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Quantum many-body systems in cavities combine the rich physics of condensed matter systems or quantum
chemistry with strong coupling to the surrounding electromagnetic field. In these systems, large Hilbert spaces,
many-body interactions, and strong system-environment coupling are all fundamental, posing a significant
barrier for established methods in quantum optics and condensed matter physics. Here we propose a novel
method based on a combination of the Bogoliubov-Born-Green-Kirkwood-Yvon (BBGKY) hierarchy [M.
Bonitz, Quantum Kinetic Theory (Springer International Publishing, Cham, 2016)] and the Hierarchical Equa-
tions of Motion (HEOM) [Y. Tanimura, Phys. Rev. A 41, 6676 (1990)] to achieve a rigorous description of open
many-body systems in contact with structured photonic and phononic baths. We rationalize that this stacked
hierarchy accounts for spin squeezing and superradiant emission despite its applicability to arbitrarily many
emitters. The potential of BBGKY-HEOM is then demonstrated for many-body electronic systems embedded in
host materials (e.g., molecules in organic crystals). We show that the impact of phononic coupling and charge
noise can be as relevant as electronic correlation. Our work establishes an accessible, yet rigorous, route between

condensed matter and quantum optics, fostering the growth of a new domain at their interface.

DOLI: 10.1103/6x28-j46x

I. INTRODUCTION

The ability to control many-body quantum systems with
quantized light is imperative in modern quantum technologies,
including photonics, quantum memories, quantum sensing,
or quantum information [1-5]. An idealized description of
the fundamental building block, the quantum emitter, is chal-
lenged by disturbances, such as charge noise or phonon
scattering, that hint at the inherent many-body character of
each quantum system. Strong light-matter coupling allows
to control interactions over extended length scales [6—10],
holding promise to design materials [11-16], devices [17-19],
or even chemical properties [20-24] nonintrinsically and on
demand. The many-body physics originating from electronic
and vibrational structure, as well as their respective deco-
herence, is crucial for a comprehensive understanding and
refinement of this control-strategy [25-29]. Relevant experi-
mental realizations include molecules or solids in micro- and
plasmonic cavities, requiring a holistic treatment of electronic
many-body physics coupled to various optical and phononic
modes [17,30].

Our primary challenge in this study is to address physical
processes wherein many-body interactions, strong light-
matter coupling, and strong system-environment coupling are
all fundamental. Achieving this goal necessitates combining
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concepts from quantum optics and solid-state physics. Quan-
tum optics often treats light-matter interaction nonperturba-
tively and offers many sophisticated techniques for dealing
with strongly coupled environments [31-47], but it typically
simplifies the structure of the materials drastically. Con-
versely, condensed matter or quantum chemistry approaches
accurately describe the material system but oversimplify in-
teractions with surrounding environments [12,13,48]. Here,
we show how to bridge system-bath, quantum optical, and
condensed matter approaches. We establish a framework for
studying the effects of strongly coupled bosonic fields on
many-body physics more efficiently than previously possible.

In order to deal with the strongly coupled environments we
rely on the Hierarchical Equations of Motion (HEOM) [31,47]
approach. HEOM has been used successfully to solve a large
variety of problems [49-58]. It lends itself to our cause partic-
ularly well, because (i) its approximation of the environment
is completely independent of the system dimension, and (ii) it
can be modified to incorporate nonlinear terms (see Sec. II B).
However, its original implementation treats the system part
exactly and thus fails for many-body systems due to the expo-
nential scaling of the system dimension.

For the treatment of many-body systems wave-function-
based approaches such as tensor networks [59] provide
reliable results once convergence with respect to the bond
dimension has been reached [60-63]. However, the compu-
tational cost of tensor network approaches often increases
quickly over the course of a simulation, which, in many
cases, limits their practical application to short timescales or
one-dimensional systems. Nonequilibrium Green’s functions
approaches [64] made recent progress after the successful
integration of the generalized Kadanoff-Baym ansatz [65-67]
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but a consistent treatment of complex structured baths remains
challenging. And while molecular aggregates with finite range
interactions can be very efficiently described with the help of
non-Markovian quantum trajectories [68,69], these methods
will generally lose their scaling advantage for the all-to-all
interactions mediated by the cavity. An attractive approach
with good scaling properties is to combine the treatment
of the bath with a cluster expansion of the system density
matrix [70] into single-, two-, three-, and N-body reduced
density matrices and then truncate the resulting Bogoliubov-
Born-Green-Kirkwood-Yvon (BBGKY) hierarchy at some
low order [71,72].

Here, we combine BBGKY and HEOM to establish a
stacked BBGKY-HEOM hierarchy that provides an efficient
framework for the simulation of correlated many-body sys-
tems subject to structured baths. Our method allows us to
go past the paradigm of the two-level emitter and demon-
strate that BBGKY-HEOM is able to capture many-body
electronic dynamics in the Fermi-Hubbard model coupled to
structured environments. BBGKY-HEOM provides accurate
predictions as long as the on-site repulsion U, and with it the
degree of electronic correlation remains moderate U/J < 1.
In an accompanying letter [73], we apply our BBGKY-HEOM
method to an experimentally relevant few-emitter lasing setup
comprising multiple molecules inside a plasmonic cavity. Our
results go beyond the state of the art and give new insights into
how the vibrational spectrum influences the lasing process.
Especially interesting are resonant enhancements that can be
linked to a relation between the drive strength and the plethora
of vibrational modes supported by each molecule.

The remainder of this article is structured as follows.
Section II provides a short introduction to non-Markovian
quantum systems and many-body theory before the derivation
of the BBGKY-HEOM equations in Sec. II B. We illustrate
their performance, limitation, and associated physical intu-
ition for various systems in Sec. III. After benchmarking our
method for many-emitter quantum optics in Sec. Il A, we
shift our focus to many-body electronic systems in Sec. III B,
where we investigate the Fermi-Hubbard model coupled to a
lossy cavity mode and subject to charge noise. This system is
then embedded into a highly structured bath in Sec. III C that
represents phononic motion in organic crystals. Section IV
finally concludes our study and provides an outlook into the
near future.

II. THEORY

A material comprising electrons and nuclei moving at
nonrelativistic velocities is described by Schrodinger’s equa-
tion. Its interplay with electromagnetic fields necessitates the
consideration of the (quantized) normal modes of Maxwell’s
equations. This combined system can be described using the
minimal coupling Hamiltonian. In Coulomb gauge,

Ne+N, 1
Hye = —[—ihV; — g;A@)]* + H,
Z 2m,-[ 1 qiA(r))]” + H,

i=1

+2 / dP[EL () + B (1)

for N, electrons and N, nuclei with charge ¢; and mass m;. We
will use atomic units in the following. Equation (1) splits the
transversal degrees from the longitudinal and instantaneous
Coulombic interactions H).. The latter includes electronic and
nuclear interactions which are initially treated in first quanti-
zation

N,
" A < 1
H|| = Vee + Ven +Vnn; Vee = Z

Py Ir; — 1}l
N Mo
VvV, — S U V., = Y R 2)
“ Ir; — R;| " or IR; — R}|

Their interplay results in rich many-body physics that gives
rise to electronic, vibronic, and phononic structure and, un-
fortunately, to an exponentially increasing complexity. The
open quantum systems approach now aims to identify a small
subsystem of interest that we can treat explicitly (the “sys-
tem”) while absorbing the remainder into environments (the
“baths”) [74]. The first step is to simplify the Hamiltonian to
a form that contains only linear interactions between system
and bath(s)

