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Anomalous geometric transport signatures of topological Euler class
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We investigate Riemannian quantum-geometric structures in semiclassical transport features of two-
dimensional multigap topological phases. In particular, we study nonlinear Hall-like bulk electric current
responses and, accordingly, semiclassical equations of motion induced by the presence of a topological Euler
invariant. We provide analytic understanding of these quantities by phrasing them in terms of momentum-space
geodesics and geodesic deviation equations and further corroborate these insights with numerical solutions.
Within this framework, we moreover uncover anomalous bulk dynamics associated with the second- and
third-order nonlinear Hall conductivities induced by a patch Euler invariant. As a main finding, our results show
how one can reconstruct the Euler invariant by coupling to electric fields at nonlinear order and from the gradients
of the electric fields. Furthermore, we comment on the possibility of deducing the nontrivial non-Abelian Euler
class invariant specifically in second-order nonlinear ballistic conductance measurements within a triple-contact
setup, which was recently proposed to probe the Euler characteristics of more general Fermi surfaces. Generally,
our results provide a route for deducing the topology in real materials that exhibit the Euler invariant by analyzing

bulk electrical currents.
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I. INTRODUCTION

Anomalous electrodynamic responses constitute a key
experimental signature of topological phases of matter [1-3].
These responses are related to field-theoretic anomalies
realized in topological vacua [4]. In two spatial dimensions,
quantum Hall effects, for example, are manifested by trans-
verse dissipationless currents. Consequently, the appearance
of this effect in the context of Chern insulators can be under-
stood as a consequence of the parity anomaly [5,6], as further
supported by Chern-Simons theories. In three dimensions,
topological Z, insulators and axion insulators, recently shown
to exist in manganese-doped bismuth telluride compounds
[7,8], can realize topological 8 terms [9,10], which in turn lead
to an anomalous topological magnetoelectric effect. Similarly,
Weyl semimetals are associated with chiral anomalies
[11-13], and are understood in terms of the dynamics of
axial gauge fields emergent from nontrivial band topology
[14]. Moreover, apart from these electromagnetic anomalies,
topological matter has been shown to exhibit an interplay with
background geometry, as realized through gravitational-axial
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anomalies in Weyl semimetals [15,16], or nontrivial torsional
responses [17-22]. Gravitational anomalies in topological
materials [23] open new avenues for exotic phenomena
associated with Hall viscosity and elastic responses [24].

The aforementioned anomalies are, by and large, asso-
ciated with single-gap and gapless topologies, which are
extensively classified [25-30]. In contrast, the anomalous
electrodynamic responses of more recently introduced sys-
tems with multiple topological band gaps [31-34], which
require finite band partitionings to culminate in multiband
invariants classified via homotopy theory, remain rather unex-
plored, although the first quantized optical responses therein
were recently identified [35,36]. A paradigmatic multigap
topological invariant is the Euler class [31,37-39] protected
by C;7T (i.e., twofold rotation combined with time-reversal)
symmetry, which can be associated with the non-Abelian
nodal charges and their braiding processes between different
gaps. That is, because of the anticommutative nature of band
node charges in such systems [40], braiding them in momen-
tum space can result in a set of two bands with similarly, rather
than oppositely, charged nodes. Similar charges prevent the
nodes from annihilating, which is encapsulated by a nonzero
Euler class that can only change upon braiding with a node in
an adjacent band gap [38,39].

The absence of an anomalous transport signature of Euler
topology is an open problem, which we address in this work.
The Euler invariant x € Z defined for a pair of adjacent bands
[tt) , |ny1) reads [31,37-39]
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FIG. 1. (a) Non-Abelian band singularity hosting a nontrivial
patch Euler class x and realizing anomalous wavepacket dynamics.
(b) Associated momentum-space quantum metric singularity owing
to topologically nontrivial Euler node. The Riemannian geometry
is fingerprinted through the momentum-space Christoffel symbols
and Riemann curvature tensor associated with the singularity in the
quantum metric induces anomalous wavepacket dynamics and non-
linear bulk current responses allowing a reconstruction of the Euler
invariant.

with the Euler curvature Eu = da defined from the non-
Abelian Euler connection a = (u,|du,+;) over a Brillouin
zone (BZ) patch D € BZ [39]. Non-Abelian Euler topologies
appear elusive to dc transport signatures, despite the fact that
they are established in quantum simulators [41—43], through
metamaterial realizations [44,45], phonon bands [46,47], in
out-of equilibrium phases [41,48], are predicted in real ma-
terial/magnetic systems [39,49,50], and more recently, in
interacting contexts [51]. In particular, under C,7 symmetry,
the Berry curvature in the occupied bands vanishes identically.
Hence, the standard anomalous Hall velocity of electrons van-
ishes in Euler phases, whereas the entire topology-induced
geometric transport can be captured by a quantum metric,
which is real and positive-semidefinite [52-55]. In particular,
any band node associated with the Euler invariant can be
viewed as a quantum-metric singularity. Such a singularity
can in some context be thought of as a momentum-space black
hole, in the sense that its momentum-space Kretschmann in-
variant [56], i.e., a scalar constructed from the contraction of
the Riemann curvature tensor with itself, diverges at the band
node; see Fig. 1.

The Euler invariant can be viewed as a winding of an
interband dipole moment, in direct contrast to the winding
of the ground-state electric polarization that defines the well-
established Chern invariant. As a consequence, optical effects
in response to ac electric fields can be quantized. Correspond-
ingly, it was shown that the Euler invariant can induce a
quantized optical conductivity and the ratios of third-order
jerk photoconductivities [57] quantized by the invariant [35],
by leveraging the associated singular quantum-geometric con-
ditions [55]. Given the interplay of ac and dc responses,
as underpinned by the Kramers-Kronig relations, this pro-
vides further possibilities that the multiband invariant can
be extracted from the responses to static electric fields [35],
especially as the multiband contributions are known to emerge
in the field-induced corrections of the nonlinear transport [58].

In this work, we study anomalous transport signatures
associated with the quantum geometry of the non-Abelian
bands hosting a multigap Euler topology. We show that,
despite the vanishing Hall responses at linear order, there
are enhanced nonlinear geometric responses in dc transport
present, which we retrieve from the equations of motion of

individual wavepackets. While in centrosymmetric Euler
phases, the combined second-order bulk responses need to
vanish by the inversion symmetry, the noncentrosymmet-
ric Euler bands realize the second-order quantum-metric
nonlinear Hall effect [59] and responses to electric-field
gradients induced by the quantum-metric dipole [60].
Finally, and most importantly, we show that the Eu-
ler bands universally exhibit a third-order Hall response
[61-65] in the nondegenerate limit, and hence that Eu-
ler bands can realize higher-order dissipationless cur-
rents. As a consequence, we showcase bulk observable
anomalous dc transport signatures of nodal Euler band
topology.

II. MULTIBAND RIEMANNIAN QUANTUM GEOMETRY

To retrieve the multiband quantum-geometric electric
transport responses induced by the Euler invariant, we define
the momentum-space geometric background induced by the
topological bands. We begin with the definition of the multi-
band quantum metric [35,52-55] realized by bands n, m,

= 5 [0k, k| ttc) (e By i) + .., 2)

which is manifestly real and symmetric, and defines a quan-
tum distance ds?, = 8updkedks, where we assumed Einstein
summation convention, as in the rest of this work. Fur-
thermore, we define a combined band-weighted quantum
metric as

gzﬂ = Z Cnm Z:Z’ 3
{m}

where one can restrict the sum to involve all the other
bands m # n, or otherwise, specifically the unoccupied bands
(unocc) [35,53-55]. Notably, setting c¢,,, = 1 for unoccu-
pied bands (m) retrieves the total quantum metric in the
occupied bands g, = 3_,'*“ gis. Physically, g, is related
to the electric quadrupole moment in the bands and hence
couples to nonuniform electric fields through its deriva-
tives [60,66]. In contrast, setting the weighting coefficients
to band energy weights ¢, = i/(e.x — €mk), With €.k, €k
the energies of bands n, m, retrieves a weighted quantum
metric Ggﬁ =hy, 4n g”a’/’é /(€nx — Emk), Which through its
momentum-space multipoles enters the nonlinear responses
to static uniform electric fields [58]. The generalized quan-
tum metric likewise defines a renormalized momentum-space
background geometry dsﬁ({c,,m}) =G, ﬂdkadkﬂ. In this work,
we utilize such weighted quantum geometries probed by both
types of couplings to electric fields, i.e., G (V) for nonuni-
form electric fields, and g;ﬂ(E2) for quadratic response in
electric field strengths. In particular, a band node with nontriv-
ial Euler invariant provides for a singularity in both considered
types of weighted quantum metrics.

