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Enhancing the many-body gap of a fractional state is crucial for realizing robust fractional excitations. For
fractional Chern insulators, existing studies suggest that making flat Chern bands closely resemble the lowest
Landau level (LLL) seems to maximize the excitation gap, providing an apparently optimal platform. In this
work, we demonstrate that deforming away from the LLL limit can, in fact, produce substantially larger fractional
quantum Hall gaps. Using moiré flat bands with strongly non-Landau-level wave functions, we show that the gap
can exceed that of the LLL by more than two orders of magnitude for short-range interactions and by factors of
two to three for long-range interactions. This enhancement is generic across Abelian fractional Chern insulator
states and follows a universal enhancement factor within each hierarchy. In the Landau-level framework, we
identify the amplification of pseudopotentials as the microscopic origin of the observed enhancement. More
generally, in a Chern band system where the pseudopotential decomposition is not well defined, we find a sharp
scaling distinction: in the strongly screened regime, the v = 1/3 gap scales cubically with gate distance d in the
LLL and vortexable Chern bands, but linearly in higher-vortexable Chern bands. The activation of this leading
0(d;) term by deviating from ideal quantum geometry is the key origin of the gap enhancement, and this criterion
remains meaningful even without rotational symmetry. We further examined non-Abelian states and found that
within finite-size resolution, this wave-function construction method can also be used to manipulate and enhance
the gap for certain interaction parameters. We further discuss experimental implications of our findings in twisted

bilayer MoTe,.

DOI: 10.1103/5yrg-qjkh

I. INTRODUCTION

In the study of fractional quantum Hall (FQH) states
[1,2] and fractional Chern insulators (FCIs) [3-31], a key
open question is how to enhance the many-body gap' of
fractional states so that their exotic properties remain ro-
bust at higher temperatures and resilient against disorder.
For FCIs, a common guiding principle in the literature has
been Landau-level mimicry: using a flat Chern band whose
properties mimic those of the lowest Landau level (LLL).
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Model studies show that adiabatically deforming a flat Chern
band toward the LLL—by making its Berry curvature more
uniform and approaching the ideal geometric condition—can
enhance the excitation gap [10-13,15,18,21,22,28]. Like-
wise, for non-Abelian fractional states, numerical studies
indicate that the first Landau level provides a more favor-
able environment than known moiré flat bands [32]. The
mimicry paradigm can be summed up in the following
hypothesis: while flat Chern bands can emulate Landau lev-
els, for the same interaction strength, they typically exhibit
smaller excitation gaps than the LLL for Abelian fractional
states.

In this paper, we demonstrate the opposite. Using moiré
flat bands whose wave functions deviate substantially from the
Landau level (LL) form, we show that deliberately deforming
a Chern band away from the ideal quantum geometry and the
LLL limit using higher vortexability can produce significantly
larger FQH gaps. For short-range interactions, the fractional
gap can exceed the LLL value by as much as two orders of
magnitude, whereas for long-range interactions, the enhance-
ment is typically a factor of two to three. To our knowledge,
such a systematic enhancement has not been reported in the
FCI/FQH literature. Furthermore, this enhancement is generic

Published by the American Physical Society
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across Abelian FCI states and, within each hierarchy, follows
a universal enhancement factor.

We first demonstrate this effect using a moiré model of
a two-dimensional material with a quadratic band touching
subjected to a periodic strain potential. Although illustrated in
this specific setting, the underlying principles are general and
apply broadly to other moiré systems. Within this platform,
we construct exact flat Chern bands that resemble both the
LLL (with ideal quantum geometry) and higher Landau levels,
employing the theoretical framework of higher vortexabil-
ity [33,34]. By continuously interpolating between these two
regimes, we find that the FCI gap reaches its maximum away
from the limit of ideal quantum geometry. At fixed interaction
strength, the maximal FCI gap surpasses not only the FQH
gap of the LLL, but also the gap in flat bands formed from
interpolating Landau-level wave functions.

