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Valley-dependent electron optics using quantum dots in bilayer graphene
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Electrostatically defined quantum dots (QDs) with layer-antisymmetric gating in Bernal-stacked bilayer
graphene (BLG) open a local gap and generate a masslike term with opposite sign in the two valleys, producing
strongly valley-dependent scattering without magnetic fields, strain, or spin-orbit coupling. Building on this
mechanism, we propose a tunable platform based on such QDs for valley-dependent electron optics in BLG.
Using a four-band continuum model and a generalized multiple-scattering formalism, we analyze the scattering
of Gaussian electron beams from single-dot and multidot architectures and compute valley-resolved currents and
angular profiles. A single dot produces distinct valley-dependent deflection, while multidot configurations enable

enhanced control: identical-dot arrays act as valley splitters, whereas oppositely gated pairs function as valley
filters. Combining these elements yields tunable generation, steering, and filtering of highly valley-polarized
currents with strong suppression of forward transmission. The required energy scales, gate asymmetries, and
device dimensions are within experimentally accessible regimes for dual-gated BLG, establishing quantum-dot
arrays as a realistic platform for controllable valley-resolved electron optics.

DOI: 10.1103/6byg-rx71

I. INTRODUCTION

The valley degree of freedom in two-dimensional materials
has attracted growing interest as a potential carrier of infor-
mation, complementing charge and spin in next-generation
electronic platforms. In materials with multiple inequivalent
extrema in momentum space, electrons can occupy distinct
valleys, forming the basis of valleytronics [1-5]. Graphene
and its multilayer counterparts are prototypical systems in this
context, hosting two inequivalent valleys, K and K’, at the
corners of the Brillouin zone that can serve as a binary degree
of freedom for information encoding. Most early valleytron-
ics work focused on the generation and detection of valley
polarization [1,6-9]; building functional devices, however, re-
quires the ability to transport, steer, and filter valley-resolved
currents in a controlled way. This motivates extending the
framework of electron optics in graphene to the valley degree
of freedom [10-15].

Electron optics in graphene exploits the chiral, ballistic
nature of its low-energy carriers [16-23] to manipulate elec-
tron beams in close analogy with conventional optics. This
leads to phenomena such as Klein tunneling through elec-
trostatic barriers [16], Veselago-type negative refraction and
lensing at p-n junctions [22,24], electron collimation, and
highly directional ballistic transport. More elaborate architec-
tures, including Fabry-Pérot interferometers [25,26], electron
waveguides [27,28], multiterminal beam-splitter geometries
[29,30], and electrostatically defined quantum-dot scatterers
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[31-34], further expand the range of electron-optic functional-
ities. In particular, circular gated dots act as compact scatterers
supporting Mie-type resonances and strongly anisotropic an-
gular profiles, and can be combined into multidot geometries
for beam shaping, splitting, and collimation [35-37]. How-
ever, in the absence of additional ingredients, such structures
affect the K and K’ valleys identically and therefore lack
intrinsic valley selectivity.

Achieving valley selectivity requires breaking the K < K’
symmetry. Several mechanisms have been explored, including
strain-induced pseudomagnetic fields [11,38,39], the valley
Hall effect in gapped systems driven by Berry-curvature-
induced transverse responses [40], and engineered structural
inhomogeneities or curvature-induced deformations [41-44].
While these approaches demonstrate valley-contrasting be-
havior, they typically rely on fixed structural features or
externally applied strain, which limits the in situ tunability
required for electron-optic applications.

Electrostatic gating provides a more flexible route
to valley control [7,45]. In monolayer graphene, a
sublattice-asymmetric potential acts as a mass term,
opens a band gap, and induces valley-contrasting transport
[46-49], but realizing such control experimentally remains
challenging. Bilayer graphene (BLG) offers a more practical
alternative. In Bernal-stacked BLG, a perpendicular electric
field applied via top and bottom gates breaks inversion
symmetry between the layers, opens a tunable band gap
[50,51], and generates valley-contrasting Berry curvature.
Reversing the gate polarity flips the sign of the response at
each valley [7,40,50], enabling direct electrical control of
valley-resolved transport. This coupling between layer and
valley degrees of freedom makes BLG a suitable platform for
tunable valleytronic functionalities.

The combination of electron-optic control, electrostatically
defined quantum dots (QDs), and the layer-valley coupling in
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FIG. 1. (a) Schematic of two QDs of radius R in BLG, each
biased with opposite potentials on the two layers. (b) Gaussian beam
propagating along the x direction. W, is the beam waist, and Gpeam
denotes the characteristic divergence angle.

BLG naturally suggests that QDs with layer-antisymmetric
gating can act as valley-contrasting scatterers controlled
purely by electrostatics. However, a systematic framework for
valley-dependent electron optics based on such structures is
still lacking. In this work, we introduce such QDs as building
blocks for valley-dependent electron optics in BLG, as illus-
trated schematically in Fig. 1(a). This gating generates a spa-
tially localized masslike term that opens a local band gap and
producing strongly valley-resolved scattering response with-
out requiring magnetic fields or strain. The problem is treated
within a four-band Dirac model combined with a generalized
Mie expansion, with Gaussian incident electron beams [as
shown in Fig. 1(b)] incorporated via projection onto partial-
wave modes. The scattered current develops tunable distinct
angular profiles for the two valleys, enabling angular sep-
aration, valley splitting, valley filtering, and valley-selective
beam steering providing a scalable and experimentally feasi-
ble route to controlling valley-resolved currents.

We begin in Sec. II by outlining the general theoretical
framework for scattering of an electronic plane wave from
a QD in BLG, introducing the relevant physical quantities
and briefly summarizing key results from previous work in
Sec. I A. We then extend the analysis to Gaussian electron
beams for a single dot and compare the resulting current
distributions with the plane-wave case in Sec. 11 B, followed
by a deeper analysis of the resulting current decomposition
in Sec. II C. The multiple-scattering formalism for electrons
in BLG is subsequently developed and applied to multi-
dot architectures in Sec. IID. The corresponding results,
which constitute the main findings of this work, are pre-
sented in Sec. III, including identical-dot, oppositely gated,
and multicomponent configurations. Finally, possible experi-
mental implementations are discussed before the conclusions
in Sec. IV.