ﬁlot = ﬁsys + ﬁB + ﬁsys,B' 3

The gauge freedom of the electromagnetic modes pro-
vides various different paths for this. An intuitive approach
is separate the bilinear term ), —ifig; /miA(r,-) -V, from the
modified momentum YN ZLM[ —ihV; — q,A(ri)]2 intro-
duced in Eq. (1) as coupling operator and absorb the quadratic
diamagnetic term Zf\]:TN’ Zq—riA(ri)z into dressed photonic op-
erators [75,76]. A second direction, often more promising for
finite systems, is to shift into the multipolar gauge (detailed
in Appendix G). The combination with the long-wavelength
approximation, which demands that the wavelength of the
field is much larger than the extent of the matter system, then
provides a simple bilinear coupling between electric dipole
moment and displacement field. In addition, self-polarization
terms modify the dynamics of the system and the redefinition
of the optical creation and annihilation operators introduce
the need to reconsider the interpretation of system and bath.
Vibrational and phononic interaction follow similarly. The in-
fluence of nuclear motion on the electron-nuclear interaction

can be expanded around the equilibrium configuration

‘7en%Ven|0+ZSRj'VjVen|0+"' (4)
J

and truncated at harmonic order, resulting in a bilinearly
coupled electron-phonon or electron-vibration coupling that
depends on the electronic configuration. Note that also here
second-order (known as Debye-Waller) corrections appear
that require to carefully scrutinize the separation between
system and bath [77]. The following derivations and demon-
strations are agnostic to such subtleties, as we will focus
on the development and illustration of the BBGKY-HEOM
methodology. A thorough derivation of system-bath cou-
plings for a specific physical realization is evidently essential
for meaningful predictions but it is not the focus of this
manuscript.
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A. Many-body open quantum systems beyond
the Markovian limit

Following the steps outlined above, both the phonon and
the (transversal) photon sector of H,,. can be described as
a collection of quantum harmonic oscillators that couple
linearly to the electronic system. This description of an envi-
ronment is frequently the case in quantum optics [78], or when
the system is coupled weakly to a large number of degrees
of freedom where central limit type of arguments yield an
approximately Gaussian response [79]. We label these distinct
environments (e.g., a photonic and a phononic bath) with k%,
such that the bosonic annihilation (creation) operators belong-
ing to mode A of environment k are given by a* (a!"). The
Hamiltonian corresponding to the total state py; of system and
environments is then

H = Hgys + Z g’;(Lka];’Jr + L“a]{) + Z wfalfa];. o)
K, k.

Here L* is the system operator that describes the cou-
pling to the non-Markovian environment k and of, gt are
the frequencies and coupling strengths of the respective
modes. The environments are characterized by their spec-
tral density J*(w) = > |g’;|28(w — a)ﬁ) or equivalently by
their bath correlation function at temperature T of(7) =
fooo Jr(w)(coth (w/(2T)) cos (wt) — i sin (wt))dw. When a
description of the environment in terms of harmonic oscilla-
tors is suitable and the initial state of system and environment
is a product state, the HEOM approach yields a numerically
exact description for the evolution of the open quantum sys-
tem, even for strong coupling [31,47,49]. To use HEOM, the
bath correlation function needs to be fitted with exponential
functions [80] according to

Nexp
o (1) ~ Z G’; exp (—ijr), 6)
j

with G’;, WJ!‘ € C. The resulting hierarchy couples the phys-
ical density matrix to auxiliary density matrices, and the
number of auxiliary density matrices depends on the number
of exponentials Nex, as well as the system-environment cou-
pling strength. Due to the scaling with N.y, an efficient fitting
algorithm can significantly increase the efficiency of HEOM.
Several algorithms are available for this task [81], both in the
time [82] and the frequency domain [83,84].

In fact, HEOM type of techniques can be even extended
to cases where the environment is anharmonic [85,86]. In this
work, we focus on the case of harmonic baths, either corre-
sponding to optical modes confined in an imperfect cavity or
a phonon bath into which a quantum emitter is embedded.
The influence functional of the bath can then be computed
exactly under the harmonic assumption by using the path
integral formalism [87]. HEOM follows from this influence
functional [47] and we provide a sketch of the derivation for
the open system in Appendix C.

Following the previous motivation, we want to treat a
many-body system that couples to the environments. The N-
body Hamiltonian can be decomposed into a single particle

Hamiltonian H; and two-particle interactions V;;

N N
Hyo =Y Hi+ ) V. ()
i=1

i<j

Additional (local) Markovian dissipative processes of the sys-
tem are captured by Lg;s. The evolution of the total state py
of system and environments is then described by

Prot = —ilH, prot] + Laiss(Prot)- (8)

Equation (8) together with Eqs. (5) and (7) provide the gen-
eral form for systems discussed in this work. HEOM retains
some information about the bath, allowing one to access, e.g.,
photonic correlation functions.

For the coupling operators L; we distinguish two cases,
both illustrated in the following. First, all particles couple to
the same environment with equal strength and the coupling
operators take the form

N
LF = ZLf. ©)
i=1

Second, each particle couples to its own local environment,
however, all local environments are identical. The latter situ-
ation arises, for example, in a collection of molecules, each
with its local vibrational bath [73]. The coupling operators
are then denoted as Sj, and act only on the local Hilbert
space of particle k. In both cases the evolution equation (5) is
invariant under particle exchange, which we will leverage in
the following. Such assumptions are natural for indistinguish-
able particles but one can relax this condition if one would
like to describe ensembles of inhomogeneously broadened
emitters.

Despite the restrictions employed above, the resulting
system-bath Hamiltonian applies to a vast range of systems
critical in fields such as quantum optics, quantum impu-
rities in solid hosts, and strongly correlated materials in
cavities.

B. Combining HEOM with BBGKY

Let us now tackle the exponential growth of the Hilbert
space by stacking HEOM [31,49] and BBGKY [71] hierarchy.
We focus here on a single environment for the sake of sim-
plicity, but note that the extension to multiple environments
is trivial and will be illustrated in Sec. IIIC. The HEOM
equation accounts for the non-Markovianity of the coupled
environment with an infinite set of coupled equations for the
matrices p™™, whose dimension is equal to the dimension
of the system Hilbert space. Here, PO = Trp(por) =: Osys
is the physical density matrix of the system and m,n are
vector indices with dimension Nexp; 1, m € NNex They label
the auxiliary density matrices. A physical intuition for these
auxiliary matrices can be gained from related pseudomode
models, as shown in Ref. [88]. In practice, the number hier-
archy indices n, m must remain finite and thus an increasing
number is included until a convergence is reached. The hi-
erarchy can then be truncated at the sufficiently large index.
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The number of required indices generally scales with the
system-bath coupling strength, the memory time of the bath
and the number of exponential terms Ney, used in Eq. (6).
A Markovian bath corresponds to a truncation at first order
according to p® oc Lp®® p©e0) o @07 \where e; de-
notes the unit vector in direction k. The evolution equation for
the auxiliary density matrices (including the physical reduced
density matrix p®9) for a single environment with coupling
operator L reads

p"™ = —i[Hys, ™™ — (W -n+W* - m)p™™
Nexp

+ Z(Gjl’le,O("iej’m) + G;k-m‘,-p("’mfef)LT
j=1

+ 1™ LT+ [L, p™ ")), (10)

Here and throughout the manuscript, bold symbols indicate
the vector character of a variable. The complex coefficients
G;, W, can be obtained from a fit according to Eq. (6) or
inferred from scattering theory [89]. The application to many-
body systems now requires us to identify a path to limit the
dimensionality of the descriptor, so far p"™ | to manageable
levels.