To identify the underlying mechanism, we turn to the
Landau-level framework. It is worth noting that in LL sys-
tems, extensive effort has been devoted to studying how
single-particle wave functions shape the pseudopotentials and
thus the many-body gaps—a strategy known as pseudopoten-
tial engineering [35-43]. The gap enhancement here stems
from the same principle: our construction amplifies the pseu-
dopotentials that set the energy scale of the fractional states.
Because flat Chern bands offer a much larger design space,
they enable even greater gap enhancement beyond LLs. How-
ever, relative angular momentum is generally not conserved
in a moiré Chern band since these systems generally do not
possess continuous rotation symmetry. Hence a pseudopoten-
tial decomposition akin to the LL case is not applicable in
these systems. To better understand the origin of this enhance-
ment, we examine the small-d; scaling of the v =1/3 gap
across several models. For LLO and the LLL-like vortexable
moiré model, A/ oxd?, so the gap is rapidly suppressed
as d; — 0. In contrast, LLO1 and higher-vortexability moiré
bands exhibit A3 o d; and their gaps decrease much more
slowly. This distinction persists in the presence of finite Berry-
curvature fluctuations and extends to real material models:
chiral twisted bilayer graphene (TBG) follows the cubic law,
whereas twisted MoTe, exhibits linear scaling. The resulting
gate-distance dependence provides a direct experimental sig-
nature of higher vortexability.

We have also examined non-Abelian (Moore-Read) states
and find that for certain interaction parameters, their excitation
gap can likewise be enhanced by hybridized wave functions.

II. MOIRE SYSTEM

We consider the following moiré continuum Hamiltonian
with chiral symmetry:
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FIG. 1. Many-body gap enhancement in moiré model. (a) Single-
particle band structure of the moiré Hamiltonian given by Eq. (1)
with fourfold degenerate exact flat bands. The vertical axis in (a) is
normalized energy E = E/(4m/ V/3a)?. (b) The ratio between the
average trace of the quantum metric (Tr[g(k)]) and the Berry curva-
ture (|F;,(K)|) for the higher vortexable band Uy , given in the main
text. (c)—(f) Many-body gap of FCI states (blue dots) as a function
of 6. The gap increases markedly as 6 deviates from the limit of
ideal quantum geometry (9 = 0). The lower and upper horizontal
red dashed lines in (c)—(f) mark, respectively, the gap of the corre-
sponding FQH states in the LLL and the maximal many-body gap
achieved in the LL-hybridization model with the same interaction
strength. Notably, in all cases, the moiré model produces a gap that is
larger than the LLL gap, and even exceeds the best LL-hybridization
model values for v = 1/3. The gap size here is measured in units
of the Coulomb scale, ULl = ¢?/¢lp, where Iy = 3'4a/(4m)'? is
the magnetic length, a is the moiré lattice constant, and ¢ is the
dielectric constant. The parameters used in the exact diagonalization
(ED) are (c) v =1/3,d,/lg = 0.037, N, =21; (d) v = 1/3, d,/Ip =
0.74, N, =215 (e) v =1/5,d,/lp = 0.23, N, = 25; and (f) v = 1/5,
dg/lg = 0.74, N, = 25.

-2 izl{ge"“‘")d’ cos8(2G,, - 1) — Be'®=¢ cos[(G,, —

G,p1) - 1] + 072 cos(G,, - 1)}, where ¢ =2m /3,
G, =G(0,1), and Gy3= G(:F\/g/2, —1/2) are the
reciprocal lattice vectors, and G = % with moiré lattice

constant a. This Hamiltonian describes a homobilayer
system, where the diagonal terms of D and DT represent
the intralayer coupling, and the off-diagonal term encodes
a momentum-dependent tunneling between the two layers
with tunneling amplitude y. Within each layer, the system
hosts a chiral symmetric quadratic band touching (3> and
8_22), and both layers are subjected to the same periodic moiré
strain potential A(r) [44,45). As shown in Fig. 1(a), for
(0, B,m, )~ (4.38G?,0.5, —0.9, 100G), the moiré field has
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a pbmm space group symmetry, and the system hosts four
exactly flat bands: two polarized on one sublattice with total
Chern number C = +2 and the other two polarized on the
opposite sublattice with C = —2. In the following, we focus
on the two flat bands with C = 2.