II. METHOD

We model electron scattering in AB-stacked BLG us-
ing the four-band continuum Hamiltonian in the basis
(Ay, by, ay, By),where A, and b, label the sublattices of the
upper layer and a; and B, those of the lower layer. A, lies
directly above By, forming the interlayer dimer pair with cou-
pling y;. Near the K and K’ valleys (t = +£1), the Hamiltonian
in polar coordinates reads as [50]

Vg Tke™'T0 0 71

H(k) = fivy ke V2 0 o 1 )
0 0 Vi ke ™0
J~/1 0 ‘L’keire V]

where k = |k|, 8 = argk, and X = X/(hvp).
Inside the dot, the interlayer asymmetry is defined as A =
V| — V,, and the allowed wave vectors are
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where &, = E — (V| 4+ V,)/2 is the energy measured from the
band center. k= and k" correspond, respectively, to the lower
(72 = —1) and higher (17, = +1) energy bands.

Outside the dot (V; =V, = 0), the allowed wave vectors

reduce to
= IEIIE| F ). 3

The circular symmetry of the dot makes the total angu-
lar momentum projection a conserved quantum number, so
the scattering problem decouples into independent channels
labeled by m € Z. In each channel, the BLG spinor modes
outside the dot, built from regular Bessel functions, take the
form

|E| Ju(kr) ™
inrk Jyr (ki) @m0

0,/
< (kr, 0) = ‘ , 4
Ll I R @
mn|E| I (kr) ™
where n; = %1 labels conduction and valence bands.
The incident plane-wave propagating along x
is decomposed using the standard identity e** =

o oo™ JIm(kr)e™, from which the incident spinor in

channel m is constructed as

Vinc(k, 1) =

l-m

V2(E? + k%)
and the full incident wave i8 Yine = ), ¥in..

The scattered wave outside the dot is expressed using out-
going Hankel functions in Eq. (4) as 2,

o (kr, 0), ®)

Ysek, 1) = v (kr, 0), (6)

\/2<E2 kD) Z mal”

and the transmitted wave inside the dot is

E kal

m=—00

Yk, r) = v (kr, 0), (7)

245404-2



VALLEY-DEPENDENT ELECTRON OPTICS USING ...

PHYSICAL REVIEW B 114, 245404 (2026)

where
PI(E = VI)E — Vo) Jy(kr) e™
i1 (E — V)k Jyr (k) 07
—i[(E — Va)* — k*lk Jyyy (kr) 070
[(E —Vo)* — K*I(E — V) Ju(kr) €™

Y (kr, 0) =

The coefficients ¢, and ¢, in the latter two equa-
tions correspond to the scatterin’g and transmission ampli-
tudes, respectively, and are determined by imposing continu-
ity of the wave function at the dot boundary » = R for all four
spinor components:

Vine (K%, R) + Ve (K°, R) + ¥ (K9, R)
= Yu(k_, R) + Y (ks, R). 8)

Since k_ corresponds to a propagating mode while &k, is
evanescent, only k% contributes to the incident wave. This
leads to a linear system for the coefficients c;;, and ¢} ,,
which can be solved by eliminating a subset of variables and
back-substituting into the remaining equations. The approach
introduced in this section follows that of Ref. [50], where
further details can be found.

We note that, in practice, the angular momentum sum is
truncated at a finite cutoff |m| < M. The required value of M
depends on the electron energy, the spatial region of study,
and the number of dots that we focus on later in this work.
At higher values of the mentioned parameters, higher-order
modes contribute more significantly and a larger cutoff is
needed. To ensure a single consistent truncation that is suf-
ficient for all configurations considered in this work, we use
M = 50 throughout, although this value is larger than cutoff
value required for convergence in many cases.

A. Current and valley-resolved quantities

For each valley 7, the current density operator is obtained
from j = 0H/0k, giving

jr = VUf WI(IZ ® Ur)wr’

where I is the identity matrix in layer space and o denotes the
usual Pauli matrices in sublattice space. The corresponding
charge density is given by p, = ¥ v,.

In the far-field regime, the evanescent branch ko+ decays
exponentially and therefore does not contribute to the radiated
current, such that only the propagating branch k; remains.
Using this together with the asymptotic form of the Hankel
functions, the radial component of the scattered current at far
field reduces to [50]

jsrc,rad (6) 14 Z C,S:j; , Cff7 , ei(ll—m)@ . (9)

m,n

0; = (TUXv Uy)a

This quantity is commonly used to characterize the angular
dependence of scattering in QD systems [33,46,50,52].

The valley selectivity of the resulting current distribution
can be quantified through the valley polarization, defined at
each point in the system as
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FIG. 2. (a) Far-field angular dependence of the valley-resolved
and total (K 4 K') scattered current for plane-wave incidence.
(b) Corresponding total current flow (arrows) and valley polariza-
tion (color map). (c) Same angular dependence for a Gaussian
beam; dashed curves indicate currents evaluated at finite distance.
(d) Corresponding current flow and valley polarization.

with P = 1 corresponding to complete polarization into the
K or K’ valley, respectively.

