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Exact quantum transport in non-Markovian open Gaussian systems
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We build an exact framework to evaluate heat, energy, and particle transport between Gaussian reservoirs
mediated by a quadratic quantum system. By combining full counting statistics with newly developed non-
Markovian master equation approaches, we introduce an effective master equation whose solution can be
used to generate arbitrary moments of the heat statistics for any number of reservoirs. This theory applies
equally to fermionic and bosonic systems, holds at arbitrarily strong coupling, and resolves out-of-equilibrium
transient dynamics determined by the system’s initial state. In the steady-state, weak-coupling limit, we recover
results analogous to those of the well-known Landauer-Büttiker formalism. We conclude our discussion by
demonstrating an application of the method to a prototypical fermionic system. Our results uncover a regime of
transient negative heat conductance contingent upon the initial system preparation, providing a clear signature
of nontrivial out-of-equilibrium dynamics.
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I. INTRODUCTION

Understanding heat flows in quantum and nanoscale sys-
tems is a central problem in quantum thermodynamics and
quantum technologies. It is essential for the design and opti-
mization of quantum thermal machines and quantum engines
[1–3], and it plays a key role in quantum transport, where
energy currents, dissipation, and fluctuations govern the per-
formance of nanoscale devices [4–7]. Moreover, a reliable
description of heat flow and heat noise is crucial for quantum
information processing, as thermal fluctuations contribute to
decoherence and limit the fidelity of quantum computation
[8].

In all these contexts, the study of the energetics has
been extensively tackled using methods based on Marko-
vian master equations [9–12] and weak coupling, steady-state
approaches, like the celebrated Landauer-Büttiker formalism
[13,14]. However, the study of non-Markovian dynamics and
strong-coupling effects has recently become a critical research
direction, driven by the need to meet emerging technologi-
cal demands [15–20]. In particular, the quest for scalability
in quantum computation—requiring dense, low-temperature
architectures—renders quantum devices increasingly sus-
ceptible to correlated noise [21–23], making such effects
especially relevant. Harnessing them lies at the core of
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modern error-mitigation schemes [24,25]. Similarly, in quan-
tum thermodynamics, correlations and memory effects can
be exploited to improve the performance of standard tasks,
including work extraction and refrigeration [26–30]. Accord-
ingly, a realistic characterization of memory and correlations
within open quantum system theory is a necessary step toward
realizing these ideas. Consequently, several master equation-
based approaches have been proposed for systems strongly
coupled to their environment, ranging from stochastic meth-
ods for Gaussian baths [31–35] and group-theoretical methods
[36] to exact non-Markovian master equations [37–42] and
influence functional approaches [43]. In this article, we take
on this challenge and establish a method for computing en-
ergy statistics in open quantum systems strongly coupled to
their environments. The framework developed here assumes
Gaussian system and environment degrees of freedom with
identical (bosonic or fermionic) statistics, yielding a fully
exact theory valid at arbitrarily strong coupling. Crucially,
this enables the resolution of out-of-equilibrium transient dy-
namics dependent on the initial preparation, thereby relaxing
the weak-coupling and steady-state constraints inherent to
standard scattering matrix approaches [44–48].

The article is organized as follows. In Sec. II, we in-
troduce the theoretical framework, giving an overview on
the Keldysh formalism and on exact Gaussian master equa-
tions (GMEs). Section III is devoted to the description of the
characteristic function (CF) formalism employed to study the
quantum thermodynamics of the system-environment com-
pound. In Sec. IV, we present the tilted Gaussian master
equation (tGME), a tool which governs the exact time evo-
lution of the CF, thereby encoding the full information on the
system-environment heat statistics. Moreover, we sketch the
derivation of an exact equation for the heat transport within
the system-environment compound, which is our main result.
In Sec. V we derive the weak-coupling limit of the latter
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FIG. 1. Graphical representation of a quantum system described
by a quadratic Hamiltonian HS interacting with arbitrary modes
of multiple reservoirs Hα via potentials Vα . Each reservoir is ini-
tialized at thermal and chemical equilibrium at inverse temperature
and chemical potential βα, μα . The unitary evolution of the system-
environment compound is generated by the total Hamiltonian H.

equation, and we prove the reduction of our formalism to the
Landauer-Büttiker scattering theory in the steady-state limit
for the simple case of a single fermionic level. In Sec. VI,
we analyze a simple case study, showcasing an example of
nontrivial transient dynamics in the form of negative heat
conductance and comparing exact results with weak-coupling
calculations. Finally, in Sec. VII we draw our conclusions.

