@) firrqe O = fia(@)A = fion (2))
= fio O for @A = fiequ®)(1 = fioyqu @)1

X 8(xr (1) + ewn (1) — Expqu (1) — Ek—qu (1)), (115)

and the form of the vertex |Wl:’l:f(‘;/(k’—k+q,t)—
Wléﬁ,’iz/(—q,t)f is due to the inclusion of the second-
Born exchange diagram, see discussions in Refs. [68,94].
The screened interaction W generally has all magnetic
components. It is important to remark that spin can be
flipped due to electron-electron interaction even if W is ap-
proximated as charge-only, see also the discussion about
Elliott-Yafet electron-electron scattering in Ref. [34]. The
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(a)

_ _|_

(b)

(©)
RRPRPRRPRNR

(d)

FIG. 3. Diagrammatic representation [122] of the electron (a), phonon (b), and magnon (c) Dyson equations. (d) Electron self-energy.
The black arrow represents the dressed electron propagator, the gray arrow represents the bare electron propagator, the single wiggly red line
represents the bare phonon propagator, the double wiggly red line represents the dressed phonon propagator, the orange vertex represents the
screened electron-phonon coupling, the single wiggly green line represents the bare magnon propagator, the double wiggly green line represents
the dressed magnon propagator, the gray vertex represents the electron-magnon interaction, the double light-blue dashed line represents the
screened Coulomb interaction.

band off-diagonal collision integral is approximated using the =~ relaxation rate is then recast as:
relaxation-time ansatz:

I
~ _ T AN AN 2
ho () = =T (1) P (@), (116) =55 Z (Wt (K — K+ q. 1) = W s (—q. 1)
K ,qu, ' 1
where I'k,,(¢) denotes the time-dependent dephasing rate.
These rates are often treated as phenomenological quantities X [fiwa () = fiequ@) — fiopqu (1))
in the nonmagnetic case [140,141]. Here, they are written in + fx—qu (@) fiotqu (1 — fion ()]

the quasiparticle approximation [68]:
quasiparticle app 168] X 80k (1) + 103 (1) — Bk (1) — e qu(). (118)
D () = T () + D (), (117) The explicit form of the electron-phonon collision term is
derived from the full FM self-energy discussed earlier and in
with Ty, (t) denoting the relaxation rate of an electron in  Ref. [94]. Within this approximation, the diagonal contribu-
the Ath spin-orbital with momentum k. The electron-electron  tion to the collision integral reads [68,81,86]

J

2

R0 = 25 37 18406 @ (Ueror (1 = i) = ngu (i) = ficson (D18 erc (1) = (1) = gy 1))
Q

A

+ [ngy () (frQu (1) = fio (1)) = fra (O = ficrQu (1))18 (ExQu (1) — ki (7) + wqu (1))} (119)

In Eq. (119), ng,(t) and wq,(¢) denote the time-dependent phonon occupation and frequency of mode v with momentum Q.
Similarly, for the electron-magnon scattering, one has

el-mag 2z S 2
L, @)= A Z |m3 (K, @, 8] {Lfirqr ()1 = fio (1)) — Nes() () = firq E)]18(Exrqp (1) — €x () — Qs (1))
s
+ [Ngs (1) (firqr (1) — fion (1)) — fio (1)1 — frerqu )]0 (Extqu (1) — €3 () + Lqs(1))} (120)

The off-diagonal component of the electron-phonon collision integral is obtained analogously to the electron-electron case and
the corresponding quasiparticle decay rate is

Tt = % 3 180 0k Q) {1ngu(t) + 1 = ficrou (D18(ersu (1) — 1 (1) + wu (1)
Q
Mo

+ [nQuv(®) + frrou )] (ekrou () — exn(t) — wqy(2))}. (121)
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A formally equivalent contribution appears due to electron-magnon scattering:

el mag([)

z.S

+ [Ngs (@) + firqu (18 (Expqr (1) — 1 (1) —

Z [ (K, @, D) {INas () + 1 = ficsqrr (D18 (1 g (1) — £10.(1) + Qs (1)
q

Qqs(1))}- (122)

For the phonon self-energy, I employ the approximated electron-hole bubble structure with two statically screened ver-

tices [94,135-137,142]:

I =-=— Z 18550k, Q) gy ()i (1) — ferur (1)) = ficro O = fia D18 (exrau (1) — 1. (1) — wuIH 1)

k)4

2
= —Wn > gk, Q)|2[nqu(t)(fk,\(t) = i@ (1) = frru (O — fio (U8 (eru (1) — €11 (1) — wqu(1)). (123)

k)4

A formally equivalent expression is again obtained for the magnon-electron scattering integral, coming from the electron-hole

bubble self—energy:

magel( )_ _ - Z ’m)w(k q,t)|

ka0

I note that the spin selectivity in both electron-magnon and
magnon-electron terms is contained in the electron-magnon
matrix elements:
s k+qh, S
m}; (k, q,1) = (U)K

ne - Man'aa’ (k q, t)(U)k);" (125)

IX. QUASIPARTICLE RENORMALIZATION TERMS
AND COHERENT DYNAMICS

The quasiparticle electron Hamiltonian 277 «p(K. 1) plays a
central role for coherent magnetization dynamics. In order to
shed light on its role, I perform the usual decomposition in
terms of Pauli matrices:

I (K, 1) = BYP™ (K, )60, + hiP™ (K, 167,

+ hiP (K, t)craﬂ + hir " (K, 1)6,5. (126)
The idea, once again, is that the 6° component of H%” repre-
sents the scalar component also present in the nonmagnetic

case, while the other three components h%%" represent a
(generally time dependent) effective magnetic field. Thus,
even at# = (, all components are generally present. I now dis-
cuss all the time-dependent contributions to the quasiparticle
electron Hamiltonian one by one and establish to what channel
they contribute, while keeping in mind that I perform the time
evolution in the basis {A, k} that diagonalizes h97(k, 0), with
the usual basis transformation defined by Eq. (15), as previ-
ously discussed. For this reason, it is instructive to rewrite the
quasiparticle Hamiltonian in this basis, in analogy to what we
did in Ref. [94], as follows:

K%, (&, 1) = &, + Fion(t) + AT (k, 1), (127

where I introduced AZ,, (K, 1) = g v (t) — 2k 22 (0), with
the understanding that Xy ;,(0) enters in the definition of
hiP(k, 0). I will start by discussing the contributions that are
diagonal in the {A, Kk} basis, AX;;(k, 1) = AZ; (K, ). The

Nas @) (fir. (1) = fierqe () = Sfrrq (O — fia @18 (exyqur (1) — e (t) —

qS(t))~

(124)

(

idea is that both Fi;,/(¢) and AX;, (k, ¢) will contribute both
a scalar term, as in the nonmagnetic case, and an effective
time-dependent magnetic field, responsible for a coherent
magnetic dynamics [see the decomposition in Eq. (126)].
Namely, the effective band- and momentum-dependent mag-
netic field B¢ (k, 7) is defined as

hIP(k, 1) Fa(t) + AZi(K, 1)

B (k,1) = = B{"(k,0) +

(128)
where i = x, y, z is the component in spinor space, according
to the decomposition Eq. (126), up = 1/2 in Rydberg atomic

ap
units and B (k, 0) = % I first discuss the bare Rabi fre-

quency Fi (t). While this term only contributes to the scalar
charge channel, it connects different spin-orbitals in an Elliott-
Yafet fashion. For this reason, it activates a polarization and
occupation dynamics that is nontrivial in the magnetic sense.
The self-energy variation A, (k,¢) is formed by a band-
diagonal part, contributing to the renormalization of electronic
eigenvalues, and an off-diagonal part, which renormalizes the
bare Rabi frequency, Fioow (), and to which I assume only
the GW and GT self-energies contribute. I first discuss the
band-diagonal part of AX. The considered time-dependent
contributions consist of four terms: Hartree (H), static GW,
Fan-Migdal (FM), and coherent atomic motion (AM) (I note
that the inclusion of the AM contribution requires to also
propagate equations of motion for ions, see Ref. [94]):

AT, (k1) = ASHK, 1) + AZMK, 1) + AZY (k1)
+ AZ™MK, 1) + AT (K, ). (129)

The explicit expressions for the H, FM, and AM terms can
be found in the SM of Ref. [94] and remain conceptually
the same also in the magnetic case, with the understanding
that, for the magnetic case, both the Fan-Migdal and the AM
self-energies can, in principle, also contribute to the magnetic
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component h{%} (K, 1), since the electron-phonon coupling is
dressed and thus not purely in the scalar charge channel;
rather it can carry magnetic components. In any case, it should
be reasonable to assume that, in most cases, the magnetic
contribution due to the FM and AM self-energies is relatively
small. The idea is that most of the time-dependent renormal-
ization of I-Zﬁ”fz comes from the GW self-energy’s singular
part, W (K, t), which can, in principle, contribute to all mag-
netic cdrnponents, and potentially the GT self-energy. I first
discuss the GW contribution. When treated at the COHSEX
level [75,80,94,143,144], its diagonal part can be split into
screened exchange (SEX) and Coulomb hole (COH) compo-
nents:

ATV (K, 1) = AT (K, 1) + AZSOH (K, 1). (130)

Both terms are computed as the difference between their
nonequilibrium and equilibrium values:

1 ry
AT (k) =~ > [W.éﬁ“(q =0,1) Afion(t)
k', )

1 'y
- (5 - fk'/v(o)) (W (q=0,1)

— W q =0, 0))] (131)
The COH term can only indirectly contribute to a change
in the effective magnetic field h{’ .(k, ) through a time-
dependent screening change, involving a change in the
spin-orbital occupations A (see Supplemental Materials of
Ref. [94] for further details on the time-dependent screening
calculation). Instead, I expect the SEX term to play the most
fundamental role for the coherent magnetic dynamics. In a
magnetic system, its 6° component is the exchange splitting
responsible for the splitted band structure. For the particularly
simple case of a collinear ferromagnetic system, this term is
proportional to 6°. Its renormalization, when expressed in the
{na} basis, reads

1 -
ATk, 1) = =2 > [WE" (@ =0,0) Afiewa(0)].
KkK'.n'
(132)

Thus, even assuming a purely chargelike interaction W
and weak screening renormalization (in a metal this seems
reasonable), the out-of-equilibrium occupations directly en-
ter AXSEX(k t) and differently for up and down spins.
Finally, an additional contribution to the eigenvalue renor-
malization comes from the diagonal GT self-energy, namely,
AEST(k, t). The off-diagonal GW and GT terms, A # 1/, will
contribute to the renormalization of the bare Rabi frequency,
see also Fig. 4:

Fo(t) = Fiow + AT (k1) + AZZ (k1) (133)

with A # A'. A fundamental difference with respect to the
nonmagnetic case is that in this case the renormalizing terms
are not necessarily “chargelike,” and generally contribute to
the magnetic components of 497, Thus the renormalized Rabi
frequency will not be purely proportional to 4° in spinor

space. The band off-diagonal renormalization is dominated by
the SEX contribution to the GW part:

1 o
AT, 1) = == [ (@ = 0.1) prena®)].
Kk',n’

(134)

Both the diagonal and off-diagonal SEX contributions are
thus expected to contribute to a time-dependent effective mag-
netic field renormalization, analogous to the one observed in
TDDFT [24-26].

For the magnon, it is important to stress the nature of the
magnon lifetime described at this level of theory. Once the
pole decomposition has been performed, the magnon ampli-
tude is a static input, and the only dynamical variable retained
is the occupation Ngs(t), so that the magnon acquires a finite
lifetime solely through the time nonlocal part AIT of its self-
energy, i.e., through the magnon-electron collision integral.
This is a population lifetime, counting the events in which
a magnon is created or destroyed by an electron. What is
not described is instead the loss of coherence of the magnon
as a collective object: being a phase-coherent superposition
of particle-hole pairs, the magnon is degraded whenever one
of its constituents is scattered without the magnon being ab-
sorbed or emitted, since such an event randomizes the relative
phase of the pairs at fixed magnon number. This channel is
governed by the quasiparticle rates ['k; (f), which the present
framework does compute, but it cannot be captured here, since
the coherent components of the magnon propagator are set
to zero. This is the magnon counterpart of excitation-induced
dephasing in the exciton problem, and there is no argument
to suggest that it should be negligible after photoexcitation,
when the constituent scattering rates are largest. Its inclusion
would require propagating the magnon amplitude alongside
its occupation, and is left to future work.

Finally, I do not include a detailed discussion of phonon
renormalization terms for the phonon frequency in Fig. 4
and instead direct the reader to the treatment provided in
Ref. [94], both for the definition of electron-hole bubble
frequency renormalization AEEH(¢), and for the anharmonic
phonon bubble renormalization, A EPB (1), where needed.

X. EQUATIONS OF MOTION AND
MAGNETIZATION DYNAMICS

The final equations of motion are depicted in Fig. 4.
Here, the dynamics of phonon coherences is neglected (see
also Refs. [68,94,145]). I did not explicitly discuss the cou-
pling with coherent ionic motion and photoinduced atomic
forces [94], however, they can be readily integrated in
the present scheme if coherent phonons are present. The
equations in Fig. 4 represent a coupled set of differential
equations that can be solved in real time, through numerical
techniques [94]. I note that magnon-phonon coupling, which,
in principle, can play an important role, is explicitly neglected
here. While its formal inclusion is left to future work, its
effect can be understood in close analogy to exciton-phonon
coupling [121,121,126,146]. Model calculations [34] suggest
that its inclusion in the magnon scattering integral could be
decisive to obtain realistic results for magnon population dy-
namics, especially for their relaxation towards equilibrium.
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Electron polarization
dpia ()
dt

- Z{ > Fiow O povalt) = > Fieun () Proru(t)

I EN

=—i [[Ek/\(t) — e1n (1)] Do (8) + [fien (8) — frea ()] ]:k)\/\’(t)}

HFEN

— [TEet()) + TE(2) + TE ™ (2) + T ™ (8) + T ™5 (8) + T ™ (8) mrow ()

Electron occupations

dfix(t)

A = 2Tm | Y B (8) prova(t) | + I + L5 (0) + Iy 44 ()

dt fronst

Rabi frequency

Frown (t) = Frow (t) + AZxn (k, )

Electron eigenvalues

Ek)\(t) = ng + AEA(k, t)

Electrons
Magnon occupations
dNgs(t) u
Sl
Magnon frequencies
4,5
Qqs(t) = 117 (%)
Magnons
Phonon occupations
dngqu (t _ _
3:( ) _ I(%hl, el(t) +I(}3hy ph(t)
Phonon frequencies
2 2 =
[le,(t)} = [w%u] + Zw%UA:glg(t)
Phonons

FIG. 4. Equations of motion for coupled electrons (light-blue rectangle), magnons (yellow rectangle) and phonons (red rectangle).