Figures 2(a) and 2(b) illustrate these quantities for the
scattering of a plane-wave with energy E = 0.05 y; from a
single biased QD of radius R = 51, with layer asymmetry
A = —0.4 y,. Throughout this work we use y; = 0.38 eV
and [y = hvp/y; = 2 nm as the units of energy and length,
respectively. Figure 2(a) shows the far-field angular depen-
dence of the scattered current for the K (blue) and K’ (orange)
valleys, together with the combined total current (green).
The two valleys exhibit clearly distinct angular profiles,
demonstrating valley-dependent scattering from a biased QD.
Figure 2(b) presents the corresponding total spatial current
distribution where the length of arrows indicates the magni-
tude of current and the background color represents the valley
polarization. The superposition of the incident and scattered
waves produces characteristic constructive and destructive in-
terference patterns, giving rise to the fine spatial structure
of the current flow and polarization in the vicinity of the
dot. The two valleys exhibit a clear mirror symmetry: the
K’ current distribution is the reflection of the K distribution
with respect to the x axis, and the two valley contributions
become identical at & = 0. This follows directly from the
mode structure of the BLG Hamiltonian where time-reversal
symmetry maps T — —t and m — —m simultaneously, so
each partial-wave channel of the K valley has a counterpart
in K’ with equal amplitude and opposite angular momen-
tum, consistent with the valley-dependent scattering reported
in Ref. [50]. Reversing the sign of A exchanges the scat-
tering profiles of the two valleys: the angular distribution
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of K under A > 0 is identical to that of K’ under A < 0, and
vice versa.

For experimental detection of valley-resolved currents, the
extended interference pattern produced by a plane-wave in-
cidence presents a major difficulty since the scattered signal
remains mixed with the incident beam over the entire system.
Also, the valley-dependent scattering shown in the far-field
scattering [Fig. 2(a)] is masked by interference effects and
barely visible in the total current flow [Fig. 2(b)]. A natural
way to overcome this issue is to use a narrow Gaussian beam,
so that the valley-resolved scattered currents can be deflected
outside the finite beam footprint, becoming spatially separated
from the forward-propagating incident beam and therefore
directly accessible to measurement. This motivates the use of
Gaussian-beam excitation, for which we developed the corre-
sponding theoretical framework in the preceding subsection
and discuss associated results afterward.

B. Gaussian incident beam

We construct the Gaussian beam shown in Fig. 1(b) using
the real-space Dirac equation. By expressing the Dirac Hamil-
tonian in Eq. (1) in Cartesian coordinates, with k, = k cos @,
ky, = ksin 6, and using the correspondence k, & ik, — —i d4,
with 94 = 70, 4= i9,, the Dirac equation Hy = Ey can be
rewritten in component form as follows:

—i0-VYp, + 1¥8, = EVa,, (11a)
—i 04y, = Ev,, (11b)
—id_yp, = Ev,,, (11c)

P1va, —i94Va, = Eva,, (11d)

which is similar to procedure used to derive the incident plane
wave of the previous section, which is detailed in Ref. [50].
Eliminating the auxiliary components v, , ¥,,, and ¥p, yields
a fourth-order equation for v4,,

(62 +02)" + 2822 + ) + E2(E> — 7) ]y, = 0.

Assuming propagation along +x, we apply the paraxial
ansatz u,(r) = e”“'f(r), where f(r) is slowly varying on
the scale A = 27w /k. The wave vector k satisfies the BLG
dispersion relation

k* —2E*|k|* + E*(E* — #}) =0, (12)

so that the constant terms in the fourth-order equation are
exactly canceled. Retaining only leading-order derivatives
(83 f <« ko, f) then reduces the equation to the standard
paraxial form

(07 +2ik 3;) f(r) =0, (13)
which admits the Gaussian solution
.k 2
= ) (14)

Ag
VX —w exp(z(x —w)
in analogy with the well-known Gaussian solutions of the
Helmholtz equation [53]. A detailed study of this has been
carried out in Ref. [54] for monolayer graphene. Here, w =
u + iv, where u denotes the focal position along the x di-
rection and v > 0 determines the beam waist Wy = /2v/k.

S, y) =

The angular divergence of the beam in the far field is corre-
spondingly given by byeam = 2/(kWp).

The remaining spinor components are recovered from
Eq. (11) by substituting the paraxial ¥4, and retaining leading
order in k, yielding the four-component Gaussian beam

|E|

Ao iky? ) mrtk | .
ex x5
Jx—w p<2(x—w) mtk o

VE(x, y) ~

mn |E|

The Gaussian beam in the x-y plane propagating along x, at
energy £ = 0.05 y,, is shown in Fig. 1(b). Using Wy = 20/
and u = 0 yields a beam divergence of Bpe,m ~ 25°, as used in
this work.

To incorporate this beam into the scattering framework, we
project it onto cylindrical partial-wave modes,

YE k)= > gu (k. 1), (16)

m=—00

where the projection coefficients are
1 .
8= 3 / Y G, ) Y y) rdrdd, (17

with N, = [ |¥"|*rdrd6 the norm of each partial-wave
mode. The scattering problem is then solved exactly as in the
plane-wave case, with the Gaussian envelope encoded in g,,.

Once the coefficients g,, are determined, the Gaussian inci-
dent spinor is reconstructed via Eq. (16). Imposing continuity
of all four spinor components at r = R as in Eq. (8), using the
constructed Gaussian beam instead of a plane-wave incident
state, then yields a linear system for the unknown scattering
coefficients c;; . and c;; , exactly as in the plane-wave case.
Since the transverse profile of the Gaussian beam is fully
encoded in the prefactors g,,, the remaining procedure after
constructing the continuity equations, including extracting the
coefficients, and computing physical observables, proceeds
identically to the plane-wave treatment.

Figure 2(c) shows the far-field angular dependence of the
valley-resolved and total scattered currents for a Gaussian
beam incident on a single QD positioned at the center of
beam. The angular profiles of the two valleys are clearly dis-
tinct and qualitatively consistent with the plane-wave results
of Fig. 2(a), confirming that the valley-dependent scattering
is robust to the beam profile. The dashed curves show the
angular dependence of the scattered current evaluated at the
finite distance r = 100/, from the center for both valleys.
Their close agreement with the far-field curves confirms that
the far-field regime is well established at this distance.

