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Textured phase diagrams of featureless insulators
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We study phase diagrams of charge-conserving “class A” noninteracting fermions, focusing on the trivial
phase in various dimensions. Such phases are usually termed “featureless” to distinguish them from those others
with either symmetry-broken or topological order. We show that the presence of nontrivial topological families of
states, including charge pumps and their generalizations, results in phase diagrams being endowed with nontrivial
topological textures that can be visualized through Berry phases and their higher-dimensional generalizations.
We show that for noninteracting fermion systems with translation invariance, these “higher” Berry phases can be
computed using integrals of non-Abelian Chern—Simons forms of the Berry—Bloch connection over momentum
and parameter spaces. Singularities in these textures correspond to gap-closing loci of “diabolical points”,
which represent the obstruction to contracting topologically nontrivial families of states, and bulk-boundary
correspondence results in a locus of robust boundary modes that terminate at the bulk diabolical points. In the
presence of finite chemical potential, we argue that the edge modes are generically robust without any need for
fine-tuning for two and higher dimensions, whereas in one dimension they are “estranged” in the phase diagram,
i.e., appearing at different parameter values for different edges. We demonstrate our results by constructing
several microscopic models of noninteracting fermions. We argue stability to interactions and explore proximate
phase diagrams by mapping to continuum field theories.
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I. INTRODUCTION AND OVERVIEW OF RESULTS

Over the past decades, topological states of matter [1,2]
have been the subject of great interest that have been in-
vestigated by a vibrant collaboration of condensed matter
theorists, high energy theorists, and mathematicians. Much of
the interest and focus has been on nontrivial phases of mat-
ter, which include topological insulators and superconductors
[3,4], spin liquids [5], and the like. Central to the program
of understanding nontrivial topological phases is to contrast
them with the notion of the trivial phase. In the trivial phase,
any ground state can be smoothly connected to either a trivial
atomic insulator (in the case of fermions) or a product state (in
the case of bosons). Any system with a ground state not satis-
fying this property is, by definition, nontrivial. Trivial phases
are often also called “featureless” because of the absence of
long-range order of the kind resulting when symmetries are
spontaneously broken and the absence of topological order.
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Generically, they do not have ground state degeneracy [6],
topological response to gauge fields [7], nontrivial local and
nonlocal order parameters [8], or boundary modes [9]. In
this work, we demonstrate the presence of rich topological
structures that are present even within the featureless trivial
phase, which take the form of topological textures in the
phase diagram. These occur because of the generic presence
of nontrivial families of states [10-15] and are accompanied
by loci of spectral gap closure in the bulk and at the boundary.

Concretely, we study various phase diagrams of fermionic
systems in different dimensions that conserve electric charge
and thus belong to class A [9] of the tenfold way classifi-
cation [16]. We show that the trivial band insulating phase
in each spatial dimension contains topological textures in
parameter space, reminiscent of superfluid vortices [17], and
their generalizations [18]. These can be detected by quan-
tized topological invariants and visualized in phase diagrams
using geometric invariants. Nontrivial textures are accompa-
nied by singular hypersurfaces reminiscent of vortex cores
[12,19], where the system exits the insulating phase through
closure of the spectral gap, as well as robust edge modes
through bulk-boundary correspondence [12,20]. We show that
in the presence of chemical potentials, edge modes take on
surprising forms: in 1D, they become “estranged” where
the edge modes on each end appear at different parameter
values. For higher dimensions, edge modes become robust,
exhibiting the same degree of stability as those protected
by nontrivial topological insulators [3,9,21]. We argue that
topological structures in each spatial dimension can have

Published by the American Physical Society


https://orcid.org/0009-0008-4106-5907
https://orcid.org/0000-0002-0154-5358
https://orcid.org/0000-0001-8096-8596
https://ror.org/028qa3n13
https://ror.org/0165d9303
https://ror.org/052gg0110
https://ror.org/02bv3zr67
https://crossmark.crossref.org/dialog/?doi=10.1103/5wf2-j1lm&domain=pdf&date_stamp=2026-11-09
https://doi.org/10.1103/5wf2-j1lm
https://creativecommons.org/licenses/by/4.0/

SINGAM, JONES, AND PRAKASH

PHYSICAL REVIEW B 114, 305107 (2026)

multiple components, each corresponding to distinct series
that are classified by the mathematical framework of gener-
alized cohomology [22-24]. For symmetry class A and low
spatial dimensions (d < 3), to which we restrict our focus,
there are three such relevant series that we refer to as the Rice—
Mele, Berry, and Qi—-Wu—Zhang series. Using a “suspension
recipe” [11,22-24], we construct representative models of
noninteracting fermion Hamiltonians for each of these series
in each dimension and analyze them using band theory. We
show that in every case topological invariants take the form of
Chern numbers, and that geometric “higher Berry” invariants
can be expressed as integrals of Chern—Simons forms. Both
are defined for the Berry—Bloch connection of filled bands and
integrated over appropriate manifolds composed of the mo-
mentum space (Brillouin zone) and a space of external param-
eters spanning the phase diagram. By mapping to continuum
field theories, we give a complementary analysis, showing that
these structures are stable to perturbations including interac-
tions, and we explore proximate phase diagrams.

The paper is organized as follows. The three distinct series
of textures are studied in Secs. II, IV, and V (Rice-Mele
series), Sec. VI (Berry series), and Sec. VII (Qi—-Wu—Zhang
series). For each, we first review the specific namesake model,
and then apply the suspension construction, reviewed in
Sec. 111, to find its higher dimensional “ascendants”. To keep
the discussion self-contained, we use the Rice—-Mele series to
introduce various concepts and constructions that are echoed
in the analysis of other series. These discussions are relatively
more detailed, and, consequently, the Rice—-Mele series is split
into three sections (Secs. II, IV, and V). For each series, the
first nontrivial ascendant is discussed in substantial detail,
including its phase diagrams, the nature of bulk and boundary
gap closing points, edge modes, field theory, and proximate
phase diagrams. Ascendants in arbitrary dimensions are ex-
plicitly constructed, and general expectations stated but not
discussed in full detail to restrict the discussions to a reason-
able length.

Let us comment on the connection to relevant past work.
The study of topological families of quantum states has
been the subject of several recent works [10-14,19,25-32],
where the focus was primarily on interacting systems and
field theories. Our work focuses on noninteracting fermions,
where the analysis is simplified considerably. In Sec. VI, we
discuss the connection between interacting invariants, partic-
ularly the Dixmier—Douady invariant, and our noninteracting
Chern invariants. Another important class of related works
is on the connection between free-fermion systems, Clifford
algebras, and K theory that has been uncovered in a variety
of contexts [33-35]. References [34,35] classified diabolical
loci (referred to as “defects”) in free-fermion systems us-
ing higher Chern numbers. Parts of the field theory analysis
presented in this work are also found in Ref. [12]. Our analy-
sis, motivated by microscopic models, is complementary and
agrees where there is overlap. The identification and charac-
terization of topological textures in the phase diagram using
higher Berry phases, edge mode structure in the presence
of chemical potentials, models constructed using suspension
isomorphism, and the topological characterization of their
phase diagrams are, to the best of our knowledge, novel to
this work.
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FIG. 1. Schematic representation of the Rice-Mele model.
(1 £ 8) represent staggered hopping amplitudes between even and
odd bonds. u £ J represents the staggered chemical potential on
even and odd sites. The shaded boxes denote a choice of fiducial
unit cell.

II. THE RICE-MELE MODEL AND THOULESS PUMP

In this section, we revisit the phase diagram of the Rice—
Mele model [36] and demonstrate the topological structures
present in its phase diagram.

A. Model and phase diagram

The Rice—-Mele model [36,37] is a one-dimensional system
of noninteracting spinless fermions governed by the following
Hamiltonian:

Hrv = D 6" e+ 1) +He) + Y penx), (1)

xeZ xeZ

where t, and u, are staggered hopping amplitudes and chem-
ical potentials, defined by

Ut
X — 2 )
We restrict the parameters to the range J € (—00, 00), § €
[—1, 1]. Equation (1) has a two-site translation symmetry, T,,

and a U(1) symmetry generated by the total charge. These
symmetries act as

Mx =+ (=1)J. @)

T, cx) > c(x+2), Ul):cx) elcx). 3)

All other symmetries can be considered as accidental and can
be safely eliminated without changing the results to follow
[38]. This places this free-fermion model in class A of the
Altland—Zirnbauer classification [16,39]. In 1D, this symme-
try class has no nontrivial topological phases [34] and so
band insulators belong to the trivial phase. We consider a
two-site unit cell as shown in Fig. 1 and Fourier transform the
fermion operators to get the first-quantized two-band Bloch
Hamiltonian

h(k) = ul + gk) - o, @
where & = {o!, 02, 03} are standard Pauli matrices and
1-6 146
gl(k):( 3 )+( —; )cosk,
(14+96) .
g2(k) = sink, gs(k)=—J. 5

The two energy bands have dispersion

3
ex() = p 3K, 130)= |> k. (6
a=1

Let us now study the phase diagram of the Hamiltonian (1).
We begin with u© = 0 when the system is at half-filling. From
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FIG. 2. Single-particle energy dispersion of the Hamiltonian (1)
(a) away from and (b) at the origin of the J-§ plane.

Eq. (6), we see that away from J = § = 0, the many-body
ground state is a band insulator with a filled lower band and a
finite gap, as shown in Fig. 2(a). At the origin J = § = 0, the
spectral gap closes as shown in Fig. 2(b), resulting in a gap-
less state whose low-energy theory is the relativistic 1 + 1d
Dirac fermion. Thus, the two-dimensional J-§ phase diagram
contains a single, trivially gapped phase whose ground states
are all connected to the atomic insulator as shown in Fig. 3(a).
For a finite chemical potential i # 0, the gapless point at the
origin opens up into a gapless phase with a partially filled
band. For || < 1, as shown in Fig. 3(b), the gapless phase
is a circular island of radius w. For |u| > 1, as shown in

1.0 1.0
0.5 0.5
< 0.0 < 0.0
—0.5 —0.5
—1.0 —1.0
—1 0 1 —1 0 1
J J
(a) p=0 (b) p=0.4
1.0
0.5
< 0.0
~0.5
~1.0
—2 —1 0 1 2
J
(=2

FIG. 3. The textured phase diagrams of the Rice—Mele model
(1). The insulating phase with a single filled band has a topological
texture similar to that of a vortex, exposed by plotting the Berry phase
y (numerically evaluated). The insulator with both bands filled or
empty has no texture. The broken line indicates the presence of edge
modes. For u # 0, the left and right edge modes are estranged and
occur on different parts of the phase diagram as can be seen in (b)
and (c).

SZ

FIG. 4. The image of ¢ mapping the BZ at an illustrative para-
metric point (J, §) to a closed curve on S2. The colored cap denotes
8(M,), whose boundary gives us g(dM,) = §(S4,), which is the
domain of integration, by Stokes’ theorem, for computing the Berry
phase.

Fig. 3(c) the gapless phase splits into two disks and opens up
an insulating phase in between, characterized by both bands
being either fully filled or empty depending on the sign of
w. Although the various insulating regions are topologically
trivial as phases, we will argue that the region with a single
filled band has hidden topological features.

B. Texture on the phase diagram

Let us focus on the single-band insulator, whose filled band
is denoted |e~ (k, J, 8)). For each pair of parameters (J, &), we
can define the Berry—Bloch connection as [21]

0
A(J,0) = —i(s_(k,J,8)|£|8_(k,1,8)). @)

Integrating Ax(J, §) over the Brillouin zone (BZ) circle Sllgz,
we define the Berry phase y by

y(J,8) = % Ar(J, 8)dk. (8)
sl

BZ

This is a geometric invariant that is well defined as an an-
gle y € R/2xZ. 1t is useful to consider the unit vector g =
/12| = {81, &2, &3}, which defines a map g : S§, — S2. The
expression in Eq. (8) can be recast in terms of ¢ as the solid
angle €2 subtended over the target space unit sphere, as shown
in Fig. 4,

1
y(J.8) =3

5 dk==. (9

/ 810k82 — 820k81 Q

keBZ 1423 2

We plot the numerically evaluated y at each point of the
phase diagram that corresponds to the single-band insulator.
We represent y as the angle of orientation of an arrowhead,
and see in Fig. 3 that a topological texture emerges taking the
form of a vortex. For u = 0, the core of the vortex is a gap-
less point, whereas for 0 < || < 1 it becomes an extended
gapless region. Note that the precise value of y depends on
the choice of unit cell. Different choices, however, only result
in smooth changes to the texture and preserve its nontrivial
topological nature.
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FIG. 5. Phase diagram of Eq. (1), with the different limits en-
capsulated; as one takes a trajectory around the origin, we see a
transport of charge by one unit cell that is central to the behavior
of the Thouless pump.