An intuitive way to accomplish this is presented by the
BBGKY hierarchy which is built around the reduced density

J

matrices (RDM)
FIm = NV = DV = 2) Trys..n (0"™),
FI™ = N(N = 1) Trsq_y(p™™),
F"™ = NTrps. n(p™™). (11

Here Tr;;+;.. ~ denotes the trace over all particles with
index larger than i. The reduced density matrices are nor-
malized to account for the particle number under contraction.
Note that since we are restricting ourselves to permutation-
ally symmetric systems, the order of indexing is irrelevant.
With this permutational symmetry in mind we will stick to
the convention that subscripts only denote which particle(s)
an operator is acting on. The different RDMs in Eq. (11)
are distinguished by the number of subscripts. For example
E™™ = N1®Trys n(p™™) and Fa™ = NN — D1 ®
Tr3,4,m,N(p(”"”)). Furthermore, we use the same name irre-
spective of the total dimension of an operator, e.g., O, denotes
both1® O ® 1 ®...® 1 and 1 ® O. The intended dimension
becomes clear from the context.

Our goal in the following is to derive a closed hierarchy
of equations for the reduced density matrix Fj,, such that the
(auxiliary) density matrices in Eq. (10) only scale with the
square of the dimension of the single-particle Hilbert space.
From Eq. (10) and with Hgy, L given in the form of Egs. (7)
and (9), respectively, it follows that (see Appendix D for
derivation and Appendix E for local baths)

FY™ = —i[Hy, + Hy + Vi, F5"™] = i Trs ([Vis + Vs, F55™]) = (W -+ W* - m)F3™

M

30 (Gl + LR 4 Ty (L)) + G ™ (L] + L)+ m Tes (LF" )

k=1

+ [Fl(él-'rek,m)’ LT + L;] + [Ll + L, Fl(zn,m-s-ek)]).

For any interacting many-body system, the two-body RDM
Fi, will couple to the three-body RDM Fjy3, which in turn
will couple to the four-body RDM and so on. In order to close
this hierarchy we express the three-body RDM in terms of the
one- and two-body RDM

Fips ~ Fis(Fia, F), (13)

where 1?123 should be understood as a function that ap-
proximates the true three-body RDM. This step is the
core approximation performed in the derivation of BBGKY-
HEOM. We demonstrate in Appendix D how it can be derived
by reformulating the hierarchy of equations for the density
matrices pé;';’") as an equation for a single operator acting
on an extended Hilbert space Hexi = Hsys ® Haux and sub-
sequently neglecting non-Gaussian three-body correlations
within the system. However, we keep correlations between
two particles in the system and the auxiliary degree of free-
dom that captures the influence of the environment. Note
that, unlike the widely used cumulant expansion [90,91], our
approximation still allows for non-Gaussian single-particle
states, since only non-Gaussian correlations between particles
are neglected. This small but crucial difference enables us,

(12)

(

for example, to treat non-Gaussian vibrational states that are
relevant for polaritonic chemistry [92].

With these approximations we arrive at the expression be-
low for the three-body RDM, where we have left out indices
(0, 0) (which correspond to the physical RDMs) for brevity,

WV -DW =2)
N3

N-—-2
+ N (F12F3(n’m) + Fz("’m)Fm + Fl("’m)F23)

Fom =4 Tr (F""™) R RF

N -2
+ (FES™ + F&™F + 5™ F)

Tr(F""™)(FioFs + Fi3F> + FiFa3)

N2

(N - 2)(N - 1) (n,m) (n,m)
—ZT(FI BF; +F1F2 F;
+ REBF™™). (14)

As a reminder, we note that, following our convention,
terms such as F; 12F3(""”) and Fl(""”)F23 differ only in the tensor

product order, since Fl("’m) and F3("’m) (as well as Fy, and
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F>3) correspond to identical operators that are, however, acting
on different particles. Inserting the above approximation into
Eq. (12) provides the BBGKY-HEOM equation up to three-
body correlations—the central tool of this work. As desired,
it represents a closed hierarchy for the two-particle RDM that
can account for interactions within the system and simulta-
neously includes the influence of a generic non-Markovian
environment.

Fl(z”g‘”) is invariant under particle exchange, but does not
preserve the (anti-)symmetry of the wave functions as re-
quired for (fermionic) bosonic particles. Reconstructing an
(anti-)symmetric 3-RDM is more complicated, since not all
antisymmetric three-particle density matrices can be obtained
as a reduced state of an antisymmetric N-particle density
matrix. To guarantee this, a set of additional representabil-
ity conditions [93] needs to be satisfied. In practice, these
conditions are hard to check and a naive projection of the
reconstructed 3-RDM into the (anti-)symmetric subspace
can lead to instabilities. For a practical solution we follow
here the approach in Refs. [72,94,95], where it was shown
that enforcing contraction consistency of the reconstructed
3-RDM Tr3(Fi23) = (N — 2)F); and implementing a purifica-
tion scheme can significantly increase the stability and quality
of the BBGKY calculations. We describe our implementation
of these two procedures in detail in Appendix F. In particular
the reconstructed antisymmetric 3-RDM is given in Eq. (F7).

III. RESULTS

In the following, we demonstrate the applicability,
strengths, and limitations of BBGKY-HEOM on typical mod-
els from quantum optics and condensed matter physics.
Benchmarks via the driven Tavis-Cummings and Cavity-
Fermi-Hubbard models serve to demonstrate the excellent
performance of BBGKY-HEOM. We then simulate system-
bath competition in a Cavity-Fermi-Hubbard model em-
bedded in a structured phonon bath, representing optical
processes in organic crystals.

A. Driven-dissipative many-emitter systems

A collection of emitters that share a common mode can
interact with it collectively, potentially resulting in burstlike
correlated emission known as superradiance and nonclassical
squeezed spin states. Following a series of simplifications for
matter, cavity, and light-matter coupling, these systems can be
described with the widely used Dicke Hamiltonian [78]

Hpiske =4 Y 07 +wa’a+gy oia +a). (15

l 4

The Pauli matrices o; > represent the SU(2) algebra of an
idealized two-level emitter while a(a) are the creation (an-
nihilation) operators of the cavity mode. The collection of
emitters can be brought out of equilibrium by coherently
driving the system Hgive = 2€2cos (wqt) Y ;0. A unitary
transformation moves us into a frame that rotates with the
driving frequency w,. As long as the drive is close to res-
onance, i.e., wg > A,, A., g, Q2 with the detunings A, =
wa — wg, A = o, — wy, we can safely discard counterrotat-
ing terms e®+@uc) that oscillate too fast to influence the

dynamics of the system. We obtain the paradigmatic driven
Tavis-Cummings Hamiltonian

Hprc = A, Z of +Q Zoix + Add'a
i i

+8) (o a+o7ah). (16)

l

We will consider the emitters or spins in the following as
our system of interest and the cavity as an environment that
dissipates energy into free space at a rate k. For the sake
of simplicity we restrict our example to a parameter regime,
where this decay can be described by a GKSL master equa-
tion with Lindblad operator a [74,96,97], such that

p = —i[Hprc, p] + «Dlal(p),
Dlal(p) = 2apa’ — (a'ap + pa'a)). a7

In this case the bath correlation function is readily ob-
tained, for example, from the Heisenberg-Langevin equa-
tions [74,88], as

a(t) = g a(r)a’(0)) = gre AT, (18)

For this simple example, therefore, no fitting procedure is
necessary and we can easily use Eq. (12) with M =1 and
G = &, W = iA, + k. Using the truncation of the many-body
BBGKY hierarchy in Eq. (13), we then evolve a hierarchy
of two-particle RDMs, here 4 x 4 matrices, augmented with
the HEOM indices (m, n). The computational complexity is
therefore independent of the number of emitters.