II. EXACT NON-MARKOVIAN QUANTUM DYNAMICS

In this section we describe the framework employed in
this article. We first introduce open Gaussian systems in
Sec. II A. Then we recap the formalism of the exact GME
introduced in Ref. [42] (Sec. II B), which we will later modify
to describe heat, energy, and particle transport within the
system-environment compound.

A. Open quantum systems in the Keldysh contour

We consider a quantum system coupled to R reservoirs, that
will be collectively referred to as the environment. The total
Hamiltonian can be written as

H = H0 + V = HS + HE + V, (1)

where HE = ∑R
α=1 Hα , with Hα being the Hamiltonian of

the reservoir α and V the system-environment coupling (as
schematized in Fig. 1). The coupling is taken to be of the
general form

V =
∑

μ

Aμ ⊗ Bμ, (2)

where {Aμ}μ is a set of system operators and {Bμ}μ are envi-
ronment operators.

The starting point of our discussion is the dynamics of S
and E . Given an initial compound state ρSE (0), the interaction
picture system state at subsequent time t � 0 reads

ρS (t ) = TrE [U (t, 0)ρSE (0)U†(t, 0)], (3)

FIG. 2. Graphical representation of the Keldysh contour on the
complex time plane.

where U (t, 0) is the physical-time, interaction picture unitary
evolution operator, i.e., the time-ordered exponential

U (t, 0) = T exp

[
−i

∫ t

0
dτ V (τ )

]
, (4)

where V (t ) = U†
0 (t, 0)V U0(t, 0) and U0(t, 0) is the free evo-

lution operator generated by H0. Throughout this work, we
adopt natural units in which h̄ = 1.

Let us now introduce an instrument that will be fundamen-
tal in the derivation of our main results: the Keldysh contour
γ (t ). For this purpose, it is convenient to think to U (t, 0) and
U†(t, 0) in Eq. (3) as two ordered exponentials on two distinct
domains γ−(t ) and γ+(t ), respectively. These two domains,
called the forward (−) and backward (+) branches, are re-
spectively ordered from 0 to t and from t to 0. The Keldysh
contour γ (t ) is obtained by merging the branches in such a
way that the initial time is halfway through the domain (see
Fig. 2). The adoption of such a contour and an extension of
the usual ordering operator T to it (T will order operators
with earlier arguments in the contour to the right) allows us to
express the dynamics in the following compact way:

ρS (t ) = TrE T

{
exp

[
−i

∫
γ (t )

dz V (z)

]
ρSE (0)

}
.

In the following, we will denote with a + (−) subscript a
complex variable belonging to the γ+ (γ−) branch (e.g., z± for
z ∈ γ±(t )). For more details on the Keldysh formalism and on
the Keldysh approach to open quantum systems and quantum
thermodynamics, we refer to the extensive literature on the
topic [49–52].

B. Exact Gaussian master equation

The Gaussian hypothesis amounts to assuming that both
the system and the reservoirs consist of noninteracting parti-
cles obeying the same quantum statistics. Accordingly, their
Hamiltonians are taken to be quadratic in suitably defined
sets of ladder operators. In a similar fashion, the coupling
Hamiltonian V is chosen to be bilinear in the ladder operators
of S and E . For simplicity, we take the initial state ρSE (0)
to be separable across all system and reservoir degrees of
freedom, i.e.,

ρSE (0) = ρS (0)
R⊗

α=1

ρα (0). (5)
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In the interest of completeness, we remark that the calcula-
tions that follow can be generalized to the case of a correlated
state under the Gaussian hypothesis, as shown in Ref. [42].
Within this Gaussian framework, physical intuition suggests
that the bare environment Green’s function (GF) governs
the system dynamics. Such a GF is written on the Keldysh
contour as

