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Particle pairing causes subdiffusion of heavy particles in the imbalanced Hubbard model
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The imbalanced Hubbard model features a transition between dynamic regimes depending on the mass ratio
and coupling strength between two different particle species. A slowdown of the lighter particle transport can
be attributed to an emergent effective disorder induced by the heavy particles for high mass ratio and strong
coupling. This subdiffusive regime has been interpreted as a Griffiths phase, linking the effect to the coexistence
of metallic and insulating regions. Here, we investigate the dynamics of the heavy particles, which also reveals
subdiffusive behavior, yet cannot be explained within the Griffiths picture. We demonstrate that heavy particles
predominantly form small clusters, mainly pairs, during the dynamical process, which reduces their propagation
speed and transiently shifts the time-dependent diffusion constant into the subdiffusive regime at late times.
The necessary attraction between particles driving this process can be understood within the Born-Oppenheimer
approximation. We introduce a classical one-dimensional random walk model that can quantitatively reproduce
the subdiffusion dynamics in the strong coupling regime.
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The imbalanced Hubbard model serves as an example
of a system that exhibits a transition from regular diffusion
to localization without external quenched disorder [1–7]. It
consists of a mixture of light and heavy particles coupled
via repulsive on-site interaction. At sufficiently strong mass
imbalance and interaction strength, light particles begin to
localize in a quasistatic disorder potential induced by the
heavy particles, thereby slowing down their transport. This
subdiffusive regime for light particles has been interpreted as
a Griffiths phase, which provides an intuitive explanation in
terms of coexisting metallic and insulating regions [8,9].

However, the dynamic properties of the heavy particle
species have received significantly less attention and are the
main focus of this work. We first show that heavy particles
form small clusters, particularly pairs. This clustering effect
arises from the repulsive interaction, which induces an ef-
fective attractive Casimir-like force between heavy particles
due to the response of the light subsystem when the coupling
strength exceeds the kinetic energy of the light particles. Such
stable clusters have been observed previously [10–12] and are
interpreted here within the Born-Oppenheimer approximation
[13,14].

The idea that cluster formation processes slow down
transport has been proposed for systems with long-ranged
interactions [15,16]. We show that a similar effect arises natu-
rally for the short-ranged interaction present in the imbalanced
Hubbard model. We demonstrate that the pairing regime,
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defined by the interaction strength, coincides with transient
subdiffusive transport—a phenomenon not captured by the
Griffiths picture. This interpretation is further supported by a
random walk model, where a clustering mechanism is explic-
itly implemented and quantitatively reproduces the observed
subdiffusive behavior.

The imbalanced Hubbard Hamiltonian [Fig. 1(a)] is given
by

H =
L∑

i=1

(−Jĉ†
i ĉi+1 − J ′d̂†

i d̂i+1 + V ĉ†
i ĉin̂i

) + H.c. (1)

with ĉ†
i (ĉi) denoting fermionic creation (annihilation) oper-

ators for the light particle species and d̂†
i (d̂i) for the heavy

particle species. The occupation number operator is defined
for heavy particles as n̂i = d̂†

i d̂i. The hopping amplitude of
light particles is set to J = 1 as the unit of energy, while the
kinetic energy of heavy particles is given by J ′ � J . Both
species are coupled through a repulsive on-site interaction
of strength V . We focus on the variation of V , while fixing
J ′ = 0.01. The lattice consists of 2L orbitals with periodic
boundary conditions and is occupied by up to L particles. The
Hilbert space dimension is given by d = ∑L

m=0

(2L
m

)
. L is set

to 12, which yields d ≈ 107. The resulting filling fraction, in
general, varies depending on the choice of initial states and
system parameters. In the present cases, it averages between
45% and 50%.

Initial states for time evolution can generally be con-
structed as a superposition of equilibrium and out-of-
equilibrium contributions [17]:

|�〉 = |�eq〉 + y|�neq〉
= (

e−βH + ye− βH
2 Ai e− βH

2
)|�r〉. (2)
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FIG. 1. (a) Illustration of the imbalanced Hubbard model, show-
ing hopping and interaction strengths. (b) Particle densities of initial
states with (i) a single peak at position p and (ii) double peaks at p−1
and p+1. The parameter y induces an out-of-equilibrium density
shift at the respective orbitals. All other sites are filled with random
background occupations, fluctuating only slightly around a constant
value nbg due to the sufficiently large Hilbert space dimension.