As we show analytically in the Supplemental Mate-
rial (SM [46]; see also Refs. [47-55] therein), one of
the two flat-band wave functions takes the form Wy (r) =
{¥r(r), 0, 0, 0}A(r), where Y- (r) denotes the LLL wave
function on a torus and /(r) is a k-independent scalar function
such that |A(r)| is moiré periodic [15,22]. Because the k
dependence of this band resides entirely in the y-" term,
this flat band shares the same Chern number C = 1 and
ideal quantum geometry, Tr[g(k)] = F,(K), as the LLL. Here,
g(k) denotes the quantum metric and Fy,(k) the Berry cur-
vature. The second flat-band wave function can be written
as Wi (r) = {lgy (1)/v/8, y 'y (r), 0, 0}A(r), where
1,0]];“ is the wave function of the first LL (n=1) on a
torus and Iz = 3'%a/(4m)"/? is the magnetic length cor-
responding to one magnetic flux quantum per moiré unit
cell. As y varies from 0 to oo, the wave function Wy,
continuously interpolates between a generalized LLL wave
function and a generalized first-LL wave function. For con-
venience, we define tan @ = Iy /+/8 such that & = 0 and 77 /2
correspond to y = 0 and oo, respectively; in this parametriza-
tion, Wk (r) = {sin Oyt (r), cos Oy l(r), 0, 0}h(r). We
note that the model’s precise strain profile and tuning path are
not essential; the same physics should arise in any Chern-band
model with analogous projected form factors.

If A(r) = 1, the wave functions above reduce to LL wave
functions, and both the Berry curvature F, (k) and the trace of
the quantum metric Tr[g(k)] remain perfectly homogeneous
in momentum space. For flat Chern bands, in contrast, the
absence of net magnetic flux, together with the Bloch theorem,
requires A(r) to be spatially inhomogeneous. As shown in
the SM [46], our model exhibits a strongly inhomogeneous
h(r), causing the wave functions Wy ; and Wy ; to deviate sub-
stantially from those of Landau-level systems. Typically, such
inhomogeneity in h(r) would induce pronounced variations
in the Berry curvature F,,(k) and the trace of the quantum
metric Tr[g(k)] across momentum space [15,22,56,57]. Here,
however, we choose the moiré potential so that despite the
spatial modulation of A(r), both F;,(k) and Tr[g(k)] remain
nearly homogeneous, with k-space fluctuations below 5% (see
the SM [46]). This near uniformity provides a clean setting
and can improve the absolute gap [56], but it is neither neces-
sary nor sufficient for the enhancement observed here. Related
gap-enhancement results along Jain sequences are shown in
Fig. 2. We show examples with nonuniform geometry later in
Fig. 3 and Appendix C.

Due to the inhomogeneity of A(r), the states Wy ; and
Wi, are not orthogonal. We therefore define the orthogo-
nalized wave functions as Wy ;| = Wy | and Wy, = Wy, —
(Wi 1| Wi 2) Wi 1 /|| Wk 1. Physically, these are the bands that
are expected to be fully filled and fully empty at filling
v =1 in the presence of quasi-long-range interactions. As
the parameter 6 is varied, Wy , retains Chern number C =
1, while the ratio (Tr[g(k)])/(F,(k)) =1+ 2 sin® @, as was
shown in [34], evolving from limg_,¢ Tr[g(k)]/F;,(k) =1 to
limg_, 2 (Tr[g(k)]) /{Fy,(K)) = 3, as shown in Fig. 1(b). At
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FIG. 2. Universal gap enhancement along Jain sequences. Nor-
malized many-body gap A (6)/Amp(0) for the LLO1 hybridization
model. (a) 1/3 sequence: v =1/3, 2/5, 3/7, 4/9 at short-distance
screening d,/lp = 0.037. The enhancement exhibits a universal
domelike profile across the entire sequence, following the pseudopo-
tential ¢;—c3 and peaking near 6 = /4. (b) 1/5 sequence: v =
1/5, 2/9, 3/13 at d;/lp = 0.19. Here, the 6 dependence tracks the
pseudopotential c3—cs throughout the sequence, with the maximum
occurring near 8 = 7 /2.