Furthermore, we define the Christoffel symbols for the
connections in the weighted quantum metrics,

1
wpy = 5 (0, Gup T ks Gay — Ok, ggy)7 )
and the weighted Riemannian curvature tensor
Rgﬂyﬁ = O, FZ,_% — Ok, Fgﬂy + [T, ng]. Additionally, un-
der the vanishing commutation of the second term, [T Fﬁy]

ad?
=10, — I'opy Uavs = 0 (see Appendix B), the weighted
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Riemannian curvature tensor reduces in terms of the quantum
metric to

wpys = 3 (O, ;G + Ok, Ok, Gis — Ok, Ok, G5 — Ok Oks Gty )-
(%)

These Riemannian-geometric quantities are central objects for
the wavepacket dynamics and the Euler-invariant reconstruc-
tion scheme, as well as for the bulk second- and third-order
anomalous dc responses in the next and the following sections,
respectively.

III. MODEL

While the introduced geometric framework is general and
extends beyond particular models, to pinpoint the momentum-
space Riemannian geometry associated with the Euler class,
we employ a lattice-regularized model with patch Euler class
x =1 [44,51] on a kagome lattice. The model Hamiltonian

reads
To.
E: CiCj»

H= Zsic;rci —t chcj -t Z cjcj —t”
i (i, J) (O (Mo
(6)

where i, j run over orbitals A, B, C, where single-particle
annihilation/creation operators are denoted as ci/c;f, where ¢;
are onsite energies, and where 7, t’, t” are nearest neighbor
((i, j)), next-nearest neighbor ({({i, j))), and next-next near-
est neighbor hoppings across plaquettes (({{i, j)))o) [45,51].
Furthermore, we add the inversion-symmetry breaking pertur-
bation A, which also breaks time-reversal symmetry, while
keeping C,7 symmetry intact. In real space, this term amounts
to complex hoppings with Peierls phases ¢ = +%, equivalent
to a perturbation Hamiltonian

A .
— il
Hpy = -3 E e’¢cicj. @)
e

In the subsequent sections, we analyze variations in the per-
turbation parameter A and demonstrate the emergence of
second-order Hall effects, which dominate the third-order
quantum-geometric Hall contributions for small, i.e., pertur-
bative, electric field strengths E. The nontrivial patch Euler
class, x = 1, is realized by the lower two bands of the studied
kagome lattice models [44]. In this context, we specifically
setg; =0,t =1, = —0.2,t" = 0, for the rest of the work,
including Fig. 2, where we demonstrate the spectrum and
geometry of the model.

In Fig. 2(a), we show the centrosymmetric band struc-
ture realized by the model with A = 0. For the purposes of
studying noncentrosymmetric Euler semimetals, we further
introduce asymmetry by setting A = 0.2, see Fig. 2(b). Both
models realize singular quantum geometries in the multiband
geometric components involving the bands hosting the Euler
class, &1]2 [Figs. 2(c)-2(e)] and g%f [Figs. 2(f)-2(h)], which
are induced by the band degeneracies. The elements g7
remain invariant under the changes of parameter A, which
by construction only modifies the band energies. Unlike the
weighted quantum metric G4, these elements are purely de-
termined by the band geometry and topology, as captured
by the momentum-space derivatives of the Bloch vectors. In

contrast to the singular form of g;? and g;;, we note that
g < g7 throughout the BZ. Hence, g} results in negligibly
small contributions to wavepacket dynamics and nonlinear
transport studied in the next sections.

IV. ANOMALOUS EULER WAVEPACKET DYNAMICS

We now focus on the semiclassical dynamics of individ-
ual wavepackets realizing topologically induced nontrivial
quantum geometry of the non-Abelian Euler bands. We con-
struct geodesic and geodesic deviation equations for the
wavepacket dynamics, which account for the previously
defined Riemannian geometry of constituent Bloch states
hosting a non-Abelian topology. We consider time-dependent
wavepackets of form [60,67]

(1)) = f Pk ak, ™ (). ®)
BZ

in perturbed Bloch bands |i,) with band indices n, and with
f denoting the position operator (see also Appendix A). More
specifically, we consider the envelope functions |a(k, t)|> ~
d(k.(t) — k) that are sharply centered around the center-of-
mass momentum K..

The geometric corrections induced by the nontrivial Euler
class enter the wavepacket motion in addition to the intraband
dispersion term, which is fully deduced by the band energies
that can be reconstructed from ARPES experiments. While
the Abelian Berry curvature vanishes in Euler bands by sym-
metry, the perturbative field-induced correction to the Berry
curvature is nonvanishing, acts as a momentum-space gauge
field strength inducing a force, and cannot be neglected in
the Euler bands. The field-induced Berry curvature correc-
tion €,(E) = Vj x A (E) is given by the gauge-invariant
field-induced Berry connection correction, reading compo-
nentwise, Az' (E) = GgﬂEﬁ [58]. At the same order, that

is quadratic in electric field strength (E?), a band energy
correction-induced weighted metric derivative emerges (see
Appendix A), which, unlike the former term, yields vanishing
net contributions because of the periodicity of band energies,
when the response of all particles in a band is summed.
Finally, the presence of nonuniform electric fields couples
to the conventional quantum metric derivatives, which define
momentum-space Christoffel symbols central to the geodesic
equations [68]. Taken together, this yields an overall semiclas-
sical equation of motion [58,60,67-69],
. 1 e ~
(rc)a = ﬁakasnk - %[E X Szn(E)]a

ez n € n
+ Fak“ Gy (E)ERE, + 57 Ok Gy, (V)ORE,. (9)

Here, we implicitly assumed the well-known coupled semi-
classical equation of motion for the wavepacket center-of-
mass momentum that reads
. 1 e
(kc)a = _Fa(rc) = __Eot(rc)’ (10)
h h
with a force F,, (r.) coupling to the wavepacket center-of-mass

r., as given by the electric field E,(r.). In this work, we
assume that the external magnetic fields are vanishing. Hence,
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(a) (¢, t,t",A) = (1,-0.2,0,0)

(b) (t,t',t",A) = (1,-0.2,0,0.2)

0
K

FIG. 2. Lattice-regularized model with band nodes exhibiting patch Euler class x = 1. Band structure in the (a) centrosymmetric (A = 0)
and (b) noncentrosymmetric (A = 0.2) model realizations. (c)-(h) Momentum-space geometries captured by the multiband quantum metrics
1 realized between the bands supporting nontrivial patch Euler class n = 1, 2, and the neighboring bands m for different spatial components
i, j=xy:(c) & (d) g7, (&) &y = gi1> and () g1, (2) &5 (h) &5, = ;. We note that the inversion symmetry-breaking parameter A = 0.2

introduces asymmetry in the band energies. The metric components g

2

;; and gff become singular at the Brillouin zone center and corners,

respectively, which is consistent with the momentum-space position of the band degeneracies.

time-reversal symmetry, 72 = —1, is not explicitly broken,
but can be broken spontaneously.

Furthermore, using this generalized semiclassical geodesic
equation (see Appendix A for the derivation), we derive a
geodesic deviation equation (Appendix B), which introduces
the Riemann tensor and is retrieved in the third-order Hall
response central to the next section. The momentum-space
geodesic deviation equation reads

Ay (b )y — O, (Be)s = Ritg, 5 (ke)o (e, (11)

which explicitly captures the deflection of the velocities of
wavepackets with different center-of-mass momenta k. in-
duced by the momentum-space Riemann curvature Ryg. ;.
Similarly, here (k. )p can be controlled with the electric field
strengths Eg, as follows from the semiclassical equation of
motion Eq. (10).