Setting y �= 0 drives the system out of canonical equilibrium
according to the operator Ai. These initial states satisfy the
conditions of dynamical typicality [18], where |�r〉 denotes
a normalized complex random state drawn from a Gaussian
distribution with mean 0.0 and standard deviation 1.0 in the
particle number basis [2,4]. The |�〉 states are normalized
after summing the equilibrium and out-of-equilibrium con-
tributions. Satisfying dynamical typicality ensures that their
time evolution is representative of a large ensemble of pure
states with similar initial characteristics. For each set of
parameters, the data shown result from averaging the time
evolutions of up to ten independently sampled |�〉 states,
which show only minor deviations from one another. Unless
stated otherwise, we fix y = 1 as a constant, positioned at
the upper end of the linear response regime, and consider the
high-temperature limit β = 0. There are two different initial
state settings:

(i) For the calculation of time-dependent diffusion con-
stants A1 = n̂p is used as the out-of-equilibrium operator
which creates a heavy particle occupation density peak at rung
p = L

2 .
(ii) To study the clustering of heavy particles a double

density peak formed by A2 = n̂p−1 + n̂p+1 is used [Fig. 1(b)].
The matrix exponentials for time evolution are solved nu-

merically using Krylov subspace methods [19–22].
We investigate the time-dependent diffusion constant D(t ),

which serves as an indicator for different dynamical phases.
It is calculated as the time derivative of the square root of
the mean squared displacement �(t ) =

√
〈r̂2(t )〉 − 〈r̂(t )〉2 of

heavy particles:

D(t ) = d

dt
�(t ) with �(t ) =

√√√√ L∑
i=1

i2 · ni(t ) −
(

L∑
i=1

i · ni(t )

)2

.

(3)

ni(t ) ∼ 〈n̂i(t )〉 − nbg contains subtraction of random back-
ground occupations nbg to simulate single particle tracking,
and is normalized:

∑
i ni(t ) = 1. nbg depends on the choice

of Ai and y, and lies on average between 0.399 and 0.422. A
diffusion constant of D(t ) = 0.5 indicates regular diffusion,
while D(t ) < 0.5 and D(t ) > 0.5 are characteristic of sub-
and superdiffusion, respectively [23–25].

In order to extract information on the degree of particle
pairing and cluster formation, the following set of operators is
defined:

Cm =
L∑

i=1

(1 − n̂i−1)(1 − n̂i+m)
m−1∏
j=0

n̂i+ j (4)

for m ∈ {1, . . . , L − 1}. They count the number of isolated
m-clusters in a basis state; for example, C1 gives the number of
single isolated particles, C2 counts pairs, C3 counts triplets, and
so on. Periodic boundary conditions are applied to account for
clusters crossing the boundary. The expectation values cm(t )
are calculated using the heavy subsystem reduced density
matrix ρH:

cm(t ) = Tr [ρH(t )Cm], (5)

where ρH(t ) = TrL[|�(t )〉〈�(t )|] is obtained by tracing out
the light particle subsystem. We furthermore consider the ratio
cn,m(t ) of clusters over time and the correlations ρn,m:

cn,m(t ) = cn(t ) − cn(0)

cm(t ) − cm(0)
, ρn,m = covt (cn(t ), cm(t ))

σt (cn(t ))σt (cm(t ))
(6)

where covt denotes the covariance and σt the standard devia-
tions, both calculated for the respective cluster size time data.

Evidence for particle pairing. We begin by discussing the
clustering of heavy particles by examining the time evolution
of two initially separated density peaks [setting (ii)] while
setting subdiffusion aside for now. The corresponding initial
states are shown in Fig. 1(b). Cluster size data cm(t ) for
varying coupling strengths V are presented in Figs. 2(a)–2(c).
At early times, the number of single particles c1(t ) decreases
sharply, while the number of pairs c2(t ) increases corre-
spondingly with approximately half the amplitude. As the
coupling increases, these processes slow down while becom-
ing noticeably more correlated. The amplitudes of triplets and
quadruplets are less pronounced and flatten further with in-
creasing coupling. Among the observed processes, the pairing
of single, isolated particles, c1(t ) → c2(t ), is the most promi-
nent. This is particularly evident in Fig. 2(d), which shows
the time-dependent ratio cn,m(t ) of paired to single particles.
A perfect transition, where two single particles form one pair,
corresponds to a constant ratio of c2,1(t ) = − 1

2 , which aligns
increasingly well with the data as the coupling strength grows.
The correlations ρn,m between different cluster sizes, shown in
Fig. 2(e), support the previous observations. In particular, ρ1,2

exhibits a perfect anticorrelation for couplings V > J = 1.
In contrast, the anticorrelation observed in ρ1,3 is weaker
and more susceptible to noise, while ρ1,4 displays a positive
correlation. While stable triplet states have been described in
literature [26,27], quadruplet states and larger clusters do not
emerge as stable outcomes in the dynamic process.