6 = 0, this band satisfies the ideal quantum geometry condi-
tion Tr[g(k)]/Fy,(k) = 1, and thus belongs to the family of
“vortexable” flat bands [28], for which Laughlin-type wave
functions can be constructed at fractional fillings, forming
exact zero modes of the Haldane pseudopotentials [15,22].
On the other hand, for 6 > 0, where (Tr[g(K)])/(F,,(K)) > 1,
it belongs to the family of “first (higher) vortexable” bands
[33,34], where non-Abelian FCI states have been predicted.

We focus on the flat band spanned by ¥y ,. To study the
FClIs that it can host, we consider projected repulsive interac-
tions,

1
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FIG. 3. Distinct short-range screening gap scaling laws at v =
1/3. The neutral gap A/ULF is plotted on log-log axes against
d, = d,/ly, UL = ¢ /ely; black triangles indicate (relative) slopes
1 and 3, corresponding to the gap linear scaling and cubic scaling
with d;. (a) For models with vanishing Berry-curvature fluctuation
nr = Std(|Fy,|)/(|F. ), LLO and the vortexable moiré band at 6 = 0
follow the cubic law, whereas LLO1 and the higher-vortexable moiré
band at 6 = /4 follow the linear law. (b) The same distinction
persists for nonuniform Berry curvature: the moiré band at 6 = 0
and chiral twisted bilayer graphene (CTBG) are cubic, while the
higher-vortexable moiré band at 6 = 7 /4 and the continuum twisted
MoTe, are approximately linear. The moiré Hamiltonian used for
(a) is the same as that in Fig. 1 and the moiré model used in (b) is the
same as in Eq. (1) with A(r) = —% 2131:1 e'1=% cos(G, - r), where
G, and ¢ were defined below Eq. (1), and @ = 0.62|G|?. For twisted
MoTe,, we use a twist angle of 3.7° and dielectric constant € =5
[66—68]. The single-particle dispersion of twisted MoTe; is set to
zero to isolate the effect of the projected interaction.
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FIG. 4. (a), (b) Many-body energy spectra at filling v = 1/3,
ds/lg = 0.037and v = 1/5,d,/lz = 0.23, respectively. The energy is
normalized by UL as in Fig. 1. (c), (d) Particle entanglement spectra
of the ground states in (a), (b) with particle cuts Ny = 3, Ny = 4 for
v =1/3 and Ny = 2, Ny = 3 for v = 1/5, respectively. The number
of low-lying states below the red dashed lines (as written in red)
matches the quasihole counting of Laughlin states at the respective
filling fractions [7]. & = 7 /4 was used for all cases.

where A is the system area, colons denote normal ordering,
and V(q) = 2ne? tanh(d,q)/(eq) is the screened Coulomb
interaction. Here, d; is the distance from the electron plane
to either of the two symmetric screening gates. The pro-
jected density operator is p(q) = D )»q(k)cltckm, with form
factor Aq(K) = (\le,z(r)|e”’q'r|\ifk+q,2(r)). We perform nu-
merical exact diagonalization at filling fractions v = 1/3 and
v = 1/5 for 6 values between 0 and 7 /2. At both fillings, and
for the entire range of 0, the ground state is found to be an
FCI with many-body Chern number C,, = v (see Appendix A
and Fig. 4 for the many-body spectra and particle entangle-
ment spectra at a representative angle 6 =  /4). To quantify
the stability of the FCI, Figs. 1(c)-1(f) show the many-body
excitation gap A as a function of 6 for different screening
lengths d;. Remarkably, the FCI gap is enhanced dramatically
as 6 increases, which tunes the band away from ideal quantum
geometry. For comparison, Figs. 1(c)-1(f) also show the exci-
tation gap for FQH states with the same interaction parameters
in the LLL (lower dashed horizontal lines) and the maximum
gap obtainable from the LL-hybridization model introduced
later in the text (upper dashed horizontal lines; see Fig. 5). The
gap of the present moiré model can exceed both benchmarks
for suitable values of 6.

For v =1/3 with short-range screening d;/lz = 0.037
[Fig. 1(c)], the gap develops a maximum near 6 = 7 /4,
reaching values of more than two orders of magnitude above
the LLL baseline. By contrast, with longer-range interactions
d,/lp = 0.74 [Fig. 1(d)], the enhancement is far milder. There
the gap increases by about a factor of two, before decreas-
ing. For v = 1/5, the largest gaps appear when the model
approaches the generalized first Landau level (6 = 7 /2), and
again the effect is far more pronounced for short screen-
ing [ds/lp = 0.23, Fig. 1(e)] than for long-range interactions
[ds/lp = 0.74, Fig. 1(f)].