In Fig. 3, we present the anomalous evolution of the Euler
band wavepackets described by the geodesic equation induced
in a model Euler Hamiltonian on the kagome lattice in-
troduced in the previous section. We solve the coupled
differential equations numerically (as detailed in Sec. III),
and identify the momentum-space horizons for the quantum
metric (see Appendix D), which separate the BZ regions
for center-of-mass wavepacket momenta k. to fall, or time-
evolve, into the singular quantum states at the band nodes. We
further analytically support these findings using an effective
k - p model for an Euler singularity (Appendix E). Physically,
crossing the momentum-space horizon corresponds to the sin-
gular interband transfer of the wavepackets, where the initial
wavepackets were constructed in a given band n. Manifestly,
the metric derivatives governing the wavepacket evolution
fingerprint the non-Abelian Berry connections on asymp-
totic completion to a flat (constant) metric at the k-space
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FIG. 3. Anomalous wavepacket dynamics induced by the singular Euler band topology. (a)—(d) Wavepacket trajectories traced by the
wavepacket center of mass r, in two-dimensional real space plane x — y as a function of time 7 on nonlinear quadratic coupling to uniform
electric field (Eiz) for different initial center-of-mass momenta k. with different field geometries E = (E,, E,): (a) (1,0), (b) (-1, 0), (c) (0,1),
(d) (0, —1). (e)-(h) Wavepacket trajectories in two-dimensional real space plane x — y as a function of time ¢ on coupling to constant electric

field gradient (0;E;) for different initial center-of-mass momenta k. for
(&) 3+ 3y,0), (h) (0,3 + 3y).

infinity within the effective continuum model, and hence
allow complete reconstruction of the patch Euler invariant.
Upon combining the responses of individual wavepackets re-
alized in the bands, the net bulk transport responses can also
be obtained (see Appendix G). We address such anomalous
responses in the next section.

As mentioned before, centrally to this work, the retrieved
anomalous wavepacket dynamics allows one to infer the Euler
class. To reconstruct the Euler invariant from the wavepacket
dynamics, the following steps are undertaken. First, the tra-
jectory r, = (x(¢), y(t)) of a wavepacket forced with field
E = (E;, E,) within a two-dimensional plane is retrieved as
a function of time, such that the wavepacket velocity r. is
known. Second, the derivatives of weighted quantum metrics
O, gr 5 need to be obtained as a function of the center-of-mass
momentum K., by subtracting the group velocity contribu-
tions ¥.|g—g = %Vksnk, based on the known band energies
&nk. Third, the multiband metric components a’g need to be

extracted from 0y, G, 8 (V)and 9, G, P (E?) derivatives, follow-
ing the aforementioned asymptotic completion argument. The
deduced metric components '™ = |a,|*> fully determine
the Euler connection a = a,dk, in real gauge. The invariant
can then be calculated using Eq. (1), similarly to the strategy
of Ref. [35], where instead of being deduced from wavepacket
dynamics, the g1 components are probed optically. For
further mathematical details on the reconstruction of the Euler
invariant with electric fields, beyond the discussed key steps,
see Appendix F.

We now show how the reconstruction scheme can be im-
plemented in the context of Fig. 3. In Figs. 3(a)-3(d), the
time-dependent evolution of the wavepacket center-of-mass
position r, for different center-of-mass momenta k., under the

distinct electric fields E = (E;, E,): (e) (3 + 3x,0), (f) (0,3 + 3x),

constant electric fields E pointing individually in positive and
negative x and y directions, are presented. In Figs. 3(e)-3(h),
an addition of electric field gradients targeting 9, Gps(V)
coefficients is included. We observe that in Figs. 3(a)-3(d),
the 9, QZQ(EZ) components drive increasing deviations for
both y = x,y, as k. approaches the momentum of the Euler
node. The increasing values of Bky Ggr.(E 2), which reflect the
increasing changes of g.7 presented in Fig. 2, result in distinct
spinning motions as k. — 0, depicted in different colors, from
red to purple. In Fig. 3(e) and 3(h), we analogously observe
that the electric field gradients d,E, cause anomalous spin-
ning wavepacket motions by coupling to d, G}, (V) according
to Eq. (9). Similarly to the previous case, the high values of
O, Gye (V) on approaching k. — O reflect the singular fea-
tures of g7, as shown in Figs. 2(c) and 2(d). In contrast,
Figs. 3(f) and 3(g) show reduced anomalous deviations with
respect to the group velocity term r.|g—g = %Vks,,k, showing
that the coupling of d:E, and 9,E, to Ok, G.y(V), cancels
with the simultaneously present contributions of 9, g;‘y(E ),
consistently with the opposite sign of g7" components shown
in Fig. 2, and consistently with the continuum model ex-
pressions of Appendix E. As discussed within the introduced
step-by-step scheme, the extracted g7, components allow re-
construction of the Euler invariant, analogously to the optical
protocol of Ref. [35].

V. BULK ANOMALOUS CURRENTS
FROM NON-ABELIAN BANDS

Further to the anomalous dynamics of individual
wavepackets governed by the quantum-geometric geodesic
equation, we study bulk nonlinear responses induced by
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the quantum geometry of the Euler phases at different
voltage-controllable dopings. With C,7 symmetry necessary
for the realization of the fermionic Euler invariant, two
scenarios emerge (i) when (C,7)> =1, with (C)? = —1
and 72 = —1, or (ii) (C;T)*> =1, with (C;)*> # —1 and
T2 # —1, i.e., both individual crystalline and time-reversal
symmetries are implicitly broken in the free Hamiltonian. In
the latter case, second-order responses constitute a dominant
contribution within the anomalous transport. Under inversion
symmetry, which is equivalent to the C, symmetry in
two spatial dimensions, the second-order currents vanish,
and the third-order Hall response becomes dominant.
In the noncentrosymmetric case, the quantum-geometric
second-order nonlinear current densities can emerge.
For noncentrosymmetric cases, we consider the same
models with inversion-symmetry-breaking perturbations
of strength A, which yield a modified Hamiltonian
H(k) - H(k) + Asink,1, with 1 the identity matrix. Under
the nonuniform electric fields, in inversion-free systems,
we evaluate geometric currents, j, (V) =0, (V)3 Eg,
following Ref. [60], with the corresponding dispersive
conductivity tensor contributions,

2
%ap (V) = —5- /k S ) a0, G(V), (12)

2 .
where [, = [, % denotes the momentum-space inte-

gral over the BZ. Here, fuc(i) = [exp(Z2-£)+1]7" is a
filling factor given by the chemical potential () within
the equilibrium Fermi-Dirac distribution. For second order
in electric field, we acquire geometric currents j,(E*) =
0, ap(E*)E4Eg. Here, we focus on the quantum-metric
dipole-induced Hall response contributed by the gradients of
Gry(E?) [58,70,71],

&3

1
Oy ap (B2 =~ /k > i), Glp — 5k )
' (13)

where (...) denotes an unnormalized symmetrization with
respect to the spatial indices. Effectively, one obtains
such nonlinear Hall response from the BZ integration of
the individual wavepacket contributions. In noncentrosym-
metric Euler semimetals, such response arises from the
topologically-induced net quantum-metric dipole present in
the integrand, as induced by the singular Euler node geometry
(see Appendix H).

In the other case, when inversion and time-reversal symme-
try are present, the second-order responses and the responses
to nonuniform electric field vanish because of the transforma-
tion of the forcing vectors and corresponding conductivities
under the inversion symmetry. In that case, the dominant
quantum-geometric current contribution of interest emerges
from the third-order responses [61,62,64,65]. More con-
cretely, the quantum-geometric third-order contribution to
currents, js(E H= 05.apy (E 3)E0,EﬂEy, amounts to the third-
order quantum-metric quadrupole-induced Hall conductivity

that reads [64],

2e*t

e /kz fnk(,u)l:akﬁ W@ Gys)— iy O, gg)ﬁ].
" (14)

Ué,aﬁy(Ea)z -

Here, 7 is the scattering time, as the third-order quantum-
geometric Hall conductivity contributions in the C,7-
symmetric systems with inversion symmetry are only ex-
trinsic, unlike the second-order quantum-geometric Hall
conductivity contributions [64]. The third-order conductivity
acquires contributions from the generalized Riemann curva-
ture tensor Ry, 5. For more details, see Appendices E and G.
Centrally to this work, the introduced geometric Hall con-
ductivity contributions allow access to the Euler class x of
a semimetallic node.

