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Charge gap and charge redistribution among copper and oxygen orbitals
in the normal state of the Emery model
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Unraveling the behavior of the electrons in the copper-oxygen planes of cuprate superconductors remains a
challenge. Here we examine the electronic charge redistribution among planar copper and oxygen orbitals and
the charge gap using the Emery model in the normal state, solved with cellular dynamical mean-field theory
at finite temperature. We quantify the charge redistribution as a function of the onsite Coulomb repulsion on
the copper orbitals, the bare copper-oxygen energy difference, and the hole or electron doping. We find that the
position relative to the metal to insulator boundary of the Zaanen-Sawatzky-Allen diagram determines the charge
redistribution among copper and oxygen orbitals. For a fixed bare Cu-O energy difference, an increase in the Cu
electron repulsion leads to a transfer of the electronic charge from Cu to O orbitals. For a fixed charge gap size of
the undoped state, as the system evolves from a charge-transfer to a Mott-Hubbard regime, the electronic charge
is transferred from Cu to O orbitals. Our findings posit the Coulomb repulsion and the bare charge-transfer
energy as key drivers of the microscopic process of charge redistribution in the CuO, plane. They quantity the
anticorrelation between the charge gap size and oxygen hole content. They show that for fixed band-structure
parameters, the charge gap and the charge redistribution between Cu and O orbitals provide a way to understand

observed trends in cuprates.

DOI: 10.1103/7bbg-m381

I. INTRODUCTION

Cuprate superconductors are layered materials with
copper-oxygen planes separated by layers of ions. These
layers can dope the planes with electron or holes, thereby
redistributing the charge between planar copper and oxygen
orbitals [1-3]. Experimental work found an intriguing corre-
lation between the charge redistribution in the copper-oxygen
plane and the maximum superconducting critical tempera-
ture 7", with 7" increasing when the electronic charge
is transferred from the oxygen to the copper orbitals [4,5].
This finding underscores the key role of the charge redistribu-
tion among planar copper and oxygen orbitals in driving the
superconducting pairing [4-7]. However, the strong electron-
electron correlations on the copper orbitals [2] make it
challenging to decipher the redistribution of the electrons in
the copper-oxygen plane.

Here we address this challenge by studying the dependence
of the charge redistribution in the copper-oxygen plane on the
strength of the electron-electron repulsion on the copper or-
bitals and on the bare copper-oxygen energy difference. We do
that using the Emery model [8,9], which, in its simplest form,
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comprises three orbitals per unit cell: two oxygen 2p,, 2p,
orbitals hybridized with one copper 3d,>_,. orbital with an
onsite electron-electron repulsion [see Fig. 1(a)]. For an elec-
tronic density of five electrons, or equivalently one hole, per
CuO; unit cell, the Emery model can show different correlated
insulating states. According to the Zaanen-Sawatzky-Allen
scheme [10], the ratio of the Cu onsite repulsion U, and the
charge-transfer energy A (the energy difference between the
upper Hubbard band and the onsite energy of the O orbitals)
sets the Emery model in the charge-transfer regime for U, =
A, in the Mott-Hubbard regime for U; < A, or in the inter-
mediate regime between the two for U; = A [see sketch of
the density of states in Figs. 1(b) and 1(c)]. Strictly speaking,
the Emery model was proposed in the charge-transfer regime
[8]. This is the regime that is appropriate for cuprate super-
conductors, as we will confirm quantitatively in this paper. To
gain insights into general trends, we also explore the Emery
model in the Mott-Hubbard regime.

Due to the Cu-O hybridization, the hole per CuO, unit
cell that becomes localized in these correlated insulators has
a mixed d-p character or, equivalently, is shared between
Cu and O orbitals. The mixed d-p character of this hole is
further controlled by the onsite repulsion on the Cu orbital
and by the energy difference between the Cu and O orbitals.
The first goal of this work is to understand and quantify the
orbital character of this hole at zero doping, i.e., how this hole
is shared among the copper and oxygen orbitals, when the
system evolves from the charge-transfer to the Mott-Hubbard
insulating regime. The second goal of this work is to under-
stand and quantify the effect of electron and hole doping on
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FIG. 1. (a) Sketch of Emery model. The CuO,; unit cell (dotted
gray square) consists of a Cu 3d,._,» orbital (red) of onsite energy €,
and the O 2p,, 2p, orbitals (blue) of onsite energy €,. The positive
(negative) sign of the orbital lobes are denoted by bright (pale) colors.
We use the convention that the overlap between orbitals of opposite
(equal) sign leads to a positive (negative) hopping amplitude. #,; is
the hopping amplitude between the nearest-neighbor Cu-O orbitals
(orange arrows). t,, and ¢, , are the hopping amplitudes between the
nearest-neighbor and next-nearest-neighbor O 2p, and 2p, orbitals
(light blue and dark blue arrows, respectively). U, is the onsite
electron-electron repulsion on the Cu orbitals. The cellular dynami-
cal mean-field theory (CDMFT) method used in this work embeds a
cluster of 12 lattice sites (solid green square) in a self-consistent bath
of noninteracting electrons. (b), (c) Sketch of the Cu 3d (solid red
line) and O 2p (dashed blue line) partial density of states for a charge-
transfer insulator and a Mott-Hubbard insulator. For the former, the
Fermi level lies between the upper Hubbard band (UHB) and the
charge-transfer band (CTB), so that U; > A. For the latter, the Fermi
level lies between the lower (LHB) and the upper Hubbard band,
so that U; < A. Here, A = ¢; + U; — &, is the energy difference
between the upper Hubbard band at €; + U, and the onsite energy
of the O 2p orbitals, where we renormalized €, by €, = €, — 21,,,,.

the charge redistribution among Cu and O orbitals when the
system evolves from the charge-transfer to the Mott-Hubbard
regime. We analyze the charge redistribution at zero and finite
electron and hole doping with the Cu and O occupancies. This
method enables a comparison with the experimental results on
cuprates obtained by nuclear magnetic resonance (NMR) in
Refs. [4,5].