Given the necessary computational resources, we could
have just as well decided to directly solve the entire system
of N-emitters plus lossy cavity using the Lindblad mas-
ter equation (17). This exact solution of Eq. (17) will be
used to estimate the quality of the BBGKY-HEOM and can
be obtained in a collective spin picture S* = > oik /2, k €
{x,y, z, +, —}. The 2"V-dimensional system Hilbert space can
then be restricted to a basis of N + 1 permutationally symmet-
ric Dicke states {|N/2,m),m = —N/2, —N/2+1,...,N/2}
which results in a linear increase of the relevant basis size
with N and therefore a quadratic increase of the Liouville
space. The collective spin-picture fails as soon as individual
emitter-emitter interactions need to be included, resulting in
an exponentially growing Hilbert space that prohibits exact
solutions for systems larger than a handful of emitters. How-
ever, the computational cost for BBGKY-HEOM is unaffected
by this change and remains system-size independent. Note,
that even if there is no direct interaction in this model, the
spins still interact indirectly via the cavity mode.

Figure 1(a) illustrates the system dynamics of Eq. (17) for
N = 50 emitters strongly coupled to the cavity /Ng/k = 0.5
in comparison to the exact solution of the master equation.
The spin components (S') are accurately predicted within the
simulation window, despite the nonclassical dynamics of the
system. Shown in the upper inset is the spin squeezing [98]
(see Appendix A) which is exhibiting values smaller than
unity—a sufficient condition for entanglement [99]. We ob-
serve small deviations at long times which can be understood
by investigating the slow increase in the explicit three-body
correlations (lower inset), i.e., the term that is discarded in
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FIG. 1. Squeezing and superradiance in the driven Tavis-Cummings model: (a) Spin dynamics for N = 50, g«/N/k = 0.5, A./x = 0.2,
Q/k = 0.05, A./k = 10. (b) Corresponding spin squeezing (see text). (c) Superradiant emission from fully excited state. Parameters adjusted
toA./k =2,Q/k =1, A./k = 2.4, g/k = 0.1. (d) Photon-occupation normalized by N? over time and maximum photon number in burst (not
normalized) for different N obtained with BBGKY-HEOM. BBGKY-HEOM provides reliable predictions and only begins to deviate slightly
at long times when explicit three-body correlations accumulate to noticeable values.

the currently chosen truncation. The spin squeezing is further
illustrated by the spin-Q function Q = (0, ¢|p|6, @) in the
upper right subplot (b), with |6, ¢) the spin coherent state.
Mean-field theory will fail in predicting any of the spin-
squeezing effects.

Let us fully excite all emitters and illustrate the resulting
superradiant emission in Fig. 1(c) (parameters adjusted, see
caption). BBGKY-HEOM is accurate, with small deviations
to the exact solution only at long times near the fully de-
excited steady-state. While mean-field theory captures the
overall dynamics qualitatively, it performs significantly worse
than BBGKY-HEOM at all times [100]. The inset projects
the dynamics on a sphere. The failure of mean field orig-
inates from restricting the dynamics to the surface of the
sphere, whereas the correct dynamics traverses the Bloch ball
diagonally. The sudden increase in the photon number orig-
inating from the burstlike emission of N correlated emitter
is presented in Fig. 1(d), demonstrating again accurate pre-
dictions by BBGKY-HEOM. Continuous driving results in a
continuous replenishment of the cavity mode. The maximum
photon-number (inset) is correctly described in its quadratic
increase with the emitter number N. In conclusion, BBGKY-
HEOM provides accurate predictions for matter and cavity

observables at constant cost, i.e., for arbitrary many emitter
and with the option to account for direct interaction.

B. Many-body electronic systems coupled to non-Markovian
optical environments

We will now relax the simplification of the emitter and
instead combine the dynamics of a correlated electronic sys-
tem with a structured system-bath coupling. The electronic
structure of most organic molecules is dominated by cova-
lent bonds or conjugated m-systems, requiring many-body
methods to faithfully model their electronic properties. An
excitation in such a system cannot be represented by the
excitation events of a single electron. Instead, the surrounding
electronic cloud reacts and screens the polarization induced
by the external field—every optical excitation in a molecule
or solid is inherently a many-body process. Electronic corre-
lation can reach substantial levels for, e.g., transition metals,
which contribute strongly localized d and f orbitals shielded
from molecular orbitals. Moving two electrons to such a state
costs a considerable amount of energy, as they strongly repel
each other, resulting in electronic motion that is strongly cor-
related. A prototypical approach to describe such a system is
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FIG. 2. Fermi-Hubbard model coupled to lossy cavity mode: (Left) Occupation of the first site as predicted by BBGKY-HEOM (solid
blue) vs exact (black dashed) solution for different onside repulsion values U (see text). (Right) Dipole moment driven by time-dependent

potential V;(t) = s(f;:'_)l),

where f(t) is a step function as shown by the gray dashed line and U = 0.1. The example simulates charge noise due

to the movement of electrons in the vicinity of the molecule. Inset illustrates on-site occupation.

given by the Hubbard model

N—-1
5 ZZ A A AT ~
HH =-J C[’gciJrl,a + CH_]’(,Ci,J
o i=1
N—1

+UY e e e a8, 19)

with the hopping rate J between two localized Wannier or-
bitals and the on-site energy U. Usually U > 0 as it costs
energy to force two electrons on the same site. Weak on-site
interaction U/J < 1 will only marginally limit the free hop-
ping of electrons between the states while extreme values of
U/J > 1 will result in Mott insulators [101]. We focus here
on small to moderate on-site interactions U/J < 1 to account
for the weak to moderate correlation in molecular systems.

Naturally, the electronic structure is embedded in an en-
vironment of optical (or vibrophononic) modes, resulting in
the emergence of polaritonic states if coupled sufficiently
strongly. Our BBGKY-HEOM approach allows to consis-
tently describe and monitor how the dynamics of the lossy
cavity mode imprints correlations in the electronic many-body
system and vice versa. The corresponding minimal Hamilto-
nian for such a Cavity-Fermi-Hubbard system [102,103]

[—7:]—71_14-]7"1)(&7&4-1) - e (&+&T)ecav j
2 280V
1 ~AN2
+ m(ecav : ”’) ) (20)

includes self-polarization contributions of the localized
dipole moment ft = €chain ), va: . riéigéi,g. The local posi-
tions ; = AQRi+1—-N)/(N—-1) i=0,...,N —1) rang-
ing from —A to A are defined with respect to the center of
the Power-Zienau-Wooley (PZW) gauge [75,76]. As in the
previous section we incorporate cavity dissipation by means
of a GKSL master equation with Lindblad operator \/ka.
For the numerical examples below, we will use hiw/J = 0.5,
assign a cavity loss of «/J = 0.2, a coupling strength of

g= %A = 0.1J, and disregard the self-polarization for
the moment. We emphasize that extensions to ultrastrong
coupling [104] require the careful consideration of self-
polarization terms [75,76]. The damping of the cavity is again
modeled by the dissipator D[a] given in Eq. (17).