The real-time evolution described by the equations in Fig. 4
allows to also describe how the macroscopically observed
magnetization M(¢) evolves in time. In a nonperiodic system,
the total magnetic moment operator of the electron is given by
the expectation value of the magnetization operator

M = —%(I:+2S), (135)
where L is the orbital angular momentum operator, and the
factor of 2 in front of § accounts for the electron spin g-factor
(g5 = 2). The macroscopic electronic magnetization is then
obtained performing the appropriate expectation value of M,
resulting in a spin plus a orbital contribution:

M, (t) = M (1) + MP(1). (136)
In periodic systems, the situation is more nuanced. First,
total magnetization is not a conserved quantity because the

presence of the crystal lattice always breaks the continuous
rotational symmetry, which is the fundamental prerequisite

for the conservation of total angular momentum J = L. + §.
Because electrons effectively scatter off the discrete periodic
potential of the solid, the lattice exerts an effective torque that
couples the orbital angular momentum to the rigid structure
of the crystal [102]. The total angular momentum is never
conserved, even if spin is conserved and even in the absence
of SOC, due to the nonconservation of I.. In the presence of
SOC, neither S, nor L. or J are generally conserved in the
evolution. The spin contribution to the magnetization can be
evaluated as the spin trace over the electron density matrix:

MY =~ 3 T (1) 28]
k

= =52 Y P ® W8l . (137)

k,Ax

where V is the system volume. In the absence of coherences,
this expression reduces to the sum of individual quasiparticle
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contributions:

M) = =52 flew (0.0 o 28la) . (138)
Ak

The situation is more complicated for orbital magnetization,
as the naive bulk expectation value of L. = £xp cannot be
calculated due to the ill-defined position operator under peri-
odic boundary conditions. The expression obtained in modern
theory of magnetization reads, at thermodynamical equilib-
rium [147,148]:

Morb —

——I Z/Z o) Jir (O |

x (Hy + e — 200)| 0ty ) (139)

where p is the chemical potential and |uy;) represents the
periodic part of Bloch eigenstates. The generalization of or-
bital magnetization, Eq. (139), to the out-of equilibrium case
is nontrivial and represents an interesting avenue for future
work. For now, I neglect its contribution. The obtained expres-
sion for the electronic magnetization M,; correctly reduces
to the usual M, (¢) an[ kn — kﬁf] ii, in the collinear
case, and if the orbital contribution is neglected. The total
magnetization per unit cell should also include the magnon
contribution:

M(r) = M (?) + Mmag(t)9

where My, (#) represents the reduction in magnetization due
to the excitation of magnon modes. In the most general
case, the magnon creation operator [’j;s for a branch § at
momentum q is defined as a coherent linear combination of
multiband particle-hole pairs across all spin configurations

(a0 € {1, I}
EZS = Z ZAglotyg (k q) Ck+qnla Cknza ’

k,ny,n, ao’

(140)
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where AY'" (k, q) is the normalized magnon wave function
discussed earlier. To determine the net spin projection carried
by a single quantum of this collective mode, one considers the

expectation value of the total spin operator S:
Ms(q) = (S. qISIS. @) = (0lbgsS bl410) .

Under this definition, transverse spin-flip transitions (1— )
contribute a factor of —1, while any longitudinal mixing does
not contribute to the expectation value, reducing the effec-
tively carried spin. The magnon contribution to magnetization
is thus expressed as

(142)

2
Mue() = S = 3 Ms@DNgs(). (143)

q 4.5

If magnon excitations are purely transverse, each magnon
carries a AS* = —1 and Eq. (143) reduces to

BN Ns (0.

qu

mag(t) = _ZMBNmag(t (144)

In this limit, the model dynamics of Ref. [34] is recovered: fol-
lowing an external laser pump, minority electrons can scatter
to unoccupied majority states by emitting magnons through
an electron-magnon interaction [33,34,107]. Consequently,

M, (¢) increases as electrons flip from | to 1, and Ngs(1)
simultaneously increases, too. To conclude this discussion, I
note that I am neglecting possible contributions to magnetiza-
tion coming from chiral phonons [149].

A. Conservation properties of the equations of motion

I now briefly discuss the conservation properties of the
derived equations of motion. The Kadanoff-Baym equa-
tions are exact as long as the self-energy is treated as an exact
functional of the Green’s function, and the Baym-Kadanoff
theorem [150,151] guarantees that any ®-derivable approxi-
mation, ¥ = §® /3G, preserves the macroscopic conservation
laws. Here, it is not possible to formally inherit the con-
servation laws from the Baym-Kadanoff argument directly
due to the MGKBA form of the propagator and the Markov
approximation. Instead, conservation properties are more eas-
ily discussed by directly looking at the structure of the final
equations of Fig. 4.

The number of electrons is conserved: the coherent Rabi
term redistributes occupations but does not change the total
electron number, while each scattering process removes one
electron from (k 4+ q, A’) and adds one to (k, 1) at the same
rate, so that

- [-ph 1-
PO = 0= 0 =0
ki ki ki

identically. In the absence of spin-orbit coupling, spin is
a good quantum number, the electron Green’s function is
diagonal in spinor space, and (8?)y; = %/i/2 exactly. The
coherent evolution then conserves the total electronic spin,
since h?” possesses only 6° and 6% components and therefore
commutes with $2. The electron-phonon and electron-electron
collision integrals conserve spin separately. The electron-
magnon term does not: each process flips one electron from
minority to majority while creating one magnon (and vice-
versa for magnon absorption). The two contributions cancel
exactly, and the conserved quantity is

dsz,
ZNqs(t) —r=0
q qS

(145)

tol(t) - g,(l‘)— (146)

When spin-orbit coupling is present, the coherent term no
longer commutes with 8, since 4% acquires 6**Y components;
the electron-phonon and electron-electron vertices acquire
spin-flip matrix elements through the spinor structure of
the eigenstates, giving the Elliott-Yafet channels; and the
electron-magnon vertex is no longer purely transverse.

Within the Markov approximation, energy conservation
can only be studied in the quasiparticle sense. For the electron-
magnon scattering, each process transfers an energy exactly
equal to Qg5 from the electronic to the magnonic sub-
system, as enforced by the § function. Assuming for now
time-independent quasiparticle energies and summing the
corresponding contributions to the electron and boson equa-
tions of motion one obtains

el-mag mag-el
E 8kklk)L + § QqSIqS =0,
ki qS

and identically for the electron-phonon pair (1¢-Ph, Ph-¢/); the
electron-electron integral conserves the electronic energy on

(147)
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its own, due to the § function in the electron-electron collision
integral. The collision integrals therefore conserve the to-
tal quasiparticle energy E,, = Y\, €k fin + ZQv wQuiQy +
qu QqsNgs at frozen quasiparticle energies. It is important
to note that the quasiparticle energies are themselves time
dependent through the renormalizations discussed previously.
Quasiparticle energy conservation is then exact only in the
adiabatic limit in which the renormalizations vary slowly
compared with the collisional dynamics, which is the regime
in which the quasiparticle picture underlying the whole con-
struction is meaningful.

Finally, a property closely related to the above is that the
equations of motion of Fig. 4 possess the correct stationary
state. Each rate vanishes identically when the electronic occu-
pations are Fermi-Dirac and the bosonic ones Bose-Einstein at
a common temperature, guaranteeing that a thermalized final
state is stable.

XI. SPATIAL INHOMOGENEITY AND SPIN DIFFUSION

Following ultrafast laser excitation, spatial inhomogene-
ity is typically created in several physical quantities in the
magnetic system. This aspect is particularly relevant in the
case of ultrafast demagnetization, since it can, in principle,
lead to spin (super)diffusion [28]. Furthermore, assuming
the generation of a hot magnon population [33,34], magnon
diffusion could also play a role during magnetization recov-
ery. For this reason, it could be important to account for
laser-induced spatial inhomogeneity in electron, phonon, and
magnon dynamics. To this aim, the derivation outlined in
this paper could be straightforwardly extended to a spatially
inhomogeneous case through a gradient expansion of the
density matrix in the slow spatial variable R = "4™ in the
spatial Wigner representation, as outlined in Ref. [152], and
by deriving an inhomogeneous counterpart to the equations of
Fig. 4. Besides diffusion of out-of-equilibrium electrons,
phonon, and magnons, the effective magnetic field discussed
in Sec. IX would also acquire an explicit spatial dependence,
B?ff(k, R, t), causing the appearance of an effective force
acting on both magnons and electrons.

XII. TOWARDS A PRACTICAL IMPLEMENTATION
OF AB INITIO ELECTRON-MAGNON-PHONON
COUPLED DYNAMICS

I now discuss a practical approach towards the first-
principles implementation of the equations of motion pre-
sented in Fig. 4. Working in the Wannier basis, we showed
in Ref. [94] how equations of motion for coupled electrons
and phonons (and ions) can be practically solved. In order to
extend such a framework to the magnetic noncollinear case,
some extra steps need to be taken, illustrated below.

(1) Ground state electron quasiparticle energies are
needed for the magnetic equilibrium state. In metals,
Kohn-Sham eigenvalues may already represent a good
starting point [108]. These can be calculated through
any (noncollinear) magnetic density-functional theory
(DFT) implementation, for example, employing QUANTUM
ESPRESSO [153-155], or within many-body perturbation
theory in a static approximation (e.g., COHSEX) employing

any many-body perturbation theory code, for example,
yambo [156], in cases where this is needed (for example,
semiconductors).

(2) Phonon frequencies for the magnetic ground state must
be calculated, for example, employing the linear response
algorithm implemented within QUANTUM ESPRESSO [109] or
through finite differences methods.

(3) The Wannier interpolation procedure for the electron-
phonon coupling [157] must be extended to the noncollinear
magnetic case. This can be done, for example, start-
ing from the electron-phonon coupling calculation for the
noncollinear magnetic case, as implemented in QUANTUM
ESPRESSO [153-155].

(4) Optical dipole matrix elements for the magnetic non-
collinear case are needed, Eq. (4). These can be obtained, for
example, in the Kohn-Sham spin-orbital basis at DFT level.

(5) Electron-electron interaction matrix elements W in the
noncollinear magnetic case for metallic systems, through any
many body perturbation theory code, for example, yambo or
Berkeley GW [132,156,158].

(6) Magnon dispersions. Magnon frequencies in Fig. 4
are, in principle, time-dependent, however the time depen-
dence should be weak in metallic systems because it is
ultimately related to the time-dependent change in screen-
ing. Thus employing equilibrium (or linear response) magnon
frequencies should be a good approximation in metallic sys-
tems. In practice, magnon frequencies can be calculated either
within the TDDFT framework [159-162] or as a solution of
spin-flip BSE [125-131]. I note that the solution of the BSE
returns both the collective modes and the Stoner particle-hole
continuum; in practice the former can be identified by the
character of their eigenvectors, which are delocalized over
many particle-hole transitions and carry large spectral weight.
For a TDDFT calculation, the same separation must in-
stead be performed on Im x "~ (q, w) by fitting a Lorentzian
on a smooth background, which also provides the magnon
linewidth I'y.

(7) A practical way to calculate the electron-magnon cou-
pling, Eq. (61), from first principles. The coupling

M e (K Q) 0 > WM (@) AGE (K, q)  (148)

mymy

requires the knowledge of the statically screened interaction
W, which can be calculated at the RPA level as routinely
done in ab initio many-body perturbation theory, and the
magnon wave function, which is obtained through the solu-
tion of the BSE (see, e.g., Refs. [125-130]), neglecting the
residue Rq and renormalizing magnon eigenvectors so that
the magnetization sum rule Eq. (E12) is satisfied. Finally, the
electron-magnon coupling time dependence should be weak
in metals, since screening is not expected to change drastically
after photoexcitation, and could be neglected.

Since the magnon enters the final equations only through
its dispersion and its coupling to electrons, {245 may equiv-
alently be obtained from linear spin-wave theory applied
to a DFT-derived spin Hamiltonian, in close analogy with
the treatment of phonons, provided the electron-magnon
coupling, which involves the itinerant states and is not con-
tained in a localized-spin model, is supplied independently,
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for instance as the matrix element of the exchange—correlation
magnetic field variation induced by the mode (q, S):

my (K, @) = (Vkiqrl AgqsBxe - 6 Vi)

A possible strategy to obtain an approximated time-dependent
renormalization of magnon frequencies without having to
solve the BSE many times during the dynamics, would be
to operate in analogy to what discussed in Ref. [94] for
phonon frequencies, practically useful is the electron-magnon
coupling can be approximated as time-independent. In the
adiabatic approximation, the electronic screening contribution
to the magnon mode S at a specific time ¢ is governed by
the time-local electron-hole polarization bubble H“q’s(t). At
Kohn-Sham level,

(149)

1 2
HS,S(I) _ dk mS /(k, q5 t) P
o @ Jo, ;’ AN |
1) — fr_aqv(t
y [w } (150)
fin ~ Ckqn

where P denotes the Cauchy principal value, and 81135 repre-
sents the ground-state Kohn-Sham electronic eigenvalues. The
transient self-energy correction § I'I(Sl(t) is defined by subtract-
ing the equilibrium contribution:

SIS () = MyS () — T2 (0), (151)
thus isolating the time-dependent part. The time-dependent
renormalized magnon frequency Qfl(t) is evolved by adding
this correction directly to equilibrium magnon dispersion
Qg(O), calculated just once:

Q5 (1) = 5(0) + Re[8TT (1)) (152)
If the electron-magnon coupling can be approximated as time
independent, |m§/\ Kk, q,1)|> =~ |m‘§l, (k, q)|, only states close
to the Fermi level, where occupations vary, contribute to the
correction in Eq. (151), making this expression practically
useful.

More elaborate simulation schemes could include magnon-
phonon scattering. Matrix elements could be calculated either
in the scheme proposed in Ref. [126] or in the one presented
in Ref. [163]. Finally, the implementation could be coupled
to a Boltzmann equation solver [164-166] to treat spatially
inhomogeneous systems and describe an inhomogeneous spin
dynamics.