Owing to the challenge posed by the strong electron-
electron correlations on the Cu orbitals in these regimes,
to reach these goals we solve the Emery model with
finite-temperature cellular extension [11-13] of dynamical
mean-field theory [14]. This is a nonpertubative method
allowing us to treat both temporal and spatial electronic
fluctuations. Our key strategy is to construct the Zaanen-
Sawatzky-Allen diagram U; vs A of the Emery model. The
main finding of our work is that the position relative to the
metal-insulator boundary of the Zaanen-Sawatzky-Allen dia-
gram controls the redistribution of the charges among Cu and
O orbitals. First, at fixed energy difference between Cu and O
orbitals, an increasing U, leads to an increase of Cu hole con-
tent at the expenses of the O hole content, for either the Mott-
Hubbard or the charge-transfer regime. This is because Uy
induces an effective suppression of the charge fluctuations
between Cu and O orbitals. Second, for a fixed charge gap

size, as the Emery model evolves from the charge-transfer to
the Mott-Hubbard regime, the Cu hole content increases at the
expenses of the O hole content. This is due to the holes that
become more localized on the Cu orbitals.

These findings have three main implications. First, they
posit Uy and A as possible key microscopic mechanisms gov-
erning the redistribution of charges among Cu and O orbitals
in the CuO; plane. Second, they enable us to quantify the an-
ticorrelation between the size of the correlated gap and the O
hole content, all the way from the charge-transfer to the Mott-
Hubbard regime, supporting earlier discussions [5—7]. Third,
they provide a framework for connecting microscopic model
parameters to some trends in cuprate phenomenology related
to the charge redistribution in the CuO; plane and to the size of
the charge-transfer gap. More specifically, we reveal that the
intersection between O hole content isolines and charge gap
isolines in the Zaanen-Sawatzky-Allen diagram sets the sys-
tems with larger O hole content deeper in the charge-transfer
regime, i.e., in regions of higher U, and smaller A.

The rest of the paper is organized as follows. Section II
summarizes our model and method. Section III examines how
electrons are shared among Cu and O orbitals at zero doping.
Then, Sec. IV analyzes the electronic charge redistribution
in the CuO, plane upon electron or hole doping. Then, in
Sec. V we show that the Zaanen-Sawatzky-Allen diagram is a
good framework to rationalize our results, and in Sec. VI we
summarize our main findings.

II. MODEL AND METHOD

The Emery model [8] we study has the Hamiltonian

H=7) Ci,lho®k) — uliCis +Us ) narpnaryy- (1)
ko R;

Here, in the vectors Clia = (d;((U, pika, p;ka) and Cy, =

(dxo » Pxko s Pyko )T, dl:a and dy, creates and annihilates an
electron with momentum k and spin o in the Cu 3d,>_,
orbital and plka, Peko (¢ = x,y) creates and annihilates an
electron with momentum k and spin o in the O 2p,, orbital,
NgR,c = d:{,.ng,a is the number operator at the Cu site R;, u is
the chemical potential, and Uy is the onsite Coulomb repulsion
on the Cu orbital.
In the matrix

€4 Vdpx Vdpy

h) = V), &+Wopr. W, |, @
T + .
Vap, Wop, €+ Wpp,

the parameters €; and €, = €, = €, are the onsite energy of
the Cu 3d,>_,> orbital and O 2p,, 2p§ orbitals, Vy,, = tpa(1 —
e k), Wy, = 21}, cosky, and W, , =1,,(1 — e y(1 —
e~*v). Here, we have set the Cu-Cu lattice distance to unity,
tpq4 is the hopping amplitude between nearest-neighbor Cu-
O orbitals, #,, and t[’,p are the hopping amplitudes between
nearest-neighbor and next-nearest-neighbor O-O orbitals.
The phase factors of the hopping amplitudes are shown in
Fig. 1(a). Following Ref. [15], in Eq. (2) we renormalized
the onsite energy of the O orbitals by replacing €, by &, =
€p — 2pp.
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We study the Emery model (1) at finite temperature us-
ing the cellular extension [11-13] of dynamical mean-field
theory [14]. We embed a cluster of 12 lattice sites [solid
green square in Fig. 1(a)] containing N; =4 Cu sites and
N, =8 O sites into a self-consistent bath of noninteracting
electrons. We solve the resulting cluster plus bath model with
the hybridization expansion continuous-time quantum Monte
Carlo method (CT-HYB) [16-19] in the segment representa-
tion [16]. Further details about the method are described in
Refs. [6,20,21].

Using t,, =1 as our unit of energy and temperature T
(with kg = 1), we study the set of parameters

€, =0, tl/,p =1, t,g =15 T =1/20. 3)
To tune the Emery model from the charge-transfer to the
Mott-Hubbard regime, we vary the onsite O energy €, in the
range €, € [—4, 10] and the onsite Coulomb interaction Uy
in the range U; € [2, 15]. We change the chemical potential
W to study a doping range § = 5 — nyy € [—0.2, 0.2] (where
6 > 0 indicates hole doping and 6 < O indicates electron
doping).

To gain some insights into these sets of parameters, let us
consider some limiting cases. For U; =0 and ?,; = 0, the
parameters €; = 0, €, = 10 set the Cu 3d level below the O
2p bands. For U > &, — ¢4, the Cu 3d level is split into two
levels of energy €, and €; 4+ Uy, with the latter lying above the
O 2p bands. For a total occupation ny = ng + 2n, =5, the
model shows a charge-transfer gap between the O 2p bands
and the Cu 3d level at energy €, + U,. On the other hand, for
U; =0 and 1,4, = 0, the parameters ¢; = 0, €, = —4 set the
Cu 3d level above the O 2p bands. As before, the interaction
strength U, splits the Cu 3d level into two levels at €; and
€4 + Uy. For ne = 5, the model now shows a Mott-Hubbard
gap between the Cu 3d levels. If we now turn on the Cu-O
hopping #,;, the Cu 3d levels evolve into bands and the Cu
3d and O 2p bands develop a mixed d-p character. A sketch
of the resulting local density of states is shown in Figs. 1(b)
and 1(c).

With the same methodology used here, Ref. [20] stud-
ied €, =9 for hole doping and Ref. [22] studied €, = 8 for
either hole or electron doping. We extend Refs. [20,22] by
studying several values of the onsite O energy €, in the
range €, € [—4, 10] and of the interaction strength Uy, for
either hole or electron doping. Contrary to Refs. [20,22],
here we fix the temperature at T = % since we cannot
access lower temperatures due to the Monte Carlo sign prob-
lem that becomes more severe for small values of €, (see
Appendix).