Cμν (z,w) := Tr Tζ [Bμ(z)Bν (w) ωE ], (6)

where ωE := ⊗R
α=1 ρα (0) is the initial state of the environ-

ment and we introduced the modified contour ordering Tζ :
for ζ = +1 (bosons) it denotes the standard contour ordering
T , while for ζ = −1 (fermions) we account for each operator
switch performed in order to attain the correct ordering with
a minus sign. It has, indeed, recently been shown [42] that we
can write a closed, exact equation for the system dynamics,
the GME,

dρS (t )

dt
=

∫ t

0
dτ Gμν (t+, τ )[Aν (τ )ρS (t ), Aμ(t )] + H.c..

(7)

Here and in the following, Einstein summation convention on
μ, ν is intended, and G is a dressed GF, with arguments in
γ (t ), solving the following equation:

G(12) = C(12) +
∫∫

γ (t )
d(34)G(13) 
(34) C(42), (8)

where 
 is a matrix built from the system operators [see
Eq. (B23) in Appendix B], and we employed the standard
shorthand zi → i for time variables [e.g., C(12) := C(z1, z2)].
Equation (8) is formally identical to the Dyson equations com-
monly employed in many-body quantum theory [53,54]. In
analogy with the latter, 
 plays the role of a self-energy,
encoding the memory of repeated system-environment in-
teractions and thereby accounting for interaction vertices to
all orders in the coupling. At lowest nontrivial order in the
coupling, i.e., G → C, we recover the standard “memoryless”
Redfield equation [17,42,55].

III. FROM DYNAMICS TO THERMODYNAMICS:
THE CHARACTERISTIC FUNCTION

In order to describe heat exchanges within the system-
environment compound, we adopt the two-point energy
measurement (TPEM) technique [11,56], in which the rele-
vant reservoirs observables are measured at consecutive times
t0 and t1, and the difference of the outcomes of the two
measurements is used to quantify their energy variations.
The reservoirs Hamiltonians can be measured simultaneously
since [Hα,Hα′ ] = 0 for all α, α′ = 1, . . . , R. Moreover, we
assume each reservoir Hamiltonian to be number conserving,
i.e., [Hα,Nα] = 0, Nα being the number operator associated
with the αth reservoir. Fixing t0 = 0 and t1 = t � 0, we define
the energy and particle number average variations as

〈�Eα〉(t ) := Tr[Hα[ρα (t ) − ρα (0)]], (9)

〈�Nα〉(t ) := Tr[Nα[ρα (t ) − ρα (0)]]. (10)

The heat exchange follows directly from the first law of ther-
modynamics, which reads

〈Qα〉 = 〈�Eα〉 − μα〈�Nα〉
= Tr[�α[ρα (t ) − ρα (0)]], (11)

where μα is the chemical potential associated with the αth
reservoir and �α = Hα − μαNα is the corresponding grand-
canonical Hamiltonian. Given a collective initial state ρSE (0)
satisfying [ρSE (0),�α] = 0 ∀α, we can build a CF for the heat
exchanged with each reservoir [57] as follows:

M(t ; λ) := Tr[Ũλ (t, 0)ρSE (0) Ũ†
−λ(t, 0)], (12)

where we introduced the tilted evolution operator

Ũλ(t, 0) := e−i
∑

α �αλα/2 U (t, 0) ei
∑

α �αλα/2. (13)

Here λ ∈ RR is a vector of tilting parameters. Such a gen-
erating function allows us to immediately obtain the heat
exchange (11) as

〈Qα〉(t ) = i
∂M(t ; λ)

∂λα

∣∣∣∣
λ=0

. (14)

Exploiting the Keldysh contour in Fig. 2, we can write the
generating function as trace of a single ordered exponential:

M(t ; λ) = Tr T

{
exp

[
−i

∫
γ (t )

dz Vλ(z)

]
ρSE (0)

}
, (15)

where z ∈ C and we defined

Vλ(z±) := u∓λV (z) u†
∓λ, (16)

where uλ := e−i
∑

α �αλα/2. In Eq. (15), the time-ordering is
inteded to act as a contour ordering, putting to the left
operators that appear “later” in the sense of the Keldysh
contour in Fig. 2. Both Eqs. (14) and (15) are proven in
Appendix A.