Figure 2(d) presents the corresponding total current dis-
tribution and valley polarization map. Outside the beam
footprint, the K-valley current is deflected upward and the
K’ current downward, producing strong spatial valley sepa-
ration. Within the beam, the forward current remains largely
unpolarized due to the equal contribution of both valleys
to the forward-scattered field at & = 0. Compared to plane-
wave excitation shown in Fig. 2(b), the Gaussian beam
suppresses contributions from large |m| channels away from
the beam axis and consequently reduces interference of
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incident and scattered waves, allowing cleaner observation of
valley-dependent deflected currents.

Outside the narrow beam where deflected valley currents
are well separated from the incident beam, the absence of
the opposing valley’s incident field enhances the numerator
of Eq. (10) while reducing the denominator, yielding signifi-
cantly higher valley polarization values.

C. Current decomposition

To analyze in more detail the scattering of a Gaussian
electron beam from a dot located at the beam center, we de-
compose the total wave function around the dot into incident
and scattered contributions for each valley t:

V' =Y + Ve (18)

Using the current equation j° = ¥ To, ¥ naturally yields
S . . . }
three contributions: the 1nc;1dent current j = ¥ o Yl , the
scattered current ji, = ¥ 2 'o;

+» and the interference current

=Vl vl +yle vl (19)

so that the total valley-dependent current is decomposed into
all three contributions:

J5 = Jihe FJse F e (20)

The second term, jg., approaches the far-field scattered
current in the asymptotic regime [here at » = 100 [y, as shown
in Fig. 2(c)], and is commonly used to characterize scattering.
However, this contribution alone does not capture the full
current flow: its angular pattern does not necessarily reflect
the spatial current distribution near the dot. The incident and
interference contributions are therefore also required for a
complete description. In the following, we discuss these con-
tributions for the K valley for the case shown in Figs. 2(c) and
2(d). Figure 3(a) shows the total K-valley current (jX), which
exhibits a deflection toward the upper side, consistent with
Fig. 2(d). The color shading indicates the electron density of
the K valley.

The three contributions to jX are shown separately in
Fig. 3(b). The top panel shows the incident current ji,., which
follows the Gaussian-beam profile undisturbed, with higher
electron density and larger current near the beam center, de-
caying toward the sides. The middle panel shows the purely
scattered current j. from the dot, directed predominantly
toward the upper-right side, and a weaker oppositely directed
backscattered portion, consistent with the K-valley far-field
scattering profile in Fig. 2(c). As expected, the scattered cur-
rent is considerably smaller in magnitude than the incident
current.

The bottom panel of Fig. 3(b) shows the interference cur-
rent jine, Which is nonzero only in the spatial region where the
incident and scattered waves overlap. On the right side of the
dot, where both contributions are outgoing, the interference
current is directed predominantly toward the dot and exceeds
the scattered current in magnitude, making it the dominant
modification to the total current in this region. In other words,
areduction in incident current here requires a strong incoming
current to cancel it, this can only come from interference term,
as scattering is strictly outgoing. In turn, a strong interference
current relies on the scattering wave function, which in turn

(a) . (®)
Low Electron Density (K) High
l Incident
100 ’
a4 4 A Ay
A 4 oA oA 5 v
4 4 A A ¥ ¥ ~
« 4 A9 v -
50
' B A A Xy,
B N g o - A A . Scattering
o AT " 8 //«Y' R et

_s04 Interference

—50

—100 e |
—100  —50 0 50 100

FIG. 3. (a) Current flow (arrows) and density (color map) for the
K valley under Gaussian-beam incidence. (b) Decomposition into
incident, scattered, and interference contributions. (c) Difference cur-
rent map A j&. The K’ response is the mirror image of the K response
with respect to the x axis for (a)-(c). (d) Angular dependence of
Aj¥ atr = 1001, denoted by dashed circle in (c). Light color curves
show far-field results; orange curves correspond to the K’ valley.
The inset polar sector shows negative contributions within +6,e,m,
corresponding to forward-current suppression.

gives rise to a scattering current (smaller than the interfer-
ence). Analyzing only the scattering current [as in Fig. 2(c)]
misses this effect, and can imply strong forward scattering
or enhancement of current in the forward direction, whereas
actually the forward current is suppressed.

To isolate the effect of the dot on the measurable current,
we consider a new metric: the difference between the total
and incident currents, thereby retaining both scattering and
interference effects:

:T

§j

Aji=————,
max (/)

8J° = J° = Jie = Jic t Jine 2y

where A j7 is a normalized quantity defined with respect to the
peak incident current, so that value of Aj = —1 corresponds
to a total suppression of the incident beam.

This quantity is mapped for the K valley in Fig. 3(c). A
strong inward-directed current is visible on the right side of
the dot, within the beam footprint, originating primarily from

the interference term. A branch of outward current toward the
upper right lies outside the incident beam footprint, where

245404-5



FERESHTE ILDARABADI AND STEPHEN R. POWER

PHYSICAL REVIEW B 114, 245404 (2026)

interference is absent and the signal is therefore purely due
to scattering. A weaker backward current from backscattering
is also visible.

To analyze the angular profile, we evaluate Aj' at the
distance of r = 100 [y from the center of the beam, which is
indicated by the dashed circle in Fig. 3(c). This distance lies
well within the far-field regime, consistent with the agreement
shown by the dashed curves in Fig. 2(b) for scattered current.
The main polar plot in Fig. 3(d) corresponds to positive val-
ues of Aj, indicating regions of net current enhancement
around the dot. The inset polar plot highlights the negative
contributions within the angular range of the incident beam
footprint 4-6yc,m, located in front of the dot. These negative
values reflect the suppression of forward current by destruc-
tive interference.