FIG. 5. Gap enhancement via Landau-level hybridization and
pseudopotential decomposition. (a)-(c) Many-body gap and pseu-
dopotentials as functions of the hybridization parameter 6, for LLO1,
LL02, and LLO3, respectively. As in Fig. 1, the energy is measured in
units of the Coulomb energy scale UL". Panel (d) shows the average
trace of quantum metric and Berry curvature normalized by I3 for
the three models. Gap values are obtained for multiple finite clusters
(see SM [46]), using screened Coulomb interactions with screening
length d; = 0.037 I5. The gap reaches its maximum near 6 =~ 7 /4,
showing up to ~500-fold enhancement for LLO1 and LLO2, with
peak gap values of ~0.2% of the Coulomb scale (compared to
0.0003% for the LLL). For LL03, the enhancement is smaller—about
~200-fold, yielding a maximum gap ~0.06% of the Coulomb scale.

In Fig. 6, we show a many-body gap for another moiré
model with much larger quantum geometric fluctuations. Re-
markably, the qualitative features of gap enhancement remain
the same, even away from uniform quantum geometric distri-
bution, although the overall gap sizes reduce in comparison
with the model in Fig. 1, suggesting that many-body gap
enhancement as a function of & may be universal.

III. LL-HYBRIDIZATION MODEL

To understand the mechanism responsible for the many-
body gap enhancement away from the vortexable limit, we
construct a simplified “toy model” Hamiltonian that hy-
bridizes two chosen Landau levels (LLs) labeled by n; and
n,. This type of mixed LL wave function has been studied be-
fore in [41-43,58]. Denoting the corresponding single-particle
wave functions as |¢™) and |¢¥™2), we define a two-
component spinor wave function,

__(sin6 [yl
W, (0) = <cos€ |1/fLL"'>>’ 0el[0,7/2], (@3)

where the hybridization parameter 6 continuously interpolates
between the two LLs. Below, we will use LLnn, to label
these models. For LLO1, ¥, ;(6) coincides with Wy , intro-
duced early on, if A(r) is set to unity. We can further introduce
the following Hamiltonian:

Tyra—n
an_nmm):((a)’lj_m @ ) @

—m
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FIG. 6. Many-body gap enhancement in a moiré model with
significant single-particle quantum geometric fluctuations. The
single-particle Hamiltonian is the same as in Eq. (1) with Ar) =
—a Zflzl €179 cos(G,, - r)/2, where G,, and ¢ were defined below
Eq. (1), and o« = 0.62|G|?. Similar to Fig. 1(a), there are four exact
flatbands, two per sublattice. One of these two sublattice polarized
bands is vortexable with wave function \IlkJ(r), the other one is
higher vortexable Uy ,(r) as discussed in the main text. (a), (b) The
fluctuations of Berry curvature and quantum metric for the higher-
vortexable band \I/kvz(r), respectively. Clearly, for this choice of A(r),
the fluctuations in Berry curvature and quantum metric are much
larger than those in Fig. 1. (¢)—(f) Many-body gap of FCI states (blue
dots) from ED as a function of 6. As in Fig. 1, the energy is measured
in units of the Coulomb energy scale ULL. The parameters used in ED
for (c)—(f) are the same as those used in Figs. 1(c)-1(f), respectively.
The lower and upper horizontal red dashed lines in (c)—(f) mark,
respectively, the gap of the corresponding FQH states in the LLL
and the maximal many-body gap achieved in the LL-hybridization
model with the same interaction strength. Gap-enhancement trends
in this case remain the same as in Fig. 1, although the maximum
gap enhancements are significantly lower than those in Fig. 1; the
gap sizes do not follow the variation in tr(g) and F,,. In (d), a
phase transition occurs at 6 ~ 1.18; our analysis here focuses on the
maximum gap of the FCI phase.

where a and a' are Landau-level lowering and raising
operators, respectively, and m is a mass parameter.
Without loss of generality, we take n; > n;. With the

identification  tand = (v/E(ny, ny)? +m? +m)/E (ny, ny),
where E(nj,ny) = +/ny!/ny!, one can verify that