C. Thouless charge pump

The reason for this texture is that the states surrounding
the origin form a topologically nontrivial family—a Thouless
charge pump [37,40]. This is easily seen in the periphery of
the phase diagram as shown in Fig. 5. Tracking the location
of one of the charges shows how it is transported by one unit
cell as we go around the phase diagram. The charge pump
represents a noncontractible loop of states within a single
phase, and the obstruction to this contraction is manifested
by the closure of the spectral gap at “diabolical points” as we
approach the core of the vortex [12,19].

The Thouless pump can be diagnosed by a topological
invariant. For this, we consider the Berry connection for the
filled band |e7(&)) over the crystal momenta k as well as
Hamiltonian parameters,

Au(é) = —i<8_(§)|il«€_(§)>, (10)
&,

where {£,} are the collective coordinates that represent all
the aforementioned parameters. Now consider any circle Slfl,er
that surrounds the origin and belongs to the gapped trivial
phase (say, J> + 8% = ¢? for u < ¢ < 1). We parametrize the
circle by 6 and compute the first Chern number, defined as
the integral of the Berry curvature F = €#"9, A, over the

two-dimensional manifold, M, = S}, x Séar,

1
Ci=— dk% dOF (k,0) € Z. an
27[ Sl]?»Z Sll)ar
The unit vector g = g/|g| defined earlier now produces a map
&: My — S%. Evaluating Eq. (11) is equivalent to computing
the winding number of 2,

1
C, = —5£ dkjg 408+ (2 x %2). (12
ar Js1, Sk

For any parametric circle surrounding the origin of the phase
diagram, Eq. (12) evaluates to C; = 1, indicating the presence
of the Thouless pump [21,41]. Since this is a topological
invariant, any small deformation of the loop preserves it. If
the parametric circle is subjected to a large deformation such
that it no longer encloses the origin, it evaluates to C; = 0.
However, at some stage of the deformation when the circle
touches the origin, the spectral gap closes and Eq. (12) be-
comes ill-defined.

The expression for the Berry phase in Eqs. (8) and (9)
can be obtained using Stokes’ theorem. Let M, be any
two-dimensional surface in the combined parameter and mo-
mentum space where the Bloch Hamiltonian does not touch
any gap-closing points, and whose boundary is purely in the
momentum direction corresponding to the Brillouin zone at
some parameter value (J, §). If we evaluate the integrals in
Egs. (11) and (12) over M, after multiplying by a factor of
27 we get, by Stokes’ theorem, that

y(J,8) = / Fd% =y§ A8 (13)
M, IMy=SL,

In terms of g, y(J, §) can be expressed in terms of the integral
in Eq. (12) evaluated over M, and multiplied by a factor of
21,

2

yu.B = /  PER- (kX %8)
TT M,

1 21082 — 82012
_ _/ 81082 :gz k81 4 (14)
2 Josty=sy, 1+

This too is a manifestation of Stokes’ theorem. Clearly, the
choice of M3 is not unique so long as it does not touch any
gap-closing points. This is because the quantization condition
in Eq. (11) guarantees that a different choice, N, only shifts
y (J, 6) by integer multiples of 2. In particular,

/ d2§F=/ dZSF—f d’eF
./\72 M2 M2USII32NZ

- / d%F —27C (Mo Uy NB), (1)
M,

where M; U st N is the closed manifold obtained by gluing

M, and N, along their common boundary. We see that the
integer shift Ci(M, US,‘sz N>) depends on whether M, USéz
N> encloses any gap-closing loci. Thus, e is well defined,
irrespective of the choice of M,. We will use a generalization
of Eq. (13) when we study higher-dimensional generalizations
in subsequent sections.

D. Estranged edge modes

A tell-tale signature of nontrivial topological phases is
the presence of robust edge modes as a result of bulk-
boundary correspondence [4]. In the trivial phase, such edge
modes are not expected to be stable. However, the presence
of nontrivial topological families results in a novel variant
of bulk-boundary correspondence [20], and therefore edge
modes, even in the trivial phase. Reference [12] argued that
the boundary gap closes at least once for any parametric circle
that represents a Thouless charge pump and predicts a tail of
ground states with edge modes that terminate on the diabolical
points.

To study edge modes, let us study the system with open
boundaries. For concreteness, we consider our system with an
even number of lattice points where the left end belongs to
the odd sublattice and the rightmost site belongs to the even
sublattice. For u = 0, it is easy to see where and how these
states with edge modes arise in our phase diagram. Along the
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J = 0 line, Eq. (1) has an accidental particle-hole symmetry,
P c(x) > ¢'(x) (16)

and we recover the Su—Schreifer—-Heeger (SSH) model [42].
This hosts a symmetry-protected-topological (SPT) [9] phase
for § > 0O that has edge modes. For any J # 0, the accidental
particle-hole symmetry &7 is broken and the edge modes are
immediately gapped out. Thus, in the full phase diagram,
we have edge modes along the line segment J =0, § > 0,
as shown in Fig. 3(a) with broken lines that terminate on
the diabolical points at the core of the vortex. However,
the accidental symmetry and SPT are not necessary to ob-
tain edge modes. To see this, let us study the Hamiltonian
Eq. (1) at finite chemical potential p % 0. This term elimi-
nates the accidental particle-hole symmetry, the SPT phase,
and the edge modes along J = 0. However, the edge modes
reappear in a way that cannot be associated with any SPT
phases—the left and right edge modes become estranged and
appear on different parts of the phase diagram as shown in
Figs. 3(b) and 3(c).

This unusual edge mode structure can be easily understood
in the limit of § = 1. For u = 0, the edge modes appear as
decoupled fermions on the left and right edges when J = 0.
For p # 0, the chemical potential increases the energy of
these modes, which becomes zero only when compensated by
the staggered chemical potential. For the odd left endpoint and
even right endpoint chosen here, this compensation occurs at
J = +p on the left and J = —u on the right. To study the
edge modes away from the § = +1 limit, we consider the
first-quantized Hamiltonian of Eq. (1) in real space,

(14 (=1)/8) (14 (=1)8)
2 2
+ 8 (=1Y + p), 17)

and solve for localized zero-energy single-particle modes o
satisfying >, hjxax = 0. If such a solution exists [43], we
get an edge-mode creation operator lﬂg =y axc’ (x), which
commutes with the second-quantized Hamiltonian. For a finite
chain, the edge modes hybridize and we do not expect to find
exact zero-energy solutions [44]. However, we can isolate zero
modes at the left or right boundaries by considering a half-
infinite chain. Let us first consider 0 < é < 1 and J = +u,
then we have a normalizable zero mode at the left edge. Label-
ing the lattice sites j = 1, 2, .. ., the zero-mode wave-function
coefficients are given by

s—1 (G=D/2
®j=135,. X <m> . Qj=4e.. =0. (18)

For J = —u, we have a normalizable zero mode on the
right edge for 0 < § < 1. Labeling the lattice sites j =
0, —1, =2, ... from the right, we have the zero-mode wave-
function coefficients,

§—1\7"?
Qj—0,—2,—4,. X <m> , wj=——1,3-5..=0. (19

The other terminations can be summarized by assigning
to each terminal site the parity n, = (—1)*, where e = L, R
and , = —1 (41) denotes an odd (even) site. The sublattice-
polarized edge mode has energy E, = u + n.J, and hence

hjr =8; 51 8jk+1

1.0 vu : 1.0

0.5 0.5
< 0.0 = 0.0 |
—0.5 —0.5
—~1.0 —10
-1 0 1 -1 0 1
J J

(a) left = odd, right = even (b) left = odd, right = odd
L0 % 1.0

0.5 0.5

=~ 0.0 | = 0.0 |
—0.5 ; —0.5
~1.0 ' ~1.0
-1 0 1 -1 0 1
J J

(c) left = even, right = odd (d) left = even, right = even

FIG. 6. Estranged edge modes for terminations in which the left
and right edges belong to odd or even sublattices. Blue (red) broken
lines denote modes localized at the left (right) edge. Different ter-
minations result in the edge modes appearing in different parts of the
phase diagram, but the modes on the two ends remain estranged from
each other.

crosses zero at J = —n,u. Its recurrence relation is normal-
izable when —n;8 > 0O at the left edge and when ngé > 0
at the right edge. These conditions give all four panels of
Fig. 6; in particular, for an even—odd termination the left and
right modes occur at J = —p and J = +pu, respectively, both
for § < 0, while for an even—even termination they occur at
the common value J = —u on the § <0 and § > 0 rays,
respectively. For any termination, the localization length in
lattice-site units is

2
|10g|1+5||

Thus, & — 0 as |§] — 1, where the mode is localized on a
single lattice site, whereas & — oo as § — 0, where it merges
with the bulk states. Finally, as u — 0, the two loci merge,
and we recover the SPT edge modes of the SSH model on a
semi-infinite system.

(20)

E. Field theory analysis

We now reproduce certain results of the previous subsec-
tions using an effective field theory. We will also argue that
these features (textured phase diagram and edge modes) are
stable to interactions. Some parts of the discussion in this
section can be found in Ref. [12] and are reproduced here for
completeness and to set the language for new results.

We begin with . =0 and focus on the vicinity of the
gapless theory at the origin J/ =8 = 0. The low-energy
Hamiltonian of Eq. (1) can be obtained by expanding around
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k = m to obtain a relativistic two-component Dirac fermion

H~ /de(x)(iazax — 8ol —JoHy ). (1)

The corresponding Euclidean space-time Lagrangian density
can be written as

L=y =Yy +iJyyy. (22)

We have set the dispersion velocity v = 1 by rescaling space-
time coordinates and used the standard notation, = ¥y
and § = y#9, with

Yo = o, Y= -3, Ve = o2, (23)

The microscopic parameters § and J couple to precisely the
two relevant perturbations for the massless Dirac fermion in
1+ 1d [12,45]. Thus, any quadratic perturbations merely shift
the location of the diabolical point.

At J = 6 = 0, the massless theory also has an emergent
axial U(1) symmetry that rotates the two mass terms into one
another [12,19], and is distinct from the microscopic charge
U(1). Terms beyond linear order in ¢ = (k — ) break the
axial rotation, but are irrelevant at the Dirac fixed point.

We can also consider adding interactions to the Rice-Mele
model of the form

H=Hrm+U Z (n(x) - %) (n(X+ 1) — %) (24)

xeZ

At the level of field theory, this results in a Thirring-type
[46] interaction term (Y y "y )(¥y, ) [47]. This is exactly
marginal and changes the scaling dimensions of various op-
erators. However, for a finite range of interaction strengths,
the two mass terms remain relevant, and the phase diagram
remains unchanged. A more detailed analysis can be provided
using bosonization [46] to obtain an effective continuum de-
scription for the interacting system in terms of a compact
boson ¢ = ¢ + 27 as

(0.0)*
87K

The operators cos ¢ <> ¥, sin¢ < iy have scaling di-
mension equal to K, which is set by the interaction strength
[46,48,49]. So long as K < 2, the operators are relevant and
the basic form of the phase diagram is unchanged. For the
Rice—Mele model, the relationship between the U and K for
6 = J = 0 is known from Bethe ansatz [48],

b4

~ 2arccos (=U)’

~
~

—d&cos¢p+Jsing +.... (25)

(26)

We see that for U > —1/ /2, K < 2 and interactions do not
introduce any qualitative changes.

We can also obtain the vortex texture using field theory.
The two masses in Eqgs. (22) and (25) have the same operator
scaling dimensions, and it is convenient to reorganize them
into the following “complex” form

(0.0)*
87K

J
where m = /8% +J%, o = arctan (5) 27

L=—0dy —m@e % y) < — mcos(¢p + a),

1)
rd N
Lo
N Vi

J

FIG. 7. Topological texture on the parameter space recovered
from the field-theoretic description.

Under RG, m flows to larger values as m(£) = meX*. How-
ever, dimensionless o does not flow [50]. We see that the
moduli space of fixed points has the topology of a circle. This
provides a field-theoretic origin for the texture in the phase
diagram. As shown in Fig. 7, plotting the value of o which
represents the fixed point to which the gapped theory away
from the origin flows, reproduces the texture of the micro-
scopic phase diagram in Fig. 3 near the origin. Note that the
definition of « is not unique and changes with different bases
as well as counterterms. However, these only correspond to
smooth deformations of « and preserve the topological nature.