The solid dark-blue curve corresponds to the K valley.
The strong positive lobe on the upper side coincides with the
dominant scattering direction (light-blue curve), confirming
that scattering part governs the signal outside the beam, while
the rest of scattered contribution lies inside the beam and is
influenced by large interference current as shown in the inset.
The negative values in the forward direction (dashed blue
curve) quantify the fraction of the incident forward current
suppressed by interference. The corresponding results for the
K’ valley are shown in orange; which is the reflection of the K
profile across the x axis. We therefore conclude that qualitative
current flow is more clearly captured by A j than by js. alone.

D. Electron multiple scattering in a Gaussian beam

We now extend the approach to an array of N circular gated
QDs in BLG, where dot ¢ has radius R, and layer potentials
(V1.¢, Va,¢). The center of dot £ is located at by = (b, y¢) in
the global coordinate system defined by the incident beam
axis. A point r in the global frame corresponds to r; = r —
b, = (r¢, 6¢) in the local frame of dot £; all wave functions
are subsequently expressed in the local frame of the relevant
dot, similar to relevant works on monolayer graphene [17,52].

The incident Gaussian beam, reexpanded around dot Z, is

Yk, re) = Z & Yrin k. re), (22)

m=—00

with projection coefficients

where x; = r, cos 0y, y; = 1, sin 8y, and ,, is the norm of the
mth partial-wave mode.

The total wave field outside all dots is decomposed as the
incident beam plus the scattered one. The total scattered wave
is written as the sum of the contribution from dot ¢ and the
contributions from all other dots,

N
Vse(k, 1) = Yse.e(k, re) + Z Vse,j(k, rj). (24)

J#t

where each contribution takes the form

Z Cb(,] mwOH(er,e)

sc, ks
V6 i) = ¢2(E2+|k| B

(25)

To impose the boundary condition at dot ¢, we reex-
press the scattered field from dot j # € in the local frame
of dot £. Defining the relative displacement by; =b, —b; =
(b¢j, Bej), Graf’s addition theorem gives, for ry < by,

H,(l)(k}”j)elmg’ _ Z H;lln(kbej)ei(mfn)ﬂfj

X Ju(kry) e (26)

Applying this identity to each spinor component, the contri-
bution from dot j in the frame of dot £ becomes

Ve j (k. 1) = Zc‘” T iy (ke 0,), (27)

where the transfer matrix elements are

T(Z%j) _ ! (1) (kb ])el(n m)ﬂk, (28)

m,n 2(E2_l’_|k|) nl‘ﬂ

Inside dot £, the transmitted wave is

Ve (re, 60) = Z " Y (kere, 00). (29)

m=—00

Imposing continuity of all four spinor components at r, = Ry
gives

Y (K0 Re) + e ok, Re) + Ve, (kS Re)

+ Y Wi (K Re) + Ve j (kY. R)]
J#L
= Yulk_, R) + Yy, Re). (30)

Projecting onto angular momentum channel m yields four
coupled equations per dot. Solving the first two components
for ¢!’ /< and substituting into the remaining two gives a re-
duced linear system of dimension 2MN for the scattering
coefficients ¢* k, where M is the number of retained angular
modes. This system is solved numerically, after which all
wave functions and physical observables follow directly from
the coefficients.

III. RESULTS

We present results for different classes of multidot archi-
tectures, each built from the single-dot scattering response
established in Sec. II C where collective interference between
multiple dots inevitably modifies the resulting transport prop-
erties. We first consider simple arrays of identical dots, which
augment valley splitting through collective interference, then
turn to oppositely gated pairs, which act as valley filters, and
finally combine these elements into a multicomponent archi-
tecture for directional steering of a highly valley-polarized
current. Throughout, we fix £ =0.05y;, R=51, |A| =
0.4y, and Wy = 20 [y, and vary only the dot arrangement and
gating configuration.
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FIG. 4. Valley-resolved current distributions resulting from mul-
tiple scattering by two identical QDs under Gaussian-beam inci-
dence. (a) Aj for vertically aligned dots with d = 8R (upper-left
inset), showing efficient valley splitting. Blue and orange curves
correspond to the K and K’ valleys, respectively; the dashed curves in
the right inset show the negative part of Aj in the forward-direction
beam region. (b) Corresponding K-valley current flow (arrows) and
electron density (color map); the K’ response is the mirror image
of the K response with respect to the x axis. (c)—(e) Aj for vertically
aligned dots with d = 4R, and horizontally aligned dots with d = 8R
and 4R, respectively.

A. Simple identical dot architectures

For a system of two identical dots, the overall scattering
pattern remains qualitatively similar to that of a single dot,
with modifications that we discuss below. We focus on the K
valley; the K’ valley exhibits the corresponding behavior mir-
rored with respect to the x axis since the system is symmetric
about this axis. We first consider two dots separated vertically
by a center-to-center distance d = 8R, as shown in Fig. 4(a).
In this configuration, the angular positions of the dominant
valley-resolved lobes are largely preserved compared to single
dot [Fig. 3(d)], and only minor modifications to the current
distribution are observed. This behavior can be understood
from the corresponding current map for the K valley shown
in Fig. 4(b).

In this case, the two dots are positioned near the edges of
the Gaussian-beam waist, where the beam intensity is lower.
In particular, there is very small part of incident current above
the upper dot and below the lower dot. As a result, the portion
of the K-valley beam that would normally be deflected upward
by upper dot [as in the single dot case in Fig. 3(a)] is largely
suppressed. Instead, because the dots are sufficiently sepa-
rated, the beam propagates through the region between them
and is deflected upward primarily by the lower dot. Since this
deflection originates from the lower dot, the corresponding
lobe is slightly shifted toward smaller angles compared to the
single-dot case.

At the same time, the part of the K-valley beam that prop-
agates straight through the system, passing between the two
dots, is mainly associated with the upper dot, in analogy with
the portion of the beam passing below a single dot in Fig. 3(a).

The backscattered components are also suppressed in this
configuration, again due to the reduced beam intensity at the
dot positions near the beam edges.

