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In conventional fluids, it is well known that Euler-scale equations are plagued by ambiguiti es and instabilities.
In one dimension smooth initial conditions may develop shocks, and weak solutions, such as for domain
wall initial conditions (the paradigmatic Riemann problem of hydrodynamics), are not unique (and must be
supplemented by physically motivated conditions such as non-negative entropy production). The absence of
shock formation experimentally observed in quasi-one-dimensional cold-atomic gases, which are described
by the Lieb-Liniger model, provides perhaps the strongest pointer to a modification of the hydrodynamic
equation due to integrability. Generalized hydrodynamics (GHD) is the required hydrodynamic theory, taking
into account the infinite number of conserved quantities afforded by integrability. We provide a new quadrature
for the GHD equation—a solution in terms of a Banach fixed-point problem where time has been explicitly
integrated. The quadrature is an efficient numerical solution tool; and it allows us, in the Lieb-Liniger model,
to rigorously show that no shock may appear at all times, and, when combined with recent hydrodynamic
fluctuation theories, to obtain new expressions for correlations in nonstationary states, establishing for the first
time the presence of discontinuities that are fundamental to the nonequilibrium physics of integrable systems.

DOI: 10.1103/5w4p-bxnt

Introduction. In recent years there has been an increased
interest in studying one of the oldest and most powerful
frameworks for many-body systems out of equilibrium: that
of hydrodynamics. It captures the large space-time behavior
of local observables, and is built out of the local conserva-
tion laws admitted by the system, and the thermodynamic
equations of state. While in most physical systems there are
only a few local conservation laws (such as particle number,
momentum, and energy), one-dimensional integrable systems
admit an infinite number. A new universality class for their
hydrodynamic equations has been uncovered, referred to as
generalized hydrodynamics (GHD) [1–3]. Most notably, GHD
provides the relevant equation for the large-scale dynamics of
quasi-one-dimensional cold atomic gases realized in experi-
ments [4–7] and described by the Lieb-Liniger model [8], as
reviewed in [9]. It is also the hydrodynamic theory underlying
kinetic equations of soliton gases observed in optic fibers and
water tanks [10]. GHD applies to almost every known many-
body integrable system (spin chains, field theories, classical
and quantum gases, etc.) [11–14].

The Euler-scale dynamics of integrable models is de-
scribed by a “quasiparticle” density in phase space, ρ(t, x, λ),
which encodes the densities of all conservation laws, typically
including the particle, momentum, and energy densities. The
variable λ parametrizes a continuum of hydrodynamic modes.
The quasiparticle density has a simple physical definition:
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in the gas, take out a mesoscopic-length fluid cell element
[x, x + dx], put it in the vacuum, and let it expand for a
long time. Then the quantity ρ(t, x, λ)dxdλ is the number of
particles (or more generally asymptotic objects, such as soli-
tons, waves, etc.) observed with asymptotic momenta lying in
[λ, λ + dλ]. This process is experimentally realizable [7].

Finding an efficient expression for ρ(t, x, λ) that solves the
GHD equations without the need for finite-element analysis
is however still an open problem. This is important both for
numerical purposes, and in order to establish fundamental
properties of GHD, including the behavior of ρ(t, x, λ) itself,
and of its correlations via the fluctuation transport princi-
ples of Ballistic Macroscopic Fluctuation Theory [15,16]. In
particular, a drastic phenomenological difference between so-
lutions to conventional hydrodynamic (CHD) equations for
nonintegrable systems, and GHD, is the appearance of
shocks. Early attempts to explain experiments on quasi-
one-dimensional cold atomic gases by using CHD failed
dramatically because in CHD, typically, shocks develop in
finite time. Yet experimentally, the gas appears to be spa-
tially smooth at all times. In GHD, it was indeed observed
that shocks do not develop [17]. In fact, finite-component
reductions of GHD have the property of “linearly degener-
acy” [18,19], known to prevent the appearance of shocks
[20–22], and a continuum analog of this property holds for
GHD [11]. Shocks encode physics beyond the Euler scale,
and break uniqueness of solutions, requiring physically mo-
tivated entropy-production conditions [23]. This is clearest
in the Riemann problem of hydrodynamics: a domain-wall
initial condition (“partitioning protocol”) is not a well-defined
initial-value problem in CHD. By contrast GHD solutions
appear to be well defined, composed of a continuum of contact
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singularities [1], which are entropy-preserving. The appear-
ance of shocks and entropy production at the Euler scale is a
fundamental aspect of the large-scale physics of conventional
systems, and their observed absence, the starkest signature
of integrability. Given that, it is important to show, beyond
any doubt, that GHD indeed does not develop shocks and is
well-posed even for the Riemann problem.