III. ZERO DOPING

In this section we study the Emery model (1) at zero dop-
ing, where the CuO; unit cell has an odd number of electrons
(five electrons or, equivalently, one hole). We construct the
Zaanen-Sawatzky-Allen diagram to map out the correlated
insulating regimes induced by the onsite Coulomb repulsion
on the Cu orbitals. Then we quantify the degree of sharing of
the electrons among Cu and O orbitals and we examine the
correlated gap size.

on

12

A:Ed+Ud—€p

FIG. 2. Computed Zaanen-Sawatzky-Allen diagram U, vs A =
€; + Uz — €, for the Emery model at n,,, =5, i.e., at § = 0. Dotted
gray lines denote constant values of €, — €,. Filled blue squares
indicate a metallic state. Open blue circles indicate an insulating
state, of charge-transfer type (CTI) or Mott-Hubbard type (MHI).
The metal to insulator boundary (red up triangles) is determined by
the loci where the insulating charge gap closes, i.e., A; =0 [see
Fig. 5(a)]. Orange dotted-dashed lines with down, left, and right tri-
angles indicate the lines of constant charge gap size A; = 0.5, 1, 1.5
[see Fig. 5(a)].

A. Zaanen-SawatzKky-Allen diagram

The Emery model can describe different correlated insu-
lators taking place for ny = ng +2n, =5, or equivalently
one hole per CuO; unit cell. A useful way to show this is to
calculate the Zaanen-Sawatzky-Allen diagram [10]. Note that
in our convention, ny and n, vary between 0 and 2, where 0
denotes an empty orbital and 2 denotes a full orbital.

Figure 2 shows the calculated Zaanen-Sawatzky-Allen di-
agram at T = % with cellular dynamical mean-field theory
(CDMFT). On the y axis, there is the onsite interaction
strength U; on the Cu orbital. On the x axis, there is the bare
charge-transfer energy A = €; + Uy — €, in the atomic limit.
To map out the Zaanen-Sawatzky-Allen diagram, we perform
scans along the diagonal lines (gray dotted lines), which cor-
respond to different values of the bare Cu-O energy distance
€, — €4, ranging from —6 to 8 at a step of 2. Reference [20]
studied €, — ¢4 = 7, and Ref. [22] explored &, — ¢; = 6 with
the same model and method used here. The normal state of
the Emery model shows two main phases, one metallic phase
(filled blue squares) and one correlated insulating phase (open
blue circles). We identify these phases by calculating the total
occupancy ny versus the chemical potential w. In a correlated
insulator, for fixed €, — €; and T', ny; vs p shows a plateau at
nt = 5. Therefore, if dny/dp is smaller than an arbitrary
small value (here 0.005, as in Ref. [22]), we characterize the
system as a correlated insulator. Otherwise, we identify the
system as metallic.

In the Zaanen-Sawatzky-Allen diagram U; — A, the
boundary between the metal and correlated insulator (solid
red line with up triangles) decreases monotonically with in-
creasing A. In Ref. [20] it was shown for &, — e; = 7 that
this boundary at low temperatures is first order in character.
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FIG. 3. Partial density of states N(w) of the Cu 3d orbital (red
solid line) and of the degenerate O 2p,, 2p, orbitals (blue dashed
line), along with the total density of states Ny (w) = [Ny(w) +
2N,(w)]/3 (purple dotted line), in the charge-transfer insulator
(a) and in the Mott-Hubbard insulator (b). Data are for the set
of parameters of Eq. (3) and U =12.1,&, —¢; =6 (a) and U =
5, €, — €; = —4(b), and correspond to the green hexagons in Fig. 2.

Note also that the location of this boundary depends on the
short-range correlations included in our method. Neglecting
such correlations would increase the critical value of U; for
opening a correlated insulator, as shown for example in the
context of the single-band Hubbard model [23] and of the
d-p model [24]. Physically, we can have a correlated insu-
lator for large values of U; and moderate values of A, or
for small values of U; and large values of A. This corre-
sponds to two different types of correlated insulators [10]:
charge-transfer insulator (CTI) for U; 2 A and Mott-Hubbard
insulator (MHI) for U; < A. There is a crossover between
these two regimes, which is known as the intermediate regime,
forU; =~ A.

To further characterize the charge-transfer and Mott-
Hubbard insulators, Fig. 3 shows the projected local density
of states on copper 3d (red) and oxygen 2p (blue) orbitals,
as well as the total density of states (purple). Data are shown
for a charge-transfer insulator and a Mott-Hubbard insulator,
corresponding to the values of U; and A marked by the
green hexagons in the Zaanen-Sawatzky-Allen diagram of
Fig. 2. We perform the analytical continuation from Mat-
subara to real frequencies using the method of Ref. [25]. In
the charge-transfer insulator [Fig. 3(a)], there is an insulating
gap between the charge-transfer band and the upper Hubbard
band. In contrast, in the Mott-Hubbard insulator [Fig. 3(b)]
there is an insulating gap between the lower and upper Hub-
bard bands. They both have a mixed d-p character, which is
more pronounced in the charge-transfer regime than the Mott-
Hubbard regime. The next subsection quantifies the degree of
the mixed d-p character of these states.

B. Degree of charge shared among Cu and O orbitals

The Zaanen-Sawatzky-Allen diagram characterizes the
Emery model at ny = ng +2n, =5, or equivalently § = 0,

—
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FIG. 4. (a) Cu hole content (defined as p;, =2 —ny), (b) O
hole content [defined as p, = 2(2 — n,)], and (c) Cu local moment
squared (defined as mfi = ny — 2D) as a function of U,. Data are
taken at 6 = 0, for different values of the bare Cu-O energy dif-
ference €, — €,, and for the set of parameters of Eq. (3). Circles
(squares) denote insulating (metallic) states, as in Fig. 2. The inter-
section of the curves in (a) and (b) with horizontal gray dashed lines
defines the loci of constant Cu hole content p;, = 0.7,0.75,0.8 (O
hole content p, = 0.3, 0.25, 0.2, respectively). These loci are indi-
cated by cyan dashed lines in the Zaanen-Sawatzky-Allen diagram
of Fig. 9(a).

or one hole per CuO; unit cell. The hybridization ¢,; leads
to a mixed character of this hole. As a consequence, the
Cu orbital is slightly more than half-filled and the O orbital
is almost fully filled, i.e., ny = 1 4 2n and correspondingly
n, = 2 — n. In the hole representation, this leads to define the
copper hole content as p; = 2 — ny and the oxygen hole con-
tent as p, = 2(2 — n,), where the extra factor of 2 takes into
account the 2p,, 2p, orbital degeneracy. Hence, the parameter
n can be considered as a measure of the mixed d-p character
of the hole. This section studies the orbital character of the
hole, i.e., how this hole is shared among Cu and O orbitals in
the regions described by the Zaanen-Sawatzky-Allen diagram.