When the two dots are brought closer together to d = 4R
as in Fig. 4(c), they are positioned more toward the central
region of the beam. A finite portion of the beam now exists
above the upper dot and below the lower dot. As a result,
the upper dot is directly illuminated by part of the K-valley
beam, leading to an upward deflection similar to the single-dot
case in Fig. 3(a), though with slightly reduced magnitude due
to the decay of beam intensity away from the center. This
contribution appears as the blue lobe in the upper half-plane
of Fig. 4(c), directed more transversely due to the off-center
position of the dot. Because the dots are now in close prox-
imity, the beam that would otherwise be deflected upward
by the lower dot is partially blocked by the upper dot. This
contribution is consequently redirected into backscattering,
combining with the intrinsic backscattering from both dots to
produce the pronounced lobe in the lower half-plane directed
more toward the downward transverse direction.

Overall, closer vertical spacing enhances transverse deflec-
tion through multiple scattering; however, this comes at the
cost of increased overlap between the K and K’ contributions,
thereby reducing valley selectivity. The angular positions of
the scattering lobes can therefore be controlled via the vertical
separation, which shifts the maxima and minima of the angu-
lar distribution and thus tunes the effective deflection angles.
A residual portion of the K-valley beam still transmits through
the gap or passes beneath the lower dot with weak deflection.

If the identical dots are aligned horizontally and are suffi-
ciently separated (d = 8R), as shown in Fig. 4(d), the overall
scattering can be understood as a sequential combination of
two single-dot responses. The first dot plays the dominant
role, as it is directly illuminated by the incident beam, while
only a reduced portion of the beam reaches the second dot.
The second dot therefore introduces a weaker modification.
This is reflected in the angular profile, where the larger blue
lobe in the upper half-plane originates from the first dot and
the smaller lobe from the second dot.

When the horizontally separated dots are brought closer
to d = 4R, as in Fig. 4(e), interference effects become more
significant. The beam deflected by the first dot immediately
reencounters the second dot, leading to two distinct lobes in
the upper half-plane. The backscattered component is also
enhanced by the combined action of both dots, producing a
pronounced lobe in the lower half-plane.

Although the overall improvement over the single-dot
configuration remains limited for horizontal alignment, the
two-dot analysis reveals that the vertical and horizontal sep-
arations play distinct roles in shaping the scattering pattern:
the vertical separation primarily controls the angular deflec-
tion of the scattered beams, whereas the horizontal separation
mainly modifies the relative strengths of the two scattering
lobes. These insights point to the key mechanisms underlying
more effective multidot designs: the geometric arrangement
controls both the angular distribution and the relative strength
of different scattering channels, motivating the more complex
architectures considered in the following section.

By combining the mechanisms discussed above in multi-
dot configurations, one can engineer structures with tailored
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FIG. 5. Valley-resolved current for a 2 x 2 array of identical
QDs with d = 4R. (a) Aj, showing strong transverse deflection and
reduced valley overlap, forming an efficient valley splitter. (b) Corre-
sponding K-valley current flow (arrows) and electron density (color
map); the K’ response is its mirror image with respect to the x axis.
(c) Total current map overlaid on the valley polarization color map.
(d) Valley current map, showing strong transverse valley separation.

scattering responses. In particular, a 2 x 2 array, Fig. 5,
exhibits strong transverse deflection with minimal overlap
between the K and K’ contributions, together with substantial
suppression of the forward beam. The valley-resolved Aj
at r = 1001y in Fig. 5(a) clearly demonstrates this behavior,
with the dashed curve indicating strongly reduced forward
transmission.

The current maps further highlight the valley separation:
the K valley current in Fig. 5(b) is strongly deflected in the
downward transverse direction, while the K’ contribution (not
shown) appears as its mirror image with respect to the x
axis. Since the deflected current lies well outside the beam
footprint, it originates predominantly from scattering, with
negligible interference from the incident beam. This config-
uration thus realizes an efficient valley splitter, where both
directionality and selectivity are optimized. The transverse
regions exhibit strong current with high valley polarlzatlon
as shown in Fig. 5(c), and the valley current j, = jX — jK
Fig. 5(d) provides a direct real-space signature of transverse
valley flow.

The strength of this effect is quantified by the valley Hall
angle, which characterizes the efficiency of converting a lon-
gitudinal charge current into a transverse valley current. It is
defined as tanyy = j), /j¥., where j&. = jX + jK  and x
and y denote the corresponding current components integrated
over the full cross section. Evaluating the currents on a circu-
lar contour at a distance r = 100 [y around the dot system, we
obtain tan fyy ~ 0.3, indicating a pronounced transverse re-
sponse. This value is of the same order of magnitude as those
reported for tilt-induced tunneling [55], electrostatic barrier
scattering [56], and skew scattering from impurities [57]. This

=
Electron Density (K) %

Valley Polarization

FIG. 6. Valley-resolved current for two oppositely gated QDs. (a)
Aj for vertically aligned dots with d = 4R, showing a pronounced
valley-filtering effect. (b), (c) Current flow (arrows) and electron
density (color map) for the K and K’ valleys, respectively. (d) Total
current flow (arrows) and valley polarization (color map). (e) Aj
for vertically aligned dots with d = 8R. (f), (g) Aj for horizontally
aligned dots with d = 8R and 4R, respectively.

places the system in a regime of efficient valley-current gen-
eration, highlighting the effectiveness of valley-contrasting
electron optics for producing measurable transverse valley
currents.

B. Oppositely gated dot architectures

While systems of identical dots produce a mirror-
symmetric response between the two valleys, introducing
oppositely gated dots breaks this symmetry because the two
gating configurations affect the K and K’ valleys in opposite
ways. In the single-dot case of Fig. 3, the response observed
for the K wvalley is reversed when the layer potentials are
swapped, i.e., a dot with +A deflects the K valley upward
and K’ downward, while a dot with —A does the opposite.
Combining such oppositely gated dots therefore allows the
response of each valley to be engineered independently, rather
than simply mirrored; whereas identical dots primarily gen-
erate a splitting effect, oppositely gated dots can produce a
filtering effect by enhancing the transmission of one valley
while suppressing the other.