In order to invoke the machinery of exact master equa-
tions for our purposes, we factorize the total trace in Eq. (15)
as Tr = TrS TrE , obtaining

M(t ; λ) := TrS ρ̃S (t ; λ). (17)

Here ρ̃S (t ; λ) is a tilted density operator given by

ρ̃S (t ; λ) := TrE T

{
exp

[
−i

∫
γ (t )

dz Vλ(z)

]
ρSE (0)

}
, (18)

and satisfying ρ̃S (t ; 0) = ρS (t ). We remark that ρ̃S (t ; λ) is not
a state, for it is not necessarily positive semidefinite nor nor-
malized. The goal is now to write an exact master equation for
ρ̃S (t ; λ), in analogy to the GME (7) for ρS (t ), and therefore to
obtain the CF as its trace on the system’s degrees of freedom.

Since the environment grand-canonical Hamiltonians
{�α}α commute with the system operators, we can write the
tilted interaction Hamiltonian (16) as

Vλ(z) =
∑

μ

Aμ(z) ⊗ B̃μ(z; λ), (19)

where only the environment operators {B̃μ(z; λ)}μ with

B̃μ(z±; λ) := u∓λBμ(z)u†
∓λ (20)

144308-3



PELLITTERI, GIOVANNETTI, AND CAVINA PHYSICAL REVIEW B 114, 144308 (2026)

depend on the contour branch. The other main ingredient will
be a tilted GF, that, in analogy with Eq. (6), is defined as

C̃μν (z,w; λ) := Tr Tζ [B̃μ(z; λ)B̃ν (w; λ)ωE ]. (21)

Evaluated in λ = 0, the latter is just the standard contour-
ordered environment GF (6).

By Hermiticity of the interaction Hamiltonian (2), we can
write the set of environment operators {Bμ}μ as a collection
of pairs {(B†

α, Bα )}R
α=1, each pair corresponding to a different

reservoir. Without loss of generality, we assume Bα to be
linear in the αth reservoir annihilation operators. It is thus im-
mediate to see that, for the case of R uncorrelated reservoirs,
it is always possible to order the reservoir operators in such a
way that the matrix C̃ will be of the following block form in
the μ, ν indices:

C̃ = diag(C̃1, C̃2, . . . , C̃R), (22)

where each C̃α is a 2 × 2 block associated to the αth reservoir,
containing the four possible correlators between the opera-
tors B̃†

α , B̃α . As proven in Appendix A, the tilted GF can be
straightforwardly connected to the physical-time GF,

χμν (s) = Tr[Bμ(s)Bν (0)ωE ]

= diag(χ1, χ2, . . . , χR)μν, (23)

just by fixing the arguments z and w on different branches
of the Keldysh contour. We choose z = z± and w = w± (we
recall that z± and w± take values in the interval [0, t] and are
assigned either to the forward branch γ+ or to the backward
branch γ−) and obtain

C̃ T
α (z,w) := C̃α (z−,w−),

= θ (z − w)χα (z − w) + ζθ (w − z)χT
α (w − z),

(24)

C̃T̃α (z,w) := C̃α (z+,w+)

= θ (w − z)χα (z − w) + ζθ (z − w)χT
α (w − z),

(25)

where T denotes matrix transposition, and

C̃>
α (z,w; λ) := C̃α (z+,w−)

= e−iμαλασz χα (z − w + λα ), (26)

C̃<
α (z,w; λ) := C̃α (z−,w+)

= ζeiμαλασz χT
α (w − z + λα ). (27)

In the literature on the Keldysh formalism, the latter functions
are commonly referred to, respectively, as the time-ordered,
anti-time-ordered, greater, and lesser components of the GF
[49,50]. We emphasize that the tilting does not affect the T
and T̃ components of the GF, as it is evident in Eqs. (24)
and (25). Indeed, we have C̃ T ≡ CT , C̃ T̃ ≡ CT̃ . The tilting
only acts on the greater and lesser components, as in Eqs. (26)
and (27), which also give us a recipe to immediately evaluate
them from the physical-time GF χ . We can now proceed to de-
rive an exact equation for the tilted density operator ρ̃S (t ; λ),
which will in turn give us access to a simple formula for the
heat exchange between reservoirs.