Figures 4(a) and 4(b) show the copper hole content and
oxygen hole content as a function of U, for different values
of €, — €4. The mixed character of the hole decreases with
increasing U,. Therefore, upon increasing Uy at fixed €, — €4,
the copper hole content increases (i.e., ny — 1 for U; — o0)
and the oxygen hole content decreases (i.e., n, — 2 for Uy —
00). Conversely, on increasing &€, — €4 at fixed Uy, the mixed
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character of the hole increases. Therefore, on increasing €, —
€4 at fixed Uy, the copper hole content decreases (i.e., ng — 1
for €, — —o00) and the oxygen hole content increases (i.e.,
n, — 2 for €, — —00).

Since the Cu orbital is slightly more than half-filled (i.e.,
ng = 1 4 2n), it is instructive to analyze its associated spin
local moment. Figure 4(c) shows the local moment squared
on the Cu orbital, m% = (ngy — ng,)* = ng — 2D, where D
is the double occupancy, as a function of U, for different
values of €, — €;. Upon increasing U, at fixed &, — €4, mﬁ
increases, as the double occupancy of the Cu orbitals becomes
energetically unfavorable. Upon increasing €, — €, at fixed
Uy, m(zl decreases due to the increased mixed character of the
hole (i.e., ng — 1 for €, — —00).

At lower temperatures than that used here, it is expected
that the large local moments on nearest Cu orbitals may
arrange themselves in an antiferromagnetic pattern [26-28],
owing to the superexchange mechanism [2,29,30]. Note, how-
ever, that thermal fluctuations prevent long-range order in
two dimensions [31], but in real materials, small interplane
coupling suffices to induce long-range order at a small but
nonzero temperature.

C. Correlated charge gap

Next we study the size of the charge gap of the correlated
insulators A;. We determine A; by the width of the plateau
at ne () = 5 (numerically we take dn/dp < 0.005). The
quantity A; is comparable to the spectral gap in the local
density of states (see Fig. 3). However, Aj has the advantage
of not relying on the analytical continuation.

Figure 5(a) shows the charge gap size A; versus the inter-
action strength Uy for different values of €, — €,4. As expected,
the size of the gap increases with increasing U;. The critical
value of the interaction strength for opening a correlated in-
sulator, Uy mit, is given by the x-axis intercept of the linear
fit of the curves Aj(U;) and monotonically increases with
increasing €, — €;. The resulting metal-insulator boundary
Usmit(A) is shown by the red line with up triangles in
the Zaanen-Sawatzky-Allen diagram of Fig. 2. Note that at
smaller temperatures than that considered here, the metal-to-
insulator boundary at ny, = 5 is slightly shifted and becomes
first-order, as shown in Ref. [20]. Similarly, the x intercepts of
the curves with horizontal lines determine the lines at constant
charge gap size and are shown with orange dotted-dashed
lines in Fig. 2 for A; = 0.5, 1, 1.5. As shown in in Fig. 2,
these isolines of charge gap size are approximately parallel to
the metal-insulator boundary.

Next we study the evolution of the charge gap size as a
function of Cu or O hole content, as shown Figs. 5(b) and 5(¢).
On increasing the copper hole content at fixed €, — €4, the gap
size Ay increases. Conversely, on increasing €, — €, at fixed
gap size, the copper hole content decreases. Since at § =0
the O hole content and Cu hole content are related by p, =
1 — pg4, opposite trends occur for the O hole content: upon
increasing the oxygen hole content at fixed €, — €4, the charge
gap size Ap decreases. Conversely, on increasing &, — €; at
fixed gap size, the oxygen hole content increases.

References [5-7] pointed out that the gap size of the
charge-transfer insulator is anticorrelated with the O hole

2.5
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FIG. 5. (a) Insulating charge gap size A; vs interaction strength
U, for different values of €, — €,. The intersection of the linear fit of
the curves A;(U,) with the x axis, i.e., Aj(U;) = 0, determines the
metal-to-insulator boundary in the Zaanen-Sawatzky-Allen diagram
of Fig. 2. The intersection of the linear fit of the data with horizon-
tal gray dashed lines defines the loci at constant charge gap size
Ay =0.5,1, 1.5 in the Zaanen-Sawatzky-Allen diagram of Fig. 2.
(b) Insulating charge gap size A; vs copper hole content for different
values of &, — €. (c) Insulating charge gap size A; vs oxygen hole
content for different values of €, — €,. Other model parameters are
as in Eq. (3).

content. Our findings confirm that this result is valid not
only for the charge-transfer regime, but all the way from the
charge-transfer to the Mott-Hubbard regime as well.

In addition, our results show that the absolute value of the
slope of the charge gap size as a function of either copper hole
content or oxygen hole content is reduced at small charge gap
size [Figs. 5(b) and 5(c)]. This is consistent with the results
of Ref. [24], which ascribes the reduced slope of Ay to the
increased short-range correlations as the metal-to-insulator
boundary is approached.