In this paper, we introduce a new solution method for the
GHD equation, a “quadrature” presented as integral equa-
tions where the space-time variables have been explicitly
integrated, which significantly improves on earlier quadra-
tures [24,25]. The new quadrature has both practical and
conceptual importance. First, it gives a new, numerically
efficient solution algorithm for GHD, which, we believe, sur-
passes previous algorithms. Second, we explain how it gives
rise to a rigorous proof (carried out in our companion paper
[26]), in the Lieb-Liniger model, that smooth initial conditions
stay smooth at all times—hence no shocks develop—and that
weak solutions are unique and entropy-preserving—hence
contact singularities give the unique solution to the Riemann
problem. Thus, we have established the phenomenology of the
GHD equation for cold atomic gases. Third, it also allows us
to obtain a new explicit formula for large-scale correlation
functions. Going beyond previous studies [15,27,28] we es-
tablish, from this, that the equal-time two-point correlation
functions instantaneously develops a PT-breaking jump at
equal points, by contrast to equilibrium correlations. This is
a fundamental element of the nonequilibrium dynamics of in-
tegrable systems, at the basis of its diffusive-scale corrections
[29].

GHD in normal coordinates. The GHD equation [1–3] for
single particle type (the framework for many particle types is
presented in [11,27], see the SM [30]) is

∂tρ(t, x, λ) + ∂x(veff (t, x, λ)ρ(t, x, λ)) = 0, (1)

where the so-called effective velocity veff (t, x, λ) of the quasi-
particles satisfies the following self-consistency equation:

veff (t, x, λ) = v(λ) +
∫

dμϕ(λ,μ)ρ(t, x, μ)

× (veff (t, x, μ) − veff (t, x, λ)). (2)

The intuition behind this equation is illustrated in Fig. 1.
Each quasiparticle evolves with its own bare (or asymptotic)
velocity v(λ). During the scattering of a particle with mo-
mentum λ with a particle with momentum μ, effectively,
the particle trajectory is displaced by a semiclassical spatial
shift ϕ(λ,μ), similar to two-soliton scattering of integrable
PDEs. The effective velocity is the bare velocity plus the
contribution from the scattering with other particles, which
is proportional to the scattering shift ϕ(λ,μ), the density
ρ(t, x, μ), and the differences of effective velocities (this is
because faster particles scatter with more particles in the same
unit time). In the Lieb-Liniger model, with quantum Hamilto-
nian H = ∑

i p2
i /2 + (c/2)

∑
i �= j δ(xi − x j ), one finds v(λ) =

λ and ϕ(λ,μ) = 2c/(c2 + (λ − μ)2) [8].
Equation (1) may seem rather unwieldy: it is highly nonlin-

ear, and nonlocal in the momentum λ variable, involving the
solution to an integral equation. Finite-element numerics is
possible (for state of the art solvers see the IFluid project [33]),
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FIG. 1. Illustration of the intuition behind GHD [18,19,31] (here
using the so-called semiclassical Bethe models [32]): The quasi-
particles (solid lines) obtain a Wigner-time delay during scattering,
leading to an effective position shift ϕi j = ϕ(λi, λ j ). Therefore, the
particles effectively move with a different velocity veff �= v. The nor-
mal coordinate x̂ (dashed lines) is obtained by adding the scattering
shifts of all particles to their left to their position x, which in the
continuum limit becomes (3). In these new coordinates the evolution
is noninteracting with velocity v(λi ).

but more efficient solution schemes are required to obtain a
better understanding.