For finite chemical potential, the first-quantized continuum
Hamiltonian becomes

h(x) = io?d, — 80! —Jo® + pul. (28)

For J? + 8% < u?, Eq. (28) favors partially filled Dirac bands,
resulting in a gapless metal, reproducing the microscopic
phase diagram. Finally, let us understand the edge modes
using field theory. Open boundaries in the continuum can be
modelled by interpolating the dimerization mass § to a fiducial
vacuum value 6*, while keeping J fixed [12,31,51,52], so that
Eq. (28) becomes

h(x) = io?d; —m(x)o' —Jo + pd. (29)

Here, m(x) is a smooth interpolation from § to a fiducial vac-
uum mass §*. The precise value of §* and the corresponding
boundary condition depend on the microscopic termination.
For the natural termination used in the lattice model, we may
take 6* < 0 and keep J constant across the interface, since the
fiducial vacuum is already gapped by §*. Just as in the lattice
case, we model the left and right edges using semi-infinite
chains extending from x = 0 to x = o0 with a smooth in-
terpolation at x = 0 to the fiducial vacuum living at x < 0
and x > 0, respectively. Let us begin with = 0 and solve
for zero-energy solutions of Eq. (29), h - « = 0. Normalizable
zero-mode solutions exist for J/ = 0, § > 0 on both edges a la
Jackiw and Rebbi [53] and take the form

Olefy X €XP (— /X m(x)dx) (é), x € [0, 400),
0

Qlright X €XP <+ /X m(x)dx) <(1)>, x € (—o00,0]. (30)
0

For u # 0, the wave functions in Eq. (30) remain localized
but their energies shift to

h-ogere = (0 — e, D - gy = (0 + J)lighe. (31)
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Thus, the left and right modes cross zero at J = +u and
J = —pu, respectively, reproducing the estranged edge-mode
phenomenon.

This continuum description also clarifies the even—odd ter-
mination effect in Fig. 6. The universal field-theory ingredient
is a Dirac bound state at an interface where the dimeriza-
tion mass changes sign. The microscopic termination enters
through the boundary condition, or equivalently through the
choice of fiducial vacuum, which selects the sublattice polar-
ization of that bound state. Projecting the chemical-potential
terms onto the selected spinor gives E, = u + n.J, while
normalizability gives 1.6 <0 and ngé > 0, in agreement
with the lattice analysis above. Thus, the rearrangement of
the edge-mode rays under a change of termination are cap-
tured by the continuum theory once the appropriate boundary
condition is specified; what remains microscopic is the identi-
fication of a given odd or even termination with that boundary
condition, as well as nonuniversal details of the edge-state
profile and the precise location of a crossing in the presence
of additional boundary-local perturbations.

III. THE SUSPENSION CONSTRUCTION
AND ASCENDANTS

A. The suspension construction: Generalities

We now turn to generalizations of the Rice—Mele model
in higher dimensions. To build such models, a recipe was
outlined by Kitaev [22,23] and formalized as the so-called
suspension construction in Ref. [11]. This recipe takes as input
a nontrivial topological Hamiltonian family H[d](Xq) in d spa-
tial dimensions parametrized over a g dimensional parameter
space M, with coordinates %,. From this, it constructs a
Hamiltonian family H[d“](XqH) in d + 1 spatial dimensions
over a ¢+ 1 dimensional parameter space M 41 = X M,,
called the suspension of M, [54]. We briefly review the
details of this construction here.

Let H“!(X) be a nontrivial topological family with a unique
ground state on any closed spatial manifold for all values
of Xq. Such states are termed “invertible” [55] since we can

define the inverse family of states, Hl (Xq) such that the

mv
stack H(X,) ® HU(R,) is a trivial family; that is, it can
be adiabatically deformed to a Hamiltonian Hy with a unique
ground state that does not vary with A,

H'Y(%,) ® H\(X,) ~ Hy. (32)

mv

Given H“”(Xq), to construct H[d“](XqH) we alternately stack
H'Y(%,) and its inverse along a new spatial direction x4 €
Z, as shown in Fig. 8, and introduce a new parameter A,
that couples the neighboring layers and deforms them into the
trivial family in two different ways, as schematically shown
in Fig. 8. Given HY(%,), this iterative procedure, in princi-
ple, produces models for us in all higher spatial dimensions
HY (G 0), HE(R40), . ... We will call these the ascen-
dants of H[d](zq).

Agt1

H([)d] H([)d]

| | | | |

a0 IO NI < (LN - IS RIS < 1LNC - I R RS

inv

H([)d] H([)d]

Td+1

FIG. 8. Schematic representation of Kitaev’s pump [22,23] for-
malized by the suspension construction of Ref [11].

B. Constructing the ascendants of the Rice-Mele model

In this section, we study the ascendants of the Rice-Mele
model. To construct these, it is convenient to consider the
gapped states of Hry at = 0 as an input to the suspension
recipe, and then later reintroduce p for the higher-dimensional
system. First, we need the inverse family for Hgy;. We can ver-
ify that Hrminy = —Hgrwm by considering the stack of the two
systems Hrm @ —Hgrwm. This can be deformed to the trivial
family,

Hp =) (c](x)cy(x) + H.o) (33)

xeZ

without any gap closure using the following explicit interpo-
lation:

H() = (I — k)(Hrm ® —Hrm)lu=0 +«Ho, ~ (34)

see Fig. 9. Equation (34) corresponds to the four-band model
with the following Bloch Hamiltonian:

h(k) = (1 k)@ 6 ®0")+xk(1®0™), (35)

where g is as defined in Eq. (5) with & = 0. Throughout the
interpolation « € [0, 1], the valence and conduction bands do
not touch and the many-body ground state remains gapped as
long asJ # 0 or § # 0.

Having found the inverse family of the Rice—Mele model,
let us now apply the suspension construction to construct its
ascendant in two spatial dimensions. We first relabel the orig-
inal lattice coordinate of the one-dimensional model—Hgy as

(1-9) (1+96) 1-9) (1+96) 1-9)
P N N R
Hen © (%) o o (*) Q

o W +J —J +J —J +J
+J —J +7 —J +J —J
-Hrm © o o o (%] (%]
U A T S G I
S(1—8) —(1468) —(1—-8) —(1+68) —(1-0)
Ho

FIG. 9. Hgy for 8,J # 0, p = 0 stacked with its inverse —Hgy
can be smoothly deformed to the trivial Hamiltonian family Hy.
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X > x1, and its hopping anisotropy § > §;. We then alterna-
tively stack Hrym and its inverse —Hgy in a new direction x;
(the horizontal direction in Fig. 8) and couple them to form
stacks of Hy, defined in Eq. (33), using a new parameter §, as

X 1+ (_1)16282
HRl im0 = Y (=1)"Hrmulu=o + ) (f)

XzEZ fEZZ
x (c'(®)c(® + &,) + Ho). (36)

Generalizing Eq. (36), we can also schematically write the
ascendant for d spatial dimensions H\Y,. This is constructed

from H{fﬁ W as

High =1 Y 0@+ Y (=1)Hig 1m0

Xezd X4€EZ
L4 (D98,
E _ é H.c).
" rezd < 2 >(C (X)c(X + é4) + He)

(37

Note thatXl < (J,481)and Xz < (J, 61, 62), . .. in the general
construction. We also introduced the notation
d
X= Zxaéa, wherex, € Z, and &, -8, =8u. (38)

a=1

We will study Egs. (36) and (37) in detail in the upcoming
sections. First, let us make a few comments on the mathemat-
ical origins of the suspension construction.

C. Mathematical underpinnings

Here, we comment on the mathematics that underpins the
suspension construction. We will simply state the main re-
sults relevant to this work and direct the interested reader to
Refs. [10,22-24,55,56] for more details.

Consider the space of Hamiltonians with fixed attributes
(i.e., d spatial dimensions, bosons or fermions, global
symmetries) having a unique ground state on any spatial
manifold without boundaries. Call .#; the space of such
invertible ground states. .#; includes ground states of the
trivial phase and also nontrivial invertible phases [55,56]
such as topological insulators and the integer quantum Hall
states. We are interested in topological properties of .#,.
Its disconnected components (%) are nothing but the d-
dimensional invertible phases. In this work, we are interested
inm(Fy), m2(Fy), . . .. Kitaev proposed that the full topology
of .7, is classified by generalized cohomology [22-24]. In
particular, the collection of spaces, {-#;}, d =0,1,... are
conjectured to form a so-called Q2-spectrum [11,54,55,57].
This means that the space of loops of .%;, denoted 2.7,
has the same topology as that of .#;_;. That is, there exist
homotopy equivalences,

T 1 =QI. (39

This allows us to determine the homotopy groups of .%; as
follows. Recall that 7,(.%;) are homotopy classes of based
maps from S” to .%;, denoted by [S", .#,]. From Eq. (39), we
have that

mu(Fa) = [8", Jal = [8", @Il (40)

Using the Freudenthal suspension theorem [54], we have
[S", @Iyl = [ES", gl 41)

where X is the so-called reduced suspension [11,58] which re-
lates manifolds of different dimensions. In particular, it relates
n—spheres as £.5" = §"*!. Thus, we have

7u(Ia) =[S, Fuia] = i1 (Fasn). (42)

This tells us that nontrivial families of states in d spatial
dimensions over S” imply the existence of nontrivial families
of states over S"*! in d + 1 spatial dimensions and so on.
The suspension construction of Ref. [11] reviewed above is
a physical way of constructing models for the latter given the
former.

IV. THE TWO-DIMENSIONAL RICE-MELE ASCENDANT

A. Model and ground states

In this section, we generalize Sec. II, and identify topolog-
ical textures in the phase diagram of the d = 2 Rice-Mele
ascendant, Hl%l,[ constructed using the suspension recipe in
Eq. (36). Writing out the various terms and reintroducing a
chemical potential for the full system, we can express Hiy, as

HEL = 37 s @)e@ + 80 + He. + Y pan(),

)?61222 Xez?
a=l,

o1+ (D" 1+ (=1)"4
[;:(—1)“(*), t)—?:(f),
py =+ (=" (43)

This Hamiltonian has a two-site translation symmetry in each
direction a = 1, 2, as well as a U(1) symmetry,

Ty (@) > c(@+28,), U):c@) > eVc(X). (44)

Choosing a four-site unit cell, Eq. (43) can be written in
momentum space as a four-band model with the following
Bloch Hamiltonian:

5
h(k) = pl + ) gn(OL™, (45)

m=1

where corresponding to a particular choice of unit cell and
arrangement of the modes within the spinor v, we have

1-6 146 146
o=t . D a D costk), g2 = a D i),
1-6 14+6 14+6
g =t . 2) - 2 costhy), gs = i 2) Gintk),
gs=J. (46)

The {I'*}, represent the four-dimensional irreducible repre-
sentation of the Clifford algebra CI(5), satisfying

{I", "} = 28,n. 47)

The matrix representation of {I"*} for the same choice of unit

cell is
MH=0’'®c? N=0®1,

[s=0’®0°. (48)

Iy :a3®al,

My=0’®1,
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02
i
Ny =2
-J
(51’
() p=0
da
i
-J
6
(b)o<|pl <1

FIG. 10. The phase diagram of 2D Rice-Mele ascendant for var-
ious values of p and periodic boundary condition along x;, open
boundaries for x,. (a) For u = 0, there exists a single diabolical
gapless point at §; = 8, =J = 0 described by Ny =2 flavours of
massless Dirac fermions. Edge modes appear for / =6, =0, 0 <
8, < 1 and terminate on the diabolical point. (b) For u # 0, the
diabolical point changes to a metallic phase with partially filled
bands. The system transitions to an insulator as the band is emptied or
filled for 82 + 85 + J? = u?. Edge modes appear for 87 +J? < u?,
0 < 8, < 1 and terminate on the metallic phase.

For pu =0, except at the origin J =§; =3, =0, the
three-parameter phase diagram obtained by tuning J €
(—00,00), 812 €[—1,1] contains a single trivial gapped
phase whose many-body ground state is obtained by filling the
two degenerate lower bands of the single-particle Hamiltonian
(45) (see Fig. 11 below). AtJ = §; = §, = 0, the bands touch
to produce a linearly dispersing massless Dirac spectrum. The
phase diagram is summarized in Fig. 10(a). The presence of

() 61 =0, =J=0

(b) Away from the origin

FIG. 11. Single-particle band dispersions for the 2D Rice-Mele
ascendant in Eqs. (43) and (45). The bands, each twofold degenerate,
are separated unless 6, = 8, =J = 0.

a chemical potential i # 0 changes the gapless point to a
gapless metallic phase for J + 87 + 82 < u? in Fig. 10(b).
We will study the nontrivial textured nature of the gapped
states.

