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We introduce a random matrix framework for studying statistical-mechanical lattice systems through spectral
observables. Equilibrium configurations sampled from a Boltzmann measure are mapped to matrix ensembles
whose covariance structure is inherited from the spatial correlations of the underlying model. This construction
maps real-space correlation functions to a momentum-space variance profile, providing a direct bridge between
statistical-mechanical correlations and correlated random matrix ensembles. We derive this variance profile
in finite-correlation-length and critical regimes, and compute spectral moments within a Wick-contraction
expansion. A complementary self-consistent description of the bulk density is developed using the resolvent
formalism. These analytical methods are benchmarked against Monte Carlo data for the two-dimensional
Ising model and three-dimensional Edwards-Anderson spin glasses. In both cases, the spectra evolve from the
semicircle law at high temperature to model-dependent critical forms reflecting the structure of correlations.
The framework, therefore, provides a quantitative spectral route to probing collective behavior in ordered and
disordered statistical systems, while also defining a class of physically motivated correlated random matrix
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ensembles.
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I. INTRODUCTION

A central goal of statistical physics is to identify collective
variables that capture macroscopic emergent behavior without
tracking every microscopic degree of freedom. The standard
form of this program proceeds through renormalization-group
and field-theoretic arguments, supported by large-scale Monte
Carlo calculations, and has been remarkably successful in
explaining universal collective behavior in systems such as
magnets, fluids, and polymers [1-4]. The current frontier,
however, is progressing towards systems for which the usual
language of phases, order parameters, and symmetry break-
ing does not furnish a settled description. Finite-dimensional
spin glasses [5], amorphous solids [6], and active matter [7]
are prominent examples in which the relevant coarse-grained
variables remain unclear or are strongly dependent on the pro-
posed effective theory. Studies of such systems are therefore
often targeted towards addressing a particular phenomenolog-
ical description.

This motivates the search for observables that remain
sensitive to a collective structure independent of any single
candidate description. Modern approaches in this direction
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include machine-learning methods for phase identification [8]
and information-theoretic probes based on conditional mutual
information [9]. A complementary possibility comes from
spectral methods: in statistics, principal component and low-
rank approximation techniques are routinely used to reduce
high-dimensional data while preserving its relevant correla-
tion structure [10,11]. This motivates a similar strategy in
statistical physics: can spectral observables provide an in-
formative description of physical systems without relying on
model-specific probes? Random matrix theory, which studies
the statistical properties of eigenvalue spectra, provides a nat-
ural setting in which to address this question.

In previous work, random matrices constructed from the
classical Ising model [12] and the three-dimensional Edwards-
Anderson spin glass [13] were shown to exhibit distinctive
temperature evolutions in their bulk eigenvalue spectra. In
particular, their eigenvalue distribution functions at criticality
were well-fitted to a known analytical form. These results
provide initial evidence that eigenvalue spectra constructed
from statistical-physics ensembles can serve as computation-
ally efficient probes of universal collective behavior. This
motivates two directions for further study. First, analyti-
cal methods from random matrix theory appear to provide
a largely unexplored route to extracting information about
statistical-mechanics models themselves. Second, the random
matrix ensembles induced by statistical-mechanics models
inherit a highly structured correlation profile from the un-
derlying many-body system, making them interesting random
matrix ensembles for analytical study. Related physically mo-
tivated random-matrix ensembles have also been developed
for disordered solids and elastic networks [14]. More broadly,
this construction raises a conceptual question that has not been
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systematically explored: given the central role of universality
in both statistical physics and random matrix theory, can these
two notions of universality be understood within a common
framework? The goal of the present work is to develop this
connection further and to clarify how spectral observables
encode phase structure, criticality, and universality.

Here, we develop a theoretical framework for random
matrix ensembles generated from statistical physics systems.
These ensembles are defined by sampling matrix degrees
of freedom directly from equilibrium configurations of lat-
tice models, so that the random matrix measure is induced
by the Boltzmann distribution of the underlying Hamilto-
nian. Our primary object is the temperature evolution of
the eigenvalue spectrum. We develop methods to relate the
shape and moments of the spectrum to the correlation struc-
ture of the statistical-mechanical model and describe how
scaling behavior arises as the system approaches critical-
ity. Previous work introduced random matrices constructed
from the two-dimensional (2D) Ising model and the three-
dimensional Edwards-Anderson spin glass and studied their
temperature-dependent bulk spectra. The present work ad-
dresses how the spatial correlation structure of the underlying
Boltzmann ensemble determines the variance profile, spectral
moments, and bulk density of the induced random matrix
ensemble.

For statistical physics systems with power-law correla-
tions, a useful point of comparison is provided by a recent
study of long-range correlated random matrices, in which the
matrix entries were generated by sign-thresholding Gaussian
random fields with algebraic correlations C(r) ~ r—2 [15].
In these ensembles, long-range correlations generate a hierar-
chy of moment thresholds and spectral regimes: for 0 < H <
1/2 the limiting density has algebraic tails, at H = 1/2 the
support remains unbounded although every fixed moment is
finite, and for H > 1/2 the support is bounded, approaching
the semicircle as H — oo. The long-distance exponent con-
trols the moment thresholds and asymptotic tail, whereas the
detailed central density and finite moments depend on the full
covariance. The present work extends this idea from exter-
nally prescribed power-law fields to matrix ensembles induced
directly by Boltzmann-weighted lattice systems at criticality.
In this setting, the variance profile is no longer imposed by
hand, but is inherited from the physical correlation function
of the underlying statistical-mechanical model.

The paper is organized as follows. In Sec. II, we define
matrix ensembles generated from equilibrium lattice config-
urations and derive the general correlation structure inherited
from the underlying statistical-mechanical system. In Sec. 111,
we calculate the effective variance profiles that arise away
from criticality and at criticality, discuss their normalization,
and identify the features that govern the spectrum in the
different temperature regimes. Section IV then introduces a
moment-based analysis of the eigenvalue distribution, while
Sec. V develops a complementary resolvent approach based
on the vector Dyson equation to obtain a self-consistent de-
scription of the bulk spectral density. Throughout the paper,
the analytical results are compared with Monte Carlo data for
the 2D Ising model and the 3D Edwards-Anderson spin glass.
We conclude with extensions of the framework and directions
for future work.

II. DEFINITION AND SCOPE

In this study, we restrict our attention to lattice models with
local degrees of freedom defined on a discrete d-dimensional
hypercube, with sites labeled x = (x1, x5..., X4), unit lattice
spacing, and linear size L in each direction. Periodic boundary
conditions are imposed in all dimensions to obtain a trans-
lationally invariant system, and the system is assumed to
respect the discrete rotational and reflection symmetries of the
hypercubic lattice. These assumptions ensure that the matrix
ensemble inherits the translation and point-group symmetries
of the system, which simplify its analytical study. We discuss
possible generalizations to different geometries in the conclu-
sion.