W, (@) is an eigenstate of H,,_, (m) with eigenvalue

E(ny, n2)? + m?2. The relation between 6 and m implies that
0 =0,7/4, and 7 /2 correspond to m = —o0, 0, and oo.
Notably, this Hamiltonian is the effective Hamiltonian of
multilayer rhombohedral graphene with n, —n; > 1 layers,
subject to an out-of-plane magnetic field and a displacement

field that controls the mass parameter m [59]. The special
case H(m) describes graphene LLs in a magnetic field with a
C,, breaking term m; this mass m disappears at § = 7 /4, and
the wave function W, 41 (;r /4) corresponds to the (n + 1)-th
Landau level of graphene [60—62].

This LL-hybridization model exhibits the same gap-
enhancement phenomenon as the moiré model. We project
the screened Coulomb interaction to the hybridized band in
Eq. (3). The resulting v = 1/3 gap enhancement is summa-
rized in Appendix B, Fig. 5, while Fig. 2 shows that the same
gap-enhancement behavior extends across the Jain sequences.
To understand this, we turn to pseudopotentials.

IV. HALDANE PSEUDOPOTENTIALS

In a rotationally invariant Landau-level system, the pro-
jected two-body interaction can be decomposed into channels
of definite relative angular momentum [63-65]. LL hybridiza-
tion modifies these channels through the cyclotron form
factor,

2[2 212 2,§
F(q:60) = [cos2 oL, <q73> +sin®6L,, (%)]e—‘%,

(5)
where L, (x) is the nth Laguerre polynomial. The effective in-
teraction after projection is Veg(g;0) = V(@)[F (g; 0)]%. Once
the effective interaction is specified, the problem can be char-
acterized by the pseudopotential coefficients,

d2
en(0) = /ﬁ Ver(q:0) vm(q), m=0,1,2,...,
©6)

where
Un(q) = e 2L, (412) )

characterizes the momentum-space profile of a two-particle
state with relative angular momentum m.

LL hybridization therefore redistributes interaction
strength among the pseudopotential channels {c,}. This
explains the gap-enhancement behavior in Fig. 2. For
the v =n/(2n+ 1) sequence, the gap evolution closely
follows c¢;—c3. In the short-range limit of the LLO1 model,
c; —> 0, x sin2(29), producing the common maximum
near 6 = m /4. For the v = n/(4n + 1) sequence, the relevant
channel is instead c¢3—c5, whose maximum shifts toward
0 =m/2 at finite screening length. The same picture
can be generalized to any LL hybridizations. Detailed
calculations for LLO1, LLO2, and LLO3 hybridizations are
provided in Appendix B. The analytic expressions and
finite-screening-length comparisons are provided in the
Supplemental Material [46].

V. SHORT-SCREENING SCALING

The pseudopotential analysis above is only applicable
in Landau-level models which possess continuous rotation
symmetry. To identify a more general mechanism for gap
enhancement that remains meaningful in higher vortexable
bands without continuous rotation symmetry, we examine the
strongly screened limit of small d;. The discussion below is
for 1/3 filling states, but it can be extended to other Jain

295111-5



ZHANG, SARKAR, WAN, PARKER, LIN, AND SUN

PHYSICAL REVIEW B 114, 295111 (2026)

sequence states. In this limit, the interaction can be expanded
as V(q) = < tanh(qd,) = 2 [d, — g*d? /3 + O(d)]. The

&
first term in this expansion describes contact interaction,
and hence it vanishes for electrons in the LLL with single-
component wave functions due to fermion antisymmetry. The