XIII. SOLUTION OF THE EQUATIONS OF MOTION
FOR A SIMPLE MODEL SYSTEM

The derivation presented so far leads to the closed set of
equations of motion summarized in Fig. 4 for the electron
density matrix, the magnon occupations and the phonon oc-
cupations. To illustrate their physics, I present the solution
of the equations in Fig. 4 in real time for a minimal model.
The considered model system is a one-dimensional chain with
two orbitals (n = 1, 2) and two spin projections, i.e. four spin-
orbitals {k, A} per crystal momentum, sampled on N; = 256

TABLE 1. Model parameters, with energies in eV, time in fs.
The contact interaction W,. enters the SEX renormalization and, in
Appendix G, the electron-electron collisions.

Symbol Value
Orbital energies €], € 0.00, 0.70
Hoppings t, b 0.15,0.12
Exchange field Aex 0.25
Spin-orbit coupling Aso 0.09
Initial temperature kT 0.035
Magnon gap, dispersion Qo, D 0.08, 0.16
Electron-magnon mgy 0.10
Phonon energies Wopt> Wac 0.055, < 0.040
Electron-phonon Zopts ac 0.075, 0.060
Electron-electron Wee 0.50
Pump hwy, o,, peak 0.60, 10, 0.030
Grid, broadening N, 1 256, 0.008

points. The single-particle Hamiltonian is

’ A A A T A
Iy () = [€n — 2t cOS K] Ggpy Su = —= G S +s0 £ 5

(153)

where 7 are Pauli matrices acting in the orbital space. The
second term is a collinear exchange field producing the equi-
librium spin splitting, while the third term plays the role of the
spin-orbit Hamiltonian: it does not commute with 67, so that
no spin projection is a good quantum number. Orbital 1 is par-
tially filled and carries the magnetization; orbital 2 is empty
at t+ = 0 and acts as the target of the optical excitation. With
the parameters of Table I the ground state is ferromagnetic,
withny = 0.659 and ny = 0.372 electrons per unit cell, a spin
polarization ($?) = 0.143, and a band splitting of 0.241 eV.

A single magnon branch is assumed, with equilibrium dis-
persion 2, = Qo + D(1 — cos q), where Q is a gap opened
by the spin-orbit interaction. Two phonon branches are in-
cluded, one dispersionless and one acoustic-like.

All couplings are taken to be constant and purely charge-
like, i.e. proportional to &9, in the {n, a} basis. Their entire
spin structure in the spin-orbital basis is generated by the
unitary transformation U**. The electron-magnon vertex is
taken in the purely transverse form, in which the emission of
a magnon is accompanied by a minority-to-majority electron
spin flip.

The system is driven out of equilibrium by a laser term,
with a Gaussian envelope of standard deviation 10 fs (FWHM
23.5 fs) centered at t = 40 fs, and a photon energy of 0.6 eV,
slightly below the 1 — 2 interorbital transitions, which are
reached through the spectral width of the pulse. All parame-
ters are collected in Table 1.

A. Numerical solution

The full set of Fig. 4 is propagated with a fourth-order
Runge-Kutta scheme: the electron density matrix including
its band off-diagonal components, with the dephasing rates,
the magnon occupations Nys(?) and the phonon occupations
no,(t). The quasiparticle Hamiltonian is updated at every
step, including the screened-exchange renormalization in its
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FIG. 5. Spin magnetization dynamics in the first 150 fs for the considered model system: coherent and incoherent contributions (a) and

role of SOC (b). The gray area in (a) shows the pump envelope.

band-diagonal and band off-diagonal parts, and the singular
contributions of the GT and Fan-Migdal self-energies. The
magnon frequencies are renormalized adiabatically accord-
ing to Eq. (152). The electron-phonon and electron-magnon
collisional terms are included, while the electron-electron col-
lisions are here neglected; their inclusion is studied (out of
convergence) in Appendix G.

Two numerical remarks are in order. First, the energy-
conserving § functions appearing in the collision integrals are
represented by Gaussians of width n. On a finite grid n must
exceed the level spacing, while detailed balance requires n <
kgT and n <K Q45, wg,; both conditions are met by the values
in Table I. Second, the collision integrals are re-evaluated
every few femtoseconds as the quasiparticle energies drift.

Finally, the results are converged with respect to the
sampling: at + = 300 fs the demagnetization is M/M(0) =
0.877 with N, = 256 (n = 8 meV) and 0.871 with N, = 384
(n = 6 meV), a change of less than 1%.

B. Results

Figures 5 and 6 summarize the main results of the model
calculation.

In Fig. 5, the electronic magnetization is decomposed into
its band-diagonal and band off-diagonal contributions [panel
(a)]. The off-diagonal term, carried by the electronic polar-
izations py;,, is the coherent magnetization channel: it builds
up while the pulse is on, oscillates on the timescale set by
the driving field, and saturates once the polarizations have
dephased. This is the same contribution that is responsible
for the coherent magnetization dynamics obtained in real-
time TDDFT simulations [24-26]. In the present model, its
magnitude is small, of the order of 1% of the equilibrium mo-
ment, against a total demagnetization exceeding 20% at 800
fs; the incoherent channel therefore dominates the long-time
evolution, although this balance is model- and parameter-
dependent and no general conclusion should be drawn from
it. Figure 5(b) shows that this contribution vanishes when
the spin-orbit coupling is switched off. This is expected: for
Aso = 0, when 8¢ is diagonal in the {k, A} basis, and there is
no off-diagonal matrix element for the polarizations to couple
to. In Fig. 6, additional information is reported.

(1) Carrier dynamics. The pump creates a polarization
between the two orbitals which decays on the timescale set
by the dephasing rates, leaving a hot carrier distribution
[Fig. 6(e)] that subsequently relaxes by emitting magnons
and phonons. After the pulse, the photoexcited electrons are
found mainly in the majority antibonding band, while the
holes below the Fermi level are mostly in the minority band.

(i1) The two demagnetization channels operate in com-
bination. This is shown in Fig. 6(b). Setting Aso = 0, the
magnon population still roughly doubles under the pump,
but the total moment M = M + My,,s remains substantially
constant: within the electron-magnon channel alone, angular
momentum is transferred from the itinerant electrons to the
magnon bath, and no demagnetization occurs, as expected.
Conversely, retaining the spin-orbit coupling but switching
off the electron-magnon vertex (my = 0) produces a change
of the moment of 2% over the whole simulated window.
Only when both channels are active does the moment decrease
appreciably, by 20% within about 600 fs. The mechanism,
visible in Fig. 6(a), is that magnon emission overpolarizes
the itinerant electrons, AM > 0, and the excess spin polar-
ization is subsequently removed by the spin-orbit-mediated
Elliott-Yafet channels, which transfer angular momentum to
the lattice.

(iii) Time-dependent effective magnetic field. The renormal-
ization of the magnetic components of 497 is dominated by the
screened-exchange term, which is considerably larger than the
contribution of the singular GT and Fan-Migdal self-energies
with this choice of parameters [Fig. 6(d)]. In the present
model, the exchange splitting increases during the dynamics,
following the increase of the itinerant spin polarization.

(iv) Nonthermal magnon distribution. The magnon occu-
pations [Fig. 6(f)] develop a nonthermal profile within the
first ~50 fs, reflecting the phase space available for electron-
magnon scattering at the relevant carrier energies, and
subsequently tend to relax towards lower energy magnons.
Below g. >~ 0.15 7 /a, the magnon occupations remain at their
equilibrium value at all times, and a sharp onset is visible at
q.- This threshold is of kinematic origin: the electron-magnon
vertex connects minority states at k + g with majority states
at k, so that energy conservation requires 2, = &ryq| — €+,
and these spin-flip energies are bounded from below by
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FIG. 6. Solution of the coupled equations of Fig. 4 for the model of

Sec. XIII. (a) Change of the electronic and magnonic contributions

to the magnetization, and of the total magnetization, normalized to the equilibrium value. (b) Total magnetization for the full calculation, for
Aso = 0, for my = 0, and for the unpumped system (dotted). (c) Total magnon and phonon populations, N(#) = > 4N (t), normalized to their
equilibrium values; dotted lines are the corresponding unpumped baselines. (d) Change of the exchange splitting, § A, i.e., renormalization of
the 6 component of the quasiparticle Hamiltonian, from the SEX, GT and Fan-Migdal (FM) terms. (e) Band structure of the model, colored
by the pump-induced change of the occupations, fi, (t) — fii(0), at + = 100 fs (red: electrons, blue: holes); arrows mark the majority and
minority character of the bands. (f) Magnon occupations across the Brillouin zone at selected times; the dashed line marks the threshold ¢, at
which the magnon branch enters the spin-flip Stoner continuum. In (a)—(d), the gray band marks the pump pulse.

Aex — 4ty sin(g/2) for Aso = 0. Since the exchange splitting
exceeds the magnon gap, at long wavelength the magnon
branch lies below this Stoner continuum and enters it
only at ¢g., as is the case for long-wavelength magnons
in itinerant ferromagnets. For ¢ < ¢., no energy-conserving
electron-magnon process exists, and, in the absence of
magnon-magnon and magnon-phonon scattering, these modes
do not take part in the dynamics. Figure 7 better illustrates the
argument: the magnon branch lies below the Stoner contin-
uum of the partially filled band at long wavelength and enters
it at g. ~ 0.157 /a. A second weaker channel opens at g ~
0.6 7w /a, where 2, reaches the interband spin-flip transitions
allowed by the spin-orbit coupling; this is the origin of the
small structure visible around this value in Fig. 6(f).

(v) Absence of recovery. No recovery of the magnetization
is observed on the simulated timescale. This is the expected
combined consequence of both the relatively short simulation
time and the neglect of magnon-phonon coupling: without
it, the angular momentum stored in the magnon bath has no
channel to return to the electronic system, and the magnon
population can only relax by reabsorption.

214429-

C. Conservation laws and convergence

The calculation also provides a numerical verification of
the conservation properties discussed above for the equa-
tions in Fig. 4. Indeed,

(1) The total electron number is numerically conserved over
the entire trajectory.

(ii) In the absence of spin-orbit coupling, the total spin is
numerically conserved over the trajectory.

(iii) Energy is conserved by the collision integrals at
fixed quasiparticle energies, with the caveat that the Gaussian
representation of the § functions violates detailed balance,
producing a slow spurious heating, which tends to become
zero at infinitesimal broadening; the baselines, realized with-
out laser and shown as dotted lines in Figs. 6(b) and 6(c),
allow it to be assessed directly.

XIV. CONCLUSIONS

In this work, I have presented an ab initio framework
based on the Kadanoff-Baym equations in spinor space, where
coherent and incoherent ultrafast magnetic dynamics can be
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treated on equal footing. Within well-defined approximations,
I demonstrate the formal emergence of collective magnons
and detail the structural modifications required in the scat-
tering integrals relative to the standard nonmagnetic case.
Furthermore, I outline how this formalism can be practically
implemented in a first-principles computational workflow to
yield a tractable set of equations. Importantly, within this
framework it is possible to describe both the incoherent de-
magnetization regime, typically discussed in the literature
employing electron-phonon-spin scattering models, and the
TDDFT approach employed for coherent dynamics. I discuss
these features through the explicit numerical solution of a
minimal model, which captures the fundamental physics pre-
sented in this work. Ultimately, this work provides a robust
foundation for fully predictive calculations, which will be
instrumental in identifying the dominant microscopic mech-
anisms driving femtomagnetic dynamics in a wide range of
experimental scenarios.

ACKNOWLEDGMENTS

I acknowledge useful discussions with Stefano Mo-
catti, Matteo Calandra, and Pierluigi Cudazzo. This work
was funded by the European Union (ERC, DELIGHT,
101052708).

Views and opinions expressed are, however, those of the
author(s) only and do not necessarily reflect those of the
European Union or the European Research Council. Neither
the European Union nor the granting authority can be held
responsible for them.

DATA AVAILABILITY

The software employed to obtain the results presented in
this work will be made available on Ref. [167].

APPENDIX A: RELATIVISTIC SINGLE-PARTICLE TERMS
IN THE HAMILTONIAN

Here I briefly introduce the relativistic single-particle terms
that T include in the Hamiltonian. Formally, the additional
relativistic single-particle terms which I include in this work
emerge from a second-order expansion in powers of v/c of
the Dirac equation for the free electron [109,110,155]:

A% =p* + V(&) + Hp + Hp + Hso (A1)

The scalar relativistic mass velocity term H,, and the Dar-
win term Hp represent trivial additions to the nonrelativistic
Hamiltonian, being proportional to the identity in spinor
space. Conversely, the SOC Hamiltonian Hso possesses a
more complex spin structure, Hso L-S [109,110]. To un-
derstand why, it is convenient to represent any single-particle
operator as a 2x2 matrix acting in the spin-1/2 Hilbert space,
span {|1) , [{)}, which can be expressed in the complete basis
constituted by the identity plus Pauli matrices:

A= > a6

I1=0,x,y,z

(A2)

Here, A; are scalars (or operators acting in other spaces),
6 is the I, identity and 6**% are Pauli matrices. In the
absence of SOC, all the ab initio Hamiltonian terms only
possess the “charge” component proportional to the identity
69. Thus, in the absence of spontaneous symmetry breaking,
both the electron Green’s function and self-energy are propor-
tional to the identity, and the usual scalar spinless treatment
is possible. Clearly, both the electron Green’s function and
self-energy can still acquire nonzero 6*¥* components in
broken-symmetry magnetic states or in the presence of an
external magnetic field, even if SOC is absent.

