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We study the robustness of the Floquet quantum Ising model against integrability-breaking perturbations,
focusing on the phase hosting both Majorana zero and π modes. A recent work [H.-C. Yeh, A. Rosch, and
A. Mitra, Phys. Rev. B 110, 075117 (2024)] observed that the Floquet product mode, a composite edge mode
constructed from both Majorana operators, is considerably more robust than the individual Majorana edge modes.
We analyze these strong modes from the point of view of the eigenphase order present in finite chains with open
boundary conditions. As a result of the Majorana modes, all Floquet eigenstates come in quadruplets in the
integrable limit. We show that the robustness of the various modes as well as the behavior of the boundary spin
correlation functions can be understood in terms of the spectral statistics of these quadruplets in the presence of
integrability-breaking perturbations.
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I. INTRODUCTION

There has recently been much interest in strong modes in
quantum many-body systems [1–25]. Strong zero modes are
edge operators which commute with the Hamiltonian up to
exponentially small corrections in the system size [1,3–10].
A prominent example are the Majorana zero modes in the
Kitaev chain and their cousins in the quantum Ising model
[26–29]. These modes are referred to as strong in view of
their robustness against integrability-breaking perturbations,
provided that protecting symmetries are preserved. In Flo-
quet systems, strong zero modes are complemented by strong
π modes [11,13–22]. While strong zero modes commute
with the Floquet operator, strong π modes anticommute. A
paradigmatic model hosting both strong zero and π modes is
the Floquet quantum Ising model.

The phase diagram of the Floquet quantum Ising model
is shown in Fig. 1(a). The phases labeled MZM and MPM
host Majorana zero and π modes, respectively, at the ends
of a finite chain, protected by the Ising spin-flip symmetry.
The phases can be characterized by the eigenphase spectrum
of the Floquet operator and differ in their eigenphase order
[Fig. 1(b)]. The Majorana zero modes (MZMs) induce pairs
of eigenstates with degenerate eigenphases, while Majorana
π modes (MPMs) result in antipodal pairs, whose eigen-
phases differ by π . This pairing persists throughout the entire
many-body spectrum and holds up to corrections, which are
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exponentially small in the system size. Much work has been
expended in investigating the stability of the Majorana modes
in the presence of integrability-breaking perturbations, both
theoretically and experimentally [6–8,13–15,20–22]. Here,
we focus on the phase exhibiting both MZMs and MPMs (0π

phase).
This problem has recently been brought into focus in a pa-

per by Yeh, Rosch, and Mitra [19]. Unlike the phases hosting
only MZMs or MPMs, the 0π phase is a paramagnetic phase,
so that the eigenphase order is not accompanied by eigenstate
order [30–33]. Nevertheless, Ref. [19] establishes that there
is interesting strong mode physics in this phase. The product
of the Majorana operators constitutes an independent edge
mode in the presence of integrability-breaking perturbations.
This Floquet product mode can be probed directly through
local boundary correlation functions. Remarkably, the product
mode persists up to much larger integrability-breaking pertur-
bations than the individual MZMs and MPMs. Reference [19]
explains this in terms of Fermi’s golden rule.

The purpose of this paper is to interpret the product mode
from the point of view of eigenphase order. The spectral pair-
ings imply that in the 0π phase, the many-body eigenstates of
the Floquet quantum Ising model form spectral quadruplets.
We investigate these spectral quadruplets in the presence of
an integrability-breaking perturbation and show that the level
statistics of splittings away from perfect zero and π pairings
is directly related to the temporal boundary spin correlations.
This can then be used to characterize the stability of the
Majorana modes as well as the Floquet product mode, when
integrability is broken. Our approach allows one to gain in-
sight into the full form of the boundary correlation functions
beyond their decay rate. In particular, we find that the decay
of the correlation function characterizing the Floquet product
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FIG. 1. Floquet dynamics in the integrable case for the phase exhibiting both Majorana zero and π modes. (a) Phase diagram of the Floquet
quantum Ising chain, with phases exhibiting Majorana zero modes (MZM) and Majorana π modes (MPM). We focus on the 0π phase where
both modes are present (red lines). (b) Eigenphase order of the Floquet many-body spectrum in the 0π phase: Eigenphases form quadruplets,
labeled by their boundary mode occupation (n0, nπ ) in the different parity sectors (colors). (c) Correlation functions GX,Z (t ) of the boundary
operators X1 and Z1 show period doubling. (d) Coherent long-time oscillations of G±

Z (t ) (defined in the text) and (−1)t GX (t ) are induced
by hybridization of boundary modes, with oscillation period determined by inverse Majorana-hybridization splittings [Fig. 2(a)]. Parameters:
N = 8, Jz = 0.9, g = 0.505.

mode is Gaussian rather than exponential in the limit of weak
breaking of integrability.

The remainder of this paper is organized as follows. Sec-
tion II reviews the phase diagram and the eigenphase order of
the quantum Ising model. Section III considers the eigenphase
order in the presence of an integrability-breaking interaction
and contains the central results of this work. Numerical results
are presented in Sec. III A. Analytical considerations based
on perturbation theory in the strength of the integrability-
breaking term are given in Sec. III B. We conclude in Sec. IV.