Given its prominence, we will focus on the pairing pro-
cess from here on, rather than discussing general cluster
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FIG. 2. (a)–(c) Cluster size expectation values cm(t ) for different
coupling strengths V . A significant anticorrelation between c1(t ) and
c2(t ) becomes apparent for higher V values. (d) Cluster ratio cn,m(t )
between 1- and 2-clusters. The figure shows 17 curves, with V values
increasing logarithmically from 0.05 (green) to 2 (pink). The arrow
points in the direction of increasing V . Single particles forming pairs
result in a constant c2,1(t ) = −1/2, which is fulfilled for higher V
(dark pink curves). (e) Correlations ρn,m between single particles and
pairs, triplets (right scale), and quadruplets (left scale). The standard
deviation from different random initial states is shown as bands of
uncertainty. (f) System’s energy gain Egain from pairing, calculated
in the Born-Oppenheimer approximation.

formation. The underlying mechanism is the same as de-
scribed in [14], where prethermalization was identified as a
result of an effective attractive interaction caused by repul-
sive coupling between different particle species. From the
perspective of the lighter particles, the presence of heavy
particles manifests as potential barriers with height V . When
V approaches the order of their kinetic energy J , the low-lying
states of the light subsystem energetically favor clustered
configurations of the heavy particles, minimizing momentum
uncertainty. This, in turn, exerts a Casimir-like force on the
heavy particles, inducing a short-range attraction that ulti-
mately leads to the observed pairing.

The driving potential εn can be determined using the
Schrödinger equation for the light particles within the Born-
Oppenheimer approximation [13], provided that the condition
J � J ′ holds:

H′|φn[χm]〉 ⊗ |χm〉 = εn[χm]|φn[χm]〉 ⊗ |χm〉. (7)

In the reduced Hamiltonian H′, the J ′ terms from Eq. (1)
are neglected, meaning that the heavy particles are treated
as static, entering the equation as parametric configurations
|χm〉. |φn[χm]〉 are the corresponding eigenstates of the light

subsystem. The Born-Oppenheimer approximation assumes
that the light subsystem has already relaxed to its ground state
before the dynamics of the heavy subsystem come into play.
The heavy particles then move through the resulting energy
landscape ε0[χm], which can be used to estimate the stability
of heavy-particle pairs. The difference in energy Egain, defined
as the energy the system gains by forming pairs, is given by

Egain = ε0[χfree] − ε0[χpair]

{
> 0: stable,
� 0: unstable. (8)

Here, |χfree〉 denotes a configuration in which two heavy par-
ticles are at their maximum possible distance from each other,
while |χpair〉 corresponds to the paired state. The stability de-
pends on the coupling strength V and is shown in Fig. 2(f). For
couplings V > J , the energy gain becomes positive, making
the formation of pairs energetically favorable. This aligns well
with the observed perfect anticorrelations in Fig. 2(e).

Subdiffusion. As discussed in detail in [14], such a pairing
process temporarily slows down or even halts the dynamics,
as particles become trapped in ε0 for timescales of up to
∼J ′−2, after which they may continue to delocalize as pairs
in a second order process of J ′.

Figure 3(a) shows time evolution in terms of the square
roots of the mean squared displacement � for single par-
ticle density peaks [setting (i)] for different V . It becomes
apparent that the pairing regime for V > J exhibits a dis-
tinct temporary subdiffusive stage at times t � J ′−1, during
which � increases more slowly than

√
t , the characteris-

tic scaling expected for standard diffusion. With increasing
coupling strength V , these deviations from the

√
t behavior

become more pronounced and persist for longer periods. It is
important to note that the observed subdiffusive stage does
not persist until full thermalization but only until pairing, or,
more generally, until the cluster formation process is com-
plete. From that point onward, transport resumes as a regular
diffusive process—a behavior also observed in [16].