B. Topological invariant

Recall that the states surrounding the origin of the two-
dimensional phase diagram of the Rice-Mele model form
a nontrivial topological family over a circle S', as deter-
mined by the first Chern number of the Berry connection.
The suspension construction guarantees that the states sur-
rounding the origin of the three-dimensional phase diagram
of HEIL[ form a nontrivial family over £S' = S2. To detect this
nontrivial family, let us consider the non-Abelian Berry con-
nection of the two filled bands |¢] ,), defined over momentum
and parameter space represented By collective coordinates &,

L J  _
[A(E)]ar = —ile, (§)|——1le, (§)). 49)
&,

Now, consider the states on some sphere Sgar surrounding
the origin containing the trivial gapped trivial phase, say
J24 687 +85 =2, > p? Define My = S3, x Ty, where
T}, is the two-dimensional Brillouin zone. The nontrivial
nature of the family of states over S;ar can be determined by
computing the second Chern number [7,39,60-64],

1
T 32572

C, / d*ee" P tr(F,, Fp) (50)
My

where F),, is the non-Abelian Berry curvature,
Fu=0,A, —0,A, +[A Al (629

For our model, Eq. (50) can also be given a simple expres-
sion in terms of 2,, = g,,/1gl, as

Cp= —

=57 | dEcacae Y.L 080,898 (52)
My

where § now defines a map § : My — S* and C, counts the
degree of winding of this map.

We can verify by numerically evaluating Eq. (52) that
C, = 1 as expected. Furthermore, by moving the center of Sgar
away from the origin along the J direction, we can verify that
C, = 1 holds as long as Sgar wraps around the band-touching
point but drops to C; =0 when it does not, as shown in
Fig. 12. Note that at the transition points, the integration
gives C, >~ 1/2. This is consistent with previous work on
phase transitions in Chern insulators [59], where a half-integer
invariant is found by excluding an infinitesimal region in the
BZ around the gap closing point.

C. Textured phase diagram

In the study of the Rice—-Mele model in Sec. II, we were
able to uncover a topological texture in its two-parameter
phase diagram by computing the Berry phase. The ascendant
in two spatial dimensions from the suspension construction
is expected to have a texture in the three-parameter phase
diagram. How can we visualize the texture? What can play
the role of a geometric invariant similar to Berry’s phase?
We proceed by analogy to the Rice—Mele model. Recall that
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1.00 L
0.75
J'0.50 ¢} o
0.25
0.00 | QIR e

FIG. 12. The second Chern number C, evaluated by computing
the expression in Eq. (52) numerically. The integral is performed over
My = p“ x T, where Sp‘lr is a parametric unit two-sphere centered
onJ, §; = & = 0and T, is the two-dimensional Brillouin zone. For
<1, S2 encloses the gap-closing diabolical point, and evaluates
to G, = 1 whereas for |[J]| > 1, Sgdr does not enclose the diabolical
point and is contractible, therefore evaluating to C, = 0. Finally, at
J ==+£l1, S;ar contains a gapless point and C, is formally not well
defined. Numerically, we find the average C, of the neighboring
gapped phases, i.e., C, = 1/2. This is consistent with the analysis

in Ref. [59].

the Berry phase was related to the expression for the first
Chern number by Stokes’ theorem as shown in Eq. (13).
Let us now evaluate the expression for the second Chern
number, Eq. (50), over a four-manifold with a boundary My,
IMy=M; =T x Spar, WhereS . is some circle in param-
eter space where there is no gap closure. Multiplying this by
a factor of 2, we get

P (Spar) = % d*ee P tr(F,, Fyup)

1

2
= — d*ee™tr (A,0,Aq + ZA,ALA, ).
el IV < T3 )

(53)

Equation (53) is an integral of the Chern—Simons three form
CS; which assigns an unquantized U(1) geometric invariant
to every circle (more generally a closed one-dimensional loop)
in parameter space. Indeed, Berry’s phase in Eq. (8) can
be interpreted as an integral over the Chern—Simons form
CS,, making the expression in Eq. (53) a natural generaliza-
tion. Higher dimensional extensions, to which we will return
shortly, also follow from the same line of reasoning. Equa-
tion (53) does not depend on the choice of M. To see this,
consider two bounding four-manifolds M4 and N, with the

same boundary d My = INy = M3 = Ty, x S}, We then
have
d* d*
/ 5 — 2 vab tr(FuuFup) = / —> nvab tr(FuFap)
Ny 167 M, 16

— 27Cy(My Uy, Na). (54)

My Uy, Ny is a four-manifold without any boundaries that is
obtained by gluing M, and N along their common boundary.
The multiplicative factor of 27 compared to Eq. (50) allows
y to be restricted to the fundamental domain, y € [0, 27),
making ¢/’ a well-defined phase for any ch01ce of /\/l4, which
depends only on the boundary Mz = S! x T2, and ulti-

27 Q-

2,
et
3m/2 \I‘Q
Qib\
T,
e ™ G
O
SN
0y
/2 \%}*2\
0
e
0 \_}/\)
—1.0 —0.5 0.0 0.5 1.0
0y
(a)
4 gf ‘T 3 { X
1.0 }/ t \
S e
& N Tecsitd s 32 NS
0.5 /,; 7‘ / z | e \ :\‘t
o, : -
oD, o T
. R g L S e
S 00 = N
e Bkl R
NNy it 1A
-05 NS e e e T
8L o] oW
W * 4
\Q&r b
-10 . : v ’. : i 1.0
.

FIG. 13. (a) The higher Berry phase y computed on a sphere
82 +82+J%>=1 for each latitude, 8, € [-1,1] by evaluating
Eq. (55) numerically. (b) Texture on a single sphere obtained by
plotting ¥ for each fixed latitude 8, using the recipe in Fig. 14.
Repeating this for various spheres foliates the texture on the full
phase diagram.

mately only on S,,.. Equation (53) can also be evaluated using
a modification of the expression in Eq. (52),

y 3 g oAb Aca adn
V(Spl,ar) E /M d4$Eabcdee'umﬁga8/Lgb3vgcaagd8ﬂge-
4

(55)

Figure 13(a) shows y computed at each latitude §, € [—1, 1]
of a unit sphere 87 + 83 +J> = 1.

To visualize Eq. (53) on the phase diagram, consider foli-
ating the trivial phase surrounding the origin with a collection
of two-spheres. Let us further break each of these spheres
into a series of parallel circles at different latitudes, for which
we assign a y [Fig. 13(a)] evaluating Eqgs. (53) and (55). We
can plot this on the circle as an arrowhead on each point,
inclined at an angle y to the normal of the circle on the sphere
at the pomt along the plane formed by the normal 7 and
M = x f, where { is the tangent along the latitude circle
(Fig. 14). This 2 — M plane is ambiguous at the poles when
the latitudes reduce to a single point. However, at the poles
y = 0 (mod 27) and the arrowheads point along the normal 7
making the 72 — /1 plane irrelevant.

As shown in Fig. 13(b), this reveals a hedgehog-like texture
over the two-sphere, generalizing the vortex texture of the 1D
Rice-Mele model. This recipe is certainly not unique, and
different ways of foliating the phase diagram result in different
values of y, generalizing the ambiguity of the Berry phase
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FIG. 14. For each fixed latitude §,, y is plotted as an arrowhead,
oriented at angle y to the normal 7 in the plane spanned by 7 and
M = i x { where { is the tangent along the latitude circle.

resulting from the choice of unit cell in the Rice—Mele model.
Various choices, however, are related by smooth deformations
of the texture, preserving the nontrivial topological nature.

D. Stable-edge modes

For the Rice-Mele model, we were able to show that
the topological texture in the phase diagram was associated,
through a bulk-boundary correspondence with edge modes of
an unusual variety, which we termed “estranged”. We now
study the edge modes present in the two-dimensional ascen-
dant with open boundaries. We will consider the system on a
finite cylinder, retaining periodic boundary conditions in one
direction, x;, but terminating in the x, direction, as shown in
Fig. 15, and we assume an even number of lattice sites in each
direction. This introduces two disjoint 1D edges, one at each
end. To understand the structure of the edge modes, let us
consider the limit of §; = 1. This decouples the Hilbert space
that lives at the circular ends of the cylinder with a width of
one lattice point. The effective Hamiltonian of the boundary
Hilbert space is nothing but the one-dimensional Rice—Mele
model Hgry, with parameters J, § = &1, K.

Let us begin with . = 0. We know that Hgy is gapless
when J = §; = 0, which tells us that its higher-dimensional
ascendant H%/[ has gapless boundary modes for J/ =46; =0
and §, = 1, described by a free massless Dirac fermion. Even
as we move away from &, = 1, along 0 < §, < 1, we expect
these boundary modes to persist on the line J = §; = 0 over a
Hilbert space that is localized on the edges of the cylinder, but
with a larger width. The edge modes terminate on the bulk
gapless point on the origin J = §; = §, = 0. The resulting
phase diagram is shown in Fig. 10(a). For the 1D Rice—Mele

T2

FIG. 15. Boundary conditions used to study edge modes.

model, the edge modes were obtained by tuning one parame-
ter, whereas for the 2D model, at © = 0, we see that we need
to fine-tune two parameters to access the edge modes. This
picture changes significantly for p # 0.

Indeed for nonzero p, the chemical potential is raised for
both the bulk and boundary. To see the consequence of this,
let us again begin at the §, = 1 parametric plane, where we
have the Rice—-Mele model at finite chemical potential. This
has an extended region of gapless states in the circular disk
8% +J? < pu? described by a massless Dirac fermion. This
disk is expected to extend along 0 < §, < 1 and terminates on
the equator of the bulk metallic phase at the origin, as shown in
Fig. 10(b). We see that unlike the Rice—-Mele model in 1D, the
edge modes of the 2D ascendant are parametrically stable for
generic u # 0, requiring no fine-tuning whatsoever. This is
reminiscent of strong topological free-fermion phases, such as
the quantum spin Hall insulator [65] which are characterized
by similarly stable edge modes. In fact, the edge modes of 2D
QSH systems have the same boundary degrees of freedom,
i.e., a massless Dirac fermion! Unlike the QSH phase, whose
topologically protected edge modes can only be eliminated
by a bulk gap closure, the edge modes of the 2D Rice—Mele
ascendant can disappear either by a bulk transition (when it
meets the bulk metal near the origin of the phase diagram) or
a boundary Lifshitz transition (which completely empties or
fills the boundary bands) as seen in Fig. 10(a).

E. Stability to band deformations

We have shown that the free-fermion Hamiltonian family
in Egs. (43) and (45) belongs to a nontrivial class quanti-
fied by the second Chern number over the unified parameter
and momentum space. However, the model in Egs. (43) and
(45) has an additional structure—the filled bands are exactly
degenerate. One may wonder if this degeneracy, and the ac-
cidental symmetries protecting it, are necessary to preserve
the integer invariant and texture in the phase diagram. The
answer is no. The only symmetry that needs to be preserved
is the U(1) particle conservation since this symmetry gives
meaning to the charge from which all the textures ascend. All
other symmetries can be safely broken [66]. In particular, we
can introduce the following perturbation on the single-particle
Hamiltonian, Eq. (45), which can split the degeneracy of the
filled bands:

8h=my(c' ® o?). (56)

The phase diagram of this perturbed system can again be
analyzed easily by studying its bands. We set ;1 = 0 for sim-
plicity. So long as we are sufficiently far from the origin,
J? + 87 + 85 > m?2, the many-body ground states are adiabat-
ically connected to the original my; = 0 system, except that
the filled bands characterizing them are no longer degenerate.
How then do we infer the topological nature of the ground-
state family? As explained in [7], as we continuously deform
away from the limit of exact degeneracy, as long as there is no
level crossing at the Fermi level, the topological nature of the
ground states remains the same. In particular, to compute and
analyze the non-Abelian Berry connection in Eq. (49), we do
not need the filled levels to be degenerate.

Conversely, consider a generic Bloch Hamiltonian family

h(x, k) with eigenstates and eigenvalues {lea(X, I;)), ca(h, I;)}.
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Flat-band

Generic
adiabatic flattening limit

Insulator

FIG. 16. Adiabatic deformation to a flat-band limit.

So long as this represents a family of gapped states with no
partially filled bands, we can always deform this system to
one described by a spectrally flattened Bloch Hamiltonian,

- ea k) o - -
A k)= —————— e (A, k) (ea (A, k)|, 57
k. k=) G R e B G

a

and perform the analysis as in the unperturbed, degenerate
case. This is schematically shown in Fig. 16.