IV. EXACT TRANSPORT EQUATIONS

In this section we present the main results of this arti-
cle. In Sec. IV A, we discuss the tilted version of the GME
(7) and sketch the derivation of an exact equation for the
heat exchange within the system-environment compound. In
Sec. IV B, we analyze the kernel which defines such an equa-
tion, and we show how we can immediately derive analogous
forms for the energy and particle exchange.

A. An exact equation for the heat current

The derivation of the tGME, i.e., the equation governing
the evolution of ρ̃S (t ; λ), follows similar steps to the nontilted
case [42] and is carried out in Appendix B. The tGME reads
as follows:

dρ̃S (t ; λ)

dt
=

∫
γ (t )

dz {G̃μν (t+, z; λ)Aν (z)ρ̃S (t ; λ)Aμ(t )

− G̃μν (t−, z; λ)Aμ(t )Aν (z)ρ̃S (t ; λ)}, (28)

where A(z) • is A(z) • if z ∈ γ−(t ) and ζ • A(z) if z ∈ γ+(t ).
The tilted, dressed GF G̃ is defined by the Dyson form

G̃(12) = C̃(12) +
∫∫

γ (t )
d(34) G̃(13) 
(34) C̃(42), (29)

which has a physical interpretation analogous to that of
Eq. (8). As a consistency check, we note that in the λ → 0
limit the tGME reduces to the standard GME (7), and we have
G̃(z,w; λ → 0) ≡ G(z,w), G being the dressed GF that solves
Eq. (8).

It is now pretty straightforward to derive an equation for
the heat transport directly from the tGME (28). Indeed, by
writing Eq. (28) in physical time, we obtain a real-time ODE
for the ρ̃S (t ; λ). Then, recalling that M(t ; λ) := TrS ρ̃S (t ; λ)
by definition, we can obtain a formula for the heat current
flowing into the αth reservoir just by differentiating Eq. (28)
with respect to λα in λ = 0 and then taking the trace with
respect to the system degrees of freedom:

I (α)
Q (t ) := d〈Qα〉(t )

dt

= i TrS

[
∂

∂λα

dρ̃S (t ; λ)

dt

∣∣∣∣
λ=0

]
. (30)

By carrying out this procedure, as done in Appendix C, we
obtain the following heat transport equation, which is the main
result of this work:

I (α)
Q (t ) =

∫ t

0
dτ

[
g>

α;μν (t, τ ) − gTα;μν (t, τ )
]〈Aμ(t )Aν (τ )〉t

+ c.c.. (31)

Here g>
α and gTα are Keldysh components [see also Eqs. (26)

and (24)] of the dressed heat kernel corresponding to the αth
reservoir, defined as

gα (z,w) := i
∂G̃(z,w; λ)

∂λα

∣∣∣∣
λ=0

, (32)

which is convolved with the system correlators

〈Aμ(t )Aν (τ )〉t := TrS[Aμ(t )Aν (τ )ρS (t )]. (33)
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We emphasize that evaluating these correlators requires full
knowledge of the system dynamics, encoded in the density
matrix ρS (t ). In order to have an exact equation, the latter
must be calculated via the GME (7). We further observe that,
through the system correlators (33), the heat current depends
on the system’s initial preparation. Further differentiation
of the tGME (28) yields ordinary differential equations for
higher-order moments of the heat distribution. A closed form
for the heat covariance matrix 〈QαQβ〉(t ) is presented and
derived in Appendix F.