IV. FINITE DOPING

Having analyzed the zero doping case, we now turn to
study the effect of modifying the number of charge carriers
in the CuO; plane by either electron or hole doping. We show
how doping induces a transfer of spectral weight in the local
density of states and then we quantify the charge redistribution
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FIG. 6. Partial density of states N(w) of the Cu 3d orbital
(red solid line) and of the O 2p,, 2p, orbitals (blue dashed line),
along with the total density of states Ny, (@) = [Ny(w) + 2N,(w)]/3
(purple dotted line), for 20% electron and hole doping of the charge-
transfer regime [(a) and (b), respectively], and of the Mott-Hubbard
regime [(c) and (d), respectively]. Data are for the set of parameters
of Eq. 3)and U = 12.1,&, —€¢; =6 [(a) and (b)] and U =5, &, —
€s = —4 [(c) and (d)].

among Cu and O orbitals induced by doping using the partial
occupancies of the orbitals.

A. Local density of states

Let us consider the effect of adding or removing electrons
in the density of states of the charge-transfer and Mott-
Hubbard insulating states of Fig. 3. Figures 6(a) and 6(b)
show the projected local density of states on copper 3d (red)
and oxygen 2p (blue) orbitals, as well as the total density
of states (purple) at doping values § = £0.2, for a doped
charge-transfer insulator [Figs. 6(a) and 6(b)] and a doped
Mott-Hubbard insulator [Figs. 6(c) and 6(d)].

Let us first consider the doped charge-transfer insulators
in Figs. 6(a) and 6(b). On electron doping [Fig. 6(a)], there
is a transfer of spectral weight from high to low energies.
This process introduces states into the upper Hubbard band
and leads to a peak in the density of states close to the Fermi
level at = 0. The peak has a predominant d character. On
hole doping, there is a transfer of spectral weight into the
charge-transfer band, which produces a peak at the Fermi level
with a large mixed d-p character. Let us now turn to the doped
Mott-Hubbard insulators in Figs. 6(c) and 6(d). On electron
(hole) doping, the dopant carriers enter the upper Hubbard
band (lower Hubbard band), giving rise to a metallic state
characterized by a peak close to @ = 0 of mainly d character.

Comparing the local density of states in Figs. 6(a)-6(d),
there is an asymmetry about which orbital the dopant carriers
go upon electron or hole doping. This asymmetry decreases
as the system evolves from the charge-transfer regime to the
Mott-Hubbard regime. In the former, the doped holes intro-
duce states in a charge-transfer band with mainly p character
and doped electrons introduce states in the upper Hubbard
band with mainly d character. In the latter, either doped elec-

trons or holes introduce states in bands of mainly d characters,
the Hubbard bands.

Finally, note that our analysis of the density of states is
restricted at § = 0.2 and T = % Reference [22] shows, for
€, — €4 = 6 and smaller temperatures, that the metallic state
found upon small either electron or hole doping a charge-
transfer insulator has the features of a strongly correlated
pseudogap [22,32]. We leave as an interesting future work
how the pseudogap evolves with the bare Cu-O energy dis-
tance.

B. Charge redistribution among Cu and O
orbitals induced by doping

Following Refs. [4,5,33], a compact way to quantify the
effect of the electron or hole doping on the charge redistribu-
tion among Cu and O orbitals is to plot the Cu hole content,
i.e., 2 —ng, vs O hole content, i.e., 2(2 — n,). This is shown
in Fig. 7 for different values of €, — €;. Each panel contains
different values of correlation strength Uy, corresponding to
selected values of Uy in Fig. 2. The zero doping state analyzed
in Sec. III corresponds to the dashed gray diagonal line in each
panel of Fig. 7. Parallel dotted gray lines indicate constant
values of electron doping (bottom left region) or hole doping
(top right region).

Above U, mit (curves with circles) and for electron doping,
the curves have large positive slopes: electron doping mostly
decreases the Cu hole content while having small effect on
the O hole content, all the way from the Mott-Hubbard to
the charge-transfer regime [i.e., upon increasing €, — €4, from
Figs. 7(a) to 7(h)]. Conversely, hole doping is markedly dif-
ferent between Mott-Hubbard and charge-transfer regimes:
above U, v and for hole doping, the slope of the curves de-
creases with increasing €, — €4, i.e., from the Mott-Hubbard
to the charge-transfer regime. The almost flat slopes found in
the charge-transfer regime indicate that hole doping mostly
increases the O hole content while having a small effect on
the Cu hole content. Physically, this reflects that doped holes
mostly enter the O orbital in the charge-transfer regime. As the
system evolves from the charge-transfer to the Mott-Hubbard
regime, the doped holes find it favorable to enter the Cu
orbital.

For a fixed value of €, — €, and increasing Uy, we observe
an overall shift of the curves towards the top left. Hence, the
conclusion of Sec. III B extends to any doping level: the effect
of increasing U, at any doping level is to reduce the oxygen
hole content and to increase the copper hole content. This
effect was already studied in Ref. [22] for €, — €; = 6. For a
fixed value of Uy and increasing €, — €4, we observe an over-
all shift of the curves downwards towards the bottom right.
This means that the effect of increasing €, — €, is opposite to
that of Uy, i.e., is to increase the oxygen hole content, and to
decrease the copper hole content.

Note that in Fig. 7 we fix the temperature at 7 = 21—0.
Reference [22] shows, for €, — ¢, = 6, that the effect of the
temperature on the magnitude of the partial occupancies is
small. Hence, we expect that the trends in Fig. 7 are robust
against the temperature.

The trends emerging from Fig. 7 give an effective frame-
work for discussing the NMR experiments [4,5,33] on the
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FIG. 7. Cu hole content vs O hole content for different values of U,. Each panel corresponds to a fixed value of €, — €,. Lines with circles
(squares) denote that the system at § = 0 is a correlated insulator (metal). In each panel, the gray dashed line indicates § = 0. The gray dotted
lines mark constant values of electron or hole doping, as indicated in (a). Other model parameters are as in Eq. (3).

charge redistribution among Cu and O orbitals of different
cuprates. First, hole-doped cuprates are charge-transfer in-
sulators, hence, the relevant model parameters are U; > A
and U; > Uy mrt, 1.e., lines with circles in Figs. 7(e)-7(h).
Second, Refs. [4,5,33] show that the parent (§ = 0) compound
of cuprates has a ratio of Cu/O hole content spanning from
nearly 0.82/0.18 of La,_,Sr,CuOy4 (LSCO) to nearly 0.7/0.3
of YBa;Cu3Og¢,, (YBCO), to 0.5/0.5 of a Tl-based material.
Therefore, our set of parameters seems to encompass the
trends of LSCO and YBCO families only.