II. MODEL AND INTEGRABLE LIMIT

We study the Floquet spin chain [7,14,32],

UF = exp

{
iπJz

2

N−1∑
j=1

ZjZ j+1

}

× exp

{
iπg

2

N∑
j=1

Xj

}
exp

{
iπJx

2

N−1∑
j=1

XjXj+1

}
(1)

with open boundary conditions. Here, Xj and Zj denote Pauli
matrices at site j, Jx and Jz are the strengths of the exchange
couplings in the x and z directions, and g denotes the trans-
verse field. The Floquet operator UF governs the stroboscopic
time evolution |�(t )〉 = (UF )t |�(0)〉. Due to the integer na-
ture of time t , the Floquet many-body spectrum defined by
UF |n〉 = e−iEn |n〉 can be restricted to the range En ∈ [−π, π ].
The Floquet operator commutes with the global spin-flip op-
erator P = ∏N

j=1 Xj .
For Jx = 0, the model reduces to the Floquet quantum

Ising model, UF,0 = UF (Jx = 0). In this limit, the model is
integrable and the Floquet operator can be diagonalized by
means of the Jordan-Wigner transformation

Xj = eiπc†
j c j ; Zj = eiπ

∑
l< j c†

l cl (c†
j + c j ) (2)

to fermionic operators c j [14,28,32]. For an infinite chain,
the excitations of the resulting free-fermion model (Floquet-
Kitaev chain) are momentum eigenstates with single-particle

spectrum

cos εk = cos(πg) cos(πJz ) + sin(πg) sin(πJz ) cos k, (3)

where k ∈ [−π, π ]. The spectrum is invariant under g →
g ± 2, Jz → Jz ± 2 as well as Jz → −Jz and the combined
operation g → −g and k → −k. One identifies topological
phase transitions with associated gap closings at k = 0 and
k = π , when g = Jz and g = 1 − Jz (as well as symmetry-
related lines), respectively. These phase boundaries and their
symmetry-induced partners underlie the phase diagram of the
Floquet quantum Ising model shown in Fig. 1(a).

In long but finite chains with open boundary conditions, the
four topologically distinct phases of the fermionized model
are signaled by the absence or presence of two types of Ma-
jorana end modes as indicated in the phase diagram. MZMs
appear across the phase boundaries parallel to g = Jz, while
MPMs appear at phase boundaries parallel to g = 1 − Jz. In
this paper, we focus on the phase with both MZMs and MPMs,
which is marked by a red line in Fig. 1(a). (Notice that the
phase extends symmetrically about the line Jz = 1.) Up to
finite-size splittings, the spectrum in this phase is composed
of quadruplets |(n0, nπ ), n〉 with eigenphases E(n0,nπ ),n, where
the n0, nπ ∈ {0, 1} distinguish states within the quadruplets
and n enumerates the quadruplets [Fig. 1(b)]. The existence
of MZMs implies that all many-body eigenphases come in
degenerate pairs. Moreover, the existence of MPMs implies
that all eigenphases come in pairs, which differ by π . We can
thus choose n0 and nπ as the occupations of the fermion modes
composed from the two MZMs and MPMs, respectively.

The absence or presence of boundary modes is heralded by
the boundary spin correlation functions

GO(t ) = 〈O(t )O(0)〉 = 1

2N

∑
nm

|Onm|2e−i(En−Em )t (4)

for O = X1, Z1. Here, we define O(t ) = (U †
F )t OUt

F and
〈. . .〉 = 2−N tr[. . . ]. The correlation function probes the entire
many-body Hilbert space uniformly akin to an infinite-
temperature ensemble. The quantum dynamics of the phase
with both MZMs and MPMs becomes particularly transparent
at the sweet spot g = 0.5 and Jz = 1 [red triangle in Fig. 1(a)],
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where the Majorana modes are perfectly localized. At the left-
most site of the chain, the Jordan-Wigner transformation does
not involve a string operator and we can identify the Majorana
operators as γ0,L = (Z1 + Y1)/

√
2 (MZM) and γπ,L = (Z1 −

Y1)/
√

2 (MPM). We observe that Z1 measures an equal-weight
linear combination of the two Majorana modes. The MZM
(MPM) commutes (anticommutes) with the Floquet operator,
so that

U †
F γ0,LUF = γ0,L, U †

F γπ,LUF = −γπ,L. (5)

Hence, the MZM contributes a time-independent constant to
the correlation function, while the contribution of the MPM
alternates in sign at subsequent times. Correspondingly, one
observes that GZ (t ) alternates between 0 and 1 [Fig. 1(c)].
In contrast, X1 = iγ0,Lγπ,L measures the product of both Ma-
jorana modes, χL = iγ0,Lγπ,L, which anticommutes with the
Floquet operator and therefore satisfies

U †
F χLUF = −χL. (6)

As a result, one finds that the correlation function GX (t )
alternates between ±1 [Fig. 1(c)].

Away from the sweet spot, the Majorana modes have a
finite spatial extent and develop a hybridization splitting away
from zero (MZM) or π (MPM), which is exponentially small
in the chain length and uniform across all quadruplets n.
The large overlap of the Majorana modes with the boundary
spins implies that the behaviors of the boundary correlation
functions persist qualitatively at short times. At exponentially
long times, the period-2 oscillations are superimposed by slow
oscillations with periods given by the inverse hybridization
splittings [see Fig. 1(d)]. Moreover, the (anti)commutation
relations underlying Eqs. (5) and (6) remain valid up to ex-
ponential accuracy in the chain length in the vicinity of the
sweet spot.