A fundamental property of GHD was established in [24],
at the basis of its physics. Consider the rapidity- and state-
dependent coordinate change x �→ x̂ = X̂ (t, x, λ),

X̂ (t, x, λ) = x +
∫ x

−∞
dy

∫
dμϕ(λ,μ)ρ(t, y, μ). (3)

Then the quasiparticle density in the new coordinates,

ρ̂(t, X̂ (t, x, λ), λ)dx̂ = ρ(t, x, λ)dx, (4)

satisfies the free-particle kinetic equation

∂t ρ̂(t, x̂, λ) + v(λ)∂x̂ρ̂(t, x̂, λ) = 0. (5)

Physically, the “normal coordinate” x̂ is a position that
takes into account the “density of available space” (see Fig. 1).
Indeed, the quantity

2πρs(t, x, λ) = dX̂ (t, x, λ)

dx
= 1 +

∫
dμϕ(λ,μ)ρ(t, x, μ)

(6)

has the interpretation as a (non-negative) density of the space
available for particles to travel through freely [24] (the factor
2π is conventional). This is similar to the metric in general
relativity, which changes the physical space based on the
amount of mass present. In the x̂ space trajectories of particles
are linear. The map (3) is a generalization of the “excluded
volume” technique used in the hard-rod gas [34] and extended
and used in other contexts [32,35–38], and is fundamentally
related to the factorized scattering property of integrable sys-
tems [11].

Quadratures. In [24] this was used to find a quadra-
ture for the GHD equations, where time t is essentially
integrated. Indeed, Eq. (5) is solved trivially, ρ̂(t, x̂, λ) =
ρ̂(0, x̂ − v(λ)t, λ); and ρ̂(t = 0, x̂, λ) can be computed di-
rectly from ρ(t = 0, x, λ). Thus, ρ̂(t, x̂, λ) is known at any
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time t and one only need solve for ρ(t, x, λ) in (3) and (4). An
algorithm for this was proposed and illustrated in [24,27,28].

Such quadratures are powerful techniques: in order to
compute the solution at time t one does not need to com-
pute the solution at any other time, and thus, by contrast
to finite-element analysis, numerical inaccuracies introduced
by finite-time elements dt → �t disappear, and the com-
putational effort to obtain the solution remains constant as
time increases. Simulating long time dynamics, which is
crucial for hydrodynamic phenomenology, becomes feasi-
ble, and one may then gain analytical control over general
properties of solutions such as stability, as well as efficient
expressions for correlations by linear response or fluctuation
theories [15,16]. However, the algorithm proposed in [24] is
time consuming and numerically delicate (see [28]), involv-
ing whole-space numerical integrations, and its mathematical
structure is opaque.

The new quadrature. In this work we present a powerful
new quadrature. It allows us to solve both the conceptual
and practical problems discussed above: to find the solution
directly at any fixed space-time point (t, x), giving an efficient
solution algorithm; to show, rigorously, the absence of shocks
and the uniqueness of solutions at all times; and to uncover
fundamental properties of correlations out of equilibrium hith-
erto unobserved. The idea is to introduce height-fields (for
now we assume for simplicity that ρ and ρ̂ decay sufficiently
fast as x, x̂ → −∞)

	(t, x, λ) =
∫ x

−∞
dyρ(t, y, λ)

	̂(t, x̂, λ) =
∫ x̂

−∞
dŷρ̂(t, ŷ, λ), (7)

which satisfy the equations

∂t	(t, x, λ) + veff (t, x, λ)∂x	(t, x, λ) = 0 (8)

∂t 	̂(t, x̂, λ) + v(λ)∂x̂	(t, x̂, λ) = 0. (9)

Note that (8) in the usual hydrodynamic terminology means
that 	(t, x, λ) is a Riemann invariant (there are many more
such Riemann invariants, see SM [30]). From (9) one can
again solve explicitly 	̂(t, x̂, λ) = 	̂(0, x̂ − v(λ)t, λ). Fur-
thermore, one can show from (4) that 	̂(t, X̂ (t, x, λ), λ) =
	(t, x, λ). Using this and (3) we find

	(t, x, λ) = 	̂

(
0, x − v(λ)t +

∫
dμϕ(λ,μ)	(t, x, μ), λ

)
.

(10)

Alternatively we can plug this into (3) and find

X̂ (t, x, λ) = x +
∫

dμϕ(λ,μ)	̂(0, X̂ (t, x, μ) − v(μ)t, μ).