APPENDIX B: KADANOFF-BAYM EQUATIONS IN SPINOR
SPACE, SPIN MATRICES ON THE CONTOUR
AND LANGRETH RULES

The electronic Green’s function satisfies the contour Dyson
equation in left or right form [111,152]

Gup(1,2)
= Go,u(1,2) + Go oy (1,3)X,,(3,4)Gyp(4,2) Gup(l,2)
= Goap(1,2) + Guy(1,3)%,,(3,4)Go5(4,2),  (B1)

where Greek letters are spin indices, repeated spin indices
are summed over, indicating a matrix multiplication in spinor
space, and repeated coordinates are integrated over when they
do not appear on both sides of the equation. From the contour
Dyson’s equation in the left form it is possible to employ the
Langreth rules in spinor space to formulate the Keldysh equa-
tion for the lesser/greater parts of the electronic propagator:

G5,(1.2) = Gy o5(1.2) + GR . (1,3)ZR (3,4)G5,(4,2)
+ G, (1,3)35,3,4)G)s(4,2)

+ Gy, (13T, (3, 4)Giy(4,2),

0.y (B2)

where the time integration is understood on the real axis. In or-
der to obtain the Kadanoff-Baym equations for the electronic
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propagator, I first define the inverse single-particle propagator
G, ! through:

ay Go,yp(1,2) = 8(r; —12)8(z1 — 22)808, B3)

where 1 introduced a quasiparticle electron Hamiltonian
that absorbs the singular (time-local) part of the electron
self-energy, HY = 1-73;; + % s> see also the discussions in
Refs. [68,94], V, is the gradient with respect to coordinate
r;. The explicit form for the inverse single-particle bare prop-
agator G;' is thus

Go_,élﬂ = [iaZI — H(ry, —iV), 24 )]ay

= i0, 80y + Y H(21)6,,. (B4)
1

where the I index runs over 0, x, y, z. I apply it from the left to
the Keldysh equation, Eq. (B2), obtaining the Kadanoff-Baym
equations for the electron Green’s function in the spinor case:
S

<
ayGo(1,2) = 25 (1,3)Gy

(3.2) + 25,(1,3)GA4(3, 2);
ol ~ &
G5, (1,2)[=id, — A (r2, =iV, )]

=GR (1.3)55,(3,2) + G5,(1,3)Z4,(3.2), (B5)

where the second equation has been obtained by the same
procedure but operating on the right form of the Dyson equa-
tion, and the arrow over the time derivative and gradient
implies that they act from the right. Subtracting the second
equation from the first one in Egs. (B5), I obtain

& A e
“VGfﬂ(l’ 2) - G5, (1, )[=id, — H™(rs, =iV, tz)]yﬂ

= 38 (1,3)G,(3.2) + 35,(1.3)G) (3. 2)

an np an n
+ G4 (1, 3)2,%3(3, 2)+ Gfﬂ(l, 3)50,(3.2).  (B6)
The evolution of the single-particle density matrix p is then
obtained by operating the #, — ¢ limit on the equation for
the G= (or G”) component in Eq. (B6), and employing the
explicit expression of retarded and advanced components in
terms of the lesser and greater ones:

Gf(1,2) =6(11 — )G (1,2) — G=(1,2)]
GA(1,2) = —0(t, —1)IG™(1,2) — G=(1,2)],  (B7)
finally arriving at the result:
i0,Gg(1,2) + [H?(x, =iV, 1), G=(1,2)]up

= —[Zgy(l, 3)G;ﬁ(3, 2) — Z;y(l, 3)G;ﬂ(3, 2)] + H.c.
(BY)
with t = | = 1, and the understanding that H9P acts on coor-
dinate 1 from the right and on coordinate 2 from the left, while
H.c. represents the Hermitian conjugate.

A generic scalar function on the contour takes the form
[168]

F(1,2) =6(z1,22)F 7 (1,2) + 0(22, z)F =(1, 2)
+ Fo(ry, 12, 21)8(z1 — 22). (B9)

The same decomposition can be applied to a spin matrix prop-
agator living in the contour, since the decomposition holds

componentwise:

F(1,2) = 0(z1,22)F7(1,2) + (22, z)F~(1, 2)

+F(r1, 12, 21)8(z1 — 22). (B10)
The retarded and advanced components are given by
FRA,2) = 40(xt F¢H[F=(1,2) — F~(1,2)]
+ Fo(ry, 12, 1)8(t) — 1), (B11)
and equivalently for the spin matrices:
FRA(1,2) = 26(xt F)H[F=(1,2) — F (1, 2)]
+F(ry, 12, 1)8(t — 12). (B12)

The Langreth theorem allows one to relate products of two
contour-ordered functions of the form [139,152,169]

c(1,1)= /dZA(l, 2)B(2,1) (B13)
to real-time integrals, involving the real-time components of
A and B. In the spinor case, the same logic can be applied,
since the contour structure is the same as for the spinless case.

Having in mind the same product structure in time, space, and
spins, the product function Cyg

Cap(1,1) = Z/dZAay(l,z)Bm(z, 1) (B14)
Y

obeys the same Langreth rules as in the spinless case since
each term y of the sum trivially does.

APPENDIX C: LINK TO THE PERTURBATIVE
EXPANSION IN THE TIME-LOCAL SCREENED
COULOMB INTERACTION

An alternative point of view that we adopted in Ref. [94]
is to interpret the electron self-energy part originating from
the electron-electron interaction in terms of the time-local (or
statically) screened interaction W;. Here, I will suppress the
local time dependence of W, for simplicity. The starting point
is the exact Dyson equation for the dynamically screened
Coulomb interaction W (q, w),

W(q, w) = v(q) + v(q) I[1(q, ®) W(q, ®), (C1)

where v(q) = €?/g9q” is the bare Coulomb interaction and
I1(q, w) is the irreducible polarizability. I decompose the
polarizability into its static value and a frequency-dependent
remainder:

I(q, w) = T5(q) + 811(q, ),  Ts(q) = I(q, 0), (C2)

so that §T1(q, 0) = 0 by construction. The static polarizability
I1; alone generates its own Dyson equation:

v(q)

Wi(q) = v(q) + v(q) IT,(q) Wi(q) = T— (@ L)
(o))

which defines the statically screened (time-local) Coulomb
interaction W;(q). Its inverse reads

v (@) =W, (@) + T,(q). (C4)
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Substituting the decomposition of IT back into the full Dyson
equation,

W =v+ vl 4+ 8IDW = v + vII,W 4+ vSIIW, (C5)

and using W' = v=! — TI; to identify v + vII;W; = W, one
can write

W =W, + W, éI1(w)W. (Co)

This is a new Dyson equation with W; playing the role of the
“bare” propagator and SIT as the effective interaction kernel.
Formally iterating it, I write

W(q, w) = Ws(Q)Z[(SH(% ) W(@)1", (€7
n=0

which is an expansion in powers of the dynamic part of the
screening, §I1, with all static screening already contained into
W;. The electron self-energy in the GW approximation is
¥ = iGW. Replacing W by the expansion above and retaining
terms up to second order in Wy corresponds to only keep the
first two terms of the series, i.e., W ~ W, + W, §T1W,, so

d /
O, r;w) = i/ Z_w G, r';o — o )Wy(r,r'), (C8)
T

/

2) ’ . dw / /
Y rew)=1] — G, rio— o)
2

x / d*ri d’ry Wi(r, 1))

x 8TI(ry, 123 ") Wi(ra, ). (€9

Equation (C8) constitutes an instantaneous (static) quasipar-
ticle energy renormalization, while Eq. (C9) carries the full
frequency dependence of §I1 and therefore contains retar-
dation effects and inelastic scattering processes through the
collision integrals. I note that no approximation has been
made in splitting IT or resumming IT;. The advantage is
twofold. First, the leading-order term X! already contains
the dominant long-range Coulomb screening captured by
W;, so the perturbative corrections in §I1 are small in the
weakly correlated limit. Second, because §I1(q, 0) = 0, the
second-order contribution X® contributes to finite-frequency
processes only. Finally, in practice, one replaces the full
81T by its RPA independent particle form and evaluates G
at the quasiparticle level, obtaining the direct second-Born
self-energy diagram employed here and in Ref. [94]. In this
approximation, the diagram in Eq. (C9) is the same second-
order diagram contained in the GT self-energy, with a T
matrix built employing a time-local interaction W, as in the
main text.

APPENDIX D: DOUBLE COUNTING
IN THE GW+GT SCHEME

The proposed electron self-energy scheme combines two
distinct contributions in the scattering integral: an explicit
second-Born term appearing from the GW self-energy expan-
sion in terms of the static interaction, and which accounts for
electron-electron scattering, and a 7 matrix self-energy from
which I retain only the coherent magnon-pole contribution,
explicitly discarding the incoherent particle-hole continuum.

In this Appendix, I discuss if and under what conditions
this scheme is physically consistent. A desirable feature
of the self-energy is & derivability. A fully &-derivable
scheme [57,58,139] requires that all self-energy contributions
be obtained as functional derivatives of a single Luttinger-
Ward functional ®[G],
b s D1
- 8G’ O

which guarantees conservation laws and the absence of
double-counting by construction. While ®-derivability is a
property of both self-consistent GW or GT schemes [151], it
is not guaranteed in any scheme that combines them; indeed,
the GW+GT scheme suffers from the double counting of the
second Born direct diagram even when considering a static (or
time-local) interaction W, as mentioned in the main text and
discussed in previous Appendix C. The magnon pole arises
from the full resummation of the ladder series, thus represent-
ing a nonperturbative object that cannot be generated by any
finite-order truncation of the ladder series, and therefore the
second-Born diagram does not directly contribute to the pole.
Nevertheless, the quantitative values of magnon frequency
and electron-magnon coupling do depend on the inclusion of
finite-order diagrams in the 7" matrix. This indirect renormal-
ization is physical and does not constitute double counting.
Close to the magnon pole, the 7' matrix takes the form

T(q,w — Q4) , (D2)
where 4 is the real magnon frequency, and I explicitly
separated the magnon linewidth acquired due to Landau
damping,I’q and mg is the electron-magnon coupling constant.
The spectral decomposition into a coherent magnon pole and
an incoherent continuum is only exact in the limit of vanish-
ing magnon damping, I'y — 0, and constitutes a controlled
approximation only when

lug,

2q
This condition is obviously satisfied in the long-wavelength
limit ¢ — 0, where the magnon frequency is well below the
Stoner continuum, and the magnon is a sharp quasiparticle.
At intermediate wavevectors, as the magnon dispersion ap-
proaches the boundary of the Stoner continuum, I'q grows
and the condition (D3) is progressively less well satisfied.
In this regime the magnon is broadened, and found on top
of the continuum background; as a consequence, the pole
and continuum contributions to 7 are no longer spectrally
separated, rather they overlap, making the decomposition only
approximate. Even when the magnon frequency intersects the
continuum, I keep assuming the magnon pole in the 7" matrix
pole decomposition as purely real, and discard the imagi-
nary part, in the spirit of the quasiparticle approximation.
This is similar to how phonons are treated in Eliashberg the-
ory [170]: phonons can, in principle, decay into electron-hole
pairs (damping), yet the theory is formulated as if the phonon
is a sharp mode, with the justification that I'y < wp in the
regime of interest. The error incurred by treating the mode as
sharp is of relative order I'y/€2q and is therefore controlled
by the same small parameter that defines the quasiparticle

(D3)
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regime. I make the same approximation here for magnons,
with the understanding that its regime of validity should be
controlled for any practical application.

I note that this argument establishes the absence of overlap
between the two terms that are retained, and not ®-derivability
of the combined scheme: the separation achieved is between
spectral regions of the T matrix, rather than between disjoint
classes of diagrams.

APPENDIX E: RELATION BETWEEN THE GT
SELF-ENERGY AND TRANSVERSE SUSCEPTIBILITY

In order to make an explicit connection between the present
treatment of the electron-magnon interaction and the dis-
cussions in the context of the Hubbard model [114], I now
examine the fundamental relationship between the GT self-
energy obtained in Eq. (71) and the transverse susceptibility
obtained in linear response theory. I will consider the collinear
case for simplicity. In the second quantization formalism, the
transverse spin operators for a certain state i can be defined
from the electronic creation (¢7) and annihilation (¢) opera-
tors. Namely, the spin-raising operator S‘f’ and spin-lowering
operator S - are defined as

A A

St=elen. 8 =¢ e (E1)

L

These operators satisfy the commutation relation [3;r , S‘j_] =
26;;8%, where

§ = %@hen —ef e (E2)
In the collinear case, the net spin magnetization of the system
along z is the ground-state expectation value of the longi-
tudinal component: M, = 2up( SZ = Up Z (f” fiw). To
make the connection with collective excitations (magnons)
with a specific momentum q in periodic systems, I define the
generalized spin-flip operator from the Fourier transform of
§*. In a multiband system:

R T
e Z Ck+q.np Ckomi - (E3)

Kk,n,m

The magnon state |S, ) can be seen as a superposition of these
transitions, weighted by the magnon amplitudes Ag" | (k, q):

A (&, Q) = (01] 4oy ey 1S, @) (E4)

Spin-raising and spin-lowering operators are connected to
the transverse spin susceptibility x;_(q,t), which describes
the linear response of the spin system and is defined as the
retarded correlation function of the spin-raising and spin-
lowering operators [160,161,171]:

X+-(q, T) = =if()(O[[S, (1), $7,(0)]|0),  (ES)

where |0) represents the magnetic ground state. I insert a com-
plete set of excited states I = ) ¢ IS, q) (S, g/, and consider its
Lehmann representation, which in the case of isolated poles is
written:

S, q|8%,10)2

(S,
— ’ = T A~C . e E6
X+-(q, ) ;w_gfﬁm (E6)

where Qz is the frequency of the Sth magnon branch. The
numerator represents the spectral weight of the mode, indicat-
ing how strongly the external probe couples to that specific
collective excitation. In the 7 matrix framework discussed in
the main text, the magnon amplitudes Ag represent transition
density between the ground state and the excited state [172].
Specifically, the matrix element in the numerator of Eq. (E6)
is the sum over all particle-hole transitions:

(S, Q1874100 = > (S, Q1) _g 1 Grmy 10)
k,n,m
=Y [Ay k@] =45@. @D
k,n,m

In the exact Lehmann representation of Eq. (E6), the residue
of an isolated delta-peak is simply given by |As(q)|>. How-
ever, when considering the full response function, poles can
intersect the Stoner continuum and, as for the case of the T
matrix, it is convenient to separate a magnon pole contribution
from the Stoner continuum:

|AS(Q)|2R3 £ .
E ——— + x{7(q, w). (E8)
W= Qg +in

s\ !
=|(z) <
present at each pole, such that the total pole spectral weight
becomes |A5(q)|2Ri.

I discussed in the main text how the GT self-energy in
this approximation has the following form in terms of the

electronic Green’s function G and the magnon propagator Dg:

X+-(q, w) =

A quasiparticle residue Rﬁ 1 will generally be

n n . 145} 2
e (1) = —i / quG,ﬁ 2 (O] e (K, @) Dy s(T).