We find it useful to define the staggered combinations
G±

Z (t ) = 1
2 [GZ (2t + 1) ± GZ (2t )], which disentangle the os-

cillation periods associated with the hybridization splittings
of the MZMs and MPMs and eliminate the period-2 oscilla-
tions [see upper panel of Fig. 1(d)]. The correlation function
G+

Z (t ) emphasizes the time-independent contribution of the
MZMs and consequently exhibits long-time oscillations with
period 2π/δ0, where δ0 ∝ e−N/ξ0 is the hybridization splitting
of the MZMs. The correlation function G−

Z (t ) emphasizes the
amplitude of the period-2 oscillations and exhibits long-time
oscillations with period 2π/δπ , where δπ ∝ e−N/ξπ is the hy-
bridization splitting of the MPMs. Here, ξ0 and ξπ denote the
Majorana localization lengths [21,34]

ξ0,π = − 1

ln λ0,π

, λ0 = tan( πg
2 )

tan( πJz

2 )
, λπ = cot( πg

2 )

tan( πJz

2 )
, (7)

of the MZMs and MPMs, respectively. Note that λ0 and λπ

are eigenvalues of the corresponding transfer matrix. This
definition therefore differs from that used in Ref. [19].

The correlation function GX (t ) of the product of the Ma-
jorana modes clearly exhibits slow hybridization oscillations
with two distinct periods [see lower panel of Fig. 1(d)]. Con-
sistent with the product nature of the correlation function,
these periods 2π/δ± can be identified with δ± = δ0 ± δπ . We
note that in Fig. 1(d), the transverse field g deviates only

FIG. 2. Quadruplet splittings in the many-body Floquet spectrum
(not to scale). (a) Noninteracting case. Quadruplets are labeled by
their boundary mode occupation (n0, nπ ) in the different parity sec-
tors (see colors). Spectral pairings are hybridization-split described
through interparity splittings δ0,π (left) or intraparity splittings δ±
(right). Inter- and intraparity splittings are comparable in magnitude
and splittings are identical for all quadruplets. (b) Interacting case.
Splittings can be distinguished spectrally between parity sectors and
depend on the quadruplet n. Interparity splittings (left) are much
larger than intraparity splittings (right zoom).

slightly from the line g = 0.5 along which ξ0 = ξπ . This ex-
plains why the two periods of GX (t ) are rather different in
magnitude in Fig. 1(d).

We can interpret the oscillation periods δ0,π and δ± in terms
of the hybridization splittings of the spectral quadruplets [see
Fig. 2(a)]. Dropping the quadruplet index n for simplicity, we
have

E(1,nπ ) − E(0,nπ ) = δ0,

E(n0,1) − E(n0,0) = π + δπ , (8)

for states differing in one of the Majorana occupations. Simi-
larly, we have

E(1,1) − E(0,0) = π + δ+,

E(1,0) − E(0,1) = π + δ− (9)

for states differing in both Majorana occupations. It is interest-
ing to relate the splittings to fermion parity. In the fermionic
formulation, the spin-flip symmetry maps to fermion parity
P = ∏

j eiπc†
j c j . Each quadruplet falls apart into two pairs of

states, a pair of one fermion parity consisting of |(0, 0)〉 and
|(1, 1)〉 and a pair of the other fermion parity consisting of
|(1, 0)〉 and |(0, 1)〉. We can thus identify δ0,π as interparity
splittings and δ± as intraparity splittings. This is reflected in
that GZ (t ) (with oscillation periods δ0,π ) involves an operator
that is odd under P, so that En and Em in Eq. (4) belong to
states with different parities. In contrast, GX (t ) (with oscilla-
tion periods δ±) involves an even operator, so that En and Em

in Eq. (4) belong to states with identical parities.
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FIG. 3. Floquet quadruplet dynamics (interacting case). (a) Correlation functions G+
Z (t ) (solid) and G−

Z (t ) (dashed). The dynamics relaxes
quickly for small interactions. (b) Fourier transforms G+

Z (ω) (solid) and G−
Z (ω) (dashed). Peaks associated to the intraparity splittings δ0,π

vanish with increasing coupling. (c) Interparity splitting distributions for zero (solid) and π splittings (dashed). The behavior tracks G±
Z (ω).

(d) Correlation function GX (t ). Long-time oscillations are visible for much larger interactions than for GZ (t ). We plot these data with a
logarithmic time axis in Appendix B. (e) Fourier transform GX (ω). Peaks associated to the interparity splittings δ± can still be identified in the
presence of moderate interactions. (f) Intraparity splittings. The behavior follows GX (ω). Parameters: N = 12, Jz = 0.9, g = 0.52.

III. INTEGRABILITY-BREAKING COUPLING

In the integrable case, inter- and intraparity splittings are
linearly dependent. Correspondingly, the slow oscillation pe-
riods of GZ (t ) and GX (t ) are of comparable magnitude. It was
the main result of Ref. [19] that the two correlation functions
exhibit very different sensitivities to the perturbation

V = πJx

2

N∑
j=1

XjXj+1

= πJx

2

N∑
j=1

(1 − 2c†
j c j )(1 − 2c†

j+1c j+1), (10)

in the Floquet operator in Eq. (1). This Jx coupling maps
to a four-fermion interaction and thus breaks integrability,
but preserves the spin-flip (fermion-parity) symmetry P. The
qualitatively different responses of GX,Z (t ) to the Jx coupling
can be anticipated by considering the sweet spot g = 0.5 and
Jz = 1. In fact, one notes that the MZM and MPM operators
have a nonzero commutator with the perturbation:

[γ0,L,V ] = −iπJxγπ,LX2, (11)

[γπ,L,V ] = iπJxγ0,LX2. (12)

Thus, the relations in Eq. (5) no longer hold, which rapidly
modifies GZ (t ) with increasing Jx. In contrast, the product
mode χL commutes with the perturbation

[χL,V ] = 0, (13)

implying that Eq. (6) remains unchanged. As a result, the
perturbation V also leaves GX (t ) unchanged at the sweet spot.

In the following, we explore the dynamics away from the
sweet spot.