One strength of explicitly treating the many-body elec-
tronic system is that the electronic response to external
stimuli, such as charge noise, can be explicitly modeled. As-
sume a short polyacetylene molecule with four sites hosting
four electrons, represented by Eq. (20), and initially in equi-
librium. A distortion in the surrounding structure suddenly
traps an electron near our molecule, resulting in a repulsive
Coulomb potential V(1) = Y, 30 Vi(t)c]  ¢ip. In the fol-
lowing, we consider the quench dynamics after the electrons

has left again, meaning we set V;(t < 0) = ﬁ and V;(t >
0) = 0. The subsequent occupation of the first site n(¢) =

(cIcl) is presented in Fig. 2 (left) for three different values of

on-site repulsion U (blue lines). It is compared against an ex-
act solution of the master equation (black, dashed lines). The
quality of our approximation remains excellent for U/J < 0.5
and slowly worsens for systems with sizable correlations of
U/J = 0.7, as one would expect. We note that the accuracy
of BBGKY will generally also depend on the initial state,
which influences to which extend non-Gaussian three-particle
correlations will build up. For example, we demonstrate in
Appendix F that accurate results can also be obtained for
U/J = 1 with a weaker, quadratic quench potential V;.
Charge will not only localize once but randomly tunnel in
and out of the impurity. The dynamics originating from the
random localization of charge on the dipole moment is shown
in Fig. 2 (right) for U/J = 0.1 with the corresponding changes
in occupation (inset) and time-dependent (gray dotted) poten-
tial Vy(¢). The suddenly appearing charge shortly before Jt =
40 enhances the oscillation already present in the system. This
results in large deviations from the equilibrium state without
noticeable influence on the quality of the BBGKY-HEOM
predictions. One strength of the BBGKY-HEOM is therefore
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—— including phonon bath --- without phonon bath

FIG. 3. Cavity-Fermi-Hubbard model under the influence of a
complex phonon bath: Occupation of the first site over time with
(blue, solid) and without (gray, dashed) the phonon bath after a
quench induced by charge noise. Parameters are identical to the
Fermi Hubbard example in the previous section with U = 0.1. The
inset shows the phonon spectral density (green), where the super-
Ohmic background is highlighted as a black dotted line.

to resolve the many-body electronic dynamics that originates
from time-dependent modulations which allows us to simu-
late, e.g., charge noise, dynamics screening, or triplet-triplet
annihilation explicitly—a feature that we plan to leverage
further in the future.

C. Many-body dynamics embedded into organic crystals

Many-body electronic systems, such as molecules or
(an)organic frameworks, are often embedded in a liquid or
crystalline environment. For example, organic molecules em-
bedded in organic crystals can serve as a highly coherent
emitter [1,5], quantum memory [105], or organic light-
emitting diode. Their environment is a combination of local
vibrational, extended phononic, and photonic modes, giving
rise to a highly structured and complex spectral function.
BBGKY-HEOM provides now the means to retain the com-
plexity of the electronic structure and combine it with the
full system-bath dynamic, i.e., extending beyond previous
approaches that relied on a simplified description of the elec-
tronic system [106].

Figure 3 demonstrates the impact of a non-Markovian
phonon-bath on the dynamics of the same four-site Cavity-
Fermi-Hubbard model (U = 0.1) subsequent to a quench
induced by a charge fluctuation V;(r < 0) = ﬁ, Vi(t >
0) = 0. This model can be seen as a simplified tight-binding
description of a tetracene molecule embedded in, e.g., an-
thracene or benzene organic crystals. As the nuclei move
closer together (further apart) their effective hopping rate in-
creases (decreases). In the context of Eq. (5) we model this by
coupling the phonon-bath to the hopping operator [107]

N
hon AT A AT A~
Lt = E E i oCirto T ,Cic- (21)

o i=1

The corresponding phonon spectral density Jphon(@) is illus-
trated in the inset, comprising a super-Ohmic background as
well as additional discrete modes. The super-Ohmic back-
ground (o< *) provides a simplified model for the acoustic
phonon branch of a three-dimensional crystal [108]. The
total phonon coupling strength was chosen as 1/+/3 times
the cavity coupling strength (/ Jophon(w)dw = g2/3). Addi-
tional numerical details of the simulation can be found in
Appendix H.

Neglecting the phonon bath (gray dashed) leads to a strong
misrepresentation, which is much larger than the possible de-
viations caused by the BBGKY approximation (recall Fig. 2),
and clearly shows why a holistic approach to the many-
body dynamics of the system and the system-bath interaction
is crucial for a predictive description. In combination with
machine-learning approaches and established ab initio theory,
this might provide a path towards truly predictive calculations
for organic quantum light-matter interfaces [5].

IV. CONCLUSION

No quantum system is perfectly isolated, and the descrip-
tion of its environment can be essential for our physical
understanding. Confined optical or plasmonic modes and
vibrational or phononic modes might even challenge the dy-
namics of a subsystem of interest by strongly coupling to the
internal degrees of freedom. Energy deposited in the environ-
ment will then not simply decohere but act back on the system,
resulting in a non-Markovian, or memory-dependent, system-
bath interaction. In order to afford a rigorous treatment of such
effects, the dynamics of the system itself are often simplified
to the degree that the many-body character inherited by every
molecule or solid-state impurity is lost.

In this study, we presented a rigorous hierarchical ap-
proach based on stacking of the reduced density-matrix
(BBGKY) and system-bath (HEOM) hierarchies together.
BBGKY-HEOM is flexible enough to tackle critical quantum
optical and condensed matter problems, striking a balance be-
tween high accuracy and good performance. In particular, we
demonstrated that correlated (superradiant) emission and spin
squeezing, i.e., dynamics that extend beyond the capabilities
of mean-field theory, are accurately captured.

Many-body electronic systems, here in the form of the
Fermi-Hubbard model, are critical in modern condensed mat-
ter theory. We illustrate the interplay between correlated
system dynamics and structured baths by simulating dif-
ferent forms of charge noise. Again, excellent performance
is observed as long as the on-site repulsion U and the
electronic dynamics remain moderate U/J < 1. Finally, we
demonstrated the major strength of BBGKY-HEOM by sim-
ulating the interplay between the vibrophononic bath of an
organic crystal coupled to the many-body dynamics of the
Cavity-Fermi-Hubbard model. Both contributions, i.e., non-
Markovian system-bath coupling and many-body dynamics
are equally important—clearly stressing the need for a more
holistic perspective on solid-state quantum emitters.

Our hierarchical approach can be rigorously informed from
first principles—bridging previously disconnected research
fields. In this way, BBGKY-HEOM provides a powerful tool
that can be used alongside established methods (like camulant
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expansions, density-functional theory, etc.) to gather a more
detailed and holistic understanding. Especially promising ex-
amples include molecules interacting with optical fields [109],
may it be for quantum technological applications [1,5,110],
polariton condensation [111], or few-emitter lasing [73].
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APPENDIX A: SPIN SQUEEZING

The spin-squeezing parameter is defined as £%(t) =
N(ASn, )/ ((Sny)? + (Sny)?) [99], where ny(t)L(S)(¢) is ob-
tained at each time point by calculating the vector perpendicu-
lar to the current spin direction that has the minimal associated
variance (ASy, )2. The vectors n,, n3 are then constructed such
that {n;} forms a basis.

APPENDIX B: BATH CORRELATION FUNCTION
FOR A DAMPED CAVITY

In the following we provide a brief derivation of Eq. (18)
and show how the Lindblad description in Eq. (17) can be
reconciled with the total Hamiltonian (5) given in Sec. IT A.
The result is well known and a more detailed and general
derivation may for example be found in the Supplemental
Material of Ref. [88].

For a single environment, the total Hamiltonian given in
Eq. (5) can be written in an interaction picture with respect to
the free bath Hamiltonian as

A(t) = Hys + L'B(t) + LB' (1),

B(t)—Zgl —uuz 1

B

The ba}th correlation function is obtained as o'(t) =
(B(t)B"(0)). In the following we will first bring the damped
cavity described by Eq. (17) in this form.