The Euler invariant x can be inferred from the nonlin-
ear conductivity measurements in the following steps. First,
one identifies the presence of the relevant singular geomet-
ric nonlinear Hall conductivity contribution, where from a
phenomenological perspective, each geometric contribution
can be characterized by a unique scaling with scattering
times 7 [64]. Secondly, we note the strength of the measured
singular contributions depends on the Euler charge x, see
Appendix H for the term-by-term analytical identifications
within the continuum models. Hence, by changing the doping
with the chemical potential ©, one can observe the change of
the corresponding geometric Hall conductivity contribution,
depending on charge x, which is reflected by an integrated
singular momentum-space scaling provided by the quantum
metric g'""1 (see Appendix E). The singular metric deter-
mines the conductivity for the proximity of the Fermi level
around the Euler node (see Appendix H).

In Fig. 4, we show the corresponding results in the zero-
temperature limit for different chemical potentials p in both
inversion-symmetric and inversion-symmetry-free kagome
Euler Hamiltonians. We observe that changing the doping
allows one to explicitly infer the geometry of the non-Abelian
bands over BZ, which ultimately allows to deduce the Euler
invariant to be x = 1 in the model Hamiltonians. Finally, we
retrieve the chemical potential-dependent scaling of these bulk
third-order and second-order currents in the effective contin-
uum Euler Hamiltonians in Appendix H, which analytically
supports the numerical results in realistic lattice-regularized
Hamiltonians.

The individual bulk conductivities of Fig. 4, which re-
flect the Euler class x = 1, can be understood as follows.
Figure 4(a) shows the bulk scaling of conductivity in response
to electric field gradients [60]. The response function is non-
analytic around the energy of the Euler node (u = —0.8),
which demonstrates the anomalous enhancement in deriva-
tives 9, G, (V) induced by the singular g2+, Notably, the
response requires breaking inversion symmetry, and its mag-
nitude heavily depends on the degree of noncentrosymmetry,
as captured by the parameter A. Analogously to wavepacket
dynamics, the o, o responses have opposite signs to oy, xy,
given the opposite sign of the quantum metric components,
as shown in Fig. 2(e). In Fig. 4(b), we show the second-
order Hall responses, which also depend on the size of A,
by symmetry. The scaling of nonlinear Hall conductivity
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FIG. 4. Bulk anomalous Hall responses induced by the nontrivial
Euler class associated with a topological band node. The band node
appears at the chemical potential © = —0.8 within the kagome lattice
model. We retrieve the response to the nonuniform electric fields (a),
and uniform electric fields (b)—(c) at nonlinear (i.e., second/third) or-
ders. We compute the anomalous conductivities at different chemical
potentials © which fix the band occupations in the Euler Hamiltonian
on a kagome lattice for different strengths (A) of inversion-symmetry
breaking terms. (a)-(b) The currents in response to electric field
gradients d,Eg and geometric Hall currents quadratic in E, emerge
when A # 0. (c) On the contrary, the third-order Hall response arises
even when the inversion symmetry is not broken.

n

reflects 8ky g 8 (E?) derivatives, which are more singular than
akyggﬂ(V) due to introduced weights ¢, = h/(€ik — Emk)
that diverge in the limit of k approaching the Euler node.
Finally, Fig. 4(c) demonstrates the scaling behavior of the
geometric third-order nonlinear Hall conductivity term, which
reflects the patch Euler class x even in the centrosymmetric
model (see Appendix H). Similarly, the divergence is induced
by the singular second derivatives 0, Bky g 8 (E 2), which, be-
yond confirming the presence of g1 metric singularity,
reflect the singular Riemann curvature R, ; and the diver-
gent Kretschmann invariant that can be associated with the
Euler node, see Appendix E. Further quantitative details on
the exact form of the geometric conductivities against the
chemical potential p, as induced by the Euler node within

an effective low-energy continuum Hamiltonian picture, are
provided in Appendix H.

VI. CONDUCTANCE AND FERMI SURFACE TOPOLOGY

Finally, following the insights of Ref. [72], we consider
nonlinear ballistic conductance signatures of the Euler phases,
emerging from the Fermi surface topology, on doping away
from the Euler nodes. The Euler characteristic xr specifi-
cally captures the topology of the Fermi surface defined by
the energies of the occupied single-particle states over the
momentum space. On the other hand, the Euler class x, cap-
tures the topology encoded in the geometric winding of the
Bloch vectors, as viewed in the real gauge. Furthermore, x
fingerprints the associated singular band geometry through its
relations to geometric connections and curvatures [35,55]. As
pointed out in the context of graphene, the presence of band
nodes allows to control the Euler characteristic xr of electron
and hole Fermi surfaces. A single band crossing allows to
introduce xr = sgn(Er — Ey) on doping away from the band
node energy Ej. Furthermore, the intrinsic nonlinear conduc-
tance «; (w1, wy) in response to electric potential perturbations
Vi(wy), Va(w,) with frequencies w;, w, applied across a triple
contact was shown to be quantized by the Euler character-
istic xr of the Fermi surface [72]. We note that contrary to
graphene, the presence of nontrivial Euler class x allows for
2|x| topologically-protected linear nodes of same chirality,
which formally is a consequence of Poincaré-Hopf index the-
orem [31]. In the Euler phases with topologically-protected
underdoped linear nodes, hence with xr = 2|x]|, the intrinsic
nonlinear conductance «;(w;, w,) therefore reads [72],

E
ai(w), wy) = F'Xl(

w] — i0+)(a)2 — l0+) (15)
We conclude by noting that unlike in the case of graphene,
where nodes of opposite chiralities can be pair-annihilated, a
similar attempt to mutually annihilate linear nodes in Euler
phases results in merging these into a quadratic node, as
long as the C,7 symmetry is preserved. Hence, unlike in
graphene, the quantized ballistic conductance of underdoped
Euler semimetals can result in the change of parity of asso-
ciated xr, as two nodes result in one, rather than in none
[31,38]. This observation directly reflects the circumvention
of Nielsen-Ninomiya fermion doubling theorem admitted by
the systems with nontrivial Euler class [38,39]. As we predict
here, this should in principle be directly observable under
the triple-contact conductance measurements of Euler phases,
through the characteristic parity flip of the quantized nonlinear
response. Importantly, such parity-flipping through the merg-
ing, or splitting, of non-Abelian band nodes [39,44] could be
achieved by applying tensile strains under the experimental
conditions applicable to real materials.

VII. DISCUSSION

In this work, we considered anomalous bulk and
wavepacket responses induced by the geometry and topology
of Euler bands. We anticipate our results to be of relevance
to kagome materials [73] and honeycomb multilayers [74],
in the cases in which the interactions do not spontaneously
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break C,7 symmetry. We note that our findings allow to
corroborate the nodal topology and quantum geometry present
in layered two-dimensional systems, e.g., in Bernal-stacked
bilayer graphene realizing optical conductivity consistent with
the presence of patch Euler class x = 1 [35,75] around the
quadratic band touchings. It should be stressed that if T
symmetry is broken, breaking the C,7 symmetry in Euler
bands can induce the formation of Chern bands [76], which
were experimentally and theoretically studied in a range of
kagome systems [77-79]. Alternatively, breaking C, symme-
try, but preserving 7 symmetry, could yield second-order
nonlinear Berry curvature dipole Hall responses [80], see
Appendix G.

While the stability of the presented unconventional trans-
port signatures of Euler semimetals against disorder [33] and
interactions naturally present in realistic materials is left for
future study, we expect the geometric enhancement of the bulk
responses to be a robust feature, as long as the quantization
of the Euler invariant is present. Another important aspect
arises from the fact that the Euler topology can be realized in a
pair of fully degenerate bands over BZ, where it is equivalent
within a unitary transformation to a pair of opposite Chern
bands C = £ with the opposite Wilson loop windings pro-
tected by the C, 7 symmetry [51]. In such case, no bulk Hall
responses are expected, as the opposite Chern sectors ensure
that the Hall responses cancel at any order in electric field.
However, the fully degenerate limit over BZ remains singular
and highly-tuned, i.e., the electronic structures of real materi-
als break such model degeneracies, as known from the context
of magic-angle twisted bilayer graphene (MATBG) [81], for
example. As supported by the Poincaré-Hopf theorem, in the
nondegenerate limit [31], the Euler nodes need to remain as
long as the symmetry is preserved. In such cases, any fill-
ing controlled by external voltage allows one to access the
transport features underpinned by the Euler-invariant-induced
singular quantum geometry, as shown in this work. As such,
we expect that even minimal doping of nondegenerate Euler
bands in real materials should allow access to the invariant, as
demonstrated explicitly in the previous sections.