(E9)
In order to form an explicit connection with models of
itinerant ferromagnetism [114], I assume a k- and band-
independent interaction, i.e., Wlflk"/?m‘m(q )y~ W(q,rf). By
identifying the magnon spectral weight ZS |As(Q)1*Rq
(where Rq is the residue), one can relate the 1nterna1 summa-
tion in the self-energy to the transverse susceptibility y_:

S

Z,
Z Im® (K, @)’ Dy,s() ~ |W(q. 1)> Z o _qQS
s

q

= |W<q,t>|2x.‘;‘i“<q, ). (E10)
Further assuming a time- and q-independent interaction and
summing over all magnon modes, one recovers the GT ex-
pression of Ref. [114]:

U2 / / /
207 () ~ Wfdw > Gug(@ — 0)xs—(q. ). (E11)
q

where N is the number of unit cells, normalizing the discrete
q sum. The connection to magnetization M is rooted in the
sum rule for the transverse spectral function A;_(q, w) =
—%ImXJr,(q, ). Integrating over all frequencies gives
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the sum rule [161]:

00 tot

/ A (g, 0)do = (OIS, $74110) = 2(87) = ==,
S Vv

(E12)

where M*" is the magnetization (assuming as usual that the

quantization axis is z), and noting that the commutator S‘;r and

S‘; evaluates to

IS, Sgl =285 _¢- (E13)
Clearly, both localized poles and the Stoner continuum will
generally contribute to the integral in Eq. (E12), but it is
typically reasonable to assume that the pole contribution
dominates the integral for localized systems. In this limit,
the spectrum of x is reduced to a sum of delta functions
(or Lorentzians L of linewidth n):

Comparing this result to Eq. (E12) one finds, independently
from q:

Mtot

S __
XS:Zq_ ‘;

APPENDIX F: SYMMETRY OF THE
MAGNON PROPAGATOR

(E15)

I wish to verify the fundamental symmetry relation for the
transverse magnon propagator DI;""’N(q, f, ) in a collinear
ferromagnetic system [Eq. (80) in the main text]:

DN E, w) = [Dygt (. —w)] (F1)

I assume the system is in a nonequilibrium state characterized
by a slow center-of-mass time 7, and a relative time t = t; —
which has been Fourier transformed into the frequency do-
main (w). I thus start from the retarded equation for the T

Ay (q, w) ~ Zz;jL(w - Q5 ). (E14)  matrix:
S
|
Ty (k, K, . 7, @) = Wil (q, F) + Wi ™™ (g, DK™ (K, g, 7, o) T (K K q. T w),  (F2)

where the instantaneous, spin-independent screened interaction matrix element is

Wi (@, 1) = W lho (@, 1) = / drdr’ Yig o OV e OW @, T DV g oo () Vg e (1), (F3)

W (r — 1/, 1) is defined in Eq. (27), and I recall that in this case the {«, &’} dependence is suppressed in W when the interaction is
assumed to be proportional to the identity in spinor space. Exchanging r and r’, one easily verifies that the following relationship

holds:

(W™ @0

Next, I examine the symmetry properties of the retarded noninteracting particle-hole propagator K

=Wy (—a. D). (F4)

R, mymymsmy (y,1/
ou;z’ (k

,q, ,w). In the

transverse channel, the retarded propagator KX is constructed from single-particle Green’s functions with opposite spin:

[ do

R, e R, - / s 2
K"K, q, 1, 0) = —i ey Gk,;"o‘[m @, G

k+q,0'0’

k,aa k+q.a’a’

_ do' _ _
7.0 +w)—i / 2‘; G (F, @ YGA™™ (7 ol + @), (FS)

Noting that [GR]* = G and that [G<]* = —G~, it s straightforward to verify that the particle-hole retarded propagator possesses

the following structural symmetry property:

K(f[;’:"’llﬂzmﬁalﬂzx (K, q, f,w) = [Koljgmmsmzml k+q, —q, 7. _w)]* (F6)

By exchanging particle and hole and considering the right form of the 7 matrix self-consistent equation, the self-consistent 7

matrix equation reads:

TRmmmm (k4 q, K +q, —q, F, —)

— Talfl;n4n3n14m3 (k// +q, K + q. —q, l‘_, _w)K§£14m3n12m1 (k + q, —q, t_, _w)szmlnznl (_q’ t_) 4 W armnam (_q’ t_) (F7)

k+q.k"+q k+q.k'+q

Applying the complex conjugation and employing the properties in Eqs. (F4) and (F6), it is immediate to find the following

relationship for the 7 matrix:

(75" (k4 4. K + 4. —q. 7, —0)]" = T5"""" (k. K, q.7, ) (F8)

This relationship, together with the pole decomposition, Eq. (62), finally gives:

Z m:fn]’a/a (k + q, —q, t_)m;’glzn[,a’ot(k/ =+ q, —q, ZT) _ Z mg]ilz,aa/ (ks q, f)m;gl]*nz,oto(/ (k/’ q, ZT)

R —w — Q¥(F) — in

(F9)

S w— Qe () +in

which has to hold separately for each pole to be true at any frequency, thus demonstrating Eq. (80).
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with e-e collisions
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FIG. 8. Solution of the coupled equations of Fig. 4 for the model system with N, = 16, with (top row) and without (bottom row) electron-
electron collisions. (a),(d) Electronic, magnonic, and total changes of the magnetization, normalized to the equilibrium value. (b),(e) Total
magnetization for the full calculation, for Ago = 0, for my = 0, and for the unpumped system (dotted). (c),(f) Total magnon and phonon
populations normalized to their equilibrium values; dotted lines are the unpumped baselines. The gray band marks the pump pulse.

APPENDIX G: EFFECT OF ELECTRON-ELECTRON
INTERACTION IN THE MODEL CALCULATION

The calculations shown in Sec. XIII neglected the electron-
electron collision integral, as its evaluation scales as N,f and
is incompatible with the sampling required to converge the
electron-boson channels. To assess its effect, in this Ap-
pendix I compare calculations performed with and without
I°¢! on a coarse grid, Ny = 16, where both are affordable
and the results are still qualitatively comparable to the ones
obtained at convergence in the main text.

The comparison is shown in Fig. 8, where a calculation
including electron-electron collisions (top row) is compared to
a calculation without it (bottom row). While the inclusion of
the electron-electron collision integral does not qualitatively
change the dynamics, it does have an evident quantitative
effect, reducing the net demagnetization in the first 200 fs
by a factor of four. The mechanism is the following: carrier-
carrier scattering redistributes the energy deposited by the
pump within the electronic subsystem on a timescale shorter
than that of magnon emission, so that the photoexcited distri-

bution thermalizes towards a hot Fermi-Dirac form before a
substantial number of magnons can be emitted. The electron-
electron and electron-magnon channels therefore compete for
the same population of hot carriers, and neglecting the former
overestimates the amount of angular momentum transferred
to the magnon bath.

Two caveats should be kept in mind. First, at Ny = 16
neither calculation is converged with respect to the sampling,
so that this result is only a qualitative indication. Second,
conservation properties are unaffected: the electron-electron
collision integral conserves particle number and quasiparticle
electronic energy on its own, and, in the absence of spin-orbit
coupling, does not contribute to the spin balance of Eq. (146).
The result of Sec. XIII that the electron-magnon channel
alone cannot demagnetize the system is thus independent of
whether 7¢-¢ is included. The conclusion is that, while the
electron-electron collision integral is not needed to estab-
lish the qualitative mechanism underlying demagnetization,
it must be included in any calculation aiming at quantitative
predictions of demagnetization amplitudes and timescales.

[1] A. Kirilyuk, A. V. Kimel, and T. Rasing, Ultrafast optical
manipulation of magnetic order, Rev. Mod. Phys. 82, 2731
(2010).

[2] A. V. Kimel
with ultrashort light pulses, Nat. Rev. Mater. 4,
(2019).

and M. Li, Writing magnetic memory
189

214429-28


https://doi.org/10.1103/RevModPhys.82.2731
https://doi.org/10.1038/s41578-019-0086-3

AB INITIO SPINOR KADANOFF-BAYM APPROACH ...

PHYSICAL REVIEW B 114, 214429 (2026)

[3] C. D. Stanciu, F. Hansteen, A. V. Kimel, A. Kirilyuk, A.
Tsukamoto, A. Itoh, and T. Rasing, All-optical magnetic
recording with circularly polarized light, Phys. Rev. Lett. 99,
047601 (2007).

[4] C.-H. Lambert, S. Mangin, B. S. D. C. S. Varaprasad, Y. K.
Takahashi, M. Hehn, M. Cinchetti, G. Malinowski, K. Hono,
Y. Fainman, M. Aeschlimann, and E. E. Fullerton, All-
optical control of ferromagnetic thin films and nanostructures,
Science 345, 1337 (2014).

[5] E. Beaurepaire, J.-C. Merle, A. Daunois, and J.-Y. Bigot, Ul-
trafast spin dynamics in ferromagnetic nickel, Phys. Rev. Lett.
76, 4250 (1996).

[6] C. E. Graves, A. H. Reid, T. Wang, B. Wu, S. de Jong, K.

Vahaplar, 1. Radu, D. P. Bernstein, M. Messerschmidt, L.

Miiller, R. Coffee, M. Bionta, S. W. Epp, R. Hartmann, N.

Kimmel, G. Hauser, A. Hartmann, P. Holl, H. Gorke, J. H.

Mentink, et al., Nanoscale spin reversal by non-local angular

momentum transfer following ultrafast laser excitation in fer-

rimagnetic GdFeCo, Nat. Mater. 12, 293 (2013).

S. Mangin, M. Gottwald, C.-H. Lambert, D. Steil, V. Uhlif,

L. Pang, M. Hehn, S. Alebrand, M. Cinchetti, G. Malinowski,

Y. Fainman, M. Aeschlimann, and E. E. Fullerton, Engineered

materials for all-optical helicity-dependent magnetic switch-

ing, Nat. Mater. 13, 286 (2014).

D. O. Ignatyeva, C. S. Davies, D. A. Sylgacheva, A.

Tsukamoto, H. Yoshikawa, P. O. Kapralov, A. Kirilyuk, V. L.

Belotelov, and A. V. Kimel, Plasmonic layer-selective all-

optical switching of magnetic materials, Nat. Commun. 10,

4786 (2019).

Y. Xu, M. Hehn, W. Zhao, X. Lin, G. Malinowski, and S.

Mangin, From single to multiple pulse all-optical switching

in GdFeCo thin films, Phys. Rev. B 100, 064424 (2019).

[10] G. Ju, J. Hohlfeld, B. Bergman, R. J. M. van de Veerdonk,
O. N. Mryasov, J.-Y. Kim, X. Wu, D. Weller, and B.
Koopmans, Ultrafast generation of ferromagnetic order via
a laser-induced phase transformation in FeRh thin films,
Phys. Rev. Lett. 93, 197403 (2004).

[11] I. Radu, K. Vahaplar, C. Stamm, T. Kachel, N. Pontius,
H. A. Diirr, T. A. Ostler, J. Barker, R. F. L. Evans, R. W.
Chantrell, A. Tsukamoto, A. Itoh, A. Kirilyuk, T. Rasing,
and A. V. Kimel, Transient ferromagnetic-like state mediat-
ing ultrafast reversal of antiferromagnetically coupled spins,
Nature (London) 472, 205 (2011).

[12] J. Wang, L. Cotoros, K. M. Dani, X. Liu, J. K. Furdyna, and
D. S. Chemla, Ultrafast enhancement of ferromagnetism via
photoexcited holes in GaMnAs, Phys. Rev. Lett. 98, 217401
(2007).

[13] B. Liu, S. Liu, L. Yang, Z. Chen, E. Zhang, Z. Li, J. Wu, X.
Ruan, F. Xiu, W. Liu, L. He, R. Zhang, and Y. Xu, Light-
tunable ferromagnetism in atomically thin Fe;GeTe, driven
by femtosecond laser pulse, Phys. Rev. Lett. 125, 267205
(2020).

[14] X. Lu, Z. Lin, H. Pi, T. Zhang, G. Li, Y. Gong, Y. Yan, X.
Ruan, Y. Li, H. Zhang, L. Li, L. He et al., Ultrafast magnetiza-
tion enhancement via the dynamic spin-filter effect of type-1I

[7

—

[8

—_—

[9

—

Weyl nodes in a kagome ferromagnet, Nat. Commun. 15, 2410
(2024).

[15] J. K. Dewhurst, P. Elliott, S. Shallcross, E. K. U. Gross, and S.
Sharma, Laser-induced intersite spin transfer, Nano Lett. 18,
1842 (2018).

[16] E. Siegrist, J. A. Gessner, M. Ossiander, C. Denker, Y.-P.
Chang, M. C. Schroder, A. Guggenmos, Y. Cui, J. Walowski,
U. Martens, J. K. Dewhurst, U. Kleineberg, M. Miinzenberg,
S. Sharma, and M. Schultze, Light-wave dynamic control of
magnetism, Nature (London) 571, 240 (2019).

[17] M. Hofherr, S. Héuser, J. K. Dewhurst, P. Tengdin, S.
Sakshath, H. T. Nembach, S. T. Weber, J. M. Shaw, T. J. Silva,
H. C. Kapteyn, M. Cinchetti, B. Rethfeld, M. M. Murnane,
D. Steil, B. Stadtmiiller, S. Sharma, M. Aeschlimann, and S.
Mathias, Ultrafast optically induced spin transfer in ferromag-
netic alloys, Sci. Adv. 6, eaay8717 (2020).

[18] K. Bobowski, X. Zheng, B. Frietsch, D. Lawrenz, W. Bronsch,
C. Gahl, B. Andres, C. Striiber, R. Carley, M. Teichmann, A.
Scherz, S. Molodtsov, C. Cacho, R. T. Chapman, E. Springate,
and M. Weinelt, Ultrafast spin transfer and its impact on the
electronic structure, Sci. Adv. 10, eadn4613 (2024).

[19] O. H.-C. Cheng, D. H. Son, and M. Sheldon, Light-induced
magnetism in plasmonic gold nanoparticles, Nat. Photon. 14,
365 (2020).

[20] R. V. Mikhaylovskiy, E. Hendry, and V. V. Kruglyak, Ultra-
fast inverse Faraday effect in a paramagnetic terbium gallium
garnet crystal, Phys. Rev. B 86, 100405 (2012).

[21] M. Hennecke, C. von Korff Schmising, K. Yao, E. Jal,
B. Vodungbo, V. Chardonnet, K. Légaré, F. Capotondi, D.
Naumenko, E. Pedersoli, I. Lopez-Quintas, 1. P. Nikolov et al.,
Ultrafast opto-magnetic effects in the extreme ultraviolet spec-
tral range, Commun. Phys. 7, 191 (2024).