Let us now turn to the dressed heat kernel (32). The cal-
culation of the latter, carried out in Appendix D, is performed
via first-order-in-λ Taylor expansion of the tilted Dyson equa-
tion (29). It naturally finds a close recursive form in terms of
the bare heat kernel,

cα (z,w) := i
∂ C̃(z,w; λ)

∂λα

∣∣∣∣
λ=0

. (34)

Such a recursive form can be presented as follows:

gα (12) = cα (12) +
∫∫

γ (t )
d(34) {G(13)
(34)cα (42)

+ gα (13)
(34)C(42)}. (35)

We observe that the solution of Eq. (35) requires knowledge of
the GME dressed GF G given by Eq. (8). We now proceed to
rewrite Eq. (35) in physical time, obtaining coupled integral
equations for the Keldysh components of gα . The resulting
Dyson form for the pair �gα := (g>

α , gT̃α ) is

�gα =
(
c>α − K<c>α

K>c<α

)
+

(
IT −I>

I< −IT̃

)
�gα, (36)

where we defined the following functionals:

[KX f ](12) :=
∫∫

[0,t]
d2w GX (13) 
T (34) f (42), (37)

[IY f ](12) :=
∫∫

[0,t]
d2w f (13) 
T (34) CY (42), (38)

for X ∈ [>,<] and Y ∈ [>,<,T , T̃ ]. A simpler form of
such functionals in terms of elementary correlators is given
in Appendix D. The remaining Keldysh components, i.e., g<

α

and gTα , can be obtained from g>
α and gT̃α , respectively, by

performing the simple effective conjugation

�f := ζ (1R ⊗ σx ) f ∗(1R ⊗ σx ), (39)

as proven in Corollary C 2 to Lemma C 1 in Appendix C.
We note that Eq. (36) may be solved employing well-studied
tools of many-body and condensed-matter physics (see, e.g.,
Refs. [58,59]). In Fig. 3 we recap the results obtained so far,
remarking the connection between our work and the existing
literature.

B. Details on the bare heat kernel

In order to give a complete picture, we now discuss the
bare heat kernel and identify inside the latter the contributions
connected to energy transport and those related to particle ex-
change. Such a procedure will allow us to write closed forms

FIG. 3. A summary of the results presented in Secs. II–IV. Star-
marked boxes contain equations introduced in the present work.
The equations valid in the weak-coupling regime (left) are set apart
from the exact results (right), which are valid for arbitrary system-
environment coupling strength. The exact dynamics of the system is
captured by the GME introduced in Ref. [42], characterized by the
dressed GF G, that can be obtained by “dressing” the contour GF
[Eq. (6)] via the Dyson equation (8). In the weak-coupling limit,
we recover the standard “memoryless” Redfield equation [17,55].
The tilting procedure, which maps C → C̃ and G → G̃, allows us
to study the fluctuating thermodynamics of the system-environment
compound via a similar machinery [11]. Indeed, the CF (12), which
time evolution is described by G̃ via the tGME (28), contains all
the information on the heat statistics of the compound. Finally, by
evaluating the first-order moments of such a distribution, we obtain
exact transport equations governed by heat kernels gα , which are in
turn obtained from the “memoryless” kernels cα by dressing them
according to the Dyson form (35).

for the energy current and for the particle number current,
namely

I (α)
E (t ) := d〈Eα〉(t )

dt
, I (α)

N (t ) := d〈Nα〉(t )

dt
. (40)

Of the four Keldysh components of cα , only c>α and c<α are
nonzero, as can be immediately seen by looking at definiton
(34) together with Eqs. (24)–(27). Moreover, as argued above,
we have c<α = �c>α , so we may restrict out attention to c>α .
Since only the αth block in the matrix form (22) of the bare,
tilted GF depends on λα , the bare heat kernel consists of a
single nonzero block, i.e.,

cα = diag

(
0, . . . , i

∂ C̃α

∂λα

∣∣∣∣
λ=0

, . . . , 0

)
, (41)

which in the following—by a slight abuse of notation—we
will denote simply as cα . We observe that this property does
not hold for the dressed heat kernel gα , as out-of-diagonal
terms appear after “dressing” the bare GF. Per the derivation in
Appendix E, we can express cα in terms of the physical-time
GF (23),

c>α (z − w) = i
∂χα (s)