VIII. CONCLUSIONS

We unravel nonlinear transport signatures induced by the
non-Abelian topologies of Euler bands and associated Rie-
mannian quantum geometry. We obtain the manifestations
of Euler topology via geodesic equations and geodesic de-
viations of individual wavepackets. Furthermore, we find
nonlinear bulk Hall currents at second and third orders in
electric field, as induced by the quantum geometry of Euler
semimetals in the presence and absence of individual inver-
sion and time-reversal symmetries. We anticipate that our
results could serve as smoking-gun probes of exotic non-
Abelian band topology in two-dimensional, e.g., kagome or
honeycomb multilayer, systems.
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APPENDIX A: DERIVATION OF THE MOMENTUM-SPACE
GEODESIC EQUATION

We derive the geodesic equation on introducing perturba-
tive field-induced energy and eigenstate corrections. Here, we
consider the following perturbation Hamiltonian:

AH = AR + AR} = e -E+ef- (- V)E, (Al
where we assume that the electric-field gradient perturba-
tion that arises from the nonuniformity of electric field is
weaker than the electric field perturbation itself. In this
work, we consider all the coupling to electric fields mani-
festly in length gauge. Within the perturbative expansion, we
have: g — &k = 8;(11( + 8,(1}() + snk +..., with ¢ ?() = &nk,
the unperturbed energy. and the perturbative corrections to
the cigenstates [Yu) = ™% [u): ) — li) = |uy)) +
|u(1)) + Iu(z)) ., both of which modify the wavepacket
group velocity rL The first-order correction to Bloch eigen-
states reads

Wby = (V| AH |$) )

Uk O _ @ |k
nk mk
¢E - A | 0 a 1,0
0,0 ) = eE M, |usy) (A2)
nk Smk

where A, =i (unk| Vkumk) is the non-Abelian Berry connec-
tion, and M% o (1 = 6um)-

nm = (0)
Enk ~Emk
Following the notation introduced in the main text, the

wavepacket state reads

XG) =/ (an<k D)+ an(k, t)|u(0))>,
k

m#n
(A3)

with |a, (K, )| ~ eEy|M;,|. The center-of-mass position of

the wavepacket reads r.(t) = (¥, (¢)| & |¥,(¢)), whereas the

center-of-mass momentum reads, K.(z) = (¥, ()| p [V (2)),

with momentum p = —iV,. The energy of the wavepacket

reads & = (W ()| H ¥, (1)), with H = Hy + AH, and for

brevity, we write k = k. for the center-of-mass momentum.
The first-order energy correction reads

el = (VO] AH [P, (1)) = eEq - (ro)a
+ ediEp) (Wn(0)] (Fa (g [P (0)) -

where we introduced an electric-field gradient 9 Egy sym-
metrized in spatial indices o, §. Following Ref. [60], we
utilize the relation between the spread of the wavepacket

(A4)
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and the quantum metric; (Y, (¢)| o7 [, (1)) = (Xc)o(xe)p +
g’;ﬁ(kc). Notably, here, only the metric term ggﬂ(kc) en-
ters the group velocity for the energy correction e,(i() . The
second-order energy correction, consistently with the time-
independent perturbation theory, reads

(A5)

2
L@ _ | (k| AH [Y) I 5
€k = Z .0 _ O = —¢"EyGopEp,

m#n nk mk

m

As Al

n o __ mn_ of

Gutﬁ =/lRe Zm;én ‘9([1;:) smﬁ =h Zm#n ((11)78(0& s the
n m &y m

weighted quantum metric defined in the main text. Here, we
recognize that (ka| r h[,nk) =i (umk| Vkunk> = Apn(K)
and employ the weighted quantum geometric tensor
(QGT) Q! 8 & =>, cnmAnmAmn, with weights ¢, =
h/(enx — emk). We now combine the energy corrections
and utilize the notation from the main text ggﬂ(E2) = Gps
and ggﬂ(V) = gyp- On differentiating with respect to the
center-of-mass momentum k., we have

where

2

~ € n 2
Ok, Enk A O, &k + Eaky Gup(E7)ELEg

+ 50,9" (V)up(EV), Ep. (A6)
Notably, the symmetry in electric fields picks the symmet-
ric parts of the QGTs, i.e., the weighted quantum metrics
ggﬁ(k) Re Q" ﬁ(k) Having deduced the wavepacket en-
ergy corrections, we now deduce the wavepacket velocity
satisfying a semiclassical equation of motion. Using time-
dependent Schrodinger equation, and the definition of the
center-of-mass position I., the Wavepacket velocity reads
(rc)ot - (wn(t)| h H rct |wn(t)> (unk| 8k H |Mnk> APal't
from the energy correction, which i 1s symmetric in spatial in-
dices, antisymmetric corrections associated with the perturbed
Berry curvature can arise. Here, the Berry curvature enters
through interband terms,

( (O)| o H |u(l)>+cc
(0)| 3k H |u(0)>

mk
= ek ZAnm RO
nk

+c.c.
— &,

= —ieEp y Al A% +cc o= —eEyQ,. (A7)
with Berry curvature €2, = —2Im >, A% AP which de-

fines the pseudovector: (£,), = (Vi X A,p), = zeaﬂy Qgﬂ.
Similarly to the energies, the Berry curvature becomes
perturbed at nonlinear order 2, — @, + 2], with @, =
Vi x A, the field-induced Berry curvature correction arising
from the field-induced correction to the Berry connection

J

O, (Fe)y = Oy O Bk + Oy [ 39, Giag —

= Ok, Ok, Enk + Ok, [ 50k, Glog — 5

;aﬁ]kﬁk +[%3kyggﬁ
= 0,0, B+ 0 [30k, o — Tyapliphe + [30, Gap —
J/Otﬁ]k/sk + [lakvggﬁ

AL, =i (| Vil))) +cc. [58]. On inserting  [u}):
(A},)e = Gy zEg [58], which in a matrix form can be written
as @ = Vi >< (G"E), where we use a double underline to
denote considered matrix quantity in its matrix form. In
particular, in an Euler Hamiltonian, fln = @], as &, vanishes
by C, 7T symmetry.

On combining with the definition of the center-of-mass
velocity, we now arrive at

. 1. e ~ 1 e o
(rc)y = _akygnk - E[E X Szn]y = _ak Enk _[E X Szn]y

A TR R
e e
+ ?akyg;:ﬁ(Ez)EaEﬁ + 570, 9up(V)0uEp, (A8)

which is the final result governing the semiclassical
wavepacket equation of motion, implicitly retrieving the
geodesic equation in momentum space. Namely, on replacing
k. = —7E, we arrive at an electric field gradient-forced form
of a “momentum-space geodesic equation” [68],

= [ke x (Vi x (G"(E*)ke)]y

(I.'c)y = aky Enk

[
+ 0, Gap () (ke da(ke)p + ak G"(V)ap(E*)duEp,
(A9)

which completes the derivation central to this section.

APPENDIX B: DERIVATION OF THE MOMENTUM-SPACE
GEODESIC DEVIATION EQUATION

Here, we derive the momentum-space geodesic deviation
equation in the uniform electric fields. We furthermore show
how the momentum-space Riemann curvature could be ex-
tracted from the wavepacket dynamics, on setting controllable
electric field strengths.