F. Field theory and proximate phase diagrams

We now analyze the Rice—Mele ascendant using a con-
tinuum field theory formulation to show that the nontrivial
phase diagram topology is stable. We will only focus on bulk
properties. Consider the Hamiltonian in Egs. (43) and (45)
with u = 0 taken for simplicity (the extension to pu # 0 is
straightforward). By performing a small-wavelength expan-
sion about (k;, ky) = (7, ), we can approximate the nearby
Hamiltonian using a continuum field theory formulation. i.e.,

H~ / Cx¥ HhEWE),

h(®) = (= iT28y, — iT4dy, — 81T — 815 +JTs),  (58)

where W are four-component spinors and the ['; are as in
Eq. (48). It is illuminating to write the Lagrangian density of
Eq. (58) in relativistic notation [12,67]

2 2
L=="VuVa— D Valit-Zu)¥p, (59
a=1

a,b=1

where , are each two-component irreducible Dirac spinors
fora =1, 2. We have defined

m = (81,82, J) (60)
and chosen a basis such that
n=0"®l y=-0"®d,
?=1Q0c¢%, ©T°=-0’Qacl. (61)

w=o'®ad?

= —62®0°,

Equation (59) represents Ny = 2 flavors of 2 4 1 dimen-
sional Dirac fermions perturbed by the so-called triplet mass
term [12,50]. At first glance, Eq. (59) appears fine-tuned—it
is known that an additional relevant singlet mass of the form
mgy_, Y, Wa, with the same scaling dimensions as the triplet
mass, could be added [12], resulting in a four-dimensional
space of relevant coupling constants that produces a unique
vacuum. Prima facie, this seems to suggest that the gapless
diabolical point can be gapped out and the nontrivial family,
if any, is spanned by four relevant parameters, contradicting
the suspension construction. However, this is not the case,
as the triplet and singlet masses are not independent. At the
single-particle level, the singlet mass commutes with all triplet
masses. Thus, the space of independent maximally anticom-
muting relevant masses is three dimensional, resulting in a
three-parameter texture. At 772 = 0, an emergent SU(2) flavor
symmetry rotates the three triplet masses (81, 62, J) [19]. The
singlet mass is invariant under this symmetry.

But what is the effect of the singlet mass on the phase
diagram? Clearly, the gapless point at the origin would be
eliminated. To see what state results in its place, and how
the surrounding gapped states are affected, it is easiest to
study a lattice version of the singlet mass. This, in fact, was
already presented in Eq. (56). In addition to lifting the de-
generacy of bands as explained above, this term also gaps out
the theory at the origin §; = §, = J = 0 shown in Eq. (59).
For |mg| < 1 and p = 0, this results in two nondegenerate
valence bands, but one of them, closest to the Fermi level,
carries nonzero Chern number, resulting in a bubble of a
Chern insulating state as shown in Fig. 17(a). The opposite
Chern number is carried by the lowest conduction band. As

we increase r = \/8f + 8% + J2, the two Chern bands again
meet at r = |my], resulting in a gapless single-flavor Ny =
1 massless Dirac theory, and open into two trivial bands,
reproducing the trivial phase with the texture as shown in
Figs. 17(b) and 17(c). Introducing chemical potential u # 0
can lead to the partial population of various bands, introducing
various metallic phases into Fig. 17. We do not discuss this
here. Finally, interactions are irrelevant and do not change the
nature of the field theory. Thus, any symmetric microscopic
perturbations merely change the bare parameters of the field
theory preserving the phase diagram in Fig. 17.

We end with comments on related work that offer comple-
mentary insight into the discussion of this section. Reference
[68] discusses higher-dimensional generalizations of the
Thouless pump using quantized nonlinear response analogous
to the spirit of the original Thouless pump [40]. They also
present an alternative microscopic model to Eq. (43). Refer-
ence [12] provides a field theory analysis of Eq. (59) perturbed
by the singlet mass that is complementary to our discussion.

V. RICE-MELE ASCENDANTS
IN ARBITRARY DIMENSIONS

We now summarize the essential features of the Rice—Mele
ascendants in arbitrary dimensions. The general Hamiltonians
are shown in Eq. (62). Similar to Eq. (43), we can write

H = Y #2f @e@ +20) + He+ Y wn(@). (62)

)?elzdd Xezd
a=l1...
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-J

e
(a) Phase diagram of the 2D Rice-Mele ascendant
with singlet mass

(b) J=061=02=0

(c) J?2 +62 + 62 =m?

FIG. 17. (a) The phase diagram of the 2D Rice—Mele ascendant
upon the addition of the singlet mass term m; shown in Eq. (56). This
gaps out the Ny = 2 diabolical point and produces a Chern insulator
(a), (b) (Ny counts the number of flavors of fermion at the gapless
point). As we go radially outward in the phase diagram, the system
transitions back to a trivial insulator with two filled bands, through
an N; = 1 massless Dirac fermion along 87 + 83 + J* = m? (c).

Here, the staggered hopping amplitudes ¢ fora=1,...,d
and chemical potential u; are defined as

14 (—1)%8,
2 — (—1)Zfa+ﬂ‘k(L>, a=1,...,d—1

~

2

~

i (1D
* 2

>, pe =+ (=D (63)

The model has a two-site translation invariance in each spatial
direction, as well as a U(1) symmetry as shown in Eq. (44).
Choosing a suitable 2¢ site unit cell, we get a 2¢ band model
with Bloch Hamiltonian

2d+1
h(k) = pl+ Y gn@Or", (64)

m=1

where for a particular choice of unit cell, we have

7 1- 8m 1 5m
o () = ¢ - ) 4 +2 ) cos(kn),
gom(k) = A+ 5n) sin(k,), m=1,...,d,
g2 1(k) = (=1)"J. (65)

The {I'™} represent the d-dimensional irrep of the Clifford
algebra C1(2d + 1), satisfying Eq. (47), whose matrix repre-

sentation for the same unit cell choice is given by

l—-2m+1=O.3®O-3...®0'3®O’1®ﬂ.®:ﬂ-®"'®]l
— —— —

d — m terms

FZIn:O.3®O—3...®03®O‘2®1®ﬂ-®"'®1
—_— —

m — 1 terms

d — m terms m — 1 terms
F2d+1203®03"'®637 m=1,...,d. (66)
—

d terms

The model has two bands, each of which is 2¢~!-fold degen-
erate with eigenvalues

2d+1

ex(B) = px1g®), [g®)= | lgn®). (67
m=1

For simplicity, we consider only p = 0. It can be easily
checked from Eq. (67) that for any of J, 8y, &5, ..., 84 being
nonzero, the system is a gapped insulator with 2¢ filled bands.
Any family of states parametrized by a sphere surrounding the
originJ = §; = ... = &4 = 0 is topologically nontrivial.

To study this, note that the 24 filled bands can be used
to construct a U(2¢) non-Abelian Berry connection of the
form shown in Eq. (49), where a = 1, ..., 27 labels the filled
bands and &, represents the collective coordinates for My, =
Sgar x T, where Sgar is the parametric d-sphere surrounding
the origin and T¢ is the Brillouin zone. We can define the
Chern number C, by

d terms
C ! / t F A F Aee A F (68)
— T J— JE— — 1.
ST M, 2r 2w 2

We expect this to evaluate to C; = 1 for the band structure of
Eq. (64) signaling the nontrivial nature of the family through
a quantized invariant. In Eq. (68) and henceforth, we use the
notation of differential forms [69] to simplify expressions,

A=A, &)dE", n=1,...,2d,
GAH = 6/11~~~Mk'~//«DGM1."MkH

k41D
— HleliD
dK =€ 0, Kot »

F=dA+AAA=LF,, dx" Adx'. (69)
Analogous to Eqgs. (52) and (55), for the first quantized
Hamiltonian shown in Egs. (64) and (65), we can define the

2d + 1 component unit vector g,, = g,,/|g| which defines a
map

g1 My — $¥. (70)

The expression for Eq. (68) reduces to the calculation of the
winding of the map in Eq. (70),

aiar-a
ed1az 2d+1

C. = W o, 8ay Nd8a, - - ANd&ayy, (71)
where V(5%) denotes the volume of the k unit sphere,
2mk/?
V(S*) = . 72
(%) Fk/2) (72)
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The nontrivial nature of the family of states can also be de-
termined through a topological texture visible by studying
the higher Berry geometric invariant, y. This is defined for
any closed d — 1 dimensional surface, such as S4-1 on the
parameter space. Let Moy = S9! x T, and let My, be a
manifold such that its boundary contains M»,_; i.e., Moy =
Myy_1. p is defined using the integral in Eq. (68) evaluated
on Moy as

d terms

. 2m F F F
y=— tr| —A—=AA—
d! J 1, 2 2m 2

_ f CSa | (73)
Moy

where we have used Stokes’ theorem to rewrite Y as an
integral over the Chern-Simons form CS,,_;. The exact
expressions for CS,,_ vary with d. We have already encoun-
tered the form for d = 1, 2. For d = 3, we have

1 1 3
s=———=tU|AANFAF+-AANAANAAF
3! 2r)? 2
3
+§A/\A/\A/\A/\A . (74)
Written in terms of g, the expression for  reduces to
y 27 1dtsrgsy A . .
7 = Vs . eNBTR R, ANdBay - ANdBayy - (75)
2d

Although direct visualization in higher dimensions is not
possible, the higher Berry phases evaluated using Eqgs. (73)
and (75) can be used to reveal the topological textures present
in the phase diagrams following strategies analogous to those
used in one and two spatial dimensions.

In Secs. II, IV, and V, we have considered a series of
models hosting topological families of quantum states and
textured phase diagrams in various spatial dimensions that
ascend from the one-dimensional Rice-Mele model. In the
upcoming sections, we consider two different series of models
with textured phase diagrams for Class A systems.

VI. BERRY’S MODEL AND ITS ASCENDANTS

In this section, we study a class of topological textures of
charge conserving fermions that ascend from Berry’s prob-
lem [70] of a quantum spin in magnetic field. We review
this model in the context of our previous sections—textured
phase diagrams—and proceed to produce higher dimensional
examples of free-fermion models with a texture using the
suspension construction.

A. Quantum spin in a magnetic field

We begin with a review of the classic example considered
by Berry [70]: a quantum spin-half moment in a magnetic field
with the following Hamiltonian

hpery = B 5. (76)

B = (B1, By, B3) is a magnetic field with three components
that produces a three-dimensional phase diagram for Eq. (76),

~ s o
e
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'
5 &
-

[
o
-
=Y

1";“;‘ Bt b'&.\:\:\;\
05| Zirta i hioe
%ﬁ/\"u VRS
g 00 =XV Y R A =
3 ﬂ\jw«l:
—-0.5 \\w&: : l« f/
Nyt (
)

rmst s 2
-
Pe_ 5 o
v
-—

I
&

o
t

Ve S

FIG. 18. Texture on S? for Berry’s model of a spin in a magnetic
field which is plotted by computing the Berry phase for each latitude.

characterized by a unique ground state away from the origin
B # (0,0, 0). It is well known that the family of states living
on any two-sphere surrounding the origin is topologically
nontrivial. We show that this also results in a textured phase
diagram. To see this, we again consider foliating the three-
dimensional phase diagram spanned by B by spheres. To study
the nontrivial topological nature of states living on a single
unit two-sphere surrounding the origin Sf,ar, we construct the
Berry connection and Chern number,

) d 1
AM(E) = —t(S(E)Ia—IS(E)), Ci=—| F (7
éj# 27'[ s2

where &, are coordinates representing ng., and verify that
C; = 1. We can also determine the nontrivial texture over the
sphere by tracking Berry’s geometric phase. To do this, we use
the strategy of Sec. IV and split the two-sphere into circles at
different latitudes, labeled by Bs. For a circle S;ar at a fixed
B3, we can easily compute Berry’s geometric phase y exactly
as half the solid angle subtended by it, i.e.,

)/(33)=/ A=x(l—By), (78)
Sl

par

and use this to extract a texture over Sgar using the recipe

shown in Fig. 14. This results in Fig. 18, giving an alternative
view of the nontrivial nature of the quantum spin in a magnetic
field.