The matrix entries are sampled from a scalar parameter
field g(x) defined on the same lattice. The choice of g(x)
therefore determines how the underlying physical correlations
are transferred to the random matrix ensemble. For instance,
in our previous studies, we chose the spin value at each site
for Ising model random matrices [12], and the Parisi replica
overlap parameter for Edwards-Anderson spin glasses [13].

For models in dimension d > 2, we reduce the dimen-
sionality of the model to d =2 to enable an eigenvalue
decomposition. This is done straightforwardly by studying
an arbitrary 2D slice of our parameter field, e.g., g =
q(x,y,0,...,0), where all other indices are set to zero with-
out loss of generality due to translational invariance. We
define a matrix on this 2D slice by using the spatial coordi-
nates of the parameter field as matrix indices, inserting the
value of the parameter field in its appropriate position:

My = q(x,y). 2.1
With this choice, spatial correlations between degrees of
freedom correspond directly to correlations between ma-
trix elements. Translation invariance imposes the following
generic correlation profile:

(q(x)q(y)) = Gx —y), (2.2)
where the subtraction is performed on the discrete torus
(Z/LZ),i.e., all differences are taken mod L.

In general, the Hamiltonian of the system of interest will
be a joint functional H[g, '] of the parameter field g(x), and
additional degrees of freedom {q'}. The probability distribu-
tion of the matrices M’ is then obtained by integrating the

Boltzmann measure over the degrees of freedom not explicitly
retained in M(q):

P(M) / dq / dqe PH@DsM — M[q]). (2.3)
Ag 4

The resulting random matrix ensemble is thus defined by a
measure induced by the Boltzmann distribution of the Hamil-
tonian.

For the case of disordered systems, one can construct a
matrix ensemble from independent replicas drawn from the
Gibbs measure at fixed disorder and then average over dis-
order realizations. For example, the matrix M(s, s’) can be
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constructed from the two-replica overlap:

PIM) f dJ P P(M | J), 2.4)
o / dJP(J) / ds [ ds' e P =Pt
Ay Ay
x 8(M(s,s') — M), (2.5)

where s, s’ denote two independent configurations sampled
from the Gibbs measure of the Hamiltonian Hy with disorder
realization J.

We now give two examples of how this procedure may be
performed. In this paper, we will explicitly compare our ana-
Iytical predictions to Monte Carlo results for spin-1/2 models
with nearest-neighbor interactions:

H== JyS:Sy.
(xy)

(2.6)

where we consider two choices of couplings:

(1) 2D ferromagnetic Ising model, for which J,y =1 on
every nearest-neighbor bond.

(2) 3D Edwards-Anderson (EA) spin glass, for which the
couplings Jy y are quenched random variables drawn indepen-
dently and identically on each nearest-neighbor bond from a
unit Gaussian distribution.

For the 2D Ising model on a square lattice we use the spin
fields as our degrees of freedom.

M =S, Q2.7)

For the EA model, the order parameter is typically taken as
the overlap between two replicas:

{ 1
9x=1_1
where the two replicas, denoted as Egs. (1) and (2), share the
same disorder realization Jyy. The Parisi overlap parameter is
then defined as le D xes dx- We define L x L matrices based
on the Parisi overlap parameter field g calculated on 2D cross
sections of two replicas of the 3D system

7
M[j = qij,

if s = 5@,

otherwise, (2.8)

(2.9)

where ¢;; represents the overlap site evaluated at an arbitrary
2D slice of the 3D spin glass system.

To ensure a real spectrum, and thereby make contact with
the bulk of the random matrix theory literature, we Hermitize
our matrices and choose the Wigner normalization:

M+ M7
VoL

The above procedure is equivalent to symmetrization for real
parameter fields. With this convention, the raw field has en-
tries of order one, while the Hermitian matrix M has matrix
elements of order L~'/2. In the high-temperature limit of
uncorrelated local variables, this normalization gives the stan-
dard Wigner scaling. The PDF of the random matrix ensemble
induces a joint PDF P{A;, X,, ... A} of matrix eigenvalues.
In this work, we concentrate on the global eigenvalue scale,
studying the empirical spectral distribution which describes

(2.10)

the macroscopic distribution of all eigenvalues in a given
realization.

The correlation profile induces its 2D1 projection onto the
unsymmetrized matrix ensemble

(M/X)'Mé#;) = G(X -3,y w)s

which induces the following form on the symmetrized matrix
ensemble:

@2.11)

1
MyM;,) = Z(G(X —z,y—w)+Gx—w,y—2)),

(2.12)
where all differences are taken modulo L. Matrices satisfy-
ing (2.12) were previously considered in Refs. [16—18], in
which a discrete Fourier transformation was used to obtain an
ensemble with more tractable correlation structure. Applying
random matrix theory techniques to correlated random matri-
ces is not straightforward; however, a mapping to momentum
space generates an uncorrelated matrix up to an additional
symmetry. The discrete Fourier transformation is generated
by the unitary conjugation

M=FMF, (2.13)
where the Fourier matrix F has entries
1 .
Froox = —=e7he/L (2.14)

X ﬁ
We index the Fourier-transformed matrix with integers
ke, ky =—L/2+1,...L/2 such that the Fourier modes k =
ZT” (ky, ky) lie within the first Brillouin zone. The resulting cor-
relation profile is uncorrelated up to an additional constraint:

<kaky'/\,\/l‘lqu> = (8]‘»‘/}’8](,\'»‘/»‘ + ak.n_(h (Skya_q,\*)vkxky’ (215)

where the matrix of variances Vyy, is related to the real-space
correlation structure by

1 2mi
N = (ky Ax—ky Ay)
kak_v =1 E E e G(Ax, Ay).

AXGZL A)’GZL

(2.16)

A derivation of Eq. (2.15) is given in the Appendix. Note that

matrix entries which are uncorrelated under the law (2.15) are
independent only under the additional assumption that they
are jointly Gaussian. This is the setting considered in Ref.
[18]. In the absence of the second term, which couples Fourier
modes of opposite sign, the covariance structure reduces to
that of a Wigner-type ensemble; in the jointly Gaussian case,
this is precisely a Wigner-type matrix, studied extensively in
Refs. [19,20]. We will later show that, in the L — oo limit,
the relevant global properties of the eigenvalue spectrum are
determined by the first term in Eq. (2.15).

Note that, when all matrix elements are identically Gaus-
sian distributed, i.e. V,,, = 1/L for all indices, the matrix is
known as a Wigner matrix and its eigenvalue statistics follow
the Wigner semicircle distribution independent of the specific
distribution of matrix elements [21]. We expect statistical
physics random matrices to conform to this universal behav-
ior in the T — oo limit, where thermal fluctuations suppress
correlations between matrix elements.