We begin with the geodesic equation in momentum space
and for the purposes of this section, set e = i = 1. The sim-
plified final result of Appendix A then reads

(Ee)y = O, B + (9, Gap (E®) — 5[0, G5, (E?)
+ 0, Gy (E™)] )k, (B1)

which using the definition of a Christoffel symbol from the
main text reduces to

(Fe)y = O, Buk + (30, Glp(E®) —

We further utilize the definition of the weighted
momentum-space Riemann tensor introduced in the main text,

Ringys = s Tivgy — 0, Tings + Trias Uiy — TigsTeyy, (B3)

I g(E))koks.  (B2)

avy

where u and v are dummy indices. On differentiating Eq. (B2)
with respect to ks, we obtain

yaﬁ]a,q(kﬂk )
T ) Ui (B, 0,kp) + kg (3, 0k, ))
I 5] (ka®: 855 + kg, 85

= akgaky?:nk + %8k58kyg2ﬂkﬂka — O, I’ yaﬂkﬂkol’ (B4)
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where we have used the fact that the partial derivatives commute. Antisymmetrizing with respect to y and §, and using again the
commutativity of derivatives, the first term on the right-hand side cancels out. Using Eq. (B3) and rearranging yields

1 : : n n n
_‘(8k5 (rc)y - aky (rc)B) = 8k,5 Fy(xﬂ - aky F(Saﬂ = RaﬁyS - Fﬁuéruya + Fﬁvarvyé- (BS)

kpke,

On substituting the values of the appropriate Christoffel symbols from Eq. (B2), this reads

1 . . n
]%ﬁ—]%a(akﬁ(rc)y - aky (1‘5)5) = Ragys —

. [(be)y — Ok, B — 50k, G5, ] [(Fe)s — Ok Bk — 04,51 ]

[(Fo)s — 3k5f§nlf — 506,G5,] [(F0)y — O B — 3¢, G2, ]

kgk,, k, ke

Tk

The last two terms cancel (since both dummy indices p and v
sum over to k2). This leaves us with the compact result for the
deviation equation

Oy (B)y — Ok, (Ee)s = Rl skakp. (B7)

The physical interpretation of the geodesic equation derived
here is the following. The Riemannian curvature Rj 5, ; deter-
mines the differences in the wavepacket evolutions governed
by the center-of-mass velocities I, given their initial center-
of-mass momenta k.. In particular, on retrieving e, i, and
inserting k. = —e%, we have

2
. ) e
ak,g (rc)y - 8ky (rc)é = ﬁRgﬂyaEaEﬁv (BS)
which demonstrates that the Riemann curvature R, pys can be
reconstructed from wavepacket deviations, on controlling the
electric field components E = (E,, E,).

APPENDIX C: NUMERICAL DETAILS FOR OBTAINING
WAVEPACKET TRAJECTORIES

Here, we provide further numerical details for obtaining
the wavepacket trajectories demonstrated in Fig. 3 of the
main text. The systems were initialized with a three-band
gapless kagome Hamiltonian as described in Sec. III [44],
with parameters g4 = e =ec =0,¢ =1, and t' = —0.2 on
a hexagonal lattice with primitive reciprocal vectors k;, ky =
+2k + ‘/;ky. The eigenvectors of this Hamiltonian were
used to calculate the multiband quantum metrics gl via the
non-Abelian Berry connections for all ordered band pairs.
The weighted metrics G, for the nonuniform electric field
and nonlinear field coupling were then found, which in turn
yielded the field-induced Berry curvature corrections $2,,(E).
The wavepacket evolution was subsequently obtained via
simultaneous numerical solution of the semiclassical equa-
tion of motion [Eq. (9) for nonuniform fields and Eq. (10) for
nonlinear coupling] for position and momentum as a function
of time. All wavepackets were initialized at the origin in real
space, but at several different momenta in the BZ, in order
to probe the effects of proximity to the nodes at the I' and
K points. The numerical solver was implemented in Wolfram
Mathematica 14.1 with the Residual method where a DAE
solver was used with maximum time step size At = 0.1. The
resultant numerical solutions demonstrating the anomalous
Euler wavepacket propagation induced by the geodesic (Ap-

— . B6
e (B6)

(

pendix A) and geodesic deviation equations (Appendix B) are
shown in Fig. 3 of the main text.

APPENDIX D: NUMERICAL MOMENTUM-SPACE
HORIZONS

We describe here the evaluation of the momentum space
horizons referred to in the main text. Correspondingly, we use
the field-induced Berry curvature corrections €2,,(E) obtained
in the aforementioned wavepacket evolution simulation (see
Appendices A and C). A regular mesh of initial momenta
ko in the BZ [(—m, ) x (—m, m)] with spacing Ak = 0.3
was subjected to the same DAE solver. Evolution into the
quantum-metric singularity was tabulated for each point, in
both nonuniform fields and nonlinear coupling, depending
on whether the wavepacket trajectories evolved to divergent
distances from the origin due to the singular geometric term,
within the time interval probed. We present the tabulated
result in Fig. 5. The results were verified for different spacings
and electric field directions, where we obtained analogous
horizons satisfying the symmetries of the kagome lattice
that were explicitly broken with the external electric fields
that drive the wavepacket evolution. Notably, the combined
momentum-space horizons within bands n =1 and n =3
overlap with the horizons obtained in band n = 2, consistently
with the band dispersion and multiband quantum geometry of
two nodal subspaces realized between three bands.

APPENDIX E: RIEMANNIAN GEOMETRY
OF AN EULER NODE

In the following, we fully characterize the Riemannian ge-
ometry of a non-Abelian band singularity hosting Euler class.
The continuum Hamiltonian of an Euler node reads [35,38,82]

H (k) = a(Xo_ + kK**o,), (E1)

with constant o fixing the band dispersion, ki = k, & ik,,
and o1 = (0, £ io;)/2, which manifestly satisfies the C;T
symmetry, allowing to write the Hamiltonian in a real gauge
[H(k) = H*(k)], with real eigenvectors. Real eigenvectors
define a real vector bundle over the momentum space, which
given the reality of the Bloch bundle, can be topologically
characterized with the Euler characteristic class x € Z. As in-
troduced in the main text, the Euler class y is associated with
a singular non-Abelian connection A, = ia = i (ux| Vkuk),
which, as a direct consequence, induces a singular quantum
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metric g . From the eigenvectors of the Hamiltonian H (k),
that under the present symmetry can be chosen real, we
directly evaluate the non-Abelian Berry connection and the
quantum metric components [35],

2
X “kok
= T @ — 1),

Sup = ADAY) (E2)
with k* = k? + k2. On differentiating in momentum-space
parameters k, k,, we further obtain the momentum-space
Christoffel symbols [35,53,54,83] relevant to the nonlinear

transport

1 —2x %k k2
T = 7 O o= Txy (E3)
1 2%k
12 _ 12 _ x Ky
Uiy = Eakygyy - k6 ’ (E4)
12 T 12 x 3 2 2 3
Fyxx = kagxy — Eakygxx = ﬁ(%y —kik, — kxky + kx),
(ES)
F12 _ 8 12 18 12 X2 3k3 kzk k k2 k3
xyy = kygyx_akxgyy_ﬁ( x_yx_YX+y)’
(E6)
1 Xz(kz . 2)
12 _ pl2 _ 12 _ X y )Y
l-‘x)cy - nyx - Eakygxx - k6 . (E7)

(Ea:y Ey) = (17 0)

FIG. 5. Momentum-space horizons induced by the singular
quantum metric, numerically retrieved from identifying the momenta
of wavepackets falling into the band nodes. Individual points repre-
sent the initial wavevector Kk, of a wavepacket and blue (orange) color
represents divergent (convergent) evolution. Boundaries between re-
gions show the horizons. (a)—(c) Horizon plots on nonlinear quadratic
coupling to a uniform electric field (E;, E,) = (1, 0) for the three
energy bands. (d)—(f) Horizon plots on coupling to a constant electric
field gradient (E,, Ey) = (3 4 3x, 0) for the three energy bands.

(b)

r YT

k. 3

FIG. 6. Riemannian geometry of the continuum models with
topological Euler class. We demonstrate the momentum-space de-
pendence of Christoffel symbols that enter the wavepacket geodesic
equation (see Appendix A) and the anomalous second-order Hall
responses. (a) [''2 . (b) T'!2_, (¢) I"!2 . (d) Momentum-space Riemann

by Y e yay* e ¢
curvature R R, reflects the nonvanishing anomalous third-

xXyxy* XYXy
order conductivity due to second derivatives of quantum-metric,
which were here induced by the Euler node with topological charge

x =1

riz —rn _ 1

12 _
yyx yy — Zakxgyy = 6 (E8)

Finally, we compute the Riemann tensor within the continuum
model, obtaining a single nontrivial component

RIZ — 8k FIZ _ ak F12 4 (l—v12 1-\12 _ 1—112 1—~12)

xXyxy x XYy vy Xyx XXX Xyy XXy~ xxy

12 12 12 12
+ (nyx Fyyy FXYY F)’Xy)’

(E9)

where we use a general definition

12 12 12 12 12 12 12
Rafiys = 0, Taps = 0 Tapy + D (Cagy ips = Taaup Diy)-
"

(E10)
Correspondingly, we obtain
2(sp4 4 272
L X (Skx + 5ky — 38kxky)
Ry = 8 , (E11)

which further allows to compute the Kretschmann (scalar)
invariant [56],

6 (Sk? + 5k — 38k2K2)°
k16 :

Manifestly, the momentum space Kretschmann invariant di-
verges as K ~ |k|™® at k =0, which corresponds to the
quantum metric singularity at the momentum-space position
of the Euler node. We demonstrate the singular nature of the
momentum-space Christoffel symbols and momentum-space
Riemann curvature in Fig. 6.