first nonzero contribution is therefore O(g*d?), giving AII%L x

d?. In a multicomponent higher-vortexable Chern band (0 <
0 < m/2), the matrix elements of the contact interaction can
remain nonzero, so the leading gap can instead obey A7 o
d,. Figure 3(a) confirms these two scaling laws across the LL-
hybridization models (in Fig. 2) and moiré models (in Fig. 1)
considered above. More importantly, we tested these scalings
on experimentally relevant systems such as twisted-MoTe;
and TBG. In particular, twisted-MoTe, is multicomponent and
exhibits nonideal quantum geometry, and its many-body gap
scales linearly with d;. This behavior suggests that it may
belong to the family of multicomponent higher-vortexable
bands. By contrast, the chiral TBG calculation exhibits cu-
bic scaling, A3 & d2, which agrees with the expectation
for a vortexable band with ideal quantum geometry, despite
its multicomponent nature. These examples confirm that the
nonzero contribution of the contact potential is at the heart of
the gap enhancement, and is independent of exact continuous
rotational symmetry or uniform quantum geometry. In the SM
[46], we further prove that for (i) single or multicomponent
vortexable bands and (ii) single-component higher-vortexable
bands, the many-body gap at 1/3 filling must scale as d>;
and hence a multicomponent higher-vortexable band is es-
sential for the many-body gap to scale as d,. Because d; is
set by the distance to screening gates, the different scaling
law provides a direct experimental signature: upon reducing
the gate distance, a higher-vortexable band with an active
projected local interaction loses its gap much more slowly
than an LLL-like band. Similarly, for ideal bands at filling
v = 1/5, the many-body gap generically scales as A ocd/,
whereas in higher-vortexable bands, the leading scaling can
be reduced to A o< d? or A o d;. This distinction underlies
the substantial gap enhancement observed at v = 1/5.

VI. NON-ABELIAN STATES

This hybridization-based approach can also enhance the
excitation gap of non-Abelian states [41-43]. As shown in
Fig. 7, using screened Coulomb interactions with a short
screening length d;/lp = 0.5, the energy gap of the Moore-
Read state increases as we switch from the n =1 LL to
hybridized wave functions composed of the lowest three LLs.
Owing to their intrinsic complexity and stronger finite-size
effects, non-Abelian states are considerably more intricate
than their Abelian counterparts. Consequently, further studies
will be needed to fully elucidate the connection between the
excitation gap and the hybridized wave functions.

VII. DISCUSSION

In addition to the hybridization between two LLs, in
the SM [46] we also consider mixing among multiple
Landau levels. Among all the cases studied, for filling
factor v = 1/3, we find that the largest many-body gap occurs
for the LLOI hybridization with 8 = 7 /4 in the presence
of short-range interactions, and at 6 = 0.2z for long-range
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FIG. 7. (a), (b) Many-body energy spectra at filling v = 1/2 and
ds/lg = 0.5. Here we consider a triangular lattice of size N; x N, =
4 x 6. The red dots indicate Moore-Read states exhibiting sixfold
quasidegeneracy. (a) In the n =1 LL, the Moore-Read state does
not display a clear gap. In (b), we use a three-component hy-
bridized wave function constructed from the lowest three Landau
levels, ¥ = (meLO, \/uTII/fLLl, J@wLLQ), with (wg, wy, wy) =
(0.273, 0.273, 0.454). The gap size here is significantly increased to
0.004 ULL. (c), (d) Particle entanglement spectra of the ground states
in (a), (b) with particle cut Ny = 3, Ng = 9. The number of low-lying
states below the red dashed lines matches the quasihole counting of
the Moore-Read state [7,9].

Coulomb interactions. Since the enhancement of the many-
body gap is for LLO1 and near 6 = 7 /4, it may be seen
in the n =1 LL of graphene. For long-range interactions,
the pseudopotential enhancement observed here agrees with
earlier studies of Dirac-fermion Landau levels reported in
Refs. [58,62].

For the moiré model, although the wave functions devi-
ate substantially from LLs due to the highly inhomogeneous
function h(r), we find that the hybridization between the
generalized lowest and first LL exhibits the same trend of
gap enhancement. Moreover, the inhomogeneous form of A(r)
appears to further enhance the many-body gap beyond what
can be achieved through LL hybridization. The microscopic
origin of this additional enhancement remains an interesting
question for future study.

For comparison, we present in the SM [46], Sec. VI, a
single-component LL-hybridization model (that was previ-
ously used in Ref. [34]) that shares identical Berry curvature
Fy(k) and quantum metric trace Tr[g(k)] with the LL-
hybridization models discussed above. However, unlike those
models—which exhibit a many-body gap enhanced beyond
that of the LLL—the comparison model shows a reduced
gap smaller than the LLL. This contrast demonstrates that
the single-particle quantities Fy, (k) and Tr[g(k)] cannot fully
determine the many-body gap.