Away from criticality, statistical-mechanical ensembles
are well-approximated at the level of two-point structure
by Gaussian fluctuations, and in this regime the random
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matrix ensembles considered here are correspondingly well
described by Wigner-type matrices. The analysis is more in-
volved at criticality, both because of long-range power-law
correlations and because higher-order cumulants need not be
negligible. In the analytical treatment below, we consider the
off-critical and critical regimes separately.

II1. DEFINING THE STATISTICAL MECHANICAL
ENSEMBLES: OFF-CRITICAL AND CRITICAL BEHAVIOR

Having established the general form of the variance profile
for translationally invariant systems, we now characterize the
classes of random matrix ensembles that arise from statistical
mechanical models. Since relevant matrix correlations are en-
coded in the matrix of variances V, we define these ensembles
through their momentum-space correlation profile. Our goal
is to identify how the correlation structure of the underlying
lattice system is encoded in V, and how this structure changes
between off-critical and critical regimes.

We proceed by expressing V in terms of the momentum-
space two-point function of the underlying field. Starting from
Eq. (2.16), we define the Fourier transform of the correlation
function as

1 :
Gk) = > e*G). (3.1)

d
xeZ{

Using standard Fourier identities on the discrete torus, the
variance matrix can be written as a projection of the full
d-dimensional momentum-space correlator onto the two-
dimensional subspace defining the matrix ensemble:

(3.2)

Here, k = (ky, k) denotes the Fourier modes of the matrix
indices, while q represents the remaining (d — 2) momentum
components spanning the full Brillouin zone of the underlying
lattice. In the continuum limit, we replace discrete sums by
integrals according to

> - [ L
g2

p=—L/2

(3.3)

Unless otherwise stated, all integrals are taken over the first

Brillouin zone A4 = [—x, 7]%.

A. T > T, : Short-range interaction-correlated
random matrices

Away from criticality, the standard Ornstein-Zernike rela-
tion characterizes the Fourier-space decay form [22,23]

1 ikr
G(Kk) := T Z e*TG(r) ~ (3.4)

2 1°
reZd K"+ 2
The leading decay form of two-point connected correlation
functions is characterized by exponential decay with finite
correlation length &:

G(r) := (SxSxir) — O(T. — T){(IS])> ~ /5. (3.5)

The matrix of variances of a given off-critical ensemble can
then be calculated as follows:

Viek, = AL, &, d)Gy(k), (3.6)

dd—Zq 1

Ga(k) =
=] Gy K +q?+ &

, (3.7

where A(L, &, d) is the normalization factor. This reduces to
the expected Ornstein-Zernike form (3.4) for d = 2 and has a
closed-form solution for d = 3

A&, d) x
JIKE + & JIKP + &

Note that, for d > 2 in the small correlation length (§ <« 1)
limit, the Ornstein-Zernike form is a good approximation to
the momentum space correlation structure.

Additionally, off-critical statistical physics ensembles are
well-approximated by Gaussian field theories [24]. Therefore,
matrix elements are independent except for correlations of
the form (2.16). Small |k| corrections to the Ornstein-Zernike
behavior involving higher-order terms in the denominator can
be computed on a system-by-system basis (for an example
on the 2D Ising model, see [25]). Within the Gaussian ap-
proximation, we provide the following definition of a random
matrix ensemble describing a statistical physics system away
from criticality.

Definition 1 (Short-range interaction-correlated random
matrix). A short-range interaction correlated random ma-
trix [SIC(L, &,d)] with correlation length & and system
dimension d is a L x L Hermitian matrix with jointly
Gaussian-distributed matrix elements and the following
momentum-space covariance profile:

V(K) ~ arctan ford=3. (3.8)

('/\A/lkxky'/\%%%) = (Skx’%*(sky’% + ka’_qa\'skya_qvv)vkxkv’

(3.9)

1
(R +k2)+q*+ &

dd72
Vi ky =A(L,$,d)/ (27'[)‘1(—12 . (3.10)

Note that we expect SIC(L, &, d)— GOE(L) in the £ — 0
(T — 00) limit.

B. T =T, Regime: Long-range interaction correlated
random matrices

At criticality (T = T.), the momentum-space correlator de-
velops an infrared divergence due to the absence of a finite
correlation length. In finite systems, this divergence is reg-
ularized by the minimal momentum scale set by the system
size. Accordingly, we introduce a lower-momentum cutoff

, 2
A ={k‘f<|k|<2n}, (3.11)
which excludes the zero mode. The k = 0 contribution will be
treated separately, as it corresponds to the global order param-
eter and leads to a macroscopic contribution to the variance
matrix V.

204203-4



RANDOM MATRIX SPECTRA FROM ...

PHYSICAL REVIEW B 114, 204203 (2026)

Critical systems are characterized by power-law decay pro-
files

G(r) ~ (3.12)

|r|d—2+n'

where 7 is the anomalous dimension [22]. This induces the
following form on the matrix of variances:

1

(2 +83) + a2
(3.13)

dd72q
= L? 7d
Vi, = At [ S

For d <4 —n a simple scaling analysis of the integral in
Eq. (3.13) leads to a power law form

A(L,n,d)

V) ~ TG

ford <4 —n. (3.14)

For d > 4 —n, the variance profile crosses over from a
constant to an inverse square decay law at a characteristic
O(1) momentum scale. In the marginal case d = 4 — n, the

low-momentum form of the correlators instead acquires a
logarithmic form. This behavior can be summarized as

const. for |k| < k., d >4 —n,
V() ~ { —In(k|) for k| <k, d=4—-1n, (3.15)
&P for |K| > ke, d >4 — 1.

where k. is an O(1) characteristic system-dependent momen-
tum scale.

When the anomalous dimension n = 0, as is appropriate
for a critical theory at the Gaussian fixed point (e.g., the Ising
model in d > 4), the propagator at criticality can be obtained
as the £ — oo limit of the propagator in Eq. (3.7).

For finite T, correlations between matrix elements lead to a
peak developing in the k = 0 element of the matrix V; thus, it
must be treated separately from the rest of the entries. The
width of this peak decreases as the temperature decreases,
with a sharp peak developing for T < T.. Using Eq. (2.16), we
can relate this peak to the order parameter ¢ = L2 ny qxy Of
the matrix ensemble:

1 L L
Voo =7 YD G(ax, Ay, (3.16)
Ax Ay
1 L L
= z<Z 3 q0)g(ax, Ay>>, (3.17)
Ax Ay
= L(q"). (3.18)

Thus, if (g%) ~ O(1), as is typical for T < T, the k = 0 mode
has a macroscopic occupation, and its behavior separates from
the rest of the Fourier modes. We can relate this to the suscep-
tibility [22]:

x = BLY(q*) = BLT V.

The susceptibility has a finite-size scaling form x =
L>"f(tL""). Hence, Voo ~ L>~4="f(tL'").