As the Lindblad master equation (17) is obtained from
eliminating a zero temperature Markovian bath (coupled to
the cavity mode) we may equivalently express the dynamics
in terms of an enlarged Hilbert space which explicitly contains
the degrees of freedom in the Markovian bath:

Hiw = Hyys + gX:(ofa+ +ota)+ Ad'a
i

+ Z(Qjc;c_,- + dj(ac; + ach)),
J
= Hyys + gZ(ai_aT +ota)+ Hem.

i

(B2)

Here, the operators c; (c;) are the annihilation (creation) op-
erators of the modes in the Markovian bath. In an interaction
picture with respect to the cavity and bath Hamiltonian Hcy,,
and find

() = —i[Hsys + (Z oﬁ)ga(r)
+ (Z a;)ga*(t)} |W(@)).

Clearly, the total Hamiltonian is now in the form of Eq. (B1)
and B(t) is given by the (yet to be determined) cavity annihi-
lation operator in the interaction picture ga(z). Thus, the bath
correlation function is obtained as a(7) = g2 {a(t)a’(0)). Due
to the Markov property of the c;,-bath the time evolution of
a(t) is given by the quantum Langevin equation [112] (see
also [88])

(B3)

d_‘; = —(iA. +©)a(t) — &),

where £(t) =Y i d; e it c; is the operator for white noise

with [E(t), £T(s)] = 2«8(t — 5). Note that driving the bath
directly can lead to non-Markovian features [113]. Here, a(t)
can be given explicitly as

t
— i/ dse(AHO=)g (g,

0

(B4)

at) = e 1Aty (B5)
With the explicit solution at hand the bath correlation function
is found as

(B(t)B'(s)) = g*(a(t)a' (s)),

2 —iA(t—s)—K|t— s|

=ge (B6)

APPENDIX C: DERIVATION OF THE HEOM

We sketch here a derivation of the HEOM equations. We
assume that the system is coupled to the environment via
operator g, such that in an interaction picture with respect to
the free Hamiltonian of the environment we have

Hi = Hyys + G(B(t) + B' (1)),

Bt) =) g m (@)
A

The response of the system to the environment is given by the
bath correlation function «(t — s) = (B(t)B'(s)). For HEOM
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we need that the bath correlation function is of the form
Nexp

a(t) = Z Gje ", (C2)

j=1

where G; and W; may be complex numbers. For increased
readability we perform the next steps for Ney = 1, but the
extension to multiple exponentials is straightforward. The
reduced dynamics of the system can be written in the path
integral form

pi(q.q) = /dqo/qu)/Dq/Dq/

x eSSV 4'1p0(q0, 4))s (C3)

where S[g] is the action of the closed system, p,(q,q’) =
(qlp:1q’) and §lq’) = qlq’) are the eigenstates of the coupling
operator §¢. The influence functional contains all information
about the coupling of the open system to the environment. In
this case it reads

Flg, ) = e B 8505 Gip(as—ar-a6-50) (ca

We define auxiliary states

p(n,m)(q, q’,t):/qu/dq{)/Dq/Dq/

x S-S E G 4'1p0(q0, 90)Q1 O™,
(C5)

where Q; = fot dsa(t —s)g; and Q) = f(; dsa*(t — 5)q..
Then, by directly computing the time derivative of the aux-
iliary state and by using the exact expression for the open
system dynamics together with the special form of the bath
correlation function, we directly arrive to

P (6) = —ilH, p"™] — (W + mW*)p™"
+ [p(iH»l,m)’ q] + [q’ p(n,erl)]
+nGgp" "™ + mG*p™m Vg, (C6)

The equations presented in the main text are a generalization
of the above equations in two respects. First, we allow for
multiple exponential terms in the expansion for the bath corre-
lation function, and second we allow for the case g # ¢' [49].
Additionally, it can be shown that

p "™ = i"(—i)" Tren (B'())"B(1) pot).  (CT)

APPENDIX D: DERIVATION OF THE BBGKY-HEOM
EQUATIONS

In the following, we detail the derivation of the BBGKY-
HEOM equation. For the sake of readability we again focus on
the case of a scalar index, corresponding to a single (global)
bath that all particles couple to and a single exponential in the
bath correlation function. The situation where each particle
in the many-body system couples to its own (local) bath is
explained in Appendix E. The extension to a vector index
is straightforward. We start from the HEOM equation (10)
and want to employ the BBGKY hierarchy to reduce the
dimension of the system.

Following (11) we define the reduced two-body auxiliary

matrices as
F4™ = N(N — 1) Trz_y(p™™). (D1

Their evolution equation can be derived from the HEOM
Eq. (10) [with Hgy given by Eq. (7)] by tracing over all but
two particles and assuming that the density matrix is invariant
under particle exchange:

FO™ = NN = 1) Tra_y (p™™),
= —i[Hl + H, +Vpa, Fl(;,m)]
— i Trz ([Viz + Vs, Fl(zrlim)])
— [(n — m)iA + (m + n)c]F5™
+Gn((L1 + L)FS ™" + Trs (LsF 35 ™))
+ G m(FY" (L] + L)) + Trs (LIF5" "))
+ [Fl(z”ﬂ,m), L+ L;] +[Li + L, Fl(él,erl)]‘ D2)

Above we used that operators which are traced over can be
cyclically moved under the trace, such that

N N
Tr3 N <|:ZH1', ,0:|) = [H, + Ha, p12] + ZTI3...N(I_Iip)
i1

i=3
— Tr3. n(pH;),
= [H + Hs, p12].

In addition, by utilizing the particle exchange symmetry of
™ partial traces over operators can be combined with the
help of the particle exchange operator P3; for arbitrary j €
(4, N]:

Tr3“N(Ljp(m—1,p)) =Try y (P32ijP32jp(m_l‘p)),

(D3)

= Tr3 n(L3Ps;p™" P Py)),
= Trs.n(Lsp" "),

_ T (RS
NN —1)(N =2)
In the next step we use a cluster expansion to express the term

FI(Z”S"”) in terms of the reduced density one- and two-body ma-

trices. The key approximation that enables this is the neglect
of higher order correlations. Combing Eq. (C7) and Eq. (11)
we can express the three-body density matrix as

F™ = N(N — (N = 2)i"(—i)"
X Tra.y.en (B"(0))"B(t)" pror)-

The cluster expansion amounts to expressing the three-body
density matrix including the environment as

(D4)

(D5)

P123E = P1 @ P2 ® p3 ® pp + p1 ® P2 ® '3
+01®T3®@pE+T 12000 +T13® 02 ® pg
+lreE®m®03+0®IE®p3+T12® '3
+lE®Tn+Ti3®INEe+ 01 ®Tor + T3 ® 02
+ e ® 03+ T3 ® pg + sk, (D6)

The operators T';; are defined in analogy to the second cu-
mulants as I';; = p;; — p; ® p;. The operators with three or
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four indices are defined in a similar way, using the third- or
fourth-order cumulants and they vanish exactly for Gaussian
states according to Wicks theorem. The cluster expansion can
thus be understood in the sense of a cumulant expansion of
the interparticle correlations [114]. We now neglect the non-
Gaussian three-body correlations within the system ['jp3 = 0
as well as four-body correlations I"j23r = 0 to obtain

F1(23 ) = 4T Tr

N-2 )
+ ~ (FIZFS(n,m) + Fz(n, 71)F13 + Fl(n,m)F23)

(F""™)FiF>F,

N-2 ,
+ N (F1F2(3n.m) + Fl(;l,m)Fz + FI(ZIVm)F3)

—N T (F(n’m))(F B+ Fi3F + FiFy)
N2 r{r 121473 1342 11723
N—-2)(N-—-1

2( )( )(Fl(n,m) F2F3

N2
+ RE""F + FIRE™). (D7)
The error of this approximation is expected to be small if (i)
the interactions between the particles are comparably weak,
(i) each particle or molecule experiences strong local dissipa-
tion, or (iii) the system is expected to behave approximately
Gaussian for other reasons, e.g., due to the presence of all-
to-all interactions. This now leaves us with a reconstruction
functional for all auxiliary matrices and enables us to trun-
cate the BBGKY-HEOM equation by neglecting higher order
correlations.