(11)

(10) and (11) are “self-consistent” fixed-point equations for
	(t, x, λ) and X̂ (t, x, λ), respectively. Observe that they fully
decouple for different t, x. Solutions to such equations can be
obtained for instance by fixed-point iteration, for which strong
results on convergence are known (see below). Once a solu-
tion is found, one can either compute the solution from (10)
via ρ(t, x, λ) = ∂x	(t, x, λ) or from (11) by first computing

FIG. 2. Momentum-integrated particle density profile of a par-
titioning protocol in the Lieb-Liniger model. The initial state and
model parameters correspond to Fig. 8 in [1]. The result obtained
via fixed-point iteration (solid line) of (11) agrees with the solution
given in [1] (dots). The inset shows the error of X̂ (t = 1, x = 0, λ)
after the n-th iteration compared to the final result approximated by
taking n = 23 steps; we see the exponential convergence.

the so-called occupation function

n(t, x, λ) = 2πρ̂(0, X̂ (t, x, λ) − v(λ)t, λ). (12)

By taking a derivative of (10) we find

ρ(t, x, λ) = n(t, x, λ)
(

1 +
∫

dμ

2π
ϕ(λ,μ)ρ(t, x, μ)

)
. (13)

This linear equation can either be solved again by fixed-point
iteration, or by using a linear solver. Therefore, we conclude
the following:

Result 1. By solving first (11) and then (13) one is able
to find the solution to the GHD equation directly at an ar-
bitrary space-time point t, x. It is only required to solve
self-consistency equations in the remaining degree of freedom
λ, and these equations have clear convergence properties.

We demonstrate that this new efficient algorithm works in
practice by reproducing a simulation of a previous publication
[1], see Fig. 2.

Absence of shocks, existence, and uniqueness. It turns out
that our new fixed-point approach is extremely useful beyond
providing a new efficient algorithm. Using the example of the
repulsive Lieb-Liniger model, one can show that the GHD
equation (1) has a unique solution, which does not develop
shocks.

Recall that the quasiparticles of the Lieb-Liniger model
have fermionic statistics, so that 0 � n(t, x, λ) � 1 (the occu-
pation function can be interpreted as the average occupation
of quantum numbers). For a simpler expression of the results,
we exclude n(t, x, λ) = 1 here; we discuss it in the appendix.
Using (12) it follows ρ̂(t, x, λ) < 1/2π , from which we find
|	̂(0, x̂, λ) − 	̂(0, ŷ, λ)| < |x̂ − ŷ|/(2π ) . Furthermore, one
can explicitly compute

∫
dμϕ(λ,μ) = 2π .

Using these facts we can obtain the following result:
Result 2. In the repulsive Lieb-Liniger model the solution

to the GHD equation exists and is unique for all times t (see
appendix for detailed statements).

To see this, denote the fixed-point map associated to (11)
by Ct,x[ f ] = x + ∫

dμϕ(λ,μ)	̂(0, f (μ) − v(μ)t, μ). Now
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observe that in the supremum norm ‖ f ‖∞ = supλ | f (λ)| for
any two functions f1(λ) and f2(λ):

‖Ct,x[ f1] − Ct,x[ f2]‖∞

�
∫

dμϕ(λ,μ)|	̂(0, f1(μ) − v(μ)t, μ)

− 	̂(0, f2(μ) − v(μ)t, μ)| (14)

<
1

2π

(∫
dμϕ(λ,μ)

)
‖ f1(μ) − f2(μ)‖∞ (15)

= ‖ f1(μ) − f2(μ)‖∞. (16)

This is the definition of a contracting fixed-point map. The
Banach fixed-point theorem states that a contracting fixed-
point map has a unique fixed-point, from which we conclude
that Ct,x[ f ] has only one fixed-point f (λ) = X̂ (t, x, λ). Be-
cause X̂ (t, x, λ) is unique, 	(t, x, λ) is as well and thus
ρ(t, x, λ) = ∂x	(t, x, λ) is the unique solution to the GHD
equation. By solving (13) one can then establish that ρ(t, x, λ)
exists as a bounded function. But now note the following:
Since ρ(t, x, λ) is bounded, its height-field 	(t, x, λ) is dif-
ferentiable. Assuming that initially ρ̂(0, x, λ) is smooth, we
find that n(t, x, λ) is differentiable and thus ρ(t, x, λ) is also
differentiable. This then implies that 	(t, x, λ) is twice differ-
entiable. By iterating this argument we see that ρ(t, x, λ) will
be a smooth function. We thus have established the following:

Result 3. In the repulsive Lieb-Liniger model, if the initial
state ρ(0, x, λ) is smooth, then it will remain smooth for all
times. Hence, shocks or any other type of gradient singulari-
ties are absent (see appendix section for precise statements).

The Banach fixed-point theorem also includes another,
more practical result: It states that the usual fixed-point it-
eration algorithm (which was for instance used in Fig. 2)
converges exponentially fast.