We now formalize the discussion in this section by in-
troducing a class of random matrix ensembles exhibiting
power-law correlations:

(3.19)

Definition 2 (Long-range interaction-correlated random
matrix). A long-range interaction correlated random matrix
[LIC(L, n, d)] is defined by the following momentum-space
covariance profile:

(kaky'/\;tq,v‘[v) = (akxv%fakyv‘h + (Skw—‘lx(skyv_‘lv)vkmky’ (320)

dd—Zq 1
ka,ky = A(Ls n, d)/ ) 1-n/2°
(2m) |(k2 + &2) + q?|
(3.21)

This definition is directly related to the long-range cor-
related random matrix ensembles studied in Ref. [15] for
d = 2. In that work, the matrix elements are obtained by
sign-thresholding a Gaussian field whose covariance decays
as r—2H; thresholding modifies the short-distance covariance
but preserves this long-distance exponent. In the present nota-
tion, a two-dimensional power-law ensemble with G(r) ~ r™"
therefore corresponds to the identification n = 2H. Thus, the
covariance profile

V(k) ~ [k|~@ (3.22)
for d = 2 reproduces the infrared structure of the long-range
correlated ensemble. The important difference is conceptual:
Ref. [15] treats H as an externally tunable correlation ex-
ponent and shows that the long-distance covariance controls
the moment thresholds and asymptotic spectral tail, while the
full covariance controls the detailed limiting density and finite
shape measures. It, therefore, provides a controlled bench-
mark for the covariance-to-spectrum mechanism developed
here, where n, &, and the order-parameter mode are deter-
mined by the Boltzmann ensemble itself.

C. Normalizing the variance profile

In this section we describe a normalization identity that
holds when local degrees of freedom in the statistical me-
chanical ensemble have a definitive magnitude. Without loss
of generality, we consider systems for which the local degrees
of freedom, before the symmetrization procedure, have unit
magnitude, i.e., |./\/l’xy| =1V (x,y). With the normalization
convention of Eq. (2.10), the variance profile is normal-
ized through Eq. (2.16). Evaluating the element-wise sum

» Kok, Vi, gives

L 1
Ver = —

=L G(0,0) = L.

L
3 Gax, Ay Y e kA,

Ax,AyeZy ke ky

(3.23)

In the last step we used the discrete Fourier orthogo-
nality relation and the unit-magnitude condition G(0,0) =
(|qu|2) = 1. Thus we have a normalization constraint that is
independent of the temperature.

We define the following integral, which will be used to set
the normalization in our calculations:

/dd—k%'—l@) (3.24)
o Quylz 4 5T '
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d=2 0.7 — d=2 — d=2
=021 d=3 | __ =3 | S d=3
S d=4 'ﬁ' d=4 | 9 4] —— d=4
I d=5 d=5 | I — d=5
wr ey W
— — 14
X 0.20 = ~
= = X
o -~ K
= 0.1
0.1 =
0 05 1 15 2 25 3 0 05 1 15 2 25 3 0 05 1 15 2 25 3
K| K| (k|

FIG. 1. Projected propagator V,(k, &) as a function of the momentum magnitude k = |k| for d = 2, 3, 4, 5 and several values of &.

For T > T, the conservation law in Eq. (3.23) holds,
d*k d'k A(L,&,d

L2/ Vd(k)zLZ/ AL, &, d) : ),

a2 2m)? ad Qr)d K2+ =

=L*A(L, &, d)I;(§) = L.

(3.25)
Setting ka,k, Viok, = L, we obtain A(L, &, d) = (LI;(8))™!

Ga(k, &)
LI (&)’

where G is defined in Eq. (3.7). The behavior of V(k) in di-
mensions d = {2, 3, 4, 5} for various values of & is plotted in
Fig. 1. In the limit & — oo, the propagator has an infrared (IR)
divergence for d < 4 and is finite for d > 4, which matches
Eq. (3.15).

For the T = T, regime, the correlations take on a power-
law form as indicated in Eq. (3.14). We will assume that d <
4 — n to evaluate the effect of IR divergences at criticality:

Va(k) = (3.26)

d’k 1
2 == 72
L /AQ Q)2 [k[4d—1 L1 (n), (3.27)
L\ (™ 2
N( ) | kT~ e
27 2 KT

Here, we have switched to integrating over a circular region
to get a sense of the scaling with L. To get a decaying form
in real-space we require n > 2 — d. Hence, the IR behavior
of the integral, which has the scaling ~L~“=2+" s always
convergent. One caveat here is that the central mode has
a macroscopic occupation for 7 < 7, and thus needs to be
considered separately. For T = T, as shown in Eq. (3.19), the
central mode scales as Vg ~ L3477, which makes a subex-
tensive contribution to the variance sum in the thermodynamic
limit. Thus, in this regime

1 1

T — 3.29
LI;(n) |k|*=4=" .29

At criticality, the finite-correlation-length covariance must
be replaced by the power-law variance profile of Sec. III B,
with the infrared cutoff set by L. Below 7., the macro-
scopic order-parameter mode is separated from the connected
nonzero-mode fluctuations as follows:

> Vew =L+ Y Veu =L
ky k.

Ky ky7#(0,0)

(3.30)

Thus, the normalization constant of the nonzero-mode prop-
agator for T < T, is rescaled by a factor of (1 — (¢?))

compared to the T > T, case, assuming that the connected
correlators decay exponentially with a finite correlation length
&. The covariance framework thus extends to both regimes,
although higher connected cumulants need not be negligible
at criticality.

IV. MOMENT METHOD

In this section, we outline a technique for approximating
the moments of the eigenvalue spectrum using the form of the
variance profile V. We will restrict our attention to models
with inversion symmetry, and thus assume all odd moments
vanish. The moments are related to sums over products of
matrix elements as follows:

(AP = / drPO)AP = %Tr(/\/lz"’),

L
1
=7 Z My, Miiy -+ - My i, - 4.1

l].,m,lzp—

To obtain an exact expression for the moments, all nonvan-
ishing cumulants contributing to the sum (4.1) would have to
be included. Here, we approximate the moment expansion by
retaining only pairwise contractions of the matrix elements.
This corresponds to a Gaussian, or Wick, approximation for
the induced random matrix ensemble. Systems described by
an interacting, non-Gaussian field theory generally contain
higher connected cumulants, which generate additional con-
tributions to the moment expansion. Such contributions can
become important near criticality [24]. In the critical regime,
we calculate the finite-size scaling form of the moments using
scaling theory.

The pairing procedure is illustrated diagrammatically for
the fourth and sixth moments in Fig. 2, in which a catalog
of all distinct nonzero contributions (up to a combinatorial
factor) is shown. The covariance structure in Eq. (2.15) im-
poses constraints in momentum space, effectively reducing
the set of allowed contractions. In the thermodynamic limit,
the dominant pairing rule simplifies to

<ka,kququ> = 8kx,qv8ky’q). Vi k-

In the large-L limit, the leading O(1) contributions arise from
pairings that maximize the number of independent index sum-
mations. This selects noncrossing pairings, while crossing
pairings are suppressed by powers of L.