The same characteristics arise when incorporating the iden-
tified pairing mechanism into a classical 1D random walk
model. The procedure for this model is as follows:

(1) Initialize: position x0 → xt , cluster size γ0 → γt .
(2) A particle may hop left, right, or remain in

place with probabilities {p1+γt , p1+γt , 1 − 2p1+γt }: xt+1 =
xt + {−1,+1, 0}.

(3) A particle may form a cluster with probabilities
{pc, 1 − pc}: γt+1 = γt + γi{1, 0} is updated with increment
γi if γt+1 < γm.

(4) Update t → t + 1 ⇒ return to (1).
The results for a classical system with integer cluster sizes

γt and an increment of γi = 1 are shown in Fig. 3(b) for differ-
ent peak cluster sizes γm. γm = 0 corresponds to a Brownian
particle delocalizing steadily with

√
t . Allowing clustering by

γm > 0 leads to a decrease in hopping probability while γt

may increase. During this phase a slowed-down, subdiffusive
transport up to the prethermalization stage can be observed.
Only when maximum γm is reached does the transport become
diffusive again at timescales ∼p−(1+γm ).

A qualitative comparison between behavior of diffusion
constants in the Hubbard and random walk model is shown
in Fig. 3(c). Most random walk model parameters can be
extracted quite straightforwardly from the Hubbard model.
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FIG. 3. (a) Square root of the mean squared displacement �(t )
for varying couplings V . Higher V leads to more pronounced sub-
diffusion which persists for longer. Deviations from the expected
diffusive behavior are emphasized as dark shaded areas. (b) Classical
random walk model with clustering mechanism for different maxi-
mum clusters γm. The deviation from

√
t scaling is shown only for

γm = 1 to maintain clarity. (c) Comparison between time-dependent
diffusion constants D(t ) in Hubbard (bright) and random walk
(dark, dashed) models. The inset shows normalized pair data c̃2(t )
for parameter determination. Dark dashed lines indicate the slopes
for γi.

The hopping probability is given by p = J ′ = 0.01. Clustering
probability pc is estimated by multiplying p with the back-

ground particle density nbg: pc = p · nbg = 0.004 159. nbg is
calculated in the y → ∞ limit for one distinctly localized
particle. x0 is set to 0 as before.

Allowing initial cluster size γ0, the increment γi and the
maximum cluster value γm to be real quantities, the random
walk model can take into account the quantum nature of the
Hubbard model. These parameters are extracted from normal-
ized cluster information c̃m(t ) in the y → ∞ limit. In contrast
to cm(t ), the c̃m(t )’s are normalized and fulfill

∑
m c̃m(t ) =

1 ∀ t . All parameters are found in the pairing data c̃2(t ), shown
in the inset of Fig. 3(c). γ0 and γi vary with coupling V . γ0 can
be calculated by the amount of paired particles 2c̃2(t ) at the
timescale t = J ′−1 when heavy particle dynamics sets in. The
slope of 2c̃2(t ) before saturation is used for γi. The resulting
parameters γ0 and γi read as follows:

V 1.0 1.25 1.75 5.0

γ0 0.2894 0.2778 0.2650 0.2587
γi 0.0210 0.0206 0.0116 0.0060

In contrast, γm is independent of specific V values and
approximated by the free particle limit V → 0 as 2c̃2(t ) for
t → ∞, yielding γm = 0.3927. This approximation serves as
a rough estimate since exact limits for V � 0 are inaccessible
due to the required long time evolution.

The random walk model reproduces the transient subdiffu-
sive stage observed for V > J . The agreement is rather poor
for weak couplings. However, with increasing V , where sub-
diffusive behavior becomes more pronounced, the agreement
between the random walk and Hubbard models improves sig-
nificantly. This comparison corroborates the hypothesis that
particle pairing causes subdiffusion of heavy particles in the
imbalanced Hubbard model.

Conclusion. We showed that small clusters of heavy par-
ticles up to triplets form in the imbalanced Hubbard model
when the coupling between light and heavy particles becomes
strong. The pairing process is predominant, and the stability
of pairs can be understood within the Born-Oppenheimer
approximation. This clustering mechanism induces subdif-
fusive transport, which could be quantitatively reproduced
within an random walk model parametrized by quantum
mechanical data from the Hubbard model. Thus, our work
provides evidence for a mechanism of subdiffusion in the
imbalanced Hubbard model, which is unrelated to the Griffiths
picture.
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