Result 4. In the repulsive Lieb-Liniger model, the solution
to (10) or (11) can be obtained by fixed point iteration from
any initial 	(t, x, λ) or X̂ (t, x, λ) respectively, which con-
verges exponentially fast.

The arguments can straightforwardly be extended to other
models as well. They will also give existence, uniqueness,
absence of shock formation, and exponentially fast-fixed
point convergence if the initial state satisfies ρ̂(0, x̂, λ) <

C/(supλ

∫
dμ|ϕ(λ,μ)|), with C = 2π if ϕ(λ) � 0 and C = π

else. This applies to a large family of initial states that are
physically relevant. The idea is more general than this spe-
cific construction. Indeed, there are models where this precise
approach does not apply, for instance with infinitely-many
particle species (e.g., the “strings” in the XXZ chain [39]),
where the total phase-shift (generalized to multiple particle
species, see SM [30]) diverges

∑
j

∫
dμ|ϕi j (λ,μ)| = ∞. But

workarounds to get converging fixed-point equations exist
following similar strategies, see [40].

Application: Large-scale correlations. A crucial appli-
cation of exact solutions is to understand the dynam-
ics of correlations. Suppose the initial state ρ(0, x, λ) is
perturbed ρ(0, x, λ) → ρ(0, x, λ) + δρ(0, x, λ). The corre-
sponding perturbation of the fixed-point problems (10) and
(11) gives the perturbed solution ρ(t, x, λ) → ρ(t, x, λ) +

δρ(t, x, λ) which satisfies (see the SM [30])

δρ(t, x, λ) = Ĝtδρ(0, x, λ)

:=
∫

dydμ Gt (x, λ|y, μ)δρ(0, y, μ) (17)

with the evolution kernel

Gt (x, λ|y, μ) = 1

2
∂x

[
sgn(x − Y (t, y, λ))

×
(

δ(λ − μ) − 1

2π
n(t, x, λ)ϕ(λ,μ)

)]drT

.

(18)

Here, in the standard terminology of GHD Y (t, x, λ) =
X̂ −1(t, X̂ (0, x, λ) − v(λ)t ) is the GHD characteristic, i.e., the
trajectory of a quasiparticle starting at x with momentum λ.
The operation f drT gives the solution to the so-called trans-
posed dressing equation

f drT(λ) = f (λ) + n(t, x, λ)
∫

dμ

2π
ϕ(λ,μ) f drT(μ). (19)

The evolution kernel, which is interpreted as the response
of the system to a perturbation δρ(0, x, λ) = δ(x − y)δ(λ −
μ) had been studied previously [[27], Eq. (3.12)] and com-
puted numerically in [28], but (18) is a much simpler and
more compact formula. We provide a plot of Gt (x, λ|y, μ) in
Fig. 3 and more details about its structure in the appendix Fur-
ther details of the evolution of perturbations. As correlations
〈ρ(t, x, λ)ρ(s, y, μ)〉c can be viewed as perturbations spread-
ing on top of the GHD evolution, one then gets [15,16,27]

〈ρ(t, x, λ)ρ(s, y, μ)〉c = 〈(Ĝtρ(0, x, λ))(Ĝsρ(0, y, μ))〉.
(20)

The initial state 〈. . .〉 may or may not be at local equilibrium.
In a local equilibrium state, 〈ρ(0, x, λ)ρ(0, y, μ)〉c = δ(x −
y)C(x, λ, μ) where C(x, λ, μ) is the local covariance [41].
Using (18), we find that the evolved equal-time correlations
have the form (see SM [30], Eq. (41) for the explicit formula)

〈ρ(t, x, λ)ρ(t, y, μ)〉c|x≈y

= δ(x − y)C(x, λ, μ) + sgn(x − y)

× (C̃(x, λ, μ)∂xρ(t, x, λ)) + (continuous). (21)

Crucially, the so-called long range correlations [15] have a
jump at x = y proportional to ∂xρ(t, x, λ), stemming from the
sign function, representing a local spontaneous breaking of PT
symmetry. Interestingly, this jump develops “instantaneously”
(from Euler time t = 0+) [42].

Result 5. The equal time two-point correlation function
locally is given by a δ(x − y) peak representing the local
GGE plus a finite part which shows a jump proportional to
∂xρ(t, x, λ) at x = y.

This plays a fundamental role on diffusive effects, as dis-
cussed in a separate manuscript [29].