For Wigner matrices, which are identically distributed, the
weight factor of all pairings is identical. The problem of
calculating the 2p-th moment of the spectrum thus reduces

4.2)
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in i i i "2
13 11
14 ig
ig i4 ig i4 i5
(4-0) (4-if) (6-0)

i2 12 12
13 11 13 11 13 1
(7 ig U4 ig U4 16

(6-ii) (6-iii) (6-iv)

FIG. 2. Distinct pairings (up to a symmetry factor) for the fourth and sixth moments of Wigner matrices. We have identified the matrix
indices with the vertices and the matrix elements with the edges; pairings are indicated via lines connecting the edges inside the n-gon.
Noncrossing pairings (4-ii,6-iii,6-iv in the figure) contribute at O(1) in the large-L limit, while crossing ones are suppressed.

to that of counting the number of distinct noncrossing pairings
of 2p edges. This is a well-known combinatorial problem, and
the answer is given by the Catalan number

2p)!
plip+ DU
which is equal to the 2p-th moment of a semicircle dis-
tribution with radius R = 2 [26]. Statistical physics random
matrices in the T — oo limit will conform to this behavior.

At finite temperatures, correlations between matrix ele-
ments require inserting appropriate weight factors for each
pairing, set by the matrix of variances. Then, the calculation
of a given moment can be performed as follows:

1 4Pk
a(&))r /MH (27 )P

X Z 1_[ Galki, kj),

oeNC([2p)) (ki kj)eo

(AP = 4.3)

(A7) =

4.4)

4.5)

where NC([2p]) is the set of all noncrossing pairings of matrix
entries.

We illustrate this procedure by explicitly calculating the
fourth and sixth moments. The fourth moment has a single
O(1) term, corresponding to diagram (4-ii) in Fig. 2, with a
combinatorial factor of 2:

2 ”/ d’k
L&Y [ @r)

The sixth moment can be calculated in a similar way by
counting the contributions of diagrams (6-ii) and (6-iii) in
Fig. 2:

(At = Ga(ki, ko) Ga(ky, k3).  (4.6)

1 f d*k
1) Jas Q)
+2G k1, ko) Ga(ky, k3) Ga(ky, ks).

(A% =

3Gk, ka) Ga(ka, k3) Ga(ks, ka)

A7)

The leading small & behavior of the relevant integrals can be
calculated explicitly:

8
lim (A*) =2+ —¢&% 4.8
Mm% =2+ =& “.8)
6 1674,
lim (3°) = 5 + —==¢" (4.9)

Equations (4.8) and (4.9) describe only the leading departure
from the semicircle law in the limit & < 1. For larger &,
higher orders contribute, and the full expressions in Eqgs. (4.6)
and (4.7) must be evaluated. Numerically evaluating these

expressions in the 7 > T, regime as functions of & yields the
results shown in Fig. 3. For d = 2, the higher-order moments
increase without bound as £ increases. As a result, regardless
of the existence of a phase transition, the moments of the
spectrum continue to increase with the correlation length. In
contrast, for d > 3, the moments saturate to a constant value
as £ — oo. Evaluating the relevant integrals in the £ — oo
limit, we obtain, ford = 3 and d = 4:

lim (A% ~ 3.17, hm(A% 16.62 ford = 3; (4.10)
E—>o00 E—o00

lim (A% ~2.27, lim (A%) ~6.63ford =4. (4.11)
E—o0 E—>00

| ||m(/\4 +8n4E4

10! 100 10!

3

FIG. 3. Fourth and sixth moments of the eigenvalue spectrum for
T > T, as a function of £. The d = 2 and d = 3 curves show the full
numerical evaluation of Eqgs. (4.6) and (4.7). The dashed curves in
the insets show the leading small-£ results as indicated in Eqgs. (4.8)
and (4.9).

102

103
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These constants were obtained by numerical evaluation of
the fully normalized Brillouin-zone integrals in Egs. (4.6)
and (4.7) in the limit £ — oco. The integration is performed
using Mathematica’s GlobalAdaptive rule, which ensures
that the largest estimated error satisfies the precision goal.
Convergence was verified by logarithmically increasing the
correlation length value and the working precision. The results
were stable well beyond the two decimal places reported.
We have not found a useful closed-form expression for these
multidimensional integrals. As the dimension is further in-
creased, the limiting value of the moments approaches the
semicircle limit provided in Eq. (4.3). Our method can be
straightforwardly extended to higher-order moments using the
procedure outlined above.

For T = T, the finite-size scaling of the moments is con-
trolled by the scaling dimension Ay = (d — 2+ n)/2 of the
order-parameter field [27]. Power counting based on this
long-distance power-law form shows that all contributions to
a given moment, including both Wick pairings and higher
connected correlators, contribute at the same leading order
in system size. Using the normalization of the propagator
derived in Sec. III C, the covariance-controlled contribution
has the scaling form

1
~ [P P
BpL) ~ L /A,,H K K@=
LB—d=mpr=l <3 _d—1/p,
~ L, n=3—d—1/p, (412
o(1), n>3—d—1/p.

The 2p-th moment therefore grows algebraically when n <
3 —d — 1/p, logarithmically at the marginal value n =3 —
d — 1/p, and remains finite above it. For d = 2, the threshold
isn, =1—1/p, while for d = 3 itis n, = —1/p. All fixed-
order moments are therefore finite if d + n > 3. Thus, as the
dimension of the system increases, the signatures of long-
range correlations and criticality in the eigenvalue spectrum
become less distinct. For d = 2, Eq. (4.12) gives

(a2Py ~ L=ty < — % (4.13)
with logarithmic growth at the marginal value n =1 —1/p.
In particular, for p = 2,

Li-2n n<1/2,
M ~1mmL,  n=1/2, (4.14)
o), n>1)2.

For every finite matrix size L, all spectral moments are fi-
nite because the matrix entries are bounded. At criticality,
however, a finite-L moment may grow with system size and
may therefore diverge in the thermodynamic limit. This is
the meaning of the scaling relations in Eqs. (4.12)—(4.14).
Using the identification n = 2H, the d = 2 result becomes
(AP ~ LPU=20=1 for H < (p — 1)/(2p), with logarithmic
growth at H = (p — 1)/(2p). This matches the finite-size
moment hierarchy H, = (p — 1)/(2p) found in Ref. [15]. In
particular, A4 ~ L' for H < 1/4, while at H = 1/4 the
fourth moment grows logarithmically. Note that there is an
emergent discontinuous transition in the values of the mo-
ments at criticality only if 1 # 0. For theories with n = 0, the
Gaussian fixed point being a prominent example, the values of

the moments at criticality coincide with those obtained by the
& — oo limit of the off-critical propagator. In this case, the
behavior is fully determined by the two-point function, and
higher-order cumulants do not contribute to the moment sum.
For a Gaussian theory, we expect all moments to be finite for
d > 3.