A. Numerical results

Figure 3 shows late-time dynamics of the correlation func-
tions for nonzero Jx. For G±

Z (t ) [see Fig. 3(a)], we find that
even small couplings Jx suppress the hybridization-induced
oscillations. The characteristic time beyond which the cor-
relation functions G±

Z (t ) decay becomes rapidly smaller than
the inverse Majorana splittings of the unperturbed spectrum.
Moreover, the behaviors of the two correlation functions
G±

Z (t ) become essentially identical.
This is reflected in the corresponding Fourier transforms

G±
Z (ω) [Fig. 3(b)]. In the integrable limit (Jx = 0), the Fourier

transform exhibits peaks at the interparity splittings δ0 for
G+

Z (ω) and δπ for G−
Z (ω). We note that the broadening of

the peaks for Jx = 0 arises from the finite simulation time.
A small perturbation with Jx ∼ 10−5 essentially suppresses
these peaks, consistent with the rapid suppression of the
hybridization-induced oscillations in GZ (t ) with Jx.

In contrast, long-time traces of (−1)t GX (t ) exhibit
hybridization-induced splitting oscillations up to much larger
couplings Jx [Fig. 3(d)]. We also observe that the superposi-
tion of oscillations with different periods (beating) survives
significantly larger perturbations. The corresponding Fourier
transform GX (ω) [Fig. 3(e)] features two peaks close to
ω 	 π , which progressively broaden with increasing coupling
strength Jx. The peaks derive from the oscillation periods δ±
in the limit Jx = 0 and remain distinguishable up to cou-
plings Jx � 10−3. This is two orders of magnitude larger
than for G±

Z (ω).
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FIG. 4. Temporal decay of correlation functions in the presence
of coupling Jx (data: colored lines). (a) G+

Z (t ) decays as a Gaussian
(black dashed) for intermediate couplings and as an exponential for
larger couplings Jx (black dotted). (b) GX (t ) decays as a linear combi-
nation of terms with Gaussian envelope as detailed in Eq. (14) (black
dashed) for intermediate couplings and as an exponential for larger
interactions (black dotted). Parameters: N = 12, Jz = 0.9, g = 0.52.

We fit the decay behaviors of G+
Z (t ) and GX (t ) in Fig. 4.

For G+
Z (t ), we find good agreement with a Gaussian fit for

coupling strengths Jx � 10−3 [black dashed line in Fig. 4(a)],
and an exponential fit for larger Jx (dotted line). For GX (t ), the
two oscillation periods motivate a fit using a superposition of
two terms with Gaussian envelopes:

GX (t ) 	 A(−1)t {e−t2/τ 2
+ cos(δ+t ) + e−t2/τ 2

− cos(δ−t )}. (14)

Here, τ± are characteristic timescales and A is a prefactor.
We find excellent agreement with the Gaussian fit function
in Eq. (14) [dashed line in Fig. 4(b)], up to larger coupling
strengths Jx � J× ∼ 10−2 than for GZ (t ). The correlation
function decays exponentially for larger couplings Jx (dotted
line).

We relate the different behaviors of the correlation func-
tions to the level statistics of the spectral quadruplets. We
compute the inter- and intraparity splittings

Ee
n − Eo

n = δ′
n,0, (15)

Ee
n − Eo

n+2N−2 = π + δ′
n,π , (16)

Ee(o)
n − Ee(o)

n+2N−2 = π + δ′
n,±, (17)

by exact diagonalization from the many-body spectrum [see
Fig. 2(b)]. Here, Ee(o)

n are sorted eigenphases of the many-
body Floquet operator for the even (e) and odd (o) fermion
parity sectors, each with Hilbert-space dimension D = 2N−1.
Since the bandwidth of the many-body spectrum is 2π , we
find π -paired eigenstates to have eigenstate indices, which dif-
fer by half the Hilbert-space dimension, n ↔ n + 2N−2. The
primes distinguish splittings in the presence of finite Jx from
those in the integrable limit [cf. Eqs. (8) and (9)]. Quadruplets
can be identified as long as these splittings are small com-
pared to the mean level spacing (2π )/2N . For each quadruplet,
there are up to three independent eigenphase differences. We
take into account the four possible interparity splittings (two
zero, two π ), and two intraparity π splittings per quadruplet,
which introduces some redundancy. However, this parallels
the appearance of all possible energy differences in the exact-
eigenstate representation of the correlation function in Eq. (4).

While the splittings are identical for all quadruplets in the in-
tegrable limit, they become nonuniform (i.e., dependent on the
quadruplet n) under the integrability-breaking perturbation.

The resulting splitting distributions, obtained by his-
togramming the splittings across the many-body spectrum,
reveal very different behaviors in the presence of interactions
Jx [see Figs. 3(c) and 3(f)]. The interparity splittings are af-
fected for small Jx 	 10−5 [Fig. 3(c)]. The distributions p(δ′

0)
and p(δ′

π ) flatten out and become progressively identical. In
contrast, the intraparity splittings are only affected for much
larger interactions Jx � 10−3 [Fig. 3(f)]. The double-peak
structure of the distributions p(δ′

±) derived from the unper-
turbed splittings δ± broadens. Nevertheless, a merged peak in
the splitting distribution remains present for values Jx � 10−2.