K=6(R2,) =

xyxy

(E12)
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APPENDIX F: RECONSTRUCTING THE EULER
INVARIANT WITH ELECTRIC FIELDS

In the following, we outline how the Euler invariant can
be reconstructed from the measurements of electric cur-
rent responses to nonuniform electric fields and from the
second-order currents in response to electric fields. We con-
sider two reconstruction schemes from: (1) anomalous Euler
wavepacket dynamics in nonlinear response to the electric
fields and electric field gradients; (2) bulk anomalous (Hall)
currents presented in the main text.

(1) In the case of wavepackets, deducing the center-of-
mass trajectories amounts to an integration of the geodesic
equation derived in Appendix A,

t 1 t
(rc)y(t) = / dr’ (l.'c)y(t/) = ﬁ/ dr’ akygnk
0 0
62 ' ’ 1 n 2 n 2 ’ ’
+ ;fo dt’ ( 50, Gap(E®) = Ty (E) ) Ea(tE (@),
(F1)

Therefore, adiabatic changes to the electric fields E,(t") could
be used to extract the values of the linear combinations of the
derivatives 9y, g;’ﬁ(Ez) present in Eq. (F1). Similarly, chang-
ing the electric field gradients adiabatically on top of the
uniform electric fields present, allows to deduce the deflec-
tions of initial trajectories,

! / € n ’
(Are), (1) =/0 dr (ﬁakygaﬁ(v)aaEﬂ(t ))- (F2)

In Fig. 3, we precisely demonstrate the alteration of the
wavepacket trajectories subject to the addition of electric field
gradients. The gradient-induced deflections allow to extract
the derivatives O, agr 5(V), hence the derivatives of the quan-
tum metric are extracted, on an identification Gy 4(V) = g 4.
To extract the metric itself, one can asymptotically continue,
i.e., interpolate akyg’;ﬂ to k — oo, where g/, =0, consis-
tently with the continuum models (see Appendix E). This
fixes the integration constant for integrating the derivatives to
obtain the metric: g, 4(k) = fol; dk’ - Viegy, 5. where we per-
form a set of line integrals. An analogous procedure obtains
g 8 (E®) = G, g> once the individual derivatives, Bky g 8 (E?),
are disentangled within the previously retrieved linear com-
binations. To obtain individual derivatives 9y, g{;ﬁ(Ez), one
can assume that the derivatives 9, G}, are much smaller than
Ok, G (0, Gy, K Ok, Gy, ), consistently with the findings of
negligible 9, GY, contributions to the anomalous wavepacket
dynamics demonstrated in Fig. 3, and consistently with the
negligibly small values of o, ,,(V) in Fig. 4. The neglected
values of Bky G)’zy, can nevertheless be retrieved exactly, on
achieving self-consistency with the numerically obtained non-
Abelian Berry connection elements, which we retrieve further
after obtaining the weighted quantum metrics within the first
approximation. If the derivatives 9, GY,, 9, Gy, were compa-
rable (9, Gy, ~ 9k, G, ), and no self-consistency within the
approximation could be achieved, the quadratic coupling re-
sults can be augmented with the derivative coupling results,
where no linear combinations are present from the beginning.
In that case, the ratios G (V)/Gy, (V) allow to estimate the
local ratios 9k, G}, / 9k, G, to simplify the linear combinations

over the k-space, which serve as an alternative starting point
for achieving self-consistency with the values of multiband
metrics and connections obtained afterwards.

Furthermore, on knowing the band energies, as e.g., experi-
mentally accessible from ARPES measurements, we evaluate
the weights c¢,,, = 1/(e.,x — &mk)- Hence, for every k-point,
we arrive at a set of equations Gj; =Y, Cumgyf, Which
requires to remain consistent with g4, = > gv%. Although
this protocol allows to reconstruct g7, g it does not provide the
full multiband resolution in gis. However, given the singular
nature of the Euler nodes, one could expect that close to the
band node momentum: g, ~ it =A% AP which
on combining all metric coefficients a, b = x,y, allows to
deduce A}, ., up to a sign, similarly to probing the opti-
cal transition matrix elements with light [35]. As shown in
Ref. [35], the Euler invariant x can be deduced on maximally-
smooth Z, (sign) gauge fixing, which allows to reconstruct the
vorticity in non-Abelian Berry connection, which defines the
Euler class, as outlined in the main text.

(2) In the case of bulk currents, the Euler class could be
inferred from the scaling of the current divergence on doping
the Euler nodes. Changing p allows to infer the contributions
to anomalous conductivities 0, 45(V), 0, ap(E?), 05,0y (E*),
from averages of (9, G, ﬂ) > Ok, &% ﬁ) u at given energies E =
. Similarly to the wavepacket case, this allows to estimate a
radial dependence of averaged G, g g, 8 from the node, which
in turn allows to estimate the magnitude and scaling of A} ;.
A radial estimate of A7 ., allows to predict the Euler class,
given the nonsingular nodes (with y = 0) should realize van-
ishing averages A” as the vorticity in non-Abelian Berry

n.n+1°
connection 18 not present 1n such case.

APPENDIX G: DERIVATION OF THE HIGHER-ORDER
BULK HALL CURRENTS

For completeness, we derive the quantum-geometric con-
tributions to second-order and third-order electric conduc-
tances in response to electric fields. A detailed study of
third-order contributions was provided by Ref. [64]. The gen-
eral approach relies on deducing the perturbative response of
the free fermion eigenstates and eigenenergies, as concerning
the semiclassical wavepacket dynamics (see Appendix A). In
addition, one needs to renormalize the occupation factors of
the perturbed eigenstates within the kinetic Boltzmann trans-
port formalism,

j=-—e / D ok = —e f > falte ke, DE. (G1)
k7 k. 7,

The velocity operator matrix elements v,x can be deduced
within the approach of Appendix A, where we explicitly
found the wavepacket velocities 1. for any band n. The dis-
tribution function f,(r., K., ¢) can be perturbatively expanded
as fu=fO+ fO 4 @ 4 . where £ = fx(u) is the
equilibrium Fermi-Dirac distribution, as specified in the main
text. The Boltzmann transport equation reads

fo = £

8tfn + kc ' kan + l.'c : Vl‘fn = _fv

(G2)

where the right-hand side corresponds to the scattering with
scattering time t. Inserting, k, = —w, with E(r., 1) =
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Re (Ee™) yields a hierarchy in frequency domain,

(+1D

lwf(]+1) + f(]) _ "r , (G3)
which amounts to distribution corrections in the powers of

electric field strength

£ = <_ ¢ )j(E
" hi(iw + 1/7)

For dc responses central to this work, we send v — 0.

Equipped with the corrections in the distribution function,
we now evaluate quantum-geometric contributions to second
and third-order currents, At second order, the quantum ge-
ometric term [58] on combining wavepacket velocities and
perturbed distribution yields

/ Z f<0>< SE x [Vi x (g"(Ez)E)]> (G35)

i/ fO (Ga)

which simplifies to [71],

jO = _?E Eﬁ/ank(M)<23kngﬁ(E2)

1
= 5[5, (E?) + 3, ggywz)]). (G6)

Manifestly, j® - E = 0, showing the dissipationless (Hall)
nature of the response. We calculate the corresponding
second-order quantum-geometric Hall conductivity,

3
= fk ank(m(akyggﬁwz)

1
- 5095, (B + ak,,gmz)]) (G7)

H 2
ay,aﬁ(E )= —

for Euler Hamiltonians in the main text. Importantly, while
this nonlinear Hall conductivity admits C,7 symmetry, it re-
quires C; and 7 symmetries individually to vanish [58].