[22] M. Basini, M. Pancaldi, B. Wehinger, M. Udina, V.
Unikandanunni, T. Tadano, M. C. Hoffmann, A. V. Balatsky,
and S. Bonetti, Terahertz electric-field-driven dynamical mul-
tiferroicity in SrTiO3, Nature (London) 628, 534 (2024).

[23] G. P. Zhang and W. Hiibner, Laser-induced ultrafast demag-
netization in ferromagnetic metals, Phys. Rev. Lett. 85, 3025
(2000).

[24] K. Krieger, J. K. Dewhurst, P. Elliott, S. Sharma, and
E. K. U. Gross, Laser-induced demagnetization at ultrashort
time scales: Predictions of TDDFT, J. Chem. Theory Comput.
11, 4870 (2015).

[25] J. Simoni, M. Stamenova, and S. Sanvito, Ultrafast demag-
netizing fields from first principles, Phys. Rev. B 95, 024412
(2017).

[26] K. Krieger, P. Elliott, T. Miiller, N. Singh, J. K. Dewhurst,
E. K. U. Gross, and S. Sharma, Ultrafast demagnetization in
bulk versus thin films: An ab initio study, J. Phys.: Condens.
Matter 29, 224001 (2017).

[27] S. R. Tauchert, M. Volkov, D. Ehberger, D. Kazenwadel, M.
Evers, H. Lange, A. Donges, A. Book, W. Kreuzpaintner, U.
Nowak, and P. Baum, Polarized phonons carry angular mo-
mentum in ultrafast demagnetization, Nature (London) 602,
73 (2022).

[28] M. Battiato, K. Carva, and P. M. Oppeneer, Superdiffusive
spin transport as a mechanism of ultrafast demagnetization,
Phys. Rev. Lett. 105, 027203 (2010).

[29] P. Balaz, M. Zwierzycki, F. Cosco, K. Carva, P. Maldonado,
and P. M. Oppeneer, Theory of superdiffusive spin transport in
noncollinear magnetic multilayers, Phys. Rev. B 107, 174418
(2023).

[30] B. Koopmans, J. J. M. Ruigrok, F. Dalla Longa, and
W.J. M. de Jonge, Unifying ultrafast magnetization dynamics,
Phys. Rev. Lett. 95, 267207 (2005).

214429-29


https://doi.org/10.1103/PhysRevLett.99.047601
https://doi.org/10.1126/science.1253493
https://doi.org/10.1103/PhysRevLett.76.4250
https://doi.org/10.1038/nmat3597
https://doi.org/10.1038/nmat3864
https://doi.org/10.1038/s41467-019-12699-0
https://doi.org/10.1103/PhysRevB.100.064424
https://doi.org/10.1103/PhysRevLett.93.197403
https://doi.org/10.1038/nature09901
https://doi.org/10.1103/PhysRevLett.98.217401
https://doi.org/10.1103/PhysRevLett.125.267205
https://doi.org/10.1038/s41467-024-46604-1
https://doi.org/10.1021/acs.nanolett.7b05118
https://doi.org/10.1038/s41586-019-1333-x
https://doi.org/10.1126/sciadv.aay8717
https://doi.org/10.1126/sciadv.adn4613
https://doi.org/10.1038/s41566-020-0603-3
https://doi.org/10.1103/PhysRevB.86.100405
https://doi.org/10.1038/s42005-024-01686-7
https://doi.org/10.1038/s41586-024-07175-9
https://doi.org/10.1103/PhysRevLett.85.3025
https://doi.org/10.1021/acs.jctc.5b00621
https://doi.org/10.1103/PhysRevB.95.024412
https://doi.org/10.1088/1361-648X/aa66f2
https://doi.org/10.1038/s41586-021-04306-4
https://doi.org/10.1103/PhysRevLett.105.027203
https://doi.org/10.1103/PhysRevB.107.174418
https://doi.org/10.1103/PhysRevLett.95.267207

GIOVANNI MARINI

PHYSICAL REVIEW B 114, 214429 (2026)

[31] B. Koopmans, G. Malinowski, F. Dalla Longa, D. Steiauf,
M. Fihnle, T. Roth, M. Cinchetti, and M. Aeschlimann, Ex-
plaining the paradoxical diversity of ultrafast laser-induced
demagnetization, Nat. Mater. 9, 259 (2010).

[32] M. Beens, R. A. Duine, and B. Koopmans, s-d model for
local and nonlocal spin dynamics in laser-excited magnetic
heterostructures, Phys. Rev. B 102, 054442 (2020).

[33] M. Weilenhofer and P. M. Oppeneer, Ultrafast demagnetiza-
tion through femtosecond generation of non-thermal magnons,
Adv. Phys. Res. 4, 2300103 (2025).

[34] E. Dusabirane, K. Leckron, B. Rethfeld, and H. C. Schneider,
Interplay of electron-magnon scattering and spin-orbit induced
electronic spin-flip scattering in a two-band Stoner model,
Phys. Rev. B 113, 104403 (2026).

[35] G. Marini and M. Calandra, Theory of ultrafast magnetization
of nonmagnetic semiconductors with localized conduction
bands, Phys. Rev. B 105, L.220406 (2022).

[36] P. Tangney and S. Fahy, Calculations of the a; phonon fre-
quency in photoexcited tellurium, Phys. Rev. Lett. 82, 4340
(1999).

[37] P. Tangney and S. Fahy, Density-functional theory approach to
ultrafast laser excitation of semiconductors: Application to the
A, phonon in tellurium, Phys. Rev. B 65, 054302 (2002).

[38] E. D. Murray, S. Fahy, D. Prendergast, T. Ogitsu, D. M. Fritz,
and D. A. Reis, Phonon dispersion relations and softening in
photoexcited bismuth from first principles, Phys. Rev. B 75,
184301 (2007).

[39] G. Marini and M. Calandra, Lattice dynamics of photoexcited
insulators from constrained density-functional perturbation
theory, Phys. Rev. B 104, 144103 (2021).

[40] E. D. Murray and S. Fahy, First-principles calculation of fem-
tosecond symmetry-breaking atomic forces in photoexcited
bismuth, Phys. Rev. Lett. 114, 055502 (2015).

[41] S. Mocatti, G. Marini, and M. Calandra, Light-induced non-
thermal phase transition to the topological crystalline insulator
state in SnSe, J. Phys. Chem. Lett. 14, 9329 (2023).

[42] M. Furci, G. Marini, and M. Calandra, First-order
rhombohedral-to-cubic phase transition in photoexcited
GeTe, Phys. Rev. Lett. 132, 236101 (2024).

[43]1J. He, S. Li, L. Zhou, and T. Frauenheim, Ultra-
fast light-induced ferromagnetic state in transition metal
dichalcogenides monolayers, J. Phys. Chem. Lett. 13, 2765
(2022).

[44] O. Neufeld, N. Tancogne-Dejean, U. De Giovannini, H.
Hiibener, and A. Rubio, Attosecond magnetization dynam-
ics in non-magnetic materials driven by intense femtosecond
lasers, npj Comput. Mater. 9, 39 (2023).

[45] O. Neufeld, Linearly polarized few-cycle pulses drive carrier-
envelope phase-sensitive coherent magnetization injection,
Phys. Rev. Lett. 135, 206902 (2025).

[46] G. Marini, Nonthermal magnetization pathways in photoex-
cited semiconductors, SciPost Phys. 20, 048 (2026).

[47] J. Zhang, N. Tancogne-Dejean, L. Xian, E. V. Bostrom, M.
Claassen, D. M. Kennes, and A. Rubio, Ultrafast spin dynam-
ics and photoinduced insulator-to-metal transition in «-RuCls,
Nano Lett. 23, 8712 (2023).

[48] N. Tancogne-Dejean, M. A. Sentef, and A. Rubio, Ultrafast
modification of Hubbard u in a strongly correlated material:
AD initio high-harmonic generation in NiO, Phys. Rev. Lett.
121, 097402 (2018).

[49] C. Lian, S.-J. Zhang, S.-Q. Hu, M.-X. Guan, and S. Meng,
Ultrafast charge ordering by self-amplified exciton—phonon
dynamics in TiSe,, Nat. Commun. 11, 43 (2020).

[50] W.-H. Liu, J.-W. Luo, S.-S. Li, and L.-W. Wang, The seeds and
homogeneous nucleation of photoinduced nonthermal melting
in semiconductors due to self-amplified local dynamic insta-
bility, Sci. Adv. 8, eabn4430 (2022).

[51] N.-K. Chen, X.-B. Li, J. Bang, X.-P. Wang, D. Han, D. West,
S. Zhang, and H.-B. Sun, Directional forces by momentum-
less excitation and order-to-order transition in Peierls-distorted
solids: The case of GeTe, Phys. Rev. Lett. 120, 185701 (2018).

[52] X.-B. Liu, S.-Q. Hu, D. Chen, M. Guan, Q. Chen, and S. Meng,
Calibrating out-of-equilibrium electron—phonon couplings in
photoexcited MoS,, Nano Lett. 22, 4800 (2022).

[53] A. Corradini, G. Marini, and M. Calandra, Scalable machine
learning approach to light induced order disorder phase tran-
sitions with ab initio accuracy, npj Comput. Mater. 11, 151
(2025).

[54] Z. Zheng, Y. Shi, J.-J. Zhou, O. V. Prezhdo, Q. Zheng, and J.
Zhao, Ab initio real-time quantum dynamics of charge carriers
in momentum space, Nat. Comput. Sci. 3, 532 (2023).

[55] K. Lively, S. A. Sato, G. Albareda, A. Rubio, and A. Kelly,
Revealing ultrafast phonon mediated inter-valley scattering
through transient absorption and high harmonic spectro-
scopies, Phys. Rev. Res. 6, 013069 (2024).

[56] D. G. Tempel and A. Aspuru-Guzik, Relaxation and de-
phasing in open quantum systems time-dependent density
functional theory: Properties of exact functionals from an
exactly-solvable model system, Chem. Phys. 391, 130 (2011).

[57] P. Lipavsky, V. §piéka, and B. Velicky, Generalized Kadanoft-
Baym ansatz for deriving quantum transport equations,
Phys. Rev. B 34, 6933 (1986).

[58] L. P. Kadanoff and G. Baym, Quantum Statistical Mechanics:
Green’s Function Methods in Equilibrium and Nonequilibrium
Problems (CRC Press, Boca Raton, FL, 2018).

[59] D. Karlsson, R. van Leeuwen, Y. Pavlyukh, E. Perfetto,
and G. Stefanucci, Fast Green’s function method for ultra-
fast electron-boson dynamics, Phys. Rev. Lett. 127, 036402
(2021).

[60] G. Stefanucci, R. van Leeuwen, and E. Perfetto, In and out-
of-equilibrium ab initio theory of electrons and phonons,
Phys. Rev. X 13, 031026 (2023).

[61] F. Rossi and T. Kuhn, Theory of ultrafast phenomena in pho-
toexcited semiconductors, Rev. Mod. Phys. 74, 895 (2002).

[62] R. Rosati, R. C. Iotti, E. Dolcini, and F. Rossi, Derivation of
nonlinear single-particle equations via many-body Lindblad
superoperators: A density-matrix approach, Phys. Rev. B 90,
125140 (2014).

[63] Y. Pavlyukh, E. Perfetto, and G. Stefanucci, Interacting elec-
trons and bosons in the doubly screened gW approximation:
A time-linear scaling method for first-principles simulations,
Phys. Rev. B 106, L.201408 (2022).

[64] Y. Pavlyukh, E. Perfetto, D. Karlsson, R. van Leeuwen, and G.
Stefanucci, Time-linear scaling nonequilibrium Green’s func-
tion methods for real-time simulations of interacting electrons
and bosons. I. Formalism, Phys. Rev. B 105, 125134 (2022).

[65] E. Perfetto, Y. Pavlyukh, and G. Stefanucci, Real-time GW:
Toward an ab initio description of the ultrafast carrier and
exciton dynamics in two-dimensional materials, Phys. Rev.
Lett. 128, 016801 (2022).

214429-30


https://doi.org/10.1038/nmat2593
https://doi.org/10.1103/PhysRevB.102.054442
https://doi.org/10.1002/apxr.202300103
https://doi.org/10.1103/7vr4-57mk
https://doi.org/10.1103/PhysRevB.105.L220406
https://doi.org/10.1103/PhysRevLett.82.4340
https://doi.org/10.1103/PhysRevB.65.054302
https://doi.org/10.1103/PhysRevB.75.184301
https://doi.org/10.1103/PhysRevB.104.144103
https://doi.org/10.1103/PhysRevLett.114.055502
https://doi.org/10.1021/acs.jpclett.3c02450
https://doi.org/10.1103/PhysRevLett.132.236101
https://doi.org/10.1021/acs.jpclett.2c00443
https://doi.org/10.1038/s41524-023-00997-7
https://doi.org/10.1103/75tm-3t9b
https://doi.org/10.21468/SciPostPhys.20.2.048
https://doi.org/10.1021/acs.nanolett.3c02668
https://doi.org/10.1103/PhysRevLett.121.097402
https://doi.org/10.1038/s41467-019-13672-7
https://doi.org/10.1126/sciadv.abn4430
https://doi.org/10.1103/PhysRevLett.120.185701
https://doi.org/10.1021/acs.nanolett.2c01105
https://doi.org/10.1038/s41524-025-01614-5
https://doi.org/10.1038/s43588-023-00456-9
https://doi.org/10.1103/PhysRevResearch.6.013069
https://doi.org/10.1016/j.chemphys.2011.03.014
https://doi.org/10.1103/PhysRevB.34.6933
https://doi.org/10.1103/PhysRevLett.127.036402
https://doi.org/10.1103/PhysRevX.13.031026
https://doi.org/10.1103/RevModPhys.74.895
https://doi.org/10.1103/PhysRevB.90.125140
https://doi.org/10.1103/PhysRevB.106.L201408
https://doi.org/10.1103/PhysRevB.105.125134
https://doi.org/10.1103/PhysRevLett.128.016801

AB INITIO SPINOR KADANOFF-BAYM APPROACH ...

PHYSICAL REVIEW B 114, 214429 (2026)

[66] E. Perfetto and G. Stefanucci, Real-time GW -Ehrenfest-Fan-
Migdal method for nonequilibrium 2D materials, Nano Lett.
23,7029 (2023).

[67] H. Aoki, N. Tsuji, M. Eckstein, M. Kollar, T. Oka, and P.
Werner, Nonequilibrium dynamical mean-field theory and its
applications, Rev. Mod. Phys. 86, 779 (2014).