Remarkably, the splitting distributions in Figs. 3(c) and 3(f)
are closely related to the Fourier transforms of the correla-
tion functions in Figs. 3(b) and 3(e). In the comparison, one
should remember that the splitting distribution is completely
unbroadened in the integrable limit, unlike the peaks in GZ (ω)
and GX (ω) which broaden due to the finite simulation time.
The correspondences between Fourier transforms of correla-
tion functions and splitting distributions can be understood
from the exact-eigenstate expression for the correlation func-
tion in Eq. (4). Since Z1 is odd under the Ising symmetry, the
exact eigenstates En and Em entering the correlation function
GZ (t ) have opposite fermion parities. Thus, its hybridization-
induced oscillations emerge from terms in the sum Eq. (4), in
which En and Em are part of the same quadruplet and split by
δ′

0 or δ′
π . Correspondingly, the Fourier transform GZ (ω) is pro-

portional to the distribution of interparity splittings, provided
that the fluctuations of the matrix elements can be neglected.
The same line of arguments holds for GX (t ), except that X1

is even under the spin-flip symmetry, so that En and Em have
the same fermion parity. Thus, the Fourier transform GX (ω) is
proportional to the distribution of intraparity splittings.

Figure 5 shows a finite-size analysis of mean splittings in
the presence of interactions, averaged over the many-body
spectrum. On the one hand, the mean interparity splitting
(illustrated by 〈|δ′

0|〉) rapidly increases with growing Jx above
a critical coupling strength [see Fig. 5(a)]. Comparing various
system sizes N , we deduce that the critical coupling depends
exponentially on N , i.e., J (crit)

x 	 2−N . This is consistent with
the sensitivity of GZ (t ) to small perturbations. On the other
hand, the mean intraparity splitting 〈|δ′

±|〉 remains approxi-
mately unaffected up to large couplings Jx, exhibiting only a
weak dependence on N [see Fig. 5(b)]. This is consistent with
the robustness of GX (t ) to the integrability-breaking perturba-
tion. Figure 5(d) maps the robustness of intraparity splittings
as a function of Jz, for finite and fixed Jx. We find that the
mean intraparity splittings remain close to the unperturbed
value throughout the entire range 0.71 � Jz � 1, provided
that Jx � J× ∼ 10−2. Notice that at Jz ≈ 0.71, the unperturbed
splittings approach the level spacing and cannot be spectrally
resolved (“ill-defined splittings”). Near Jz ∼ 1, the splittings
remain well below the level spacing only for Jx � 0.2.

It is interesting to investigate the stability of the product
mode for more general couplings. We first modify the Floquet
operator by including next-nearest-neighbor exchange:

UF → UF e
iπJx,2

2

∑N−2
j=1 Xj Xj+2 e

iπJz,2
2

∑N−2
j=1 Z j Z j+2 . (18)

165138-5



MÖCKEL, SCHMID, AND VON OPPEN PHYSICAL REVIEW B 114, 165138 (2026)

FIG. 5. Splittings in the presence of transverse couplings Jx . (a) Typical interparity splittings are lifted by small Jx (double-logarithmic
scale). Dash-dotted: exact-diagonalization data. Solid: perturbation theory. (b) Typical intraparity splittings are robust against large Jx

(semilogarithmic scale). Dots: exact-diagonalization data. Solid: perturbation theory. (c) Intraparity splitting fluctuations for which |δ′
+| > δt .

The threshold δt = (δ+ + δ−)/2 is chosen to separate the peaks in the intraparity splitting distributions. Solid: perturbation theory. Black
dashed and black dotted lines indicate linear (∝ Jx) and quadratic (∝ J2

x ) scaling, respectively, and serve as guides to the eye for identifying
the relevant perturbative order. Inset: Distributions at the corresponding Jx couplings (see colors), with respective Gaussian and Lorentzian fits.
(d) Typical intrasplittings vs Jz coupling. Solid black lines are for bare splittings. Parameters: (a)–(d) g = 0.52 and (a)–(c) Jz = 0.9.

The additional couplings break integrability but preserve the
spin-flip symmetry. Figure 6(a) shows dynamics of the cor-
relation function GX (t ), which is qualitatively similar to the
dynamics in the absence of the additional terms as shown in
Fig. 3(d).

In contrast, interactions which break both integrability and
spin-flip symmetry induce significant relaxation of the prod-
uct mode. Figure 6(b) shows results for a modified Floquet
operator, which includes a longitudinal field:

UF → UF e
iπh
2

∑N
j=1 Z j . (19)

The longitudinal field couples quadruplet states of opposite
parity. As such, the product mode is less stable than π modes
in the MPM phase, which are very robust against longitudinal
fields [21].

B. Analytical considerations

The contrasting behaviors of intra- and interparity
splittings—and thus correlation functions—can be traced to
the fact that the Jx coupling breaks integrability but con-
serves the global spin-flip symmetry. Levels within a single

FIG. 6. Integrability vs symmetry breaking. (a) GX (t ) remains
long-lived in the presence of additional next-nearest-neighbor cou-
plings, which break integrability but preserve the spin-flip symmetry
[see Eq. (18) and parameters below]. We plot these data with a
logarithmic time axis in Appendix B. (b) GX (t ) relaxes quickly
for interactions which break both integrability and symmetry [see
Eq. (19)]. Parameters: N = 12, g = 0.52, Jz = 0.9, (a) Jx = Jx,2 =
Jz,2, (b) Jx = 0.

symmetry sector repel, while levels from different symmetry
sectors cross freely. This distinction implies that the levels
of an interparity pair evolve independently governed only by
level repulsion in their respective parity sectors. Conversely,
intraparity π pairs evolve in a correlated manner.