B. 1D Berry ascendant and multi-texture phase diagrams

We now want to construct ascendants of Berry’s model in
higher dimensions using the suspension construction. How-
ever, a direct application of suspension to the spin model in
Eq. (76) results in higher-dimensional spin models as well.
These have already been studied in previous work [11,25,26].
The difficulty with such spin models is that they are naturally
interacting and require more sophisticated tools to analyze.
We will seek a more tractable route in this work, and construct
noninteracting fermion ascendants of Berry’s model in higher
dimensions. We will comment on the connection to interacting
models later.
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We begin by fermionizing Berry’s model through second
quantization as

Hpery = ci(B - Gap)cp + un, (79)
o, Be{1, ]}

where we have defined the number operator in the usual
way, n = sze{T, “CI,Ca- The original spin Hamiltonian in
Eq. (76) is now the first-quantized Hamiltonian for Eq. (79).
Equation (79) introduces some additional complexity in the
phase diagram in comparison to Eq. (76). For |1§| > |ul, the
fermionic ground state of Eq. (79) corresponds to occupying
the ground state of Eq. (76). Since the latter forms a topo-
logically nontrivial family, so does the former. For |1§ | < |uml,
depending on the sign of u, either both or no eigenstates of
Eq. (76) are occupied and we have a trivial family. For |B| =
|i], the system has a zero-mode degeneracy, representing a
diabolical locus.

Let us now construct ascendants of Eq. (79). First, it is
easy to verify that Hgerry iny = —Hgerry. Using the suspension
construction, we have

Hl[Slgrry = Z(_I)XHBerry,th:O + Z n(x)
x

xeZ
<1+( Dxa)cl(x)ca(x). (80)

2
xeZ ae{t,|}
A closely related one-dimensional free-fermion representa-
tive, with a different parametrization was also recently studied
in Ref. [71]. Expanding out Hgeyry, we get the following
Hamiltonian form for the d = 1 ascendant:

(1+ (1))
= 3 [

xeZ

Z ¢l ()cqa(x + 1)+ He.
ae{t, |}

+ (=D Y cL(x)(B’-&aﬂ)c,g(x)+un(x)]
o, Be{1, 1}

1)
This can be represented by a four-band Bloch Hamiltonian,

5
h(k) = ud + D gnlb)I™, (82)

m=1

where for a particular choice of unit cell,

1 — 146

ga=-B,, a=1,2,3¢g ( 5 )—i—(;)cosk,
146

g5 = D sink, (83)

and I'* form the four-dimensional irreducible representations

of the Clifford algebra CI(5) with matrix representation,

I's=0 2 ®1.
(84)

Ma3=0"®c"?, Ty=0'®1,

The two single-particle energy bands, each twofold degener-
ate, are

5
gk = | Y lgn()>. (89

m=1

e(k) = pn =+ |gk)l,

(a) J=6=B=0 (b) J, 6, B#0
1.0
1.0
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-05 =05
-10 /\
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(c)§=0, J=|B|#0 (d) 6 =0, J=—|B| #0
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FIG. 19. Single-particle Bloch energies of the 1D Berry ascen-
dant (81) with u = 0 and perturbed by a staggered chemical potential
(88). For no staggered potential J = 0, the diabolical point at B =
6 = 0 has two degenerate bands touching to produce an Ny =2 1D
massless Dirac fermion (a). For generic values of §, E, J, we have
four distinct bands, with two filled (b). For J # 0, the diabolical
point becomes a codimension-2 surface § = 0, |B| = |J| where we
have a single band touching resulting in an Ny = 1 massless Dirac
fermion (c), (d).

Consistent with the general picture, we see from Fig. 19
that the system is gapped for all || < r < 1, where r =

VB - B + 82, with the degenerate valence bands fully filled.
For simplicity, we will assume p = 0 for the rest of this
subsection unless stated otherwise. Figure 20(a) shows the
phase diagram. For § = J = 0, the degenerate bands touch as
shown in Fig. 19(a) resulting in a diabolical point described
by an Ny =2 flavor massless 1+ 1d Dirac fermion. Any
parametric Sgar surrounding the origin for || < r < 1 hosts
a nontrivial family. This can be verified by taking the non-
Abelian Berry—Bloch connection, A, defined for the two filled
valence bands, and evaluating the second Chern number C,

yr=2 -Bs -J
Bf ‘B,
(a) J=0 (b) J#0 (c)

FIG. 20. Evolution of the diabolical point of the i = 0 1D Berry
ascendant (81) with the inclusion of a staggered chemical poten-
tial (88) of strength J. For J = 0, the phase diagram contains a
codimension-4 diabolical point with Ny = 2 massless Dirac fermions
(a) which transforms into a codimension-2 Ny = 1 massless Dirac
fermion along Bj=|J], §=0 (). Inthe J — 8 plane, B=0 rep-
resents two copies of the Rice-Mele model with a single Ny =2
diabolical point. For B = 0, this splits into two N '+ = 1 gapless points
along J = %|B| (c).
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-3 1
over My = S_,. X Sgz,

1
C. = —/
872 Js3, xsh,

par

tr (F A F). (86)

A texture in the four-dimensional {B, 8} phase diagram can
be exposed by foliating it with three-spheres, splitting each of
those into various two-spheres Sgar at fixed latitudes and com-
puting a geometric invariant by integrating the Chern—Simons
three-form CS; over M3 = S5, x Si,

.1
y_47T 2

tr(A/\dA+%AAA/\A>. 87)
parXS]ISZ 3

We have so far seen two textures in 1D systems: (1) the two
parameter phase diagram of the Rice—-Mele model, exposed
by computing the Berry phase y and (2) the four parameter
phase diagram of the Berry ascendant, exposed by the higher
Berry phase y shown in Eq. (87). Can the two co-exist? We
will now show that they can indeed. This phase diagram can
be obtained by perturbing the 1D Berry ascendant, Eq. (81)
with a staggered chemical potential,

Hui = Hi Ly 47 ) (= D)n(x),
X

5
Bt () = 1+ Y gn(OT™ = J(0° @ 1), (88)

m=1

To see that this model contains the Rice-Mele texture, let
us begin by setting B = 0. The Hamiltonian reduces to two
disconnected copies of the Rice—Mele model

B=0
Huuti —  »_ Hrua- (89)
aeft,]}

The texture resulting in the J — § plane can be exposed by
studying the sum of Berry phases for each band, for fixed
J, 8. This can be expressed in terms of the non-Abelian Berry
connection for the two filled bands used in Eq. (87) as

-

As shown in Figs. 21(a) and 21(c), this results in a double
vortex with a single core. Equation (90) applies even away
from the B = 0 limit, and the same U(2) non-Abelian Berry
connection can be used to expose both classes of textures
arising from the Rice—Mele and Berry ascendants. For B # 0,
the band degeneracy is lifted, as shown in Figs. 19(b)-19(d),
with eigenvalues

elk)=pn=+ \/cosz <§> + 82 sin? <§) + (1B + &1J])2,

£ € +1. oD

tr(A). (90)

1
BZ

The four-band gap closure is replaced by a two-band closure
at |§| = +J, § =0 as shown in Figs. 19(c) and 19(d). This
results in a gapless Ny = 1 flavor massless Dirac fermion.
The codimension-4 Ny = 2 gap closing point atB=0,8=0
now changes to a codimension-2 surface, |§| =1|J|, § =0, as
shown in Fig. 20(b). In the J — § planes, the gap-closing point

1.0 1.0
0.5 0.5
= 0.0 K = 0.0
—05 05
~1.0 —1.0
~1.0 —05 00 05 1.0 ~1.0 —05 00 05 10
J J

0.5 i S 0.5

= 0.0 = 0.0

—0.5 —0.5

—-1.0 —1.0
-1.0 —0.5 0.]0 0.5 1.0 —-1.0 —-0.5 Oj[) 0.5 1.0

(c) B=0, n#0 (d) B#0, u#0

FIG. 21. Rice-Mele textures in the Berry ascendant perturbed
by staggered chemical potential (88). (a), (c), for B =0, the tex-
ture along the J — § phase diagram emerges from two disconnected
copies of the Rice-Mele model resulting in a charge-2 vortex. (b),
(d) for B # 0, the charge-2 vortex core splits into charge-1 vortices
located at § =0, J = %|B|. For u = 0, the core of the vortex is
point-like, described by relativistic Ny = 2 (a) and N; = 1 (b) Dirac
fermions. For small but finite 1, the vortex cores are replaced by met-
als, with partially filled bands (c), (d). Edge modes are represented
by broken lines and terminate at the vortex core. For u # 0, J # 0
(d), the edge modes are estranged similar to the Rice-Mele model.

at the origin, J = § = 0 splits into two, at J = +|B| as shown
in Fig. 20(c). Consequently, the core of the Thouless-pump
vortex texture also splits into two, resulting in two separate
vortices as shown in Figs. 21(b) and 21(d). For u = 0, the vor-
tex core is described by Ny =2 (E =0)and Ny =1 (E’ #0)
massless relativistic Dirac fermions. Let us now introduce a
small but finite chemical potential 0 < || < 1. This partially
populates the Dirac fermion bands and changes the nature of
the diabolical points at the vortex core to metallic phases.
For larger |u|, these metallic phases can merge as various
bands get populated leading to a complex picture. We will not
consider those here.

Finally, a comment on edge modes. For u =J =0, let
us consider open boundary conditions where the system is
labeled x = 1, ..., L with L being even so that the system
begins on an odd site and ends on an even site. For§ = 1, B =
0, this exposes decoupled edge modes on both ends which
are expected to survive in the range 6 € (0, 1], B =0 and
terminate on the bulk diabolical point at § = B = 0 as shown
in Fig. 21(a). Let us now consider the more general situation
of J, u # 0. For § = 1, the effective boundary energy levels
on the left and right edges are, respectively,

e = —J £|Bl, eign=pn+JE[Bl. (92
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We see that zero-modes on both edges occur simultaneously
for |B| = |J| when p = O [Figs. 21(b) and 21( ¢)] and |B| =
|| when J = 0. When both & # 0 and J # 0 simultaneously,
the edge modes are estranged and occur on |B| = | & J| on
the right and left edges respectively [Fig. 21(d)]. We expect
this picture to hold more generally for 1 > § > 0 and the edge
modes to terminate on the metallic phase near the origin of the
parameter space. In summary, for J/ = p = 0, the edge modes
form a codimension-3 hypersurface. When either o # 0 or
J # 0, they generically form a codimension-1 hypersurface
and are estranged when both u # 0 and J # 0. These edge
modes terminate on the metallic states at the vortex cores, and
can also undergo complex restructuring as the metallic states
merge with increase in chemical potential.

The entire discussion can be reproduced using effective
field theory. Let us comment on this briefly. A suitable starting
point is the limit of small |§ [, 18], |J| where the system can be
described by Ny = 2 Dirac fermions with various mass terms

H~ f dx W COh(x)W(x),

3
h(x) = —il'sd, — ZBaFa — 8Ty + J(iT4Ts),  (93)
a=1
where W are four-component spinors and the I'; are as defined

in Eq. (84). The Lagrangian density can be written as two
irreducible Dirac fermions as follows:

2 2 2
- Z J’aal/fa -39 Z I/;al/fa +iJ Z 1/741)4-1/&4

a=1 a=1 a=1
2
— i Y (B E)Fayven), (94)
a,b=1

where yp = 0!, y1 = 0, y. = 0. There are precisely eight
relevant quadratic perturbations to the Ny = 2 massless Dirac
fermion theory, of which five are present in Eq. (94). Of
these, four are maximally anticommuting, coupled to 8, B and
appear in the suspension construction, spanning the space of
independent relevant operators and generating the nontrivial
texture. At J = 0, these four mass operators are related by an
emergent symmetry at the gapless point. To see this explicitly,
define six generators,

i
Lah = Erarbv

These commute with the massless kinetic Hamiltonian and
satisfy

1<a<b<4. 95)

[Lap, Tl = i((sbcra - Sacrb)- (96)
They therefore generate a Spin(4) symmetry of the massless
continuum theory and induce SO(4) rotations of the mass vec-
tor (B}, B>, B3, §) which realizes the mass-rotation symmetry
discussed in Ref. [19]. In the representation of Eq. (84),
Lij = _%Eijk(ﬂ- ® ),
Ly=—-10>®0d"),
The L;; generate the physical spin SU(2), which is an exact
lattice symmetry at B = 0, whereas the Ly mix 8 with the

1<i<j<3,
i=1,23. 97)

components of B. The latter rotations are emergent: Writ-
ing g = k — m, the leading omitted term is proportional to
q2F4; it breaks the L;4 rotations but is irrelevant at the Dirac
fixed point. Equivalently, Spin(4) >~ SU(2); x SU(2)g, with
the physical spin rotation as its diagonal subgroup.