In Fig. 4, we plot the behavior of the fourth and sixth mo-
ments of the Ising model and the 3D Edwards-Anderson spin
glass as a function of their correlation length, and compare
it with our theoretical results. For the Gaussian EA model,
observables were averaged over 200 independent disorder re-
alizations. The correlation length was extracted by fitting the
disorder-averaged real-space decay of the overlap correlation
function. This procedure was found to be more stable than
fitting the momentum-space variance profile for the available
system sizes. Our Monte Carlo results show good qualita-
tive agreement with our analytical predictions. The analytical
calculations can be made more accurate by including higher-
order corrections to the Ornstein-Zernike form as calculated in
Ref. [25]. For the Ising model, n = 1/4, we would expect the
higher-order moments to diverge as (A%?) ~ L3?/4~! In partic-
ular, we expect (A*) ~ L!/2, which explains the scaling behav-
ior of the variance and kurtosis observed in [12]. The scaling
behavior of the fourth and sixth moments is shown in Fig. 5,
which demonstrates good agreement with these predictions.

For an EA spin glass with n ~ —0.39, our calculations
imply a finite fourth moment and a slowly divergent sixth
moment (A°) ~ L%7. For the spin glass, we are not able
to access system sizes large enough to stringently test the
expected scaling behavior.

Given the method outlined in this section, a natural
question to ask is whether the eigenvalue spectrum can be
reconstructed given access to a finite sequence {(A*)} of its
moments. This is known as the truncated moment problem.
Given a moment sequence, one can construct a family of
polynomials p(X), which are orthogonal with respect to the
inner product induced by the moments. Techniques based
on orthogonal polynomials and Gaussian quadrature provide
discrete approximations that match the moments up to a given
order and weakly converge as the number of moments is
increased if the underlying distribution is determinate [28].
Sufficient conditions for determinacy include support on a

bounded interval or the Carleman condition » > | (Azl’)‘# =
+o0 [29].

V. THE VECTOR DYSON EQUATION OF THE RESOLVENT

Another technique for constructing the eigenvalue spec-
trum involves solving for the entire spectrum self-consistently
without the need to explicitly calculate the moments. We will
study the resolvent of a matrix M, defined as

1
=—, e C. 5.1
@)= ¢ (6.1
By spectral decomposition,

T

V;V;
= d 5.2
G =) P (5.2)

where My; = A;v;. It will also be helpful to define
a vector of diagonal resolvent elements m; = G;.
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FIG. 4. Fourth and sixth moments of the eigenvalue spectrum of Ising Model (top) and Gaussian EA spin glass (bottom) as a function of
&, computed from Monte Carlo sampling. The black dashed line indicates the analytical solution shown in Fig. 3.

Through a Stieltjes transform of the empirical eigenvalue
distribution, we can connect the eigenvalue spectrum
to the joint distribution of individual matrix elements.
We start by defining the empirical measure of the

50

401

(AH(T)

301

5x 1073

102 2 %1072

1/L

eigenvalues:

L
P(d)\) = % Za(x — A dA. (5.3)

i=1

4 %1031

3x 1031

2 %1031

(A%(Te))

1034

----- 6.74L5

5x 1073 1072 2x1072

1/L

FIG. 5. Scaling of the fourth and sixth moments of the eigenvalue spectrum at 7 = T, for the Ising model as a function of system size,
computed from Monte Carlo sampling. The results show good agreement with the scaling predictions from a moment method analysis, and
the results for the fourth moment agree with Ref. [12].
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The Stieltjes transform of the empirical measure is given by
L
Pr(d)) 1 1
m(z) = , = —
@ fR A=z L ; Ai—z

_ 1 1 +
_LTr<M_Z>, zeC™, (54

where C* denotes the upper half plane. The Stieltjes trans-
form can then be inverted to recover the eigenvalue density

P} = 1 lim Im m(x + i€). (5.5)
T e—>0F

For Wigner-type matrices, it was shown in Refs. [18-20] that

the deterministic limiting density of states is governed by a

self-consistent equation determined by the variance matrix,

known as the vector Dyson equation:

(Vm(2))i + 2)mi(z) + 1 =0, (5.6)

Rigorous results establishing this behavior assume that the
variance matrix satisfies [19]

i=1,...L.

c
L
Under these assumptions, the self-consistent solution defines

a compactly supported limiting density of states P()) through
the Stieltjes transform

lXL:m-(z) :/ P(L)d.
L3 I R A-z

with compact support on a finite interval whose scale is con-
trolled by the variance profile:

(M) = 0, <v,»,-<%va,j)e[1,L]2, (57

(5.8)

Y =2 WVlle, (5.9)

where ||V||x is the operator norm induced by the oco-vector
norm,

(5.10)

L
V]l = max (Z |vmn|>.

n=1

In the rigorous Wigner-type setting this quantity controls the
scale of the limiting support. In the critical regimes considered
below, where the uniform 1/L bounds may fail, we use the
same quantity as a diagnostic spectral scale rather than as a
rigorous edge.

The self-consistent solution describes the eigenvalue den-
sity on macroscopic spectral scales, where P(1) = O(1).
When P(A) ~ 1/L, corresponding to microscopic spectral
scales, local fluctuations play a dominant role in the eigen-
value statistics [30]. Accordingly, the vector Dyson equa-
tion is expected to accurately describe the bulk eigenvalues,
while it does not generally control extreme or outlier eigen-
values [31].

The condition in Eq. (5.7) may fail at criticality, where the
central mode scales as Vog ~ L3797 [see Eq. (3.18)]. This
breakdown of the uniform 1/L scaling reflects the emergence
of a dominant mode in the variance profile, which can lead
to the maximal eigenvalue separating from the bulk. In the
critical regime, the vector Dyson equation is employed as a

heuristic self-consistent approximation for the bulk spectral
density rather than a rigorous limiting solution.

This distinction is also consistent with the behavior ob-
served in the long-range correlated ensemble of Ref. [15].
There, decreasing H strengthens the imposed long-range cor-
relations and progressively enhances the infrared covariance.
For 0 < H < 1/2 the limiting density has algebraic tails; at
H =1/2 its support remains unbounded even though ev-
ery fixed moment is finite; and for H > 1/2 the support
is bounded, with the semicircle recovered as H — oo. For
the specific covariance used in that work, the excess kur-
tosis crosses zero at Hy = 0.716556..., but this is not a
Gaussian point because the sixth cumulant remains nonzero.
These results separate the role of the infrared covariance,
which controls the moment hierarchy and asymptotic tail,
from that of the full covariance, which controls the de-
tailed bulk density; they do not concern microscopic edge
statistics.

In the present setting, the covariance law (2.15) contains an
additional term coupling Fourier modes of opposite sign. In
the Gaussian translation-invariant case, it was shown in Ref.
[18] that this term does not affect the limiting global density of
states. We will therefore use the vector Dyson equation (5.6)
to describe the global eigenvalue density of the ensembles
considered here.