Conclusion. Using “height fields”, we have constructed
new Riemann invariants for the GHD equation, the univer-
sal equation of Euler-scale hydrodynamics in many-body
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integrable systems. From these, we have obtained a new
quadrature—integral equations that solve the GHD equa-
tion for fixed position and time. First, this provides a powerful
numerical solution technique to the GHD equation. Second,
it provides deeper insights into the dynamics of integrable
models: the fixed-point problem Eq. (11) has a unique solu-
tion in the case of the Lieb-Liniger model for all physically
relevant states, and solutions to the GHD equation exist and
are unique, without shocks, at all times, in stark contrast to
conventional Euler hydrodynamics (the proofs are given in
[26]). Establishing such properties in Euler hydrodynamics
is in general an extremely difficult task, and this is the first
result of this kind for the GHD equation. Finally, it allows
us to extract a fundamental phenomenological property of
correlations out of equilibrium, which is crucial for the un-
derstanding of diffusive effects: even if the system is initially
in an local equilibrium state, its correlations quickly differ
from the equilibrium correlations. We believe the techniques
developed here may be used to establish such results in many
more models, where one may need other spaces in which (11)
(or similar quadratures) have unique solution; investigating
soliton gases [10] would be particularly useful, as strong
mathematical methods are available. It would be interesting
to see whether GHD may indeed fail to have unique solutions,
such as in models with infinitely-many particle species; and
to generalize the results to the presence of external forces
[43] and diffusive [29,44,45] and dispersive [46] corrections.
One could also extend our results to higher-order correlations
functions, and use it to simplify the framework of ballis-
tic macroscopic fluctuation theory [16] in integrable models.
Perhaps Banach-space techniques such as those used here
could be employed to study the emergence of the GHD equa-
tion from microscopic dynamics.
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King’s College London. B.D. was supported by the Engineer-
ing and Physical Sciences Research Council (EPSRC) under
Grant No. EP/W010194/1. Numerical computations were
partially done in Julia [47], in particular using the amazing
ApproxFun.jl library [48], and ran on the CREATE cluster
[49].

Appendix: Other quadrature formulation. It is instructive
to also derive a related quadrature directly from the GHD
equation. The GHD equation for n(t, x, λ) is given by [1]

∂t n(t, x, λ) + veff (t, x, λ)∂xn(t, x, λ) = 0. (A1)

An important concept is the dressing equation f dr (λ) [1]:

f dr (t, x, λ) = f (λ) +
∫

dμ

2π
ϕ(λ,μ)n(t, x, λ) f dr (t, x, λ).

(A2)

It can be shown that [1]

2πρs(t, x, λ) = 1dr(t, x, λ)

veff (t, x, λ) = vdr (t, x, λ)/1dr (t, x, λ), (A3)

and furthermore

∂t 1
dr(t, x, λ) + ∂xv

dr (t, x, λ) = 0. (A4)

From this we can follow that there exists a function
K (t, x, λ) s.t.

∂xK (t, x, λ) = 1dr(t, x, λ) ∂t K (t, x, λ) = −vdr (t, x, λ).
(A5)

Using (A5) and (A4) in (A1) we infer ∂xK (t, x, λ)
∂t n(t, x, λ) = ∂t K (t, x, λ)∂xn(t, x, λ), which is only possible
if a function ñ(k, λ) exists s.t.

n(t, x, λ) = ñ(K (t, x, λ), λ). (A6)

Similar to ρ̂(t, x̂, λ), ñ(k, λ) can be interpreted as ex-
pressing the solution to the GHD equation in ‘spatial
coordinate’ K (t, x, λ) where the GHD equation trivialities
∂t ñ(k, λ) = 0. In fact, if we choose K (0, 0, λ) = 0 we can ex-
press K (t, x, λ) = X̂ (t, x, λ) − v(λ)t − X̂ (0, 0, λ). Defining
Ñ (k, λ) = ∫ k

0 dkñ(k, λ) and using (A5) we have

K (t, x, λ) =
∫ (t,x)

(0,0)
1drdx − vdrdt

= x − v(λ)t +
∫

dμ

2π
ϕ(λ,μ)

×
∫ (t,x)

(0,0)
n(t, x, μ)(1drdx − vdrdt )

= x − v(λ)t +
∫

dμ

2π
ϕ(λ,μ)Ñ (K (t, x, μ), μ)

=: Gt,x[K]. (A7)

This is again a fixed-point equation, which can be studied
similar to (11). Once K (t, x, λ) has been found the solution
n(t, x, λ) can be obtained via (A6). This formulation has
the advantage that it also applies to cases like the partition-
ing protocol, where ρ(t, x, λ) does not vanish as x → −∞.
Furthermore, we would also like to present the following
observation. Under a perturbation of the fixed-point map
G → G + δG the fixed point changes as K → K + δK with
δK = (δG)dr. This means that the dressing equation is a local
version of the fixed-point equation or alternatively the fixed-
point equation is a global version of the dressing equation.