We also note that in engineered platforms such as
photonics, cold atoms, and polaritons, the predominance
of short-range interactions has long posed a major
obstacle by yielding very small fractional gaps in conventional
Landau-level settings. Our results point to a way around this
limitation: by exploiting the design principles identified
here, short-range interactions can support many-body gaps

295111-6



BEYOND THE LOWEST LANDAU LEVEL: UNLOCKING ...

PHYSICAL REVIEW B 114, 295111 (2026)

enhanced by orders of magnitude. In gated electronic moiré
systems, the linear-versus-cubic dependence on gate distance
provides a direct way to test this mechanism.

In addition to FClIs, our design principle may also offer
a platform for time-reversal-invariant fractional topological
insulators (FTIs), as it suppresses the s-wave pseudopotential
component ¢y [46], a key ingredient for stabilizing FTIs [69].
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APPENDIX A: MANY-BODY ENERGY SPECTRA
AND PARTICLE ENTANGLEMENT SPECTRA
FOR v =1/3 AND v = 1/5 FCI GROUND STATES

Figure 4 presents the many-body energy spectra and parti-
cle entanglement spectra for v = 1/3 and v = 1/5 FCI ground
states.

APPENDIX B: GAP ENHANCEMENT
AND PSEUDOPOTENTIALS IN THE
LL-HYBRIDIZATION MODEL

For clarity, we collect the LL-hybridization results in this
appendix. This construction provides a clean and controlled
model for isolating the mechanism of gap enhancement. These
results further show that the gap evolution is governed by
the projected interaction, rather than by the average quantum
metric alone.

This LL-hybridization model exhibits the same gap-
enhancement phenomena as the moiré model. Explicitly, we
consider the same screened Coulomb interaction, V(q) =
2me? tanh(gd,)/(eq). We project this interaction onto the
hybridized band defined in Eq. (3) and perform exact di-
agonalization on a torus. Figure 5 shows that the v =1/3
Laughlin-state gap is strongly enhanced at intermediate values
of 6. For LLO1 and LLO2 hybridizations, the maximum is
more than 500 times the LLL gap, with a more modest ~200-
fold enhancement in the LLO3 case.

We also computed the pseudopotential coefficients c,,, both
analytically and numerically (see the SM [46]). As 0 varies,
the key term c;, which stabilizes the v = 1/3 Laughlin state,
exhibits the same 6-dependent trend as the many-body exci-
tation gap. To quantify this, Fig. 5 plots the pseudopotential
difference, c;(0) — c3(6), normalized by the 6 = 0 values of
the many-body gap and pseudopotentials, Ap,(0)/[c;(0) —
¢3(0)]. The 6 dependence of ¢;—cj closely tracks the enhance-
ment of the many-body gap.

For LLO1 and LLO2 in the short-range limit (d; < [p), the
pseudopotentials satisfy ¢; sin?(20), while ¢z = cs = 0.
The many-body gap follows the same 8 dependence, peaking
at & = /4. The model LLO3 shows a sizable c¢3 contribu-
tion, and the reduced difference ¢; — ¢3 correlates with a
more moderate ~200-fold gap enhancement; see Fig. 5(c).
Although the short-range limit provides analytical simplicity,
it is not essential; both the pseudopotential and gap enhance-
ments persist for finite screening lengths, as shown in the
SM [46]. These results demonstrate that the observed gap
enhancement originates from the 6-dependent evolution of the
pseudopotentials.

APPENDIX C: MANY-BODY GAP ENHANCEMENT
OF ABELIAN STATES IN A MOIRE MODEL WITH
SIGNIFICANT SINGLE-PARTICLE QUANTUM
GEOMETRIC FLUCTUATIONS

Figure 6 displays the many-body gap enhancement of
Abelian states in a moiré model with significant single-
particle quantum geometric fluctuations.

APPENDIX D: MANY-BODY GAP ENHANCEMENT
OF NON-ABELIAN MOORE-READ STATE VIA
LL HYBRIDIZATION

Figure 7 shows the many-body gap enhancement of the
non-Abelian Moore-Read state via LL hybridization.
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