In addition to providing analytical tractability to the
properties of the eigenvalue spectrum, the vector Dyson
equation formalism provides an order-of-magnitude reduc-
tion in obtaining the eigenvalue spectrum in comparison
to a direct eigenvalue sampling. The computational cost of
eigenvalue decomposition on symmetric matrices scales as
O(L®1n*(L/€)) where < 2.371 using state-of-the-art eigen-
solvers [32,33]. On the other hand, the complexity of Fourier
transforming a 2D L x L matrix is O(L?In(L)) via a discrete
fast Fourier transform [34]. After computing the matrix of
variances by sampling the Fourier-transformed ensemble, the
vector Dyson equation needs to be solved once. Thus, this
provides a significant computational advantage over direct
sampling of the eigenvalues.

We apply this technique to the 2D Ising model and the 3D
Edwards-Anderson spin glass by comparing spectra obtained
from Monte Carlo sampling with those obtained from solving
the vector Dyson equation using the variance matrix ). The
EA Monte Carlo spectra shown here are obtained from the
simulation data set used in Ref. [13]. Reference [13] studied
a phenomenological g-Gaussian description of these spectra.
Here, the data is used to test the variance-profile, moment, and
vector Dyson equation framework developed in the present
work.

The variance matrix is computed by evaluating correla-
tions in the Fourier-transformed ensemble, after which the
vector Dyson equation is solved using an iterative relax-
ation scheme. We compare the self-consistent solution to the
spectrum of all eigenvalues except the maximal eigenvalue,
which separates from the bulk as T — 7. and is not cap-
tured by the self-consistent solution. The results are shown
in Fig. 6.

The self-consistent solution appears to provide a good ap-
proximation to the bulk eigenvalue across all temperatures,
indicating that the Vector Dyson Equation may still be used as
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FIG. 6. Comparison between Monte Carlo data (blue) and self-consistent solution from the vector Dyson equation (magenta). For visual
comparison, we use x = AP(0) and ﬁ(x) = P(A)/P(0). This gives ﬁ(O) = 1 while preserving f ﬁ(x) dx = 1. The self-consistent solution is in
good agreement with the bulk eigenvalue spectrum across all temperatures. (a) 2D Ising model of linear size L = 100. The spectrum returns to
the semicircle law as the temperature is decreased below 7' = T.. (b) 3D Gaussian EA model of linear size L = 36.

|
=
n

0.0
A-P(0)

a heuristic self-consistent approximation for systems in which ~ For T > T,

the conditions listed in Eq. (5.7) fail. T .

We can use the formalism constructed in Sec. IV to calcu- V)lee = —— —dkGy((k,0), &), (5.11)
late the value of the oo—vector norm and the corresponding la(§) J—z 2m
spectral edge for statistical physics random matrix ensem- which can be explicitly evaluated for d = 2:
bles. Having calculated the normalization, we evaluate the £ arctan &
operator norm on the row in which k, = 0 where the maxi- [V||oo = =———— ford = 2. (5.12)
mal absolute row sum occurs. The contribution of the center mh(§)

element Voo = x/(BLI™") scales as Voo ~ L>47"f(tL'").  Inthe & — Olimitfor T > T,,
Thus, in the T > T, regime, in the L — oo limit, we . 2.2 3
will assume the contribution of this element is subleading. gl_lf}) [Wlloo = 14 37767 + O(§7). (5.13)
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FIG. 7. Spectral edge X = 2./||Vx|| as a function of & calcu-
lated for d = 2 and d = 3. The inset indicates the small & behavior.

Thus, for £ =0 we have recovered the semicircle value

¥ =2. The spectral edge X(§) = 2/||V(§)||s calculated
from Eq. (5.11) is plotted for d = 2,3 in Fig. 7. For T < T,
the center mode has a macroscopic occupation, which will
dominate the spectral norm:
[IV|loe = L{g*) for T < T,. (5.14)
At T = T, asimple calculation with the correlator leads to
a scaling law for the spectral edge

[IV]loo = Voo + : tL k ]
© T O LG ey T kAT

~ O(L*4m).

(5.15)

(5.16)

Thus, a power-law decay in correlations can lead to a
spectral scale that grows with system size if d <3 —n. In
such regimes, the variance-profile norm predicts a system-
size-dependent broadening of the bulk spectral support. At a
Gaussian fixed point n = 0, this estimate gives a logarithmic
growth for d = 3 and a finite spectral scale for d > 3. This
analysis should be interpreted as a bulk-scale diagnostic: it is
not expected to control microscopic edge fluctuations where
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ceae [ =200
2.5 —*— L=1000
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2.0+ " " ; "
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3

the deterministic self-consistent solution is no longer the rele-
vant description.

We assess the validity of our calculation for ||V|| by
comparing our calculation for ¥ = 2./||[V|| with explicit
results from Monte Carlo simulations for the Ising model and
the EA spin glass in Fig. 8. The analytical curve contains
only the covariance-controlled Wick contractions. The exact
moments also contain connected four-point, six-point, and
higher-order cumulants of the underlying field. Their sign is
not fixed in a general interacting theory. In the range shown
here, the Wick approximation lies above the Monte Carlo data
for the Ising model, implying a negative net contribution from
the omitted terms. The EA spin glass, the curve appears to
track the analytical prediction well until £ ~ 6, after which
the largest accessible system sizes indicate a small negative
correction from higher-order cumulants.

VI. EXTENSIONS OF THE FRAMEWORK

In introducing the short-range interaction-correlated
[SIC(L,d,&)] and long-range interaction-correlated
[LIC(L, d, n)] random matrix ensembles, we have worked
within a specific set of assumptions on the correlation
structure of the underlying physical system. In the off-critical
regime, we use a Gaussian/Wick approximation with a
finite-correlation-length Ornstein-Zernike covariance profile,
while at criticality we consider power-law correlations
consistent with standard scaling behavior. These assumptions
capture the generic behavior of a broad class of correlated
systems while rendering the ensembles analytically tractable.
The results presented here should therefore be viewed as a
starting point for a more inclusive framework that can be
systematically extended to less structured settings. In this
section, we discuss natural extensions of our setup.

The first level of generalization involves relaxing our as-
sumptions in Sec. II. For instance, we have assumed that
all odd moments of the matrix ensemble vanish due to
invariance under sign flips of matrix elements. Introducing
symmetry-breaking terms into the Hamiltonian, for instance, a
magnetic field term for spin systems, will lead to nonsymmet-

3.6
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L=32
2.44 L =34
2] L=36
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FIG. 8. Spectral edge ¥ = 2/||Vx|| as a function of £, computed from Monte Carlo sampling of the Ising model (left) and the Gaussian
EA spin glass (right). The analytic solution is plotted with the black dashed line.
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FIG. 9. A statistical physics model on a triangular grid can be
transformed into a random matrix ensemble by assigning matrix
indices sequentially to vertices. An example index assignment is
indicated for each vertex.

ric eigenvalue spectra with nonzero odd moments. Applying
the moment method in such cases would therefore require
accounting for diagrams with an odd number of matrix inser-
tions, as nonpaired terms will no longer vanish. The standard
vector Dyson equation framework, which relies on this sym-
metry, does not directly apply and would require modification.