However, Eq. (D7) does not yet preserve (anti-) sym-
metrization. To ensure this we need to project F3™ onto
the (anti-)symmetric subspace with the help of the pro-
jector Afzs = (1 4+ €P12)(1 + €Pi3 + €P»3) and subsequently
normalize. Additionally, we use the methods suggested in
Refs. [72,94,95] to ensure (approximate) positivity of the den-
sity matrix and contraction consistency during the dynamics.
These methods are described in detail in Appendix F.

APPENDIX E: LOCAL BATHS

In this Appendix we show how BBGKY-HEOM can be
used to treat situations, where each particle couples to its
own local bath. For the sake of readability we consider the
case where the bath correlation function of each local bath
is a single exponential, where, again, the generalization to
multiple exponential terms is straightforward. We start out
with the HEOM equation for the full N-particle state, where
the coupling operators L; = S; only act on particle k and
Hgy = Z;\]:leiys (interactions can be included exactly the
same way as in Appendix D without changing the argument
presented below)

:b(n’m) = _i[HsySa P(n’m)] - (w -n+ w* ° m)p(n,m)

N
+ Z(Gknkskp(”*ek’m) + G]%:mk'O(n,mfek)sllL
k=1

+ [pFeem §T] 4 [Sy, pmmten]), (El)

Now after tracing out particle N, with p""”| = Try(p®™)

we are left with

N—1
P ) = —i[ZH;W pff’.ﬁ'—)l} — wen - w”mpl'yY
i=1

N—-1
+ D (GeneSip"y ™ + Gimip"V S|
k=1

+ [N ST+ Sk o))
+ Gyny Try (SNp(n—eN,m))
+ Gymy Try ("™ VS))). (E2)

We see that the last two terms actually still depends on hi-
erarchy states with ny, my > 0. However, ultimately we are
only interested in the physical density matrix Try(p®?). We
can see that the evolution of this physical density matrix only
depends on auxiliary states with my = ny = 0, because the
sum in line two and three only extends to N — 1. Furthermore,
the evolution of all auxiliary states with my = ny = 0 do in
turn also not depend on auxiliary states with my, ny > 0.
Thus, the physical density matrix is completely independent
of this part of the hierarchy and it may as well be omitted.
After omitting the last line in Eq. (E2) we have thus eliminated
the particle N together with its local bath. Continuing to trace
out all particles except 1 and 2 we are then left with
F™ = —i[Hy + Hyo 3™ ] — (w - n + w* - m)F5™
2
+ Z (GrmLi 5™ + Gemi Ry ™ ~*OL]
=1

k
FlRE L R

APPENDIX F: PURIFICATION
AND CONTRACTION CONSISTENCY

For fermionic systems one straightforward approach to ob-
tain the (antisymmetric) 3-RDM is to project the reconstructed
3-RDM from Eq. (D7) onto the antisymmetric manifold as

R - (n,m) — (n,m) , —
Fi™ = A3 Fiys Ay /N, (F1)

where A1_23 = A1_2(1 — P13 —P23), Al_2 =1- P]z, Pij is the
particle exchange operator for particles i, j and A is a nor-
malization. However, ? Fl(203’0) will generally not represent a
physical reduced state of an antisymmetric N-particle density
matrix, an issue known as the N-representability problem [93].
Furthermore, we find thatRFl(Zn_gm) is not contraction consistent,

meaning that
Trs (RFS™) # (N — 2)F 5™, (F2)

These inconsistencies will generally lead to unphysical
artifacts, such as negative eigenvalues of Fl(zo’o)(t), and in-
stabilities in the propagation. However, it was shown in
Refs. [72,94,95] that these instabilities can be cured to a large
extent by (1) enforcing contraction consistency of the 3-RDM
and (2) using a so-called dynamical purification scheme, that
enforces the positivity of the 2-RDM as well as the two-hole
RDM. Below we describe our implementation that enforces
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these two conditions for the simulations involving fermions,
following [94,95]. S

We use the notation pj/*" " for N-particle density ma-
riCeS O(iy in,....in), (1, j,jn)» Where each index runs from one
up to the single particle dimension. A key concept for the
implementation below is the unitary decomposition of ma-
trices [115,116], that allows to uniquely decompose every
matrix M as

M =M + M, (F3)

where every index contraction (and thus in particular ev-
ery partial trace) of OM;‘I:’I?Z”‘_‘_‘_’Z‘.’N vanishes and oM, | M are
orthogonal TroM' M) = 0. For antisymmetric two- and
three-particle density matrices M1,, M1,3 with single particle
dimensions d; we find the following explicit expressions for
the orthogonal component,

AL (M AT AL, Tr (M
LM]Z — 12( 1® ) 12 12 r( 1) (F4)

dy =2 (dy —2)(di — 1)’
My = Aps(Ma @ DA Aps(M @ TR 1A,
J_ - —
4(dy —4) 2(dy — 4)(d; —3)
Tr(M)A s

. (F5)

(di —4)(d1 —3)(d1 —2)

A crucial observation is that the orthogonal components

1Mir3, 1M, can be constructed from the knowledge of

the corresponding reduced states M| = Troy(Myz), Mip =
Tr3(M123) alone: | M1o3 = 1 M123(M12, My).

We can use the unitary decomposition to enforce the con-
struction consistency of the (antisymmetric) 3-RDM. For this,
we first calculate the mismatch on the level of the reduced
state

A p(nm) __ y(n,m)
F12 = F12 -

1
— s (*F5™). (F6)
With 2F,""™ = Try(*F$"™) we then obtain the correspond-
ing orthogonal component} F3;™ @ 5™ A F""™) according
to Eq. (F5). Following Ref. [95] the contraction consistent,
antisymmetric 3-RDMASF%;™ is then given as

For all simulations involving fermions we use “SF %™ to
approximate the three-particle state in Eq. (12), unless stated
otherwise.

In addition, we employ a dynamical purification
scheme [95] for the fermionic simulations, which ensures
that the smallest eigenvalue of the (normalized) reduced
two-particle density Fl(g’o)(t)/ Tr(Fl(z0 "0)(t)) never goes below
—e€p, where the threshold €, was chosen as €, = 1072 for the
simulations in this manuscript. To ensure this, we track the
smallest eigenvalue of Fl(g’o)(t) during runtime and perform a
series of purification steps once the smallest eigenvalue falls
below threshold. These purification steps were implemented
following Ref. [95] and amount to the following procedure:

(1) We construct the two-hole RDM Qi = A},/2 —
AL @ F)A, /4 + Fip, where A, =1 — Pp,.

(2) We obtain the eigenvalues AiF (AiQ) and eigenvectors
[vf) (|Ul-Q)) of Fi» (Q12) and decompose them into their

positive and negative parts.

Fg= Y il oh =3 APl)f]. )

AF <0 22<0

(3) We compute the unitary decomposition of F5, Op
according to Eq. (F4) and subtract the kernel components
oF5. 007, from Fi; to obtain a purified state PFi, = Fip —
oF5 —005,- PFi2 will have significantly reduced negative
eigenvalues [95].

(4) If the smallest eigenvalue of 7Fy,/ Tr(PFy,) is above a
certain threshold (chosen as —107 for the simulations in this
manuscript) we accept”Fj, as the new 2RDM and continue
the calculation. If not, we repeat the purification steps.

This purification scheme imposes two (out of many [93])
necessary N-representability conditions, and thus brings Fj,
closer to a physically valid (fermionic/bosonic) 2-RDM [95].