Next, let us analyze the effect of doping on the local spin
moment on the Cu orbitals. Figure 8 shows the local spin mo-
ment squared on the Cu orbitals, mfi = nyg — 2D, as a function
of doping for different values of €, — €; and U;. Above Uy mit
(curves with circles), doping suppresses the local moment.
Depending on the values of &€, — ¢4, this suppression can
be asymmetrical upon electron or hole doping. In the Mott-
Hubbard regime, doped holes mainly enter the Cu orbital,
which increases n, and thus D, and therefore the asymmetry in
the rate of decrease of mfl (8) with increasing either electron or
hole doping is less pronounced. In the charge-transfer regime,
doped holes mainly enter the O orbitals. As a result, mfi(S)
decreases more gently on hole doping than on electron doping.

Upon increasing Uy, at fixed €, — €4, the curves overall
shift upward: the local moment squared on the Cu orbitals
increases since the double occupancy becomes less energeti-
cally favored. Conversely, upon increasing €, — ¢, at fixed Uy,
the curves overall shift downward: the local moment squared
decreases, due to the increased mixed character on the hole
(ie,ng — 1fore, - —00).

Finally, at lower temperatures than that explored here, stud-
ies on the Emery model have shown that both spin and charge

may arrange themselves in spatially modulated patterns, such
as spin or charge density waves [34-37].

V. DISCUSSION

In Secs. IIT and IV we quantified the variation of the charge
redistribution among Cu and O orbitals in the normal state of
the Emery model as a function of (i) the interaction strength
Uy, (ii) the bare Cu-O energy difference €, — €4, and (iii)
the doping. A key idea of our work is that further insights
can be gained by discussing these results within the Zaanen-
Sawatzky-Allen diagram.

A. Framing our results in the Zaanen-Sawatzky-Allen diagram

To discuss our findings in the Zaanen-Sawatzky-Allen
framework, let us consider the path ABCD in the computed
U; — A Zaanen-Sawatzky-Allen phase diagram of Fig. 9(a).
Figure 9(b) shows the copper hole content (red up trian-
gles), oxygen hole content (blue down triangles), and Cu
local moment squared (green circles) evaluated at the points
A, B, C, D, corresponding to the green hexagons in Fig. 9(a).

Let us follow the path A — B that connects a charge-
transfer insulator to a Mott-Hubbard insulator by reducing
€, — €4 (i.e., increasing A) and keeping constant the size
of the insulating charge gap at A; ~ 0.5. From A to B,
the copper hole content increases from ~(0.755 to ~0.865
and correspondingly the oxygen hole content decreases from
~0.245 to ~0.135. Equivalently, this means that from A to
B the electronic charge is transferred from Cu to O orbitals.
Physically, from the charge-transfer to the Mott-Hubbard
regime, the mixed d-p character is reduced by suppressing the
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FIG. 8. Local moment squared m on the Cu orbital vs doping 8. Each panel corresponds to a fixed value of the bare Cu-O energy distance
€, — €. Lines with circles (squares) denote that the system at § = 0 is a correlated insulator (metal). In each panel, the gray dashed line
indicates § = 0. The gray dotted lines mark constant values of electron or hole doping. Other model parameters are as in Eq. (3).

—A— copper hole content
—7— oxygen hole content
—©— m?

A:6d+Ud—€p

FIG. 9. (a) Computed Zaanen-Sawatzky-Allen phase diagram U, — A at n, = 5, i.e., at § = 0. Data are the same as in Fig. 2. In addition
to curves at constant charge gap size A; = 0.5, 1, 1.5 (orange dotted-dashed lines with down, left, and right triangles), curves at constant Cu
hole content p; = 0.7, 0.75, 0.8 are now added (cyan dashed lines with left, down, and up triangles). The latter are determined in Fig. 4(a),
and correspond to curves at constant O hole content p, = 0.3, 0.25, 0.2. The charge redistribution among Cu and O orbitals along the path
joining the points A, B, C, D (green hexagons) is analyzed in (b) and (c). The (Uy, €, — €,) coordinates of the points A, B, C, D are given by
A= (11.5,6),B= (4.4,—-4),C = (5,—4), D = (12.1, 6). Points 1 and 2 denote the intercepts between the curve at constant charge gap size
A = 0.5 and curves at Cu hole contents 0.8 and 0.75 (i.e., O hole contents 0.2 and 0.25), respectively. (b) Cu hole content (upper red triangles),
O hole content (down blue triangles), and Cu local moment squared m? (green circles) evaluated at the points A, B, C, D of (a), i.e., at § = 0.
(c) Same as (b), but Cu hole content, O hole content, and Cu local moment squared are evaluated at the hole-doping value § = 0.20 (dashed
lines) and at the electron-doping value § = —0.20 (dotted lines), relative to the points A, B, C, D at § = 0.
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electronic charge on the Cu orbitals and redistributing it on
the O orbitals. The spin Cu local moment squared mf, follows
the behavior of the Cu hole content. Physically, from the
charge-transfer to the Mott-Hubbard regime, the electronic
charge occupancy of the Cu orbital approaches unity (n; — 1)
and thus mfi is enhanced.

Let us now follow the path A — D, in which we start from
a charge-transfer insulator and, by keeping &€, — ¢, fixed, we
increase U, in such a way to double the size of the charge
gap (from A; = 0.5 to 1.0). From A to D, the Cu hole con-
tent increases from ~0.755 to ~0.787 and correspondingly
the O hole content decreases from ~0.245 to ~0.213. The
Cu moment squared mf] follows the behavior of the Cu hole
content. Next we follow the path B — C, in which we start
from a Mott-Hubbard insulator and, by keeping €, — ¢, fixed,
we increase U, in such a way to double the size of the charge
gap (from A; = 0.5 to 1.0). From B to C, the copper hole con-
tent increases from ~0.865 to ~0.883 and correspondingly
the oxygen hole content decreases from ~0.135 to ~0.117.
The Cu moment m(zl follows the behavior of the copper hole
content. Hence, there are no qualitative differences between
the paths A — D and B — C. As a result, the path D — C
has a similar trend as the path A — B.