We consider inter- and intraparity splittings in Floquet
perturbation theory. In the absence of degeneracies, we can
expand the eigenphases of UF = UF,0e−iV as En = En,0 +
En,1 + En,2 + · · · with [21,35]

En,1 = 〈n0|V |n0〉, En,2 =
∑
m 
=n

|〈n0|V |m0〉|2
2 tan En,0−Em,0

2

. (20)

The eigenphase denominator is small for nearby levels and
diverges for antipodal levels with En,0 − Em,0 	 ±π . We can
use the perturbation theory to expand the inter- and intraparity
splittings to second order in V :

δ′
n,0 	 δ0 + δ

(1)
n,0 + δ

(2)
n,0, (21)

δ′
n,+ 	 δ+ + δ

(1)
n,+ + δ

(2)
n,+. (22)

The order in perturbation theory is indicated by the super-
script. Analogous expansions hold for δ′

n,π and δ′
n,−.

Interparity splittings are dominated by the second-order
contribution, with the first order being negligible. This can be
inferred from the slopes in Fig. 5(a). Accordingly, we find that
the inverse decay time of GZ (t ) grows quadratically with cou-
pling strength. In contrast, intraparity splittings remain largely
unaffected up to Jx � J× [Fig. 5(b)], and increase drastically
beyond this coupling. This behavior indicates that they remain
essentially unaffected in low-order perturbation theory. Our
goal here is to gain analytical insight into these observations
based on perturbation theory.

We begin by examining the first-order terms which are
expected to be small in both cases. It is useful to write them
as commutators:

δ
(1)
n,0 = 〈n, 00|V |n, 00〉 − 〈n, 10|V |n, 10〉

= 〈n, 00|[γ0,L,V ]γ0,L|n, 00〉, (23)

δ
(1)
n,+ = 〈n, 00|V |n, 00〉 − 〈n, 11|V |n, 11〉

= 〈n, 00|[χL,V ]χL|n, 00〉. (24)
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The matrix elements can be estimated by observing that
the perturbation V commutes with all Xj operators, and
that near the sweet spot one has X1 	 iγ0,Lγπ,L = χL up
to exponentially small corrections in N . Consequently, the
commutator in δ

(1)
n,+ is exponentially small. In contrast, the

commutator entering δ
(1)
n,0 is in general nonzero, in accor-

dance with Eq. (11). However, its expectation value δ
(1)
n,0 ∝

〈n, 00|X2γ0,Lγπ,L|n, 00〉, which enters first-order perturbation
theory, is exponentially small. We also verify this numerically
(see also Appendix A).

We now turn to the second-order corrections to the intra-
parity splittings. Within a given quadruplet, the perturbation
acts only between equal-parity levels, e.g., |n, 00〉 and |n, 11〉.
As these are π paired, the corresponding contribution to
second-order perturbation theory can be neglected. We can
thus restrict attention to interquadruplet contributions:

δ
(2)
n,+ =

∑
m 
=n

{
|〈n, 11|V |m, 11〉|2

2 tan En,11−Em,11

2

− |〈n, 00|V |m, 00〉|2
2 tan En,00−Em,00

2

}

+
∑
m 
=n

{
|〈n, 11|V |m, 00〉|2

2 tan En,11−Em,00

2

− |〈n, 00|V |m, 11〉|2
2 tan En,00−Em,11

2

}

+
∑
m 
=n

{
|〈n, 11|V |m, 01〉|2

2 tan En,11−Em,01

2

− |〈n, 00|V |m, 10〉|2
2 tan En,00−Em,10

2

}

+
∑
m 
=n

{
|〈n, 11|V |m, 10〉|2

2 tan En,11−Em,10

2

− |〈n, 00|V |m, 01〉|2
2 tan En,00−Em,01

2

}
.

(25)

In the first two lines, the matrix elements involve states which
differ in the occupations of neither or both of the end modes
(and hence an even number of bulk quasiparticles). In the
last two lines, they differ by a MZM or a MPM (and an
odd number of bulk quasiparticles). The energy denominators
of the terms subtracted in each line are either exactly equal,
e.g., En,11 − Em,11 = En,00 − Em,00, or equal up to an expo-
nentially small (unperturbed) splitting, e.g., En,11 − Em,01 =
En,00 − Em,10 + δ0. Near the sweet spot, all terms in Eq. (25)
are small due to either large energy denominators or small
matrix elements (see Table I). Terms in the last two lines have
energy denominators En,11 − Em,10 	 ±π/2. To see this we
note that near the sweet spot, the bulk quasiparticles have
single-particle energies ≈ π/2 [see Eq. (3)]. The magnitude
of the contributions is therefore controlled by the differ-
ences of matrix elements. We find them to be numerically
small (Appendix A). Terms in the first two lines may have
polynomially small energy denominators En,11 − Em,11 	 0,
En,11 − Em,00 	 0, etc. [36]. However, the matrix element dif-
ferences are exponentially small. The latter can be inferred
from symmetrizing the matrix elements and expressing them
via (anti)commutators, e.g.,

〈n, 11|V |m, 00〉 ± 〈n, 00|V |m, 11〉
= −i〈n, 00|[χL,V ]∓|m, 00〉. (26)

We also confirm numerically that intraparity splittings are
exponentially small in second order (Appendix A).

TABLE I. Modulus squared of the matrix elements as well as
energy denominators for the different contributions to second-order
perturbation theory. Columns refer to the different lines in Eqs. (25)
and (27). A zero matrix element difference indicates that it is ex-
ponentially small in N . The energy denominators can be zero up to
polynomially small corrections in N . While none of the contributions
are sizable for the intraparity splitting, the interparity splitting δ0,π is
sizable due to the contribution in the “Both” column.