Another natural generalization involves relaxing the hy-
percubic lattice geometry assumption. For instance, one way
to map a triangular system to a random matrix ensemble
is to index into the vertices of each triangle as shown in
Fig. 9. The same method can be used to analyze a hexag-
onal system through a star-triangle identity [35]. While this
preserves translational invariance and allows a Fourier-space
formulation similar to Sec. II, the mapping does not preserve
the original lattice topology. As a result, the correspondence
between the correlation structure of the matrix ensemble and
that of the underlying physical system becomes less direct.
A natural direction for future work is to investigate whether
the spectral observables of the resulting random matrix can
capture critical behavior on nonrectangular geometries.

Our construction can be further extended to rectangular
geometries by replacing eigenvalue decomposition with sin-
gular value decomposition. In this setting, the moment method
can be adapted to singular values with modified combinatorial
counting rules [36]. Following a rectangular Fourier transform
of a correlated ensemble, an m x n matrix of variances de-
termines the moments of the singular value distribution. A
self-consistent solution can also be derived for the singular
value distribution through a modification of the vector Dyson
equation [37].

Our analysis here has been further restricted to ther-
mal classical statistical ensembles, but the construction can
be extended to quantum systems. Identifying suitable or-
der parameters for quantum phase transitions remains a
longstanding challenge, particularly in systems where conven-
tional symmetry-breaking descriptions fail [38,39]. Spectral
properties of many-body operators, such as level statistics and
the density of states, are well-established probes for distin-
guishing quantum phases [40,41]. This suggests that random
matrix ensembles derived from quantum systems may capture
aspects of quantum critical behavior. A natural extension of
this work, therefore, involves examining the effect of quantum
fluctuations on the spectral observables of random matrix
ensembles generated from quantum lattice systems.

VII. OUTLOOK

We have presented a technique for mapping statistical
physics systems to random matrices by directly translating
the internal degrees of freedom to matrix elements. We have
constructed two main techniques to characterize the eigen-
value spectrum of the resulting random matrix ensembles: the
moment method, which calculates the moments of the eigen-
value spectrum, and the resolvent method, which provides
an approximate self-consistent solution to the bulk eigen-
value spectrum. Together, these techniques provide a flexible
analytical framework for estimating the eigenvalue spectra
of statistical-physics random matrices from their underlying
correlation structure. The analytical techniques we have pre-
sented can be applied to ordered and disordered models. When
applied to systems in d > 2 dimensions, our framework pro-
vides a natural way to reduce the model to an effective d = 2
description while retaining salient features.

Our findings demonstrate that our setup can be used to
obtain a set of observables that naturally capture prominent
features of a statistical physics system. Crucially, the eigen-
value spectrum is sensitive to short-range correlations, thus
providing a natural probe to distinguish internal structure
within the T > T phase. Furthermore, the critical eigenvalue
spectra are determined by the classification of the phase tran-
sition, thus establishing spectral observables as new probes
of critical behavior. The long-range correlated ensemble of
Ref. [15] provides a limiting case in which the correlation
exponent can be tuned directly. It shows that the long-distance
exponent determines the hierarchy of moment thresholds
and asymptotic spectral tails, whereas the full covariance
determines the central density and finite shape measures.
The present framework embeds this covariance-to-spectrum
mechanism into physical lattice models: the scaling of the
moments, shape of the spectral density, and the possible
separation of low-momentum modes are now controlled by
quantities naturally appearing in thermal contexts, such as &,
n, X, and the order parameter. This suggests a broader clas-
sification program in which universality classes of statistical
mechanics are associated not only with real-space critical ex-
ponents, but also with corresponding random matrix spectral
universality classes.

Our approach is particularly promising when applied to
statistical physics systems lacking an established analytical
description of their phase transitions. For instance, our find-
ings for the EA spin glass can provide additional insight
into the contention between the replica symmetry breaking
and Droplet viewpoints. In this regard, our method is a
computationally efficient alternative to the multireplica cor-
relator methods typically used in Monte Carlo studies of spin
glasses [42].

Another promising application of our framework lies at
the intersection of learning theory and statistical physics.
Learning theory gains significant insight from both statis-
tical physics [43] and random matrix theory [44]. Thus,
statistical physics random matrices can inspire newer
methodologies in learning theory. Conversely, our construc-
tion can be applied to efficiently train models for learning
phase transitions. For instance, in Ref. [45], the singular val-
ues of a conserved-order-parameter Ising model were used to
train an unsupervised neural network to recognize its phase
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transition. Our method offers a generalized, systematic way
to quantify the behavior of the spectral components used in
training these models.

Although our focus has been on the global eigenvalue
spectrum in this paper, eigenvalue statistics can be probed
on smaller scales. At the microscopic scale corresponding
to level spacings on the order L~!, Wigner-type matri-
ces conform to universal Wigner-Dyson statistics [30,46].
Our previous results on the eigenvalue spacing statistics on
Edwards-Anderson random matrices are consistent with uni-
versal statistics, indicating that microscopic eigenvalue statis-
tics are largely insensitive to correlations [13]. In contrast,
mesoscopic statistics associated with widths 1 > §P(}) >
L~! are sensitive to the resolvent and may therefore be useful
probes of correlation structure [47]. Alternatively, observables
defined through the eigenstates, such as the inverse participa-
tion ratio, can become informative in non-mean-field regimes,
where localization or multifractal behavior may arise [48].
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APPENDIX: CORRELATION STRUCTURE STATISTICAL PHYSICS RANDOM MATRICES IN FOURIER SPACE

In this section, we derive the correlation structure of the Fourier-transformed random matrix ensemble.

L—1
R . 1 2mi _ X—q,y
My, My g,) = E< Z o 2 ((x—kyy)+g: ‘Iy.V))MxyMiy>v (AD)
X,9,X,5=0
=
2mi ) X y
- L3 Z eT((kur—kvy)+(qxxf%r)’))(G(x —X%y—=9+G6x—j,y—X), (A2
x,3,%,5=0

where G(x, y) is the translation-invariant two-point correlator of the parameter field, and all differences are taken modulo L. By

an appropriate change of variables, Eq. (A2) can be written as

L—1
~ A 1 2mi F— 5. x— )
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where the matrix of variances is defined as

l 2mi
_ 1! 221 (k, Ax—k, Ay)
Vik, 1= I E E et G(Ax, Ay).

AxeZy AyeZy

(A3)

(A4)

(A5)

(A6)

The model thus behaves like a Wigner-type matrix (see Ref. [19]) subject to an additional dependence arising from the second

term in Eq. (AS).
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