[68] G. Stefanucci and E. Perfetto, Semiconductor electron-phonon
equations: A rung above Boltzmann in the many-body ladder,
SciPost Phys. 16, 073 (2024).

[69] W. Schifer and M. Wegener, Semiconductor Optics and Trans-
port Phenomena (Springer, Berlin, 2002).

[70] H. Haug and S. W. Koch, Quantum Theory of the Optical
and Electronic Properties of Semiconductors (World Scientific,
Singapore, 2009).

[71] H. Haug and A.-P. Jauho, Quantum Kinetics in Transport and
Optics of Semiconductors Hartmut Haug; Antti-Pekka Jauho
(Springer, Berlin, 2010).

[72] M. Kira and S. W. Koch, Semiconductor Quantum Optics
(Cambridge University Press, Cambridge, 2011).

[73] A. Steinhoff, M. Rosner, F. Jahnke, T. O. Wehling, and C.
Gies, Influence of excited carriers on the optical and electronic
properties of MoS,, Nano Lett. 14, 3743 (2014).

[74] R. Schmidt, G. Berghduser, R. Schneider, M. Selig, P.
Tonndorf, E. Mali¢, A. Knorr, S. M. de Vasconcellos,
and R. Bratschitsch, Ultrafast Coulomb-induced interval-
ley coupling in atomically thin WS,, Nano Lett. 16, 2945
(2016).

[75] D. Erben, A. Steinhoff, C. Gies, G. Schonhoff, T. O. Wehling,
and F. Jahnke, Excitation-induced transition to indirect band
gaps in atomically thin transition-metal dichalcogenide semi-
conductors, Phys. Rev. B 98, 035434 (2018).

[76] N. Girotto and D. Novko, Dynamical phonons following
electron relaxation stages in photoexcited graphene, J. Phys.
Chem. Lett. 14, 8709 (2023).

[77] S. Butscher, F. Milde, M. Hirtschulz, E. Mali¢, and A. Knorr,
Hot electron relaxation and phonon dynamics in graphene,
Appl. Phys. Lett. 91, 203103 (2007).

[78] E. Malic, T. Winzer, E. Bobkin, and A. Knorr, Microscopic
theory of absorption and ultrafast many-particle kinetics in
graphene, Phys. Rev. B 84, 205406 (2011).

[79] M. Breusing, S. Kuehn, T. Winzer, E. Mali¢, F. Milde, N.
Severin, J. P. Rabe, C. Ropers, A. Knorr, and T. Elsaesser,
Ultrafast nonequilibrium carrier dynamics in a single graphene
layer, Phys. Rev. B 83, 153410 (2011).

[80] A. Steinhoff, M. Florian, M. Rosner, M. Lorke, T. O. Wehling,
C. Gies, and F. Jahnke, Nonequilibrium carrier dynamics in
transition metal dichalcogenide semiconductors, 2D Mater. 3,
031006 (2016).

[81] A. Marini, Competition between the electronic and phonon—
mediated scattering channels in the out—of—equilibrium carrier
dynamics of semiconductors: An ab-initio approach, J. Phys.:
Conf. Ser. 427, 012003 (2013).

[82] M. Bernardi, D. Vigil-Fowler, J. Lischner, J. B. Neaton, and
S. G. Louie, Ab Initio study of hot carriers in the first picosec-
ond after sunlight absorption in silicon, Phys. Rev. Lett. 112,
257402 (2014).

[83] D. Sangalli and A. Marini, Complete collisions approximation
to the Kadanoff-Baym equation: A first-principles implemen-
tation, J. Phys.: Conf. Ser. 609, 012006 (2015).

[84] M. Bernardi, First-principles dynamics of electrons and
phonons, Eur. Phys. J. B 89, 239 (2016).

[85] S. Sadasivam, M. K. Y. Chan, and P. Darancet, Theory of
thermal relaxation of electrons in semiconductors, Phys. Rev.
Lett. 119, 136602 (2017).

[86] S. M. O’'Mahony, F. Murphy-Armando, E. D. Murray, J. D.
Querales-Flores, 1. Savi¢, and S. Fahy, Ultrafast relaxation of
symmetry-breaking photo-induced atomic forces, Phys. Rev.
Lett. 123, 087401 (2019).

[87] X. Tong and M. Bernardi, Toward precise simulations of the
coupled ultrafast dynamics of electrons and atomic vibrations
in materials, Phys. Rev. Res. 3, 023072 (2021).

[88] H.-Y. Chen, D. Sangalli, and M. Bernardi, First-principles
ultrafast exciton dynamics and time-domain spectroscopies:
Dark-exciton mediated valley depolarization in monolayer
WSe,, Phys. Rev. Res. 4, 043203 (2022).

[89] 1. Maliyov, J. Yin, J. Yao, C. Yang, and M. Bernardi, Dynamic
mode decomposition of nonequilibrium electron-phonon dy-
namics: Accelerating the first-principles real-time Boltzmann
equation, npj Comput. Mater. 10, 123 (2024).

[90] J. Sjakste, R. Sen, N. Vast, J. Saint-Martin, M. Ghanem,
P. Dollfus, F. Murphy-Armando, and J. Kanasaki, Ultrafast
dynamics of hot carriers: Theoretical approaches based on
real-time propagation of carrier distributions, J. Chem. Phys.
162, 061002 (2025).

[91] FE. Caruso, Nonequilibrium lattice dynamics in monolayer
MoS;, J. Phys. Chem. Lett. 12, 1734 (2021).

[92] E. Caruso and D. Novko, Ultrafast dynamics of electrons
and phonons: From the two-temperature model to the time-
dependent Boltzmann equation, Adv. Phys.: X 7, 2095925
(2022).

[93] C. Emeis, S. Jauernik, S. Dahiya, Y. Pan, C. E. Jensen, P. Hein,
M. Bauer, and F. Caruso, Coherent phonons and quasiparticle
renormalization in semimetals from first principles, Phys. Rev.
X 15, 021039 (2025).

[94] S. Mocatti, G. Marini, G. Volpato, P. Cudazzo, and M.
Calandra, Nonequilibrium photocarrier and phonon dynamics
from first principles: A unified treatment of carrier-carrier,
carrier-phonon, and phonon-phonon scattering, npj Comput.
Mater. 12, 260 (2026).

[95] M. W. Wu and H. Metiu, Kinetics of spin coherence of elec-
trons in an undoped semiconductor quantum well, Phys. Rev.
B 61, 2945 (2000).

[96] Z.-C. Wang, The spinor Boltzmann equation with Rashba
spin—orbit coupling, Physica A 492, 395 (2018).

[97] J. Xu, A. Habib, R. Sundararaman, and Y. Ping, Ab initio
ultrafast spin dynamics in solids, Phys. Rev. B 104, 184418
(2021).

[98] J. Park, J.-J. Zhou, Y. Luo, and M. Bernardi, Predicting
phonon-induced spin decoherence from first principles: Colos-
sal spin renormalization in condensed matter, Phys. Rev. Lett.
129, 197201 (2022).

[99] K. Kainulainen, T. Prokopec, M. G. Schmidt, and S.
Weinstock, Semiclassical force for electroweak baryogene-
sis: Three-dimensional derivation, Phys. Rev. D 66, 043502
(2002).

[100] D.-L. Yang, K. Hattori, and Y. Hidaka, Effective quantum
kinetic theory for spin transport of fermions with collsional
effects, J. High Energy Phys. 07 (2020) 070.

214429-31


https://doi.org/10.1021/acs.nanolett.3c01772
https://doi.org/10.1103/RevModPhys.86.779
https://doi.org/10.21468/SciPostPhys.16.3.073
https://doi.org/10.1021/nl500595u
https://doi.org/10.1021/acs.nanolett.5b04733
https://doi.org/10.1103/PhysRevB.98.035434
https://doi.org/10.1021/acs.jpclett.3c01905
https://doi.org/10.1063/1.2809413
https://doi.org/10.1103/PhysRevB.84.205406
https://doi.org/10.1103/PhysRevB.83.153410
https://doi.org/10.1088/2053-1583/3/3/031006
https://doi.org/10.1088/1742-6596/427/1/012003
https://doi.org/10.1103/PhysRevLett.112.257402
https://doi.org/10.1088/1742-6596/609/1/012006
https://doi.org/10.1140/epjb/e2016-70399-4
https://doi.org/10.1103/PhysRevLett.119.136602
https://doi.org/10.1103/PhysRevLett.123.087401
https://doi.org/10.1103/PhysRevResearch.3.023072
https://doi.org/10.1103/PhysRevResearch.4.043203
https://doi.org/10.1038/s41524-024-01308-4
https://doi.org/10.1063/5.0245834
https://doi.org/10.1021/acs.jpclett.0c03616
https://doi.org/10.1080/23746149.2022.2095925
https://doi.org/10.1103/PhysRevX.15.021039
https://doi.org/10.1038/s41524-026-02104-y
https://doi.org/10.1103/PhysRevB.61.2945
https://doi.org/10.1016/j.physa.2017.10.017
https://doi.org/10.1103/PhysRevB.104.184418
https://doi.org/10.1103/PhysRevLett.129.197201
https://doi.org/10.1103/PhysRevD.66.043502
https://doi.org/10.1007/JHEP07(2020)070

GIOVANNI MARINI

PHYSICAL REVIEW B 114, 214429 (2026)

[101] X.-L. Sheng, N. Weickgenannt, E. Speranza, D. H. Rischke,
and Q. Wang, From Kadanoff-Baym to Boltzmann equations
for massive spin-1/2 fermions, Phys. Rev. D 104, 016029
(2021).

[102] P. Elliott, M. Stamenova, J. Simoni, S. Sharma, S. Sanvito,
and E. K. U. Gross, Time-dependent density functional
theory for spin dynamics, in Handbook of Materials Modeling:
Methods: Theory and Modeling, edited by W. Andreoni
and S. Yip (Springer International Publishing, Cham, 2018),
pp. 1-26.

[103] R. J. Elliott, Theory of the effect of spin-orbit coupling on
magnetic resonance in some semiconductors, Phys. Rev. 96,
266 (1954).

[104] Y. Yafet, g factors and spin-lattice relaxation of conduction
electrons part of the work connected with the preparation of
this article, in Particular the Work on Spin-Lattice Relax-
ation, was Done While the Author was at the Westinghouse
Research Laboratories (Academic Press, London, 1963),
pp. 1-98.

[105] A. Kiss, L. Szolnoki, and F. Simon, The Elliott-Yafet theory
of spin relaxation generalized for large spin-orbit coupling,
Sci. Rep. 6, 22706 (2016).

[106] P. W. Anderson, New approach to the theory of superexchange
interactions, Phys. Rev. 115, 2 (1959).

[107] E. Carpene, E. Mancini, C. Dallera, M. Brenna, E. Puppin, and
S. De Silvestri, Dynamics of electron-magnon interaction and
ultrafast demagnetization in thin iron films, Phys. Rev. B 78,
174422 (2008).

[108] M. C. T. D. Miiller, S. Bliigel, and C. Friedrich,
Electron-magnon scattering in elementary ferromagnets from
first principles: Lifetime broadening and band anomalies,
Phys. Rev. B 100, 045130 (2019).

[109] A. Urru, Lattice dynamics with fully relativistic pseudopoten-
tials for magnetic systems, with selected applications, Ph.D.
thesis, SISSA, 2020.

[110] O. Bistoni, Intrinsic vibrational angular momentum driven by
non-adiabatic effects in non-collinear magnetic systems, Ph.D.
thesis, Universita degli studi di Trento, 2022.

[111] F. Aryasetiawan and S. Biermann, Generalized Hedin’s equa-
tions for quantum many-body systems with spin-dependent
interactions, Phys. Rev. Lett. 100, 116402 (2008).

[112] M. S. Hybertsen and S. G. Louie, Electron correlation in
semiconductors and insulators: Band gaps and quasiparticle
energies, Phys. Rev. B 34, 5390 (1986).

[113] M. C. T. D. Miiller, Spinwellenanregungen und Elektron-
Magnon-Streuung in elementaren Ferromagneten innerhalb
der ab initio Vielteilchenstérungstheorie RWTH Aachen Uni-
versity Dissertation, 2027.

[114] J. A. Hertz and D. M. Edwards, Electron-magnon interactions
in itinerant ferromagnetism. I. Formal theory, J. Phys. F 3,
2174 (1973).

[115] P. Romaniello, F. Bechstedt, and L. Reining, Beyond the GW
approximation: Combining correlation channels, Phys. Rev. B
85, 155131 (2012).

[116] N. E. Bickers and S. R. White, Conserving approximations for
strongly fluctuating electron systems. II. Numerical results and
parquet extension, Phys. Rev. B 43, 8044 (1991).

[117] M. Springer, F. Aryasetiawan, and K. Karlsson, First-
principles T-matrix theory with application to the 6 eV
satellite in Ni, Phys. Rev. Lett. 80, 2389 (1998).

[118] N.E. Bickers, D. J. Scalapino, and S. R. White, Conserving ap-
proximations for strongly correlated electron systems: Bethe-
Salpeter equation and dynamics for the two-dimensional
Hubbard model, Phys. Rev. Lett. 62, 961 (1989).

[119] N. Bickers and D. Scalapino, Conserving approximations for
strongly fluctuating electron systems. I. Formalism and calcu-
lational approach, Ann. Phys. 193, 206 (1989).

[120] P. Cudazzo, First-principles description of the exciton-phonon
interaction: A cumulant approach, Phys. Rev. B 102, 045136
(2020).

[121] P. Cudazzo, Dynamical effects on photoluminescence spectra
from first principles: A many-body Green’s function approach,
Phys. Rev. B 108, 165101 (2023).

[122] R. Harlander, S. Klein, and M. Lipp, Feyngame, Comput.
Phys. Commun. 256, 107465 (2020).

[123] G. Onida, L. Reining, and A. Rubio, Electronic excitations:
Density-functional versus many-body Green’s-function ap-
proaches, Rev. Mod. Phys. 74, 601 (2002).

[124] A. Marini, C. Hogan, M. Griining, and D. Varsano, Yambo:
An ab initio tool for excited state calculations, Comput. Phys.
Commun. 180, 1392 (2009).

[125] A. Esquembre-Kucukalié, K. B. Le, A. Garcia-Cristébal, M.
Bernardi, D. Sangalli, and A. Molina-Sdnchez, Magnons in
chromium trihalides calculated with the ab initio Bethe-
Salpeter equation, Phys. Rev. B 112, 184412 (2025).