The other nonlinear Hall contribution at second order in
electric fields [80],

. e
i? = —e/ka,E”(— SIE x m])

= ——E «Ep f Z IO (0, 5, + 0, Q,).  (G8)

associated with the Berry curvature dipole (on integrating
by parts), vanishes in the Euler Hamiltonians, as 2, itself
vanishes identically. On inserting £, one could analogously
derive the third-order Hall Berry curvature dipole response
[64], which also vanishes in the C, 7 -symmetric systems with
nontrivial Euler class.

The only nonvanishing third-order Hall contribution com-
patible with C;7, C,, and 7 symmetries in centrosym-
metric Euler Hamiltonians arises from the quantum metric
quadrupole response, which unlike the intrinsic (i.e., 7° in
the scattering time) quantum metric dipole Hall effect, is

extrinsic, and arises from f{!,

i® = _e/kz,,:f"m(_ %(E x [Vk % (QZ”(EZ)E)]))
(G9)

On substituting for £ in terms of £(?, and integrating by
parts, we have

iy = 3h3EEBE /Zf( (906 Gy (E?)

- 3(ak(aakﬁg;)8(E )))7

which decomposes in terms of Ohmic [j* - E # 0] and Hall
[j® - E = 0] contributions [64],

(G10)

2
()" = ;h; E.E4E, / Zf,f (9, Ok 6 Gy (E?)
— By Gy (ED)), (G1D)
At
5)° = =Syt || 3 0t G )

(G12)

with the corresponding conductivities calculated for the Bloch
Euler Hamiltonians in the main text.

Finally, at third order in electric fields, one could con-
sider the intrinsic Hall conductivity contributions arising from

Berry-connection polarizability tensor (BCT) T}, [61,84],

(A// )Ot aﬂyEﬂE]m

which determines a higher, second order in electric fields,
correction to the Berry curvature, Q2 = Vi x A’ . The BCT
involves higher-order field-induced perturbative band correc-
tions |ufi)), and explicitly reads [64,84]

(G13)

umm umm nmp
aﬁy - Rez aﬁy ﬂw ﬁw Z Vaﬁy ’
m#n p#n,m
(G14)

with two-band "% , and three-band V;’g’f contributions
explicitly given by the non-Abelian Berry connection contri-
butions (see also Appendix A) [64,84],

uggly - Mlllxm(Agn - mm lakﬂ) mn> (G15)
Vo = My, AL, + M AL MY, (G16)
The BCT yields intrinsic third-order currents,
i = — O(_4[E x @ G17
j e/an:fn( -IE x J) (G17)
which componentwise can be expressed as [85]
iP = E <EsE, /Zf‘” Ny Tye — N, Th o). (G18)

235149-13



JAIN, JANKOWSKI, AND SLAGER

PHYSICAL REVIEW B 111, 235149 (2025)

(a) (b)

01 5, —A=00 wor —A=00] =
A=0.1 v A=01]| o
—A=02 —A=0.2 =
0 0 S
>
S)
—10 —10
-0.3 0 0.3 -0.3 0 0.3
u Jn
@ (d)
0.2 0.1 .
Tyzzx Oyay “'s
. A 3
0 <
N\ —a=o0 —A=00 | &
A=01 A=01 ‘%
02 —A=02| . —A=02
-0.3 0 0.3 0.3 0 0.3
0 o
(e) )
0 400 —A=00]| &
A=01| £
—500 Uy:mm 0'1/11/1 —_ A =0.2 V‘:
—A=00 =
A=01 )
—A=02 o 5
-0.3 0 0.3 ~0.3 0 0.3
® Iz

FIG. 7. Anomalous currents in continuum models with topo-
logical Euler class, as a function of chemical potential © and
inversion-symmetry breaking perturbations of strength A. For
analogous components of conductivity tensors within the lattice-
regularized models, see Fig. 4 in the main text. (a),(b) Conductivities
yielding geometric currents in responses to electric field gra-
dients. (c),(d) Quantum-metric dipole-induced second-order Hall
conductivities in responses to electric fields. (e),(f) Quantum-metric
quadrupole-induced third-order Hall conductivities in responses to
electric fields. The third-order geometric Hall response is extrinsic
and directly proportional to the scattering time t.

However, such intrinsic contributions are vanishing under the
considered combination of C;7, C,, and 7 symmetries [64].
In the noncentrosymmetric case, we expect these contribu-
tions to be dominated by the second-order quantum-metric
dipole Hall effect, as long as the electric fields E remain
moderate, and the scattering time is sufficiently long, i.e.,
@ < %, where the lattice constants g; in i = x, y directions
physically determine the electric potential differences across
the individual unit cells of the system.

APPENDIX H: BULK NONLINEAR CURRENTS FROM
CONTINUUM MODELS

Below, we demonstrate how the bulk nonlinear quantum-
metric Hall responses can be directly retrieved from effective
continuum models. These findings support the results ob-
tained numerically in the lattice-regularized models hosting
patch Euler class topology (Sec. III). As detailed in Ap-
pendix E, we utilize Christoffel symbols and Riemannian
curvature, which we include within the response functions
of the corresponding conductivities. To model the inversion-
symmetry breaking perturbation (see Sec. III), we modify the
original continuum Hamiltonian characterized in Appendix E
with a perturbation Hy = Ak 1, i.e., the combined Hamilto-
nian reads

Hk) = a(ki* o + k2o ) + Ak 1, (H1)

from which we deduce all the nonlinear responses studied in
the main text. On computing the integrands of the relevant
bulk anomalous Hall conductivities realized in the model with
x = 1, and setting o« = 1, we correspondingly have

2
0y(V) = % / d°k 0 (3Ak, + 9K + V/3Aky + 3k — 21)0 (9K} + 3k} — 3Ak, — V/3Aky + 211)
BZ

(—3¢§k3 + 3k2ky + 33k} + &)
X

3(3k2 + k2)°

&2

0(V) = & /BZ A’k 0 (3Ake + 9K + V/3Aky + 3k2 — 20)0 (9K2 + 3k2 — 3Ak, — V/3Aky + 21) <—

) . (H2)

(ky(— 9k; +k§)>
3(3k2 + 42)%)
(H3)

for responses to electric field gradients. For second-order quantum-metric Hall response,

Pu

Oyn(E?) = = f A’k 0 (3Aky + 9K + V/3Aky + 3k2 — 20)0 (9K2 + 3k2 — 3Ak, — v/3Aky + 21)
BZ

( (= 6(6 + V33 + 12kZky + 2(12 + 5+/3)kckZ + 4k
X J—
9(3k2 +k2)")

83

> ; (H4)

oy (E?) = p / A’k O (30K, + 9K + v/3Aky + 3k2 — 20)0 (9K} + 3k — 3Ak, — ~/3Ak, + 211)
BZ

<18k§ — 3(8 + 5/3)kZky + 6kck2 + (4 + /3K
5 \

9(3k2 + k2)"

). (HS)
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For third-order quantum-metric Hall response,

4
s B = / KO (3K, + K2 + V3Aky + 32 — 20)0 (982 + 3K2 — 38k, — v3Ak, +200)
BZ

(4(45(6 + V3)ki — 108Kk, — 6(51 + 19/3)k2kZ — 36kck; + (12 + 5¢§)k;‘)> H6)
X b

9(3k2 + k2)’

4
Oy (E3) = eh—; / d’k 0 (3Ak, + 9k2 + /3Aky + 3k — 2)0 (9k2 + 3k7 — 3Ak, — /3 Ak, +210)
BZ

<32(36ij‘ — 2733k} ky + 6k2kZ + 333k — 2k})
« )
27(3k2 + k2)°

) , (H7)

which functionally capture the characteristic features of the bulk anomalous transport conductivities as a function of chemical
potential . 6 denotes the Heaviside step function, which imposes the occupations of states over hexagonal BZ in the
zero-temperature limit. Correspondingly, we include the continuum model conductivities in Fig. 7. Having accounted for the
geometric contributions of the third (trivial) band, these results remain in a good qualitative overlap with the anomalous
conductance scalings between the Euler band subspace in the lattice-regularized Euler Hamiltonians (Sec. III) which were
shown in Fig. 4. The generalization to an arbitrary Euler class x amounts to including x? prefactor contributed by the quantum

metric, following the analytical results of Appendix E.
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