The term coupled to J commutes with the ones coupled to
B and changes the nature of the diabolical points, as we have
seen. An analysis of Eq. (94) for J = 0 can be found in Ref.
[12]. We can also include three more relevant terms,

SL=Y" Valt - Tup) ¥, (98)
a,b=1
which, on the lattice, corresponds to the following change to
the Bloch Hamiltonian
sh=in-(0c' ®4F). (99)

This is likely to lead to interesting modifications of the dia-
bolical locus. We will not explore these modifications further
here.

C. Ascendants of Berry’s model in arbitrary dimensions

Using the suspension construction of Sec. III, we find
Hamiltonians of Berry’s ascendants in arbitrary dimensions.
These are defined recursively as

[d] _ ryld—1]
Berry M Z n(x) + Z( )XIHBerryx1|

Xezd X €Z

+ Z Z <1+(—1)""8d>

xezd ae{t, ]}
X (ca (X)ce (X + &4) + H.o),

[d—1]

Berry,r, and write the

similar to Eq. (62), we can expand out H
Hamiltonians as follows:

d o o oA
H][3e]rry Z tf Z cl X¥)ca(X+é,)+H.c.
fezd, ae{t}

a=l1..d
+ ) Y aA@uep®. (100)
Xezd a.pelr, |}

where

y 1+ (—1)%45,
@ = (_1)2@#1”(%), a=1,...,d -1,

. <1+<—1)%>
= (FEE),

P = pbap + (~1D)Z B - Gup o B € (1. 1)
X of afs &, . .

By passing to momentum space, using a unit cell containing
24+1 fermions (including spin) we get the 2¢*! band Bloch
Hamiltonian,

~

~

=

(101)

2d+3
h(K) = pl+ Y gn(OT™,

m=1

(102)

where for a particular choice of unit cell,

ga=(—1YB,, a=1,2.3,
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o a-s) a4
82i+2 = ) ) is

(146)

Qi3 = sink;, fori=1,...,d. (103)

I'* form the 29*! dimensional irreducible representations of
the Clifford algebra Cl(2d + 3) with matrix representation,
corresponding to the particular choice used above

IL=0’® - Q0> ®a",
— ——
d terms
T =0"Q0% Q0’°R0'®1Q1---Q1,
— —

d — m terms m terms

M3 =0"Q0% - ®0°Q02®1Q01---Q1
——— ————

d — m terms m terms

fora=1,2,3, m=1,...,d. (104)

We have two single-particle energy bands

2d+3

ek) = p£1g®)l, gl = [ Iga®P, (105)
m=1

each with degeneracy 27. For fixed u, the Hamiltonians
in Eq. (100) produce a (d 4+ 3)-dimensional phase diagram
spanned by {B,, 5} fora=1,2,3and m=1,...,d. Let r
denote the radius from the origin of this phase diagram,

(106)

For || < r < 1, the many-body ground state is an insulator
that corresponds to filling exactly half the bands. For r < |u|,
we have a metal with partially filled bands.

From the suspension construction, the half-filled insulator
generates a nontrivial topological family over any parametric
d + 2 sphere, || < r < 1 surrounding the origin. The non-
triviality is inherited from the topological nature of Berry’s
model. As in the case of the Rice—-Mele series, this can be di-
agnosed using topological invariants as well as phase-diagram
textures. More precisely, we can define a non-Abelian U(2¢)
Berry connection of the filled 2¢ bands over parameter and
momentum space. Consider the 2d + 2 dimensional mani-
fold Mogio = Sg;;z x Ty, composed of the parametric d + 2
sphere and d-dimensional Brillouin zone. The nontrivial fam-
ily over Sﬁz can be verified by computing the Chern number
Cyy1, defined in Eq. (68), over Msy,,, and verifying that
Cu+1 # 0. Similarly, the phase-diagram topological texture
can also be extracted for any d + 1 sphere, SZt!, living in
a parameter space containing the half-filled insulating phase
|| < r < 1. This is achieved by evaluating the geometric
invariant y through integrating the Chern—Simons 2d + 1
form, CS,4 defined in Eq. (73), over Moy, = Sl‘)’;;' x T4,
Finally, expressions for both topological and geometric in-
variants can also be given using g, = g,/lgl, as in Egs. (71)

and (75).

D. Connection with Dixmier-Douady
and other interacting invariants

Let us return to Berry’s original spin model Eq. (76). In-
stead of second-quantizing it as in Eq. (79), we could have
applied the suspension construction to it directly, and consid-
ered its ascendants in spin form. In 1D, the ascendant would
take the form of a spin chain, with a Hamiltonian form

hi = [w&x Gopl + (—1)*1?@}. (107)
Such models have been constructed and studied in recent
work [11,25,26]. Since Eq. (107) is an interacting spin-chain
model, characterizing its ground-state family as requires so-
phisticated physical and mathematical tools such as matrix
product states (MPS) [25-30,32], C* algebras [11,26,27,72]
and higher gerbes [25,28-30]. In particular, the topologi-
cal invariant that characterizes the nontrivial nature of the
ground-state family of Eq. (107) over SSM is the so-called

Dixmier-Douady invariant DD(S3,,) € Z.

This should be compared with the one-dimensional
fermionic ascendant obtained in Eq. (81), whose ground state
can be analyzed using band theory and fiber bundles. Its non-
trivial family over SSM is characterized by the second Chern

invariant C(S;,, x Sg;) € Z. The two constructions provide,
respectively, interacting-spin and free-fermion representatives
of the same suspended Berry series. We now explain the
directly established relation between the band invariant of the
free-fermion family and the many-body higher-Berry invari-
ant of that same family.

We first note the relevant cohomology groups. Since
the integral cohomology of S! and T is torsion-free, the
Kiinneth formula for the products used below takes the
form [58]

HMxN.2)= P H'M.2) @z HI(N. Z) . (1g,

p+q=t
We will also use the following standard identities [58]:

H'(S",2)x 7, A®s7Z= A (109)
Consequently, for a three-dimensional parameter manifold

Ms,

H*(M; x S', 7)) = H (M3, 2). (110)

Equation (110) shows that the second Chern invariant and
the Dixmier—Douady invariant take values in isomorphic co-
homology groups. It does not, by itself, show that the two
invariants are equal.

The classes can instead be compared directly using a cal-
culation of Kapustin and Spodyneiko [72]. Let E be the
occupied Bloch bundle over Mj x S}, and let 7 : M3 x
Sg, — Mj be the projection. For a translationally invari-
ant one-dimensional free-fermion family, Appendix B of
Ref. [72] shows that the many-body higher Berry curvature
Q® obeys

QB
[—} = [, cha(E)] € H} (M3, R), (111)

2
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where 7, denotes integration over the Brillouin zone and

1
chy(E)=—tr(F AF) (112)
8m2
is the degree-four Chern character whose integral over a four
manifold gives the second Chern number. Thus, using the
same orientation and curvature conventions on both sides, for

M; =S3

par?

1
DD(Spur) = 5 / Q¥ = / chy(E)
21 SSar SSMXSIIEZ

= Co(Sp, X Shz)- (113)

With the conventions of Eq. (86), the last integral is precisely
the second Chern number used above. Since H3(S3,7) =
Z has no torsion, this integral completely determines the
Dixmier—Douady class. The free-fermion second Chern num-
ber therefore equals the many-body higher-Berry, or Dixmier—
Douady, invariant of the same family after its free-fermion
structure is forgotten.

A similar comparison can be made in higher dimensions.
In d spatial dimensions, our free-fermion ascendant is char-
acterized by the Chern number C;,, evaluated over the
d-dimensional Brillouin zone and a (d + 2)-dimensional pa-
rameter space. Applying the Kiinneth formula as above gives

H* 2 (Mgyo x TY, Z) = HIP2 (Mg, 2). (114)

The corresponding many-body higher-Berry invariant for a
ground-state family over M, described by a higher gerbe,
belongs to HY*2(M 4, Z) [25]. Thus, the Kiinneth formula
explains why the free-fermion Chern number and the many-
body invariant can be related, but it does not prove that
they are equal. Kapustin and Spodyneiko conjectured that,
in arbitrary dimensions, the many-body invariant is obtained
by integrating the degree-(2d 4 2) Chern character over the
Brillouin zone [72]. Our ascendants provide explicit lattice
realizations of the free-fermion side of this conjecture: their
Chern number C, ;| can be computed directly from the occu-
pied bands.

We conclude this section with a few general comments on
the overall picture. Recall that the conjectured 2 spectrum
nature of invertible states discussed in Sec. III C tells us that

70(Fa) = 7(Fa1q)- (115)

In other words, nontrivial invertible phases in d spatial di-
mensions result in nontrivial families over S? in d + ¢ spatial
dimensions. The Rice—Mele series ascended from d = 0 di-
mensional phases, corresponding to different charges. In the
next section, we will consider a series ascending from the
d = 2 Chern insulator phase. These examples suggest that
topological families can be labeled by invertible phases of
matter in some lower dimensions. However, the Berry series
ascended, not from any invertible phase, but from a nontrivial
§? family for d = 0. This gives rise to textures over d + 2
spheres in parameter space, in d spatial dimensions since

T2 (H) = a2 (Fg). (116)

This tells us that nontrivial families need not be associated
with any phases. Together, the conjectural classification of
topological families of invertible states can be completely

Ci=0 C=-1 Ci=+1

-2 0 2

C1:0

»m

FIG. 22. Phase diagram of the Qi—-Wu—Zhang model (117). This
exhibits three phases with the filled band exhibiting Chern number
C, =0, &1 in its occupied band.

determined from the knowledge of (i) invertible phases in all
spatial dimensions 77 (.%,;) and (ii) all topological families for
d = 0 spatial dimensions 77,(.%).

VII. THE QI-WU-ZHANG MODEL, CHERN INSULATOR
PUMP, AND ASCENDANTS

A. The Qi-Wu-Zhang model

The final series of textured phase diagrams we will con-
sider in this work ascends from the Chern insulator phase
in d = 2. Let us begin with a review of the Qi—Wu—Zhang
model [73], which hosts various Chern insulator phases. The
Hamiltonian is as follows:

Howz=»_ > [mc;(fc)ajﬁcﬁ(yc) _% Y @)

Tez? a.pe(t.l} a=1,2

X (005 +i0gs)c(E +24) + H.c}. (117)
The Bloch Hamiltonian corresponds to
h(]_é) = g'(/;) -0, where gy =sink;, g =sink,

g3 = (m+ cosky +cosky) .

The system consists of two energy bands with dispersion
ei(£) = | g(l?)|, which are separated for all values of m
except at m = 0, £2. The phase corresponding to the many-
body ground state can be determined by computing the Chern
number for the Abelian U(1) connection A constructed for the
single filled band and evaluated over the Brillouin zone T,

F
- [ £
73, 27

The resulting phase diagram, shown in Fig. 22, consists of two
Chern insulators with C; = %1 [form € (0, 2) respectively]
and a trivial insulator with C; = 0 (for |m| > 2).