Figures 6(a)-6(d) show a system with two oppositely gated
dots separated vertically by d = 4R. For the K valley, the up-
per dot would normally deflect the beam downward while the
lower dot deflects it upward; with vertical separation d = 4R,
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these two deflection paths are mutually blocked by the oppos-
ing dot, so the K-valley beam is predominantly backscattered.
For the K’ valley, by contrast, the reversed scattering profile of
each dot causes both dots to deflect the beam along trajectories
that pass through the gap between them. While a substantial
fraction of the K’ current is still backscattered, a significant
portion is transmitted forward through the gap. The K current,
in contrast, is much more strongly suppressed in the forward
direction, producing a pronounced contrast between the two
valleys and thereby realizing a valley-filtering effect. As seen
in the inset of Fig. 6(a), nearly 90% of the K-valley forward
current is suppressed, while Figs. 6(b) and 6(c) show the cur-
rent maps corresponding predominantly to backscattered K
and transmitted K’ valleys, respectively, as further evidenced
by the total current and valley polarization shown in Fig. 6(d).

The angular profiles of Aj for larger separations and dif-
ferent alignments of two oppositely gated dots are shown in
Figs. 6(e)-6(g). Increasing the vertical separation causes the
two dots to act more independently: the lower dot scatters part
of the K beam upward and part of the K’ beam downward,
while the upper dot produces the opposite effect. The larger
separation also allows a greater portion of both valleys to pass
through the gap, though still with an asymmetry similar to
that in Fig. 6(a). As a result, the filtering effect is weakened,
as reflected by the reduced negative values of Aj in the inset
of Fig. 6(e).

Horizontally aligned oppositely gated dots do not produce
valley-filtering effect. Because the two dots are along the
propagation direction, the overall response can be viewed as
a sequential scattering process in which each dot produces a
valley profile that is the mirror image of the other with re-
spect to the x axis. Consequently, the final current distribution
also preserves this mirror symmetry between valleys, so hor-
izontally aligned opposite dots exhibit a more valley-splitting
character than a filtering response. The first dot plays the
dominant role, partially blocking the beam before it reaches
the second dot, as shown in Figs. 6(f) and 6(g). The larger
upward-deflected K lobe and downward-deflected K’ lobe are
mainly associated with the first dot, while the smaller lobes
in the opposite directions originate from the second dot. For
smaller horizontal separations [Fig. 6(g)], this screening effect
becomes stronger due to increased blocking by the first dot.

C. Multicomponent valley-current engineering

Beyond the valley splitting and filtering effects discussed
in the previous sections, understanding the mechanisms of
electron multiple scattering in multidot architectures enables
the design of combined functional components for valley-
resolved beam engineering, including directional steering and
filtering for practical device applications. Such multicompo-
nent architectures provide versatile on-demand control over
valley-dependent current flow.

In Fig. 7 we present a representative engineered platform
consisting of a two-dot filter [as in Fig. 6(a)] followed by a
four-dot splitter (as in Fig. 5), with a center-to-center separa-
tion of 8R between the two components. The filter strongly
backscatters the K valley while transmitting the K’ compo-
nent, which is subsequently redirected by the splitter toward
the upper transverse direction. This combined structure

(b

0.3

K
Jip
iK iK
Jup ~Jdown
== up = jdown

o
[

Integrated current
o

e
=3

6 8 10 12 14
Component separation (R)

© (d

100 100

s ..ﬁ;
STV

P o

o

S

Y % L

=

Electron Density (K) %-
L J

=

Electron Density (K') %

—-100 T T T
-100 =50 0 50 100

-
)
£
I
)
£

FIG. 7. Valley-current engineering in a multicomponent archi-
tecture composed of a four-dot splitter followed by a two-dot filter.
(a) Aj for a component separation of 8R, showing strong upward
deflection of the K’ current and suppressed forward transmission
(dashed inset curves). (b) Integrated current asymmetry between the
upper and lower angular regions in (a) versus component separation.
The black curve shows the measurable total-current difference in the
Hall-bar setup schematically illustrated in the inset. (c), (d) Current
flow (arrows) and electron density (color map) for the K and K’
valleys corresponding to (a).

generates a strongly valley-polarized current deflected toward
the upper transverse direction, consisting predominantly of
K’ carriers, while the current in downward direction remains
weak. At the same time, the forward current is nearly com-
pletely suppressed for both valleys, as indicated by the dashed
curves in the inset of Fig. 7(a).

To quantify this further, we integrate the current over two
opposite angular regions outside the Gaussian-beam footprint,
[Bbeam, /2] and [—7 /2, —6Bpeam], indicated by the gray and
purple shaded regions in Fig. 7(a). The resulting response
provides an experimentally accessible signature of a highly
valley-polarized current, with an almost pure K’ contribu-
tion in the upper angular region and only a weak residual
current in the opposite direction. Such a signal could be mea-
sured using a Hall-bar geometry or a multiprobe transport
setup, schematically illustrated in the inset of Fig. 7(b), where
probes positioned over the corresponding angular regions at
r = 100 [y collect the angular transverse currents.