Precise statements of existence and uniqueness results. The
following results are proven in a separate paper [26], but we
would like to present them here for completeness.

We assume the following property of the initial state:

sup
λ

∫
dμϕ(λ,μ) sup

x
n(0, x, μ) < C, (A8)

where C = 2π if ϕ(λ,μ) � 0 or C = π else. This is slightly
weaker than n(0, x, μ) < 1/(supλ

∫ dμ

2π
ϕ(λ,μ)). In the Lieb-

Liniger model it allows us to include all physically relevant
states studied until now, zero-entropy states [17]; in particular,
n(0, x, μ) can reach its maximal value 1.

Note that we also allow initial states with discontinuities
(this is for instance relevant for the important case of the
partitioning protocol). In this case the solution ρ(t, x, λ) will
not be differentiable and thus (1) does not make sense. It only
makes sense in a weak form; for this purpose, we use the
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FIG. 3. Solution kernel Gt=1(x, λ|x0 = 0.5, λ0 = 0) to the linearized GHD equation of the (repulsive) Lieb-Liniger model c = 1 starting
from a delta peak at x0 = 1, λ0 = 0 at t = 0. The background density at initial time is given by ρ(t = 0, x, λ) = e−x2/2−λ2/2/4. The inset shows
cuts at λ = ±1/2 (indicated by dashed lines). The solution kernel has two delta functions in x, a positive one at the position of the GHD
characteristic starting at (x0, λ0), which is independent of λ and a negative one at the position of the GHD characteristic starting at (x0, λ). At
the locations of the δ peaks the nonsingular part of G(t = 1, x, λ|x0 = 0.5, λ0 = 0) has a jump given by (A10).

global form of the conservation law:
∫ x2

x1

dx (ρ(t2, x, λ) − ρ(t1, x, λ))

=
∫ t2

t1

dt (veff (t, x1, λ)ρ(t, x1, λ)

− veff (t, x2, λ)ρ(t, x2, λ)). (A9)

Then we obtain the following statements:
(1) Existence and uniqueness of weak solutions: If

(A8) and supx,λ |v(λ)n(0, x, λ)| < ∞, then the solution to

(A9) exists and is unique, and satisfies supt,x,λ n(t, x, λ) =
supx,λ n(0, x, λ).

(2) Absence of shocks: If further n(0, x, λ) is smooth in x
and supx,λ(1 + |λ|r+1)|∂r

x n(0, x, λ)| < ∞ for every r, then the
(strong) solution to (1) exists, is unique, and is smooth as a
function of (t, x).

As part of this, we have also shown that the solution
veff (t, x, λ) to (2) exists and is unique for all x, t , and that the
dressing operation is well defined.

Further details on the evolution of perturbations. It is in-
structive to extract the singular part from the evolution kernel
G(t, x, λ|y, μ):

G(t, x, λ|y, μ) = δ(x − Y (t, y, μ))[δ(λ − μ)]drT − δ(x − Y (t, y, λ)) 1
2π

n(t, x, λ)ϕ(λ,μ) − 1
2 sgn(x − Y (t, y, λ))

× 1
2π

∂xn(t, x, λ)ϕ(λ,μ)) + 1
2 sgn(x − Y (t, y, μ))[∂xn(t, x, λ)T̂[δ(λ − μ)]drT]drT + (continuous). (A10)

As we can read off, the solution kernel consists of two δ

functions with different coefficients that have opposite signs.
The positive one is independent of λ and located at the GHD
characteristic Y (t, y, μ) corresponding to μ. In addition there
is also a negative δ peak at the characteristic Y (t, y, λ) of

a particle with rapidity λ starting at y. In addition there is
a background density, which jumps at the location of the δ

peaks (also see Fig. 3 where we give a plot of the solution
kernel for a specific example). The jump of this nonsingular
part is precisely what causes the jump in the evolution of the
correlation functions as well.
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