[126] K. B. Le, A. Esquembre-Kucukalié¢, H.-Y. Chen, 1. Maliyov,
Y. Luo, J.-J. Zhou, D. Sangalli, A. Molina-Sdnchez, and M.
Bernardi, Magnon-phonon interactions from first principles,
Phys. Rev. B 112, 180403 (2025).

[127] E. Sasio8lu, A. Schindlmayr, C. Friedrich, F. Freimuth, and
S. Bliigel, Wannier-function approach to spin excitations in
solids, Phys. Rev. B 81, 054434 (2010).

[128] F. Aryasetiawan and K. Karlsson, Green’s function formal-
ism for calculating spin-wave spectra, Phys. Rev. B 60, 7419
(1999).

[129] K. Karlsson and F. Aryasetiawan, Spin-wave excitation spectra
of nickel and iron, Phys. Rev. B 62, 3006 (2000).

[130] T. Olsen, Unified treatment of magnons and excitons in mono-
layer cri; from many-body perturbation theory, Phys. Rev.
Lett. 127, 166402 (2021).

[131] H.-Y. Chen, R. Arita, and Y. Nomura, First-principles ap-
proach to spin excitations in noncollinear magnetic systems,
npj Comput. Mater. 12, 237 (2026).

[132] M. Marsili, A. Molina-Sanchez, M. Palummo, D. Sangalli,
and A. Marini, Spinorial formulation of the GW-BSE equa-
tions and spin properties of excitons in two-dimensional
transition metal dichalcogenides, Phys. Rev. B 103, 155152
(2021).

[133] P. Cudazzo and L. Reining, Correlation satellites in optical and
loss spectra, Phys. Rev. Res. 2, 012032 (2020).

[134] A. Mostafazadeh, Pseudo-Hermitian representation of quan-
tum mechanics, Int. J. Geom. Methods Mod. Phys. 07, 1191
(2010).

[135] M. Calandra, G. Profeta, and F. Mauri, Adiabatic and nona-
diabatic phonon dispersion in a Wannier function approach,
Phys. Rev. B 82, 165111 (2010).

[136] G. Caldarelli, A. Guandalini, F. Macheda, and F. Mauri, Varia-
tional formulation of dynamical electronic response functions
in the presence of nonlocal exchange interactions, Phys. Rev.
B 111, 075137 (2025).

214429-32


https://doi.org/10.1103/PhysRevD.104.016029
https://doi.org/10.1103/PhysRev.96.266
https://doi.org/10.1038/srep22706
https://doi.org/10.1103/PhysRev.115.2
https://doi.org/10.1103/PhysRevB.78.174422
https://doi.org/10.1103/PhysRevB.100.045130
https://doi.org/10.1103/PhysRevLett.100.116402
https://doi.org/10.1103/PhysRevB.34.5390
https://doi.org/10.1088/0305-4608/3/12/018
https://doi.org/10.1103/PhysRevB.85.155131
https://doi.org/10.1103/PhysRevB.43.8044
https://doi.org/10.1103/PhysRevLett.80.2389
https://doi.org/10.1103/PhysRevLett.62.961
https://doi.org/10.1016/0003-4916(89)90359-X
https://doi.org/10.1103/PhysRevB.102.045136
https://doi.org/10.1103/PhysRevB.108.165101
https://doi.org/10.1016/j.cpc.2020.107465
https://doi.org/10.1103/RevModPhys.74.601
https://doi.org/10.1016/j.cpc.2009.02.003
https://doi.org/10.1103/gbpw-zh1v
https://doi.org/10.1103/489b-n5pd
https://doi.org/10.1103/PhysRevB.81.054434
https://doi.org/10.1103/PhysRevB.60.7419
https://doi.org/10.1103/PhysRevB.62.3006
https://doi.org/10.1103/PhysRevLett.127.166402
https://doi.org/10.1038/s41524-026-02105-x
https://doi.org/10.1103/PhysRevB.103.155152
https://doi.org/10.1103/PhysRevResearch.2.012032
https://doi.org/10.1142/S0219887810004816
https://doi.org/10.1103/PhysRevB.82.165111
https://doi.org/10.1103/PhysRevB.111.075137

AB INITIO SPINOR KADANOFF-BAYM APPROACH ...

PHYSICAL REVIEW B 114, 214429 (2026)

[137] G. Stefanucci and E. Perfetto, Exact formula with two dy-
namically screened electron-phonon couplings for positive
phonon-linewidths approximations, Phys. Rev. B 111, 024307
(2025).

[138] J. Berges, N. Girotto, T. Wehling, N. Marzari, and S. Poncé,
Phonon self-energy corrections: To screen, or not to screen,
Phys. Rev. X 13, 041009 (2023).

[139] G. Stefanucci and R. van Leeuwen, Nonequilibrium Many-
Body Theory of Quantum Systems: A Modern Introduction,
2nd ed. (Cambridge University Press, Cambridge, 2025).

[140] A. Marini, Ab initio finite-temperature excitons, Phys. Rev.
Lett. 101, 106405 (2008).

[141] M. Selig, G. Berghiuser, A. Raja, P. Nagler, C. Schiiller, T. F.
Heinz, T. Korn, A. Chernikov, E. Malic, and A. Knorr, Exci-
tonic linewidth and coherence lifetime in monolayer transition
metal dichalcogenides, Nat. Commun. 7, 13279 (2016).

[142] J. Ziman, Electrons and Phonons: The Theory of Transport
Phenomena in Solids (Oxford University Press, New York,
2001).

[143] L. Hedin, New method for calculating the one-particle
Green'’s function with application to the electron-gas problem,
Phys. Rev. 139, A796 (1965).

[144] A. Steinhoff, M. Florian, M. Résner, G. Schonhoff, T. O.
Wehling, and F. Jahnke, Exciton fission in monolayer transi-
tion metal dichalcogenide semiconductors, Nat. Commun. 8,
1166 (2017).

[145] M. Furci, Light induced structural and magnetic phase transi-
tions from first principles, Ph.D. thesis, Universita degli studi
di Trento, 2026.

[146] G. Antonius and S. G. Louie, Theory of exciton-phonon cou-
pling, Phys. Rev. B 105, 085111 (2022).

[147] T. Thonhauser, D. Ceresoli, D. Vanderbilt, and R. Resta, Or-
bital magnetization in periodic insulators, Phys. Rev. Lett. 95,
137205 (2005).

[148] D. Xiao, J. Shi, and Q. Niu, Berry phase correction to electron
density of states in solids, Phys. Rev. Lett. 95, 137204 (2005).

[149] L. Zhang and Q. Niu, Chiral phonons at high-symmetry points
in monolayer hexagonal lattices, Phys. Rev. Lett. 115, 115502
(2015).

[150] G. Baym and L. P. Kadanoff, Conservation laws and correla-
tion functions, Phys. Rev. 124, 287 (1961).

[151] G. Baym, Self-consistent approximations in many-body sys-
tems, Phys. Rev. 127, 1391 (1962).

[152] J. Maciejko, An Introduction to Nonequilibrium Many-Body
Theory, Lecture Notes Vol. 9 (Springer, Berlin, 2007), p. 104.

[153] P. Giannozzi, S. Baroni, N. Bonini, M. Calandra, R. Car, C.
Cavazzoni, D. Ceresoli, G. L. Chiarotti, M. Cococcioni, I.
Dabo, A. Dal Corso, S. de Gironcoli, S. Fabris, G. Fratesi,
R. Gebauer, U. Gerstmann, C. Gougoussis, A. Kokalj, M.
Lazzeri, L. Martin-Samos, et al., QUANTUM ESPRESSO: A
modular and open-source software project for quantum sim-
ulations of materials, J. Phys.: Condens. Matter 21, 395502
(2009).

[154] P. Giannozzi, O. Andreussi, T. Brumme, O. Bunau, M.
Buongiorno Nardelli, M. Calandra, R. Car, C. Cavazzoni,
D. Ceresoli, M. Cococcioni, N. Colonna, I. Carnimeo, A.
Dal Corso, S. de Gironcoli, P. Delugas, R. A. DiStasio Jr, A.
Ferretti, A. Floris, G. Fratesi, G. Fugallo, et al., Advanced

capabilities for materials modelling with Quantum
ESPRESSO, J. Phys.: Condens. Matter 29, 465901 (2017).

[155] A. Urru and A. Dal Corso, Density functional perturbation
theory for lattice dynamics with fully relativistic ultrasoft
pseudopotentials: The magnetic case, Phys. Rev. B 100,
045115 (2019).

[156] D. Sangalli, A. Ferretti, H. Miranda, C. Attaccalite, I. Marri,
E. Cannuccia, P. Melo, M. Marsili, F. Paleari, A. Marrazzo, G.
Prandini, P. Bonfa, M. O. Atambo, E. Affinito, M. Palummo,
A. Molina-Sanchez, C. Hogan, M. Griining, D. Varsano, and
A. Marini, Many-body perturbation theory calculations using
the Yambo code, J. Phys.: Condens. Matter 31, 325902 (2019).

[157] G. Marini, G. Marchese, G. Profeta, J. Sjakste, F. Macheda, N.
Vast, F. Mauri, and M. Calandra, EPIQ: An open-source soft-
ware for the calculation of electron-phonon interaction related
properties, Comput. Phys. Commun. 295, 108950 (2024).

[158] J. Deslippe, G. Samsonidze, D. A. Strubbe, M. Jain, M. L.
Cohen, and S. G. Louie, BerkeleyGW: A massively parallel
computer package for the calculation of the quasiparti-
cle and optical properties of materials and nanostructures,
Comput. Phys. Commun. 183, 1269 (2012).

[159] P. Buczek, A. Ernst, and L. M. Sandratskii, Different dimen-
sionality trends in the Landau damping of magnons in iron,
cobalt, and nickel: Time-dependent density functional study,
Phys. Rev. B 84, 174418 (2011).

[160] B. Rousseau, A. Eiguren, and A. Bergara, Efficient compu-
tation of magnon dispersions within time-dependent density
functional theory using maximally localized Wannier func-
tions, Phys. Rev. B 85, 054305 (2012).

[161] T. Skovhus and T. Olsen, Dynamic transverse magnetic
susceptibility in the projector augmented-wave method: Ap-
plication to Fe, Ni, and Co, Phys. Rev. B 103, 245110 (2021).

[162] T. Gorni, O. Baseggio, P. Delugas, S. Baroni, and
I. Timrov, Turbomagnon-A code for the simulation of
spin-wave spectra using the Liouville-Lanczos approach
to time-dependent density-functional perturbation theory,
Comput. Phys. Commun. 280, 108500 (2022).

[163] W. Fang, J. Simoni, and Y. Ping, Efficient method for calculat-
ing magnon-phonon coupling from first principles, Phys. Rev.
B 111, 104431 (2025).

[164] A. Cepellotti, J. Coulter, A. Johansson, N. S. Fedorova, and B.
Kozinsky, Phoebe: A high-performance framework for solving
phonon and electron Boltzmann transport equations, J. Phys.:
Mater. 5, 035003 (2022).

[165] S. Poncé, E. R. Margine, C. Verdi, and F. Giustino, EPW:
Electron—phonon coupling, transport and superconducting
properties using maximally localized Wannier functions,
Comput. Phys. Commun. 209, 116 (2016).

[166] J.-J. Zhou, J. Park, I.-T. Lu, I. Maliyov, X. Tong, and M.
Bernardi, Perturbo: A software package for ab initio electron—
phonon interactions, charge transport and ultrafast dynamics,
Comput. Phys. Commun. 264, 107970 (2021).

[167] G. Marini, Ab initio spinor Kadanoff-Baym approach
to nonequilibrium electron, phonon, and magnon dy-
namics in itinerant ferromagnets, Zenodo, 2026, doi:
10.5281/zenodo.23337246

[168] P. Danielewicz, Quantum theory of nonequilibrium processes,
I, Ann. Phys. 152, 239 (1984).

214429-33


https://doi.org/10.1103/PhysRevB.111.024307
https://doi.org/10.1103/PhysRevX.13.041009
https://doi.org/10.1103/PhysRevLett.101.106405
https://doi.org/10.1038/ncomms13279
https://doi.org/10.1103/PhysRev.139.A796
https://doi.org/10.1038/s41467-017-01298-6
https://doi.org/10.1103/PhysRevB.105.085111
https://doi.org/10.1103/PhysRevLett.95.137205
https://doi.org/10.1103/PhysRevLett.95.137204
https://doi.org/10.1103/PhysRevLett.115.115502
https://doi.org/10.1103/PhysRev.124.287
https://doi.org/10.1103/PhysRev.127.1391
https://doi.org/10.1088/0953-8984/21/39/395502
https://doi.org/10.1088/1361-648X/aa8f79
https://doi.org/10.1103/PhysRevB.100.045115
https://doi.org/10.1088/1361-648X/ab15d0
https://doi.org/10.1016/j.cpc.2023.108950
https://doi.org/10.1016/j.cpc.2011.12.006
https://doi.org/10.1103/PhysRevB.84.174418
https://doi.org/10.1103/PhysRevB.85.054305
https://doi.org/10.1103/PhysRevB.103.245110
https://doi.org/10.1016/j.cpc.2022.108500
https://doi.org/10.1103/PhysRevB.111.104431
https://doi.org/10.1088/2515-7639/ac86f6
https://doi.org/10.1016/j.cpc.2016.07.028
https://doi.org/10.1016/j.cpc.2021.107970
https://doi.org/10.5281/zenodo.23337246
https://doi.org/10.1016/0003-4916(84)90092-7

GIOVANNI MARINI

PHYSICAL REVIEW B 114, 214429 (2026)

[169] D. C. Langreth, Linear and nonlinear response theory with
applications, in Linear and Nonlinear Electron Transport in
Solids, edited by J. T. Devreese and V. E. van Doren (Springer
US, Boston, MA, 1976), pp. 3-32.

[170] P. B. Allen and B. Mitrovi¢, Theory of Superconducting Tc
(Academic Press, London, 1983), pp. 1-92.

[171] T. Moriya and A. Kawabata, Effect of spin fluctuations on
itinerant electron ferromagnetism, J. Phys. Soc. Jpn. 34, 639
(1973).

[172] M. Rohlfing and S. G. Louie, Electron-hole excitations and
optical spectra from first principles, Phys. Rev. B 62, 4927
(2000).

214429-34


https://doi.org/10.1143/JPSJ.34.639
https://doi.org/10.1103/PhysRevB.62.4927