MZM MPM Both None

δ±

Energy denominator ±π/2 ±π/2 0, π 0, π

Matrix element difference 
=0 
=0 0 0

Matrix element size Small Small Large Large

δ0

Energy denominator ±π/2 ±π/2 0, π 0, π

Matrix element difference 
=0 0 
=0 0

Matrix element size Small Small Large Large

We can use the perturbative approach to gain insight into
the time dependence of GX (t ) shown in Fig. 4(b). We plot the
variance of the intraparity splittings along with representative
full distributions (inset) in Fig. 5(c). We observe that the vari-
ance is governed by the first-order terms for Jx � J× ∼ 10−2.
For Jx larger than the crossover scale J×, both the average
[Fig. 5(b)] and the variance [Fig. 5(c)] rapidly grow due to
higher-order terms in the perturbation expansion. The first-
order contribution to the splitting is a sum over many random
terms. This results in a Gaussian splitting distribution and
hence a Gaussian decay of the boundary spin correlations
GX (t ). For larger Jx, the splittings are dominated by higher-
order terms in the perturbation expansion. These are also sums
over many terms. Importantly, they involve energy denomina-
tors in addition to matrix elements. The sum will typically
be dominated by terms with small energy denominators. As
a result, these sums are Levy flights and do not obey the
conventional central limit theorem [37]. One readily argues
that assuming statistically independent terms, the stable dis-
tribution of the sum is a Lorentzian (see, e.g., Ref. [38]). This
directly translates into an exponential decay of the boundary
spin correlations GX (t ) and therefore explains the crossover
between the Gaussian and exponential dependencies of GX (t ),
which we observe numerically. A similar picture arises in
the MPM phase in the presence of symmetry-breaking per-
turbations [21]. We note that numerically, the crossover
scale J× seems to depend only weakly on the length of
the chain.

Finally, we consider the second-order correction to the
interparity splittings:

δ
(2)
n,0 =

∑
m 
=n

{
|〈n, 10|V |m, 10〉|2

2 tan En,10−Em,10

2

− |〈n, 00|V |m, 00〉|2
2 tan En,00−Em,00

2

}

+
∑
m 
=n

{
|〈n, 10|V |m, 01〉|2

2 tan En,10−Em,01

2

− |〈n, 00|V |m, 11〉|2
2 tan En,00−Em,11

2

}
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+
∑
m 
=n

{
|〈n, 10|V |m, 00〉|2

2 tan En,10−Em,00

2

− |〈n, 00|V |m, 10〉|2
2 tan En,00−Em,10

2

}

+
∑
m 
=n

{
|〈n, 10|V |m, 11〉|2

2 tan En,10−Em,11

2

− |〈n, 00|V |m, 01〉|2
2 tan En,00−Em,01

2

}
.

(27)

Contributions are grouped by the number of end modes in-
volved: none, both, MZM, or MPM. Unlike the intraparity
splittings, the contribution to the interparity splitting of the
second line in Eq. (27) can be large (see the column for δ0

labeled “Both” in Table I). The corresponding term can have
small energy denominators En,10 − Em,01 	 0, while the asso-
ciated matrix elements are appreciable, i.e., not exponentially
small. The matrix elements can be inferred by symmetrizing
and expressing them in terms of (anti)commutators:

〈n, 10|V |m, 01〉 ± 〈n, 00|V |m, 11〉
= 〈n, 00|[γ0,L,V ]±γπ,L|m, 00〉, (28)

which is not suppressed. In contrast, all other contributions are
subdominant, either because of larger energy denominators
∼π/2 or because of small matrix elements (see Table I and
Appendix A).

The statistics of interparity splittings crosses over from
Gaussian to Lorentzian when small energy denominators be-
come relevant in the second-order terms. Here, this crossover
occurs for exponentially small couplings in N , which explains
the sensitivity of GZ (t ) [Fig. 4(a)].

We briefly compare our perturbative analysis with the
Fermi’s golden rule treatment of Ref. [19]. While the latter
describes the long-time decay rates of the Majorana modes in
a semi-infinite chain, our perturbative expansion yields cor-
rections to the inter- and intraparity splittings of finite chains.
The dominant second-order scattering channels identified in
Table I are consistent with the decay channels of Ref. [19]. We
find that the largest contributions arise from processes which
change the occupations of both the MZM and MPM modes
and that these processes only contribute to the interparity
splittings. This is analogous to the result in Ref. [19] that
the dominant decay modes correspond to scattering between
zero and π modes, and that these processes do not contribute
to the decay rate of the product mode. We also observe that
the contributions of these processes to the splittings of the
MZM and MPM modes are equal up to corrections, which
decay exponentially with system size. This is analogous to
the identical decay rates of MZMs and MPMs in Ref. [19].
We note that in addition, the splitting corrections also involve
first-order contributions. These explain the Gaussian-decay
regime of the correlation functions, which is beyond the scope
of a golden-rule description.

IV. CONCLUSIONS

We investigated strong mode physics in the 0π phase of
the Floquet quantum Ising model. We showed that the dif-
ferent levels of robustness of the individual Majorana modes
compared to the Floquet product mode can be illuminated
from the point of view of spectral pairings. The coexis-
tence of two types of Majorana operators implies that in

the integrable limit, the eigenphases appear in quadruplets.
Under integrability-breaking perturbations, these quadruplets
necessarily fall apart into two doublets. These doublets are
characterized by the eigenvalues under the protecting Z2 sym-
metry. While there are strong spectral correlations within the
symmetry sectors, states in different symmetry sectors are
essentially uncorrelated. This is the reason underlying the
hierarchy of strong modes in the 0π phase. The individual
MZMs and MPMs couple levels from different symmetry sec-
tors, leading to limited stability against integrability-breaking
perturbations. In contrast, the product mode of both Majorana
operators couples states from the same symmetry sector. The
spectral rigidity within the symmetry sectors enhances the
stability against integrability-breaking perturbations.