Note that the physical understanding of the paths A — D
and B — C follows the interpretation discussed in Sec. III. In
other words, by keeping fixed the bare Cu-O energy distance
€, — €4, an increase in U, suppresses the Cu double occu-
pancy, and thus the Cu-O charge fluctuation. As a result, this
leads to a redistribution of the electronic charge from Cu to O
orbitals, and to an enhancement to the spin Cu local moment.

Next we study the effect of doping on the charge redis-
tribution among Cu and O orbitals. Figure 9(c) shows the
Cu hole content (red up triangles), O hole content (blue
down triangles), and spin Cu local moment squared (green
circles) evaluated at hole doping 6 = 0.20 (dashed lines)
and electron doping § = —0.20 (dotted line) relative to the
points A, B, C, D in the Zaanen-Sawatzky-Allen diagram of
Fig. 9(a).

Qualitatively, the charge redistribution for either hole or
electron doping in Fig. 9(c) (dashed and dotted lines, re-
spectively) follows that on the undoped system in Fig. 9(b).
However, there are some quantitative differences between the
hole and electron doping of the charge-transfer insulator. This
is best seen along the path from A to B in Fig. 9(c): the
copper hole content increases from ~0.780 to ~0.986 at
6 = 0.20 and from ~0.580 to ~0.676 at § = —0.20. Thus,
the increase is higher on hole doping. This reflects that in
the charge-transfer regime, doped holes enter mainly the O
orbitals, whereas doped electrons go mainly in the Cu orbital.
This also implies that the slope of the curves on the hole dop-
ing side in Fig. 7 increases upon decreasing €, — €4 (i.€., in
going from the charge-transfer to the Mott-Hubbard regime),
whereas it does not change substantially on the electron
doping.

B. Consequences for hole-doped cuprates

Finally, we discuss how these results can indicate a pos-
sible direction toward understanding some trends in the
cuprate phenomenology. Hole-doped cuprates are doped

charge-transfer insulators, hence, the relevant region of the
Zaanen-Sawatzky-Allen diagram in Fig. 9(a) is described
by the parameters U; > A and U; > Uy mir- By combining
the knowledge of the charge-transfer gap size and of the O
hole content in the CuO, plane, we can place cuprate systems
in the Zaanen-Sawatzky-Allen diagram and thus connect ob-
served experimental trends to microscopic parameters of the
Emery model. On one hand, the charge-transfer gap of the
parent cuprates has been estimated by photoemission, STM,
and optical conductivity experiments to be in the range ~1.5—
2eV [38]. On the other hand, the Cu (and thus the O) hole
content in the parent § = 0 state varies substantially among
cuprates, ranging from ~0.5 to ~0.85 (corresponding to O
hole content from 0.5 to 0.15), as found by NMR experiments
[4,5,33].

We can understand how the values of the charge-transfer
gap size and of the O hole content constrain the location of
systems in the Zaanen-Sawatzky-Allen diagram by tracing in
Fig. 9(a) two types of isolines: lines at constant charge gap
size A; = 0.5, 1, 1.5 (orange dotted-dashed lines with down,
left, and right triangles) and lines at constant Cu hole content
hole content p; = 0.7, 0.75, 0.8, or equivalently O hole con-
tent p, = 0.3,0.25, 0.2 (cyan dashed lines with left, down,
and up triangles).

As one possible example, systems with equal charge gap
size but different Cu hole content lie at the intersection be-
tween these lines. In Fig. 9(a), the point labeled with 1 has
a charge gap size A; = 0.5 and Cu hole content 0.8 (O hole
content 0.2), whereas the point labeled with 2 has a charge gap
size A; = 0.5 and Cu hole content 0.75 (O hole content 0.25).
Therefore, systems with larger O hole content lie more deeply
in the charge-transfer regime in the Zaanen-Sawatzky-Allen
scheme, i.e., in regions of higher correlation strength U, and
smaller bare charge-transfer energy A.

Let us try to obtain a physical intuition of this intriguing
finding. On one hand, the hole per CuO; unit cell that localizes
in the charge-transfer insulator is shared among Cu and O
orbitals. The degree of sharing of this hole is proportional
to the Cu-O bond covalency. Hence, a large O hole content
(i.e., a large sharing of this hole) corresponds to a large Cu-O
bond covalency. On the other hand, the O content is inversely
proportional to the charge-transfer gap size [see lines at con-
stant €, — €4 in Fig. 5(c)]. Therefore, (i) the requirement of
large O hole content, or equivalently large Cu-O bond cova-
lency, sets the Emery model in the charge-transfer regime, at
regions of small A in the Sawatzky-Allen scheme, and (ii) the
requirement of small charge-transfer gap size sets the Emery
model close to the metal-insulator boundary in the Sawatzky-
Allen scheme. Taken together, these two requirements imply
that cuprates with larger O hole content lie more deeply
in the charge-transfer regime in the Zaanen-Sawatzky-Allen
scheme, i.e., in regions of higher correlation strength U, and
smaller bare charge-transfer energy A.

Note that our analysis complements well earlier cluster
DMFT studies [24,39]. Specifically, Ref. [24], which studies
the closely related d-p model with dynamical cluster approx-
imation (DCA) at zero temperature, uses the experimental
optical gap of undoped La,_,Sr,CuQy4 to constrain the bare
Cu-O energy difference, adopting U; in a given range of
values believed to be relevant for cuprates. In the context
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of our work, this corresponds to fixing the y axis of the
Zaanen-Sawatzky-Allen diagram within a given range, and to
using the experimental charge gap size to constrain the values
of A on the x axis. Conversely, Ref. [39], which studies the
Emery model with CDMFT at zero temperature for a set of
realistic cuprate parameters, uses a complementary approach:
the experimental NMR results of O hole content [4,33] are
used to constrain the values of A. In the context of our work,
we see that the experimental NMR O hole content constrains
the value of A on the the x axis of the Zaanen-Sawatzky-
Allen diagram, but not those on the y axis, since the cyan
lines of constant O hole content are almost vertical in the
U; — A plane. Our work complements these two approaches.
As in Ref. [39], the value of O hole content provides one
constraint in the Zaanen-Sawatzky-Allen diagram [cyan lines
with triangles in Fig. 9(a)]. As in Ref. [24], the size of
the charge gap provides another constraint on the Zaanen-
Sawatzky-Allen diagram [orange lines with triangles in
Fig. 9(a)].