To demonstrate the robustness of the effect, the black
curve in Fig. 7(b) shows the integrated current asymmetry be-
tween the upper and lower angular regions, j(up) — j(down),
as a directly measurable quantity plotted as a function of
the center-to-center separation between the two components.
Although the asymmetry decreases gradually with increas-
ing separation, the effect remains pronounced throughout the
range considered. The upper angular region continues to carry
a strong K’ current (dark orange), while the yellow curve,
representing the difference between the K’ currents in the
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upper and lower regions, closely follows the total asymmetry.
This confirms that the measurable signal is dominated by the
K’ contribution, while the K current remains strongly sup-
pressed for all separations considered. The gradual reduction
of the overall effect with increasing separation mainly origi-
nates from the growth of the K’ current in the lower angular
region, whereas the K current collected in the upper region
changes comparatively little. Current maps for the K and K’
valleys corresponding to the configuration in Fig. 7(a), shown
in Figs. 7(c) and 7(d), respectively, provide a real-space vi-
sualization of the combined splitter-filter response. For the K
valley, the filter strongly suppresses transmission, leaving only
a weak residual current beyond the structure. For the K’ valley,
the current is transmitted through the filter and subsequently
deflected by the splitter toward the upper transverse direction,
in agreement with the far-field scattering profiles.

IV. DISCUSSION AND CONCLUSION

From a realization perspective, one approach to imple-
menting the dot configurations considered here is dual-gate
stacks, which employ independent local top and bottom
gates, or alternatively an STM tip [34,58-60]. These meth-
ods provide in situ control over both local doping and layer
asymmetry, which are central to our proposal, and have al-
ready been used to confine carriers in BLG QDs [61-63].
These platforms have further enabled detailed experimental
and theoretical characterization of the valley and spin degrees
of freedom within individual BLG QDs [64-67]. This route
enables a single platform that can be reconfigured between
splitter, filter, and combined functionalities simply by tuning
gate voltages. However, it remains challenging to scale to
large arrays. As an alternative, dielectric patterning [68,69]
offers a more scalable route, where engineered spatial varia-
tions in dielectric thickness or permittivity create fixed local
potentials using a smaller number of gates, at the expense of
reduced dynamic tunability.

Beyond the choice of realization platform, we next dis-
cuss relaxing the assumptions of our model toward more
realistic systems. The confining potential is modeled as a
steplike layer asymmetry for tractability, though realistic de-
vices produce a smoother profile. This is not expected to
change the qualitative physics: tight-binding and continuum
studies find valley-dependent scattering and confined-state
spectra are robust to dot profile, mass distribution, and edge
sharpness [46,70], consistent with experiments showing cal-
culations from measured smooth potentials match observed
confined-state energies [71]. A similar robustness holds for
the incident beam profile: the Gaussian-beam waist is chosen
to be wide enough to ensure accurate reconstruction of the in-
cident profile and full illumination of the scattering structure,
and narrow enough to avoid plane-wave-like interference in
the deflected beam; within this window, the qualitative valley-
dependent deflection is insensitive to small variations in W.

The parameters used throughout this work correspond to
a Fermi energy of approximately 19 meV, a dot radius of
10 nm, and a dot layer asymmetry of 152 meV adopted
from [50] within the established weak interlayer potential
regime A, E < y;. These parameters are experimentally re-
alistic for dual-gated BLG devices [51,72], and dot sizes of

this scale are consistent with electrostatically defined struc-
tures reported in recent experiments [60,61], supporting the
ballistic transport regime assumed here. We also note that
the model used in this paper neglects the remote interlayer
hoppings y3 and ys4, which introduce trigonal warping and
electron-hole asymmetry, respectively. The effects of trigonal
warping are most pronounced below the Lifshitz transi-
tion energy €, = y1(y3/10)?/4 ~ 1 meV, with y, denoting
the intralayer nearest-neighbor hopping [73]. In this regime,
trigonal warping can produce valley-polarized ballistic cur-
rents in gate-defined bilayer graphene, through a mechanism
fundamentally different from the extrinsic, mass-term-driven
scattering considered here [74-76]. However, the incident
electron energy and the layer asymmetry defining the dots in
this work both exceed €, by one to two orders of magnitude,
placing the relevant energy scales of this work well outside
the regime where remote hoppings are significant.

The scattering behavior is governed by the dimensionless
parameter kR. Since BLG has a quadratic low-energy disper-
sion, E o |k|?, the same scattering response is obtained under
the scaling R — aR and E — E /a?, provided the incident
beam size is rescaled by the same factor «. This scaling
invariance shows that the platform is not tied to a specific
device size, but can be implemented across a wide range of
experimentally accessible geometries. While the scattering re-
sponse is robust against small variations in energy, dot radius,
and gap, larger variations can modify the scattering strength
and angular deflection, as discussed in [50].

To conclude, we developed a theoretical framework for
valley-dependent electron optics in BLG based on electro-
statically defined quantum-dot structures, using a four-band
continuum Hamiltonian for AB-stacked BLG and a general-
ized Mie-type multiple-scattering formalism. Starting from
the valley-contrasting scattering of a single gated dot under
plane-wave incidence, we extended the analysis to Gaus-
sian beams, which provide a more realistic injection profile.
In contrast to plane waves, the Gaussian beam suppresses
extended interference via spatial separation between the
incident beam and deflected valley currents. Decomposi-
tion of the current shows that scattering dominates outside
the beam footprint, while interference governs the response
within it.

The Gaussian beam is incorporated through projection onto
partial-wave modes, allowing direct use of the same frame-
work while retaining full angular resolution. A single dot
produces a valley-polarized deflected current, establishing the
basic mechanism for valley separation. In multidot systems,
interference and geometry enable further control: identical
dots lead to valley splitting, while oppositely gated dots act
as valley filters. The effects of alignment, position within the
beam, and interdot spacing were systematically analyzed.

A 2 x 2 array of identical dots generates a strongly
transverse, valley-polarized current with suppressed forward
transmission, forming an efficient splitter, whereas two oppo-
sitely gated dots realize efficient valley filtering. Combining
these elements produces a directionally steered, highly valley-
polarized current with near-complete suppression of forward
flow, providing a practical route for Hall-bar detection. These
results demonstrate that engineered dot arrays enable con-
trollable shaping of valley-resolved currents using purely
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electrostatic means, offering a scalable platform for val-
leytronic devices.
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