It is an interesting question for future research whether
similar hierarchies of strong modes appear in other models.
Our work suggests that there can be a fine-tuned (e.g., inte-
grable) limit, in which the eigenphase order involves groups of
levels, which is larger than the number of distinct eigenvalues
of the symmetry operator. Product edge modes should generi-
cally exist when multiple edge modes localize at the same end
of a system. One interesting class of models are periodically
driven clock models, which host up to n parafermionic edge
modes dictated by their Zn symmetry [1,2,11,39–41]. Thus,
these models present an interesting platform for constructing
multiple composite edge objects that may remain stable in the
presence of integrability-breaking perturbations. Future work
could also consider product modes beyond periodic driving
schemes such as quasiperiodic [23,24,42–49], random multi-
polar [50–53], or nonunitary driving [54–56].
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FIG. 7. First-order perturbative correction to intra- and interpar-
ity splittings. Parameters: Jz = 0.9, g = 0.52, Jx = 0.001.
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FIG. 8. Individual terms of the second-order perturbative correc-
tions to the intra- and interparity splittings for the different processes
[see Eqs. (A1) and (A2)]. (a) Intraparity splittings. (b) Interparity
splitings. Parameters: same as in Fig. 7 and N = 9.

APPENDIX A: NUMERICAL ANALYSIS
OF THE PERTURBATIVE SPLITTINGS

We numerically compute the various contributions to the
intra- and interparity splittings appearing in perturbation the-
ory. Figure 7 shows the spectral average of the first-order

corrections. We find that both intra- and interparity splittings
decay exponentially with system size.

For the second-order corrections, it is useful to write
Eq. (25) as

δ
(2)
n,+ =

∑
m 
=n

(
Am,11

n,11 − Am,00
n,00

) +
∑
m 
=n

(
Am,00

n,11 − Am,11
n,00

)

+
∑
m 
=n

(
Am,01

n,11 − Am,10
n,00

) +
∑
m 
=n

(
Am,10

n,11 − A01
n,00

)
(A1)

and Eq. (27) as

δ
(2)
n,0 =

∑
m 
=n

(
Am,10

10 − Am,00
n,00

) +
∑
m 
=n

(
Am,01

n,10 − Am,11
n,00

)

+
∑
m 
=n

(
Am,00

n,10 − Am,10
n,00

) +
∑
m 
=n

(
Am,11

n,10 − A01
n,00

)
. (A2)

We have defined the individual contributions

Am,m0mπ

n,n0nπ
=

∣∣vm,m0mπ
n,n0nπ

∣∣2

2 tan
En,n0nπ −Em,m0mπ

2

(A3)

and abbreviated the matrix elements vm,m0mπ
n,n0nπ

=
〈m, m0mπ |V |n, n0nπ 〉.

We first analyze the intraparity splittings. Figure 8(a)
shows a scatter plot of the individual terms A in Eq. (A1) for
a representative pair of states n. The two terms within one
sum in the equation are plotted as full and empty circles, re-
spectively. Contributions from states which differ in neither or
both of the end modes (green dots and circles) come with
energy denominators ≈0, π . While the ones with zero energy
denominators are substantially larger, the two terms contribut-
ing to the corresponding sums in Eq. (A1) nearly cancel for
individual values of m, as green dots and circles systematically
coincide. In contrast, contributions from states which differ
by a MZM or MPM (orange dots and red circles) come with

FIG. 9. Second-order perturbation theory. (a), (b) Spectrally averaged differences of the modulus squared of matrix elements for intraparity
splittings and interparity splittings. (c), (d) Corresponding total contributions. Parameters: Jz = 0.9, g = 0.52, Jx = 0.001.
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FIG. 10. Time dependence of the correlation function GX (t ),
plotted using a logarithmic time axis. (a) Effect of an additional
exchange coupling Jx . This replots the data, which are shown in
Fig. 3(d) with a linear time axis. (b) Effect of an additional next-
nearest-neighbor coupling. This replots the data, which are shown in
Fig. 6(a) with a linear time axis.

energy denominators ≈ ±π/2. The corresponding subtracted
terms do not cancel individually, but are systematically small.

Figure 9(a) shows spectrally averaged differences of the
modulus squared of matrix elements. We find that differences
for states which differ by neither or both of the end modes
decay exponentially with system size. Their behavior essen-
tially follows the decay of δ+ (black dashed line). Conversely,

differences for states which differ by a MZM or MPM depend
only weakly on N . Figure 9(c) shows the corresponding full
contributions to second-order perturbation theory, including
energy denominators and sums over m. We find that these are
exponentially suppressed in N for all four processes.

Next, we analyze the interparity splittings in second order.
Figure 8(b) shows that the individual terms A in Eq. (A2)
no longer coincide in all cases, even for the large contribu-
tions with energy denominators close to zero. The spectrally
averaged differences of the modulus squared of the matrix el-
ements shown in Fig. 9(b) decay exponentially in system size
for states which differ by neither or a MPM mode. In contrast,
matrix element differences of states which differ by a MZM
or both of the end modes depend only weakly on N . Finally,
the total contributions to the second-order perturbation theory
as shown in Fig. 9(d) remain sizable with increasing N for the
contribution which differs in both of the end modes. The other
three processes are exponentially suppressed.

APPENDIX B: LOGARITHMIC-TIME REPRESENTATION
OF THE CORRELATION DYNAMICS

For completeness, Fig. 10 highlights the long-time behav-
ior of the correlation function GX (t ) presented in Figs. 3(d)
and 6(a) by using a logarithmic time axis.
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