Our calculations thus show that the location of a system
in the Zaanen-Sawatzky-Allen diagram can be constrained
by the charge gap size and by the O hole content in the
CuO; plane. Within this framework, clear microscopic trends
emerge. As one possible example, we showed that systems
with same charge gap size but different O hole content lie
in different regions of the Zaanen-Sawatzky-Allen diagram,
with systems at larger O hole content placed deeper in the
charge-transfer regime, i.e., in regions of higher U; and
smaller A.

Note two main limitations of this approach: by focusing
only on the U; and &, — ¢; dependence of the charge re-
distribution in the CuO, plane, our calculations (i) ignore
the differences between material-specific model parameters
[40-45], and (ii) have not examined the role of other model
parameters, including the interplay with the Cu-O hybridiza-
tion 7,4, the next nearest-neighbor O-O hopping t[/, , and the
onsite Coulomb repulsion on the O orbitals U,. In princi-
ple, 7,4 and tl/,p can readily be tuned, although their impact
on the Monte Carlo sign problem remains to be assessed.
On the other hand, the inclusion of U, requires modifications
of the CDMFT framework used in this work since the oxygen
orbitals cannot be integrated out. In particular, the segment
formalism of CT-HYB cannot be used anymore in that case.
Despite these limitations, we view the trends in our framework
as a starting point for a better understanding of the physics of
the Emery model.

Furthermore, another possible interest of these findings
derives from the proposal [4,5] that the optimal supercon-
ducting transition temperature can be obtained by maximizing
the O hole content or by reducing the charge-transfer gap
size (see also Ref. [6]). Hence, our results would suggest
that systems with high superconducting transition temperature
should lie deeper in the charge-transfer regime and close to
the metal-insulator boundary of the Zaanen-Sawatzky-Allen
diagram, i.e., in regions of higher correlation strength U,
and smaller bare charge-transfer energy A. This is because
systems in this region satisfy the criteria of large O con-
tent and small charge-transfer gap. This work thus provides
a stepping stone for testing this hypothesis. For example,
in the context of Fig. 9(a), this would imply that doping

with holes a system at the point labeled by 2 in Fig. 9(a)
would have a larger superconducting transition temperature
than that obtained by doping with holes a system at the point
labeled by 1.

VI. SUMMARY AND CONCLUSIONS

In summary, we have studied the electronic charge redis-
tribution among Cu and O orbitals and the charge gap in
the Emery model at finite temperature with CDMFT. The
strategy of our work is to map out this charge redistribution
in the Zaanen-Sawatzky-Allen scheme, i.e., as a function of
the interaction strength U, and of the bare charge-transfer
energy A, all the way from the charge-transfer to the Mott-
Hubbard regime, with the goal of identifying the microscopic
mechanisms controlling its behavior. This charge redistribu-
tion allows us to make a link with NMR experiments in
cuprates [4,5,33]. This charge redistribution is inaccessible in
a one-band model.

At zero doping, we constructed the Zaanen-Sawatzky-
Allen diagram (Fig. 2) and characterized the degree of
sharing of the hole that localizes in the CuO; unit cell
[Figs. 4(a) and 4(b)], the local moment on the Cu orbital
[Fig. 4(c)], and the size of the correlated gap (Fig. 5). Next
we quantified the charge redistribution (Fig. 7) and the Cu
local moment (Fig. 8) upon varying the electron and hole
doping in the range & € [0, £0.20]. Then in Sec. V we
rationalized our results within the Zaanen-Sawatzky-Allen
framework.

The main finding of our work can be summarized as fol-
lows: The position relative to the metal-insulator boundary
of the Zaanen-Sawatzky-Allen diagram governs the charge
redistribution among Cu and O orbitals. Specifically, (i) at
any doping level and at fixed bare Cu-O energy distance
€, — €4, the Cu hole content increases with increasing Uy
at the expenses of the O hole content, all the way from the
charge-transfer to the Mott-Hubbard regime [as summarized
by paths A — D and B — C in Figs. 9(b) and 9(c)]. Physi-
cally, this is because a large U; costs large potential energy
if electrons occupy the Cu orbital, hence favoring large hole
content in the Cu orbital. (ii) At any doping level and for a
fixed charge gap size of the parent state, as the system evolves
from the charge-transfer to Mott-Hubbard regime, the Cu
hole content increases at the expenses of the O hole content.
Physically, this is due to the fact that the charge becomes more
localized on the Cu orbitals [as summarized by paths A — B
and D — C in Figs. 9(b) and 9(c)].

These findings lead to the following conclusions. (i) Uy
and A are main drivers of the microscopic process of charge
redistribution among Cu and O orbitals. (ii) The size of the
correlated gap is inversely proportional to the O hole content,
all the way from the charge-transfer to the Mott-Hubbard
regime, supporting and extending earlier work [5-7]. (iii) The
following two observables, the charge gap size and the partial
occupancies, can be used to constrain the location of systems
in the Zaanen-Sawatzky-Allen diagram. Previous work had
suggested focusing either on charge-transfer gap [24] or on
O hole content [39] to constrain microscopic parameters. We
have shown that we can use simultaneously these two strate-
gies. Intriguingly, we found that systems with same charge
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FIG. 10. Monte Carlo sign vs 8. Each panel shows data at a fixed value of the bare Cu-O energy distance €, — €. Lines with circles
(squares) indicate that the system at § = 0 is a correlated insulator (metal). In each panel, the gray dashed line indicates 6 = 0 and the gray
dotted lines mark constant values of electron or hole doping. Other model parameters are as in Eq. (3).

gap size but different hole content lie in different regions of
the Zaanen-Sawatzky-Allen diagram, with systems at larger
O hole content lying in regions of higher U; and smaller A.
Hence, this work paves the way for verifying whether these
regions optimize superconductivity, as proposed in the context
of cuprates in Refs. [4,5].
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APPENDIX: AVERAGE SIGN OF THE MONTE CARLO
SIMULATIONS

Figure 10 shows the average sign of the continuous-time
quantum Monte Carlo simulations as a function of doping §
and for different values of the bare Cu-O energy distance €, —
€4, for the same values of the parameters in Fig. 7.
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