(118)

B. The 3D QWZ ascendant

We will now study the ascendants of the QWZ model using
the suspension construction. First, we need to identify the
inverse of Howz for a fixed value of m. This turns out to be
—Hgwz. Using the same arguments as in the Rice-Mele and
Berry series, the d = 3 dimensional ascendant of the QWZ
model can be written as

Hiwz = Y (=1)"Howz.x, + 1 Y n(x)

x;3€Z ez’

14 (=1)%8

LYY (T
ez’ ae{t,l}

x (el (®)cq (@ +23) + Hoe).
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Expanding Howz, we get

Hy, =Y Y Zta,s(xxc F)cp(E + 24) + Ho)

xeZ3 a.pe{t.l} a=1

)Y Hap@®c @@,
xez? a,pe{r.1}

(119)
where
3 . 12
tl 2 — (_1)1+X3 Gaﬂ + laaﬁ
(Jtﬂ 2 ’
1+ (=1)368
3 _
G5,
Hap = Udap + (—1)mog,. (120)

A closely related formulation of the Hall-conductivity pump
and its higher-dimensional generalizations was also studied
by Spodyneiko [74]. This has a two-site translation symmetry
in the x3 direction and a single-site translation symmetry in
X1, X2, as well as U(1) particle conservation symmetry. Choos-
ing a two-site fiducial unit cell, Eq. (119) can be written in
momentum space as a four-band model (including the spin
indices) with the following Bloch Hamiltonian:
5
h(k) = pul+ Y gu(R)",
m=1
where, corresponding to a particular choice of unit cell, we
have

. 1-46 1+6
812 =sinkiy, g3 = — + 3 cos k3,

1448\ .
g = sink3, g5 =m+cosk; +cosky. (122)

(121)

The {T",,} are elements of the Clifford algebra CI(5) with
matrix representation,

I =03 ® o2,
I'y=0,®1,

' =03®o01,

I=0,®1, I's =03 ® o03. (123)

As shown in Fig. 23, the system has two bands, each twofold
degenerate, that are separated for all values of parameters ex-
cept § = 0, m = 0, &2, when the bands touch at two (m = 0)
and one (m = £2) point(s) in the three-dimensional Brillouin
zone. The topological nature of the phase diagram can be
studied by considering the non-abelian Berry-Bloch connec-
tion and evaluating the second Chern number C, over My =

Sbe x T3,
1 F F
ool w(EaE)
2 SéurXTB}Z 2 2

par

where S;m is a parametric two-sphere living within the gapped
states and surrounding any of the three gapless diabolical
points m = 0, 2, § = 0. The numerical calculation of C, is
shown in Fig. 24 for © = 0 at various unit circles centered
at {§ =0,m}. We see that C, = —1 for circles that wrap
m==+2,8 =0 and C, = 2 for circles that wrap m = § = 0.
When the wrapping circle touches the gap closing point, for

(124)

(aym=-2,6=0 (b)m—(?—()
/ /
\\\ / \ / \
_4 S Ly
0,0,7) (0,7, m) (m,0,7) (7, m,7) 0,0,7) (0,7, m) (mr,0,7) (m,7, )
k-path k-path
(d)ym=05,0=03
2
1
Ho0 Ho0
-1
-2

R /\ _~

(0,0,77) (0,7, 7) (m,0,7) (7, m,7) 0,0,7) (0, (m,0,7) (7, 7,7)
k-path k path

FIG. 23. Single-particle band dispersions for the d =3 QWZ
ascendant interpolating high symmetry points in the Brillouin zone.
The system remains gapped for all values of m, §, m except m =
0, 2, § = 0. Each band is twofold degenerate.

m = *£1, %3 there is a change in the Chern number. Numer-
ically, we get half integer values for C, at these points, as
expected from Ref. [59], corresponding to the mean of the
straddling values.

This topological nature also results in a texture in the
m — § phase diagram that can be visualized via the higher
Berry phase  computed for each point m, § by integrating
the Chern-Simons three-form over the 3D Brillouin zone,

1 2
)7(m,8)=—/ tr(A/\dA—i-—A/\A/\A). (125)
4 T3, 3

Plotting y results in the texture shown in Fig. 25. We see
the presence of vortices of various strengths whose cores are
located at m = 0, 2, § = 0. For u = 0, the vortex core is
represented by Ny =2 (m = 0) and Ny = 1 (m = £2) rela-
tivistic massless Dirac fermions, whereas for small but finite
n # 0, the vortex cores become gapless metallic phases, as
the Dirac bands are partially occupied.

2 @@
1
S o o
(R Q)
o o
-1 ] e«
—4 -2 0 2 4

FIG. 24. Chern number for the filled bands of the 3D ascendant
of the QWZ model, Eqgs. (119) and (121) evaluated by computing
Eq. (124) numerically over M, = par x Ty S| par 1S @ parametric
circle of unit radius centered at {m, § = 0}. As we vary m, Spar wraps
various diabolical points leading to different values of C, = 0, —1, 2.
Whenm = +£1, £3, Spar touches the gap closing point and represents
transitions between the Chern numbers. As expected from Ref [59],
we numerically obtain half-integer values for C, equal to the mean

of the straddling values of C,.
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Y PP

-3 —2 -1 0 1 2 3
m

() n#0

FIG. 25. Textured phase diagrams of the 3D QWZ ascendant in
Eq. (119) for u = 0 (a) and small but finite © % 0 (b). We see three
vortices of strength 2, —1 located at m = 0, £2, § = 0, respectively.
For u = 0 (a), the core of the vortex corresponds to a gapless dia-
bolical point described by massless Dirac fermions of flavors Ny = 2
for m = 0 and Ny = 1 for m = £2. These expand to stable gapless
phases for small i # 0. For u = 0, edge modes form codimension 1
surfaces terminating on the diabolical points, represented by broken
lines in (a). For u # 0, these expand to stable boundary gapless
metallic phases, represented by shaded regions crowning the metallic
circles in (b).

We can study the edge modes by considering the system
with open boundaries. We retain periodic boundary condi-
tions in the xj, x, directions and open boundaries in the x3
direction. For concreteness, take x3 € [1, L] with L being an
even number. We begin in the limit of § =1 and p = 0.
The 2D boundaries on x3 = 1, L are governed by the QWZ
model (117). As we tune m, this changes the boundary Chern
insulating phases and the boundary is gapless for m = 0, 1.
The gapless boundary states are expected to survive for the
range 6 € (0, 1] and terminate at the bulk gapless points as
shown in Fig. 25(a). When we add a small chemical potential
|| > 0, edge modes become stable and extend over a range
of parameter values with no additional fine-tuning, as shown
in Fig. 25(a). This is just like the 2d Rice-Mele ascendant,
Fig. 10, as the boundary bands are partially populated. How-
ever, the difference is that the edge modes in Fig. 10 are
relativistic massless Dirac fermions whereas in Fig. 25(b),
they are nonrelativistic metals with a finite Fermi surface. As
6 is lowered, we expect that these edge modes terminate on
the metallic phases and merge with bulk gapless modes, as
shown in Figs. 25(a) and 25(b). Just as in the case of the 1D
Berry ascendant, as we increase |u| to large values, different
bulk and boundary bands can get partially populated, and the
bulk and boundary metallic phases can merge and restructure

in complex and interesting ways. We will not explore these
further in this work.

C. Field theory and proximate phase diagrams

We now study the 3D QWZ ascendant using effective field
theory. We will consider a low-energy continuum description
in the vicinity of the diabolical points. Let us begin with
m ~ £2,§ ~ 0, where the continuum Lagrangian density in
Euclidean space can be written as

L=—Ydy — 89y +im£2)y.y.

Here, ¢ is a four-component spinor field and Eq. (126) de-
scribes a relativistic Dirac fermion in 3 + 1 d. The couplings &
and m correspond to the ordinary and chiral mass terms, which
saturate the space of relevant operators. Thus, in the vicinity of
m =~ £2,§ ~ 0, the phase diagram is qualitatively unchanged
for arbitrary weak perturbations, including interactions.

At each of the two Ny = 1 critical points (m, §) = (£2, 0),
the continuum theory has an emergent axial U(1) symmetry
that rotates the two mass perturbations—34 and the deviation
of m from its critical value—into one another [19].

Nearm =~ 0, § ~ 0, the continuum Lagrangian density can
be written as

(126)

2

> 6Tty — imPayepn). (127)

a,b=1

2
L=-— Z ‘paawa -
a=1

Equation (127) is an Ny = 2 component Dirac fermion where
6 and m couple to one of the components of the ordinary and
chiral triplet masses. At m = § = 0, the kinetic term has a
flavor SU(2) symmetry that mixes these two fields. It also has
an axial U(1), generated by y./2, that rotates the § and m mass
terms into one another. This is the symmetry enhancement
discussed in Ref. [19]. The space of independent relevant
perturbations for Ny = 2 Dirac fermions is three-dimensional
and the diabolical point is not stable. We can add, for instance,
the singlet ordinary and chiral mass

2
8L =" (miYuaWa — imoVayeVa)- (128)

a=1

For the microscopic Bloch Hamiltonian in Eq. (121), this
perturbation takes the form

8h = 1(cosk; — cosky)(m T3 — mol's). (129)

It is easy to check that this results in the Ny = 2 gapless point
at m = § = 0 splitting into two Ny = 1 points at (m,§) =
=+(mg, m;). For the overall microscopic phase diagram, this
splits the core of the charge-2 vortex into two charge-1 vor-
tices as shown in Fig. 26. We can also consider adding in other
triplet mass components. These merely move the location
of various diabolical points and add smooth changes to the
texture.

D. QWZ ascendants in arbitrary dimensions
The higher-dimensional ascendants H([g\]rvz for d > 3 are

constructed from the lower-dimensional model Hg“—,é] using
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(f . (a) mo =m =0 (E I(b) ™o, M 7é.0 .
L
0 e 6 Py 0o & ! e
© & L 2 4 L
—my
+
_9 0 9 m 9 —mg o my 2 m

FIG. 26. The addition of singlet masses myg, m; shown in
Eqgs. (128) and (129) splits the charge-2 vortex in the phase diagram
at the origin into two charge-1 vortices at (m, §) = %=(myq, m,).

the suspension recipe,

Hly=n Y n@®+ Y (—D“Hy) o

Xezd X4€Z
I+ (—1)"84-2
s ()
XdEZ

x (c"@)eE+2,)+He). (130)

An explicit form can be given by iteratively repeating the
above, and expanding out the Hamiltonian to get

Hyz =D > Zta,g(xxc (®)ep(E + &,) + Heo)

ez a.pe{r. |} a=1

+ )Y Hap@c@ep@),
¥ezd a.pe{r.l}

0(35 + ia(;/’sz
2 9

(131)

where

tlﬂZ — (_1)1+ZZ3)€;{(

1+ (=1)%s
fap = 5aﬁ(—1)zz“+3”(¥), a=3,...,d—1,
0 14 (=1)%8,
lap =0\ ™5 )
d
Hap = Udap + (—1)Zi="mo,. (132)

Choosing a 297 site unit cell, we get a 2?~! band model with
the Bloch Hamiltonian as follows:

2d—1
h(E) = pl + ) gul™, (133)
m=1
where for a particular choice of the unit cell, we have
g1 =sink;, g, =sink,,
8om—3 = (#) + (%) sin ko1,
8om—2 = (#) coskryu_1, m=3,...,d
g1 = (=) (m + cosky + cosky). (134)

The {I'”} represent the 2¢~! dimensional irreducible represen-
tation of the Clifford algebra Cl1(2d — 1) satisfying Eq. (47)
whose matrix representation for the same choice of the unit

cell is given by

M3 =6'R¢ /0001010 ---®1,
d — m terms m — 2 terms
" ?2=6Q0° - ®c’°00’Q101Q ---Q1.
d — m terms m — 2 terms
r1=o®c® .. @c>m=2,....d. (135)
d — 1 terms

The d-dimensional ascendant gives us a nontrivial topological
family over a parametric Sdar2, which can be detected by
computing the Chern number C,_1 evaluated over Moy_» =
Sgarz x Tg,. A nontrivial texture in the phase diagram can be
extracted by evaluating the higher Berry phase y defined over

a parametric S%, 7 as an integral over the Chern—Simons form

d—3 d
CS,,_3 over Myy_3 = Spa: x Tg,.

VIII. CONCLUSIONS AND OUTLOOK

In this work, we have comprehensively analyzed the topo-
logical structures of charge-conserving systems in Class A
using free-fermion representatives. Using topological and ge-
ometric invariants, we have shown that phase diagrams can
have topological textures and associated gap-closing loci in
the bulk and boundary. We have studied three series of textures
using microscopic models in arbitrary dimensions constructed
using suspension, and analyzed them using band theory and
effective field theory. We have also made connections be-
tween interacting invariants and our free-fermion invariants.
Altogether, we have shown that trivial insulators are not fea-
tureless, but have interesting topological structures hidden in
phase diagrams.

There are various potential future directions following this
work. First, it would be nice to extend our analysis to other
symmetry classes of insulators and superconductors and study
how topological textures can arise in their phase diagrams. It
would also be useful to consider disordered systems and un-
derstand how the topological textures can be extracted without
access to band theory [75,76], possibly through appropriate
local observables. Related to this, it would be interesting
to see how topological and geometric invariants that result
in phase diagram textures can be measured experimentally.
For the 1D Rice-Mele model, the answer to this question
follows from the well-known connection between Berry’s
phase and charge polarization [21]. For higher dimensions,
Berry phases and Chern numbers are expected to be related
to nonlinear response coefficients [68,72], which would be
interesting to study in detail. The main focus of our work
has been on invertible phases, particularly the trivial phase,
where the conjectured generalized cohomology framework
allows us to determine the structure of phase diagrams across
dimensions from information about one particular dimension.
This advantage is lost for noninvertible phases of matter such
as symmetry-breaking, gapless, critical, and topologically or-
dered phases. It would be interesting to repeat our study to
understand how nontrivial families in such phases [77,78]
leave an imprint on phase diagrams. It would also be illu-
minating to know if textured phase diagrams can occur for
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classical systems [79,80]. We leave these and other questions
for future work.
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