The contraction consistent reconstruction in Eq. (F7) and
the purification significantly extend the range of accessible
parameters as well as the accuracy of the method. An example
of this is shown in Fig. 4, where we compare compare a
simulation without (left plot) and with (right plot) the contrac-
tion consistent reconstruction and purification. The simulation
shows the dynamics of the cavity coupled four-site Hubbard
chain discussed in Sec. I[II B, with U/J = 0.1. The four sites
of our Hubbard-chain host again four electrons but we force
them initially to occupy the first and third site only, i.e., our
initial state has two doubly occupied and two empty sites.
Naturally, this state is far from the correlated ground state and
results in a violent dynamics of density sloshing forward and
backward. The insets show the respective minimal eigenvalue
of Fi, over time. The comparison with an exact solution of
the master equation (black dashed line) clearly shows how the
contraction consistent reconstruction and purification (right
plot) significantly improve the accuracy of BBGKY-HEOM
and prevent unphysical states.

Additionally, we confirm in Fig. 5 that our implementation
can be applied in a parameter regime that is roughly equivalent
to Ref. [95]. Using a quadratic quench potential to obtain
the initial state V;(r < 0) = 1/8(i — 1.5)2, Vi(t > 0) =0 and
other parameters identical to Sec. III B we find that BBGKY-
HEOM produces accurate results up to U/J = 1.0.

However, as the complete hierarchy including all auxiliary
states PHEOM = D m FI(Z"”") ® |n){m| is generally not guar-
anteed to be positive, the purification described above can
only be applied on the level of Fl(zo’o) instead of the whole
the hierarchy. For particularly strongly coupled environment
the purification therefore becomes less effective in prevent-
ing negative eigenvalues. One possible direction for future
improvements would be to incorporate the recent results of
Ref. [88], which suggest a fitting ansatz for the bath correla-
tion function that does guarantee the positivity of pggom and
therefore allows to consistently apply the purification on the
whole hierarchy.

APPENDIX G: MULTIPOLAR GAUGE

Electric and magnetic fields can be expressed in terms of
the vector and scalar potentials

E=-V¢—A, (G
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FIG. 4. Simulation of a four-site Hubbard chain with U/J = 0.1, where initially the sites one and three are doubly occupied and the sites
two and four are vacant. The right (left) plot shows the simulation with (without) a contraction consitent reconstruction and purification. Insets

show the minimal eigenvalue of Fi,(#) over time.

B=V xA, (G2)

where A := %A [117]. The E and B fields are invariant with
respect to gauge transformations

A=A-Vy, ¢=¢+x% (G3)

We define the Green’s function for the divergence operator as
V.gl(x,x') = =8(x —x). (G4)

We can add to g (x, x') any transversal vector field g*(x, x')
and define

gulx, x') = glx, x) + pugt(x, x'). (G5)
—— BBGKY-HEOM ---- Master eq.
-~
~—,1.001
€ 0.95- U/j 0.3
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FIG. 5. Comparison of BBGKY-HEOM to an exact reference
calculation for different coupling strengths U, similar to Fig. 2, but
with a weaker, quadratic quench potential (see text).

The parallel Green’s function has the well-known representa-
tion
1

_ G6
4 |x — X'| (G6)

gy =V
A possible choice for the perpendicular Green’s function is

1

g, x)= f dax’ - 81’ —x), (G7)
0

which corresponds to a straight line from the origin to the

point x". This particular choice is motivated by the construc-

tion of the multipolar gauge [118]. We define a gauge function

Xy as

K@) = p / dx’ gh (!, AT (). (G8)
We can thus define new vector potential as
Au(x) = AT () — uVx (x). (G9)

We can define a polarization field also with the help of the
Green’s function

P = [ & g e )p0), (G10)
where p(x) is the charge distribution. We see immediately
that V - P,(x) = —p(x). The choice u = 0 corresponds to a
Coulomb gauge and p = 1 to the multipolar gauge [118].
We may derive the Hamiltonian in arbitrary p-gauge from a
Lagrangian formalism and we find that [76]

1 1
11=2:ZEUH—WMMN”+V+5/1uayu)

+ Pr(x))” + (V x AT (x))%), (G11)

where p;,x; and AL, Tl, are canonically conjugate and
satisfy the commutation relations [x; 4, p;s] = i/id;;0a, and
[AL(x), T, p(x))] = iR (x — X)).

We assume that the center of mass of the system is at
the origin and do the electric dipole approximation [76]. The
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Hamiltonian simplifies to

L _ 2
H— Z (pi—Q 2:)1%(0)) v

1 2 1
+ Z ;- T1,(0) + S Zdis (0)d;

+ %fdx(l‘[,,(x)z +(V x AL (). (G12)

In the Coulomb gauge (u = 0) we obtain that the cou-
pling to the electromagnetic field is provided by the term
(pi — A,(0))? leading to the diamagnetic A term.

On the other hand, in the multipolar gauge (u = 1) the
transition dipole of the system d; couples to the field IT;. Phys-
ically this means that the system couples to the field which is
the difference of the transverse electric field generated by the
transverse vector potential and the polarization field

I, =E*+ — P (G13)

In addition, a self-polarization term arises.

The choice of the gauge leads to different types of inter-
pretation of the physical nature of the electric field the system
couples to. We refer further discussions on this subtle points
to literature [76,117-119].

APPENDIX H: NUMERICAL DETAILS

Numerical simulations were performed with the python
packages NumPy [120], SciPy [121], and QuTiP [122]. The
BBGKY-HEOM equation (12) with the approximation for the
three-body reduced density matrix given in Eq. (14) were
solved with the scipy implementation of the explicit Runge-
Kutta method of order 5(4), with an absolute tolerance of
le — 10 and dynamical time stepping.

We checked for convergence with respect to the hierar-
chy depth, which justifies a hierarchy depth of 5 for the
Tavis-Cummings model and 3 for the Cavity-Fermi-Hubbard
model. The benchmark simulations for the quantum master
equation were performed using qutips mesolve function with
default parameters.

As an example, we describe the application of BBGKY-
HEOM to the system in Sec. III C step by step. As motivated
in the main text we use a spectral density with a few discrete

—— original
- fit
0.002 |
o
=)
)
S
0.000
0 50 100 150 200

Jt

FIG. 6. Fitted and exact bath correlation function for the spectral
density shown in the inset of Fig. 3. For the fit six exponential terms
were used.

peaks placed on top of a super-Ohmic background. With the
spectral density at hand we obtain the bath correlation func-
tion according to () = fooo J(w)(coth (w/(2T)) cos (wt) —
i sin (wt))dw. For our case of T = O this integral can easily
be performed numerically with the help of standard Fast-
Fourier-Transform algorithms [121]. To fit the bath correlation
function with exponentials [according to Eq. (6)] we simply
use standard minimization algorithms [121] to minimize the
L! distance between the fit and the exact function. However,
more sophisticated algorithms are also available [81]. The
resulting fit is shown in Fig. 6. With the coupling operator
L and the fit parameters Gy, W; from Eq. (6) at hand, we can
now construct and solve the BBGKY-HEOM equations. Since
we have a global bath coupling in our example (all electrons
couple to the same vibrations) we use Eq. (12) together with
Eq. (14) to make predictions. For baths which are local to each
particle we refer to Appendix E.

Finally, we check the validity of the solution by investigat-
ing the occurrence of significant negative eigenvalues. For the
application in Sec. III C we find that all eigenvalues of Fl(g’o)
are >—0.015 at all times (while Tr Fl(g’o) = 12). For larger U
and larger coupling strengths we find that more severe nega-
tive eigenvalues occur, which we attribute to the shortcomings
of the purification scheme, as described in Appendix F.
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