∂s

∣∣∣∣
s=z−w

+ μασzχα (z − w), (42)
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where we emphasized the time-homogeneity of the bare heat
kernel. The right-hand side of Eq. (42) is particularly expres-
sive, as it is already separated into contributions of different
nature: i∂sχ is evidently responsible for energy transport, as
it is the only remaining contribution when substituting the
standard reservoir Hamiltonians Hα to the grand-canonical
Hamiltonians �α in Eq. (12), which is equivalent to setting
μα = 0 ∀α. The remaining term, proportional to χα , can be
therefore identified as responsible for particle number trans-
port (in the opposite direction). We may thus define the bare
energy and particle number kernels[

c(E )
α (z − w)

]>
:= i

∂χα (s)

∂s

∣∣∣∣
s=z−w

, (43)[
c(N )
α (z − w)

]>
:= −σzχα (z − w), (44)

such that

cα = c(E )
α − μαc

(N )
α . (45)

It is then immediate to see that we can solve for the fixed point
of the recursive map (36) with c(E )

α and c(N )
α as starting points,

thereby obtaining dressed kernels g(E )
α and g(N )

α , respectively.
Substituting these to gα in Eq. (31) yields exact expressions
for I (α)

E (t ) and I (α)
N (t ) of the same formal structure as that for

I (α)
Q (t ).

We close the discussion on the bare heat kernel by giving
a simple analytical recipe to evaluate the latter for the case
of uncorrelated thermal reservoirs characterized by spectral
densities {Jα (ω)}α . Inspecting the definition of χ given in
Eq. (23), is it straightforward to see that each bare heat kernel
must assume the matrix form

cα =
(

0 cα,−
cα,+ 0

)
, (46)

where the notation is reminiscent of the conventional asso-
ciation of the elements of χ with absorption and emission
processes [60]. As shown in Appendix E, the two relevant
matrix elements can be computed explicitly as

c>α,−(s) = −
∫ ∞

0
dω (ω − μα )Jα (ω) fα (ω)eiωs, (47)

c>α,+(s) = +
∫ ∞

0
dω (ω − μα )Jα (ω)[1 + ζ fα (ω)]e−iωs,

(48)

where

fα (ω) = 1

eβα (ω−μα ) − ζ
(49)

is the Bose-Einstein (Fermi-Dirac) distribution for ζ = 1
(ζ = −1).

V. WEAK-COUPLING LIMIT AND STEADY-STATE LIMIT

Inspecting the map given by Eq. (36), we see that acting
on the (g>, gT̃ )(n) pair with the I functionals shifts the pair to
the next order in the system-environment coupling. The term
KT̃ c>α (K>c<α ), when calculated by plugging in an iteration
G (n′ ) of the dressed GF exact at order n′ + 1 in the coupling,
is of order n′ + 2. Therefore, the lowest-order nonvanishing
contribution to gα is just the bare heat kernel cα , exact up

to first order in the coupling, in complete analogy with the
dressed GF solving Eq. (8). Since the bare heat kernel lacks a
time-ordered Keldysh component, we can immediately write
the weak-coupling (w.c.) limit of the exact transport equa-
tion (31) as follows:

I (α)
Q (t )

w.c.=
∫ t

0
dτ c>α;μν (t − τ )〈Aμ(t )Aν (τ )〉t + c.c.. (50)

We may get an even more eloquent form if we exploit the
form (46) of the bare heat kernel and identify—in the absence
on anomalous system correlations—the system correlators as-
sociated with emission and absorption into the αth reservoir,
i.e.,

A−
α (t, τ ) := 〈A†

α (t )Aα (τ )〉t , (51)

A+
α (t, τ ) := 〈Aα (t )A†

α (τ )〉t . (52)

Thus, Eq. (50) may be presented as

I (α)
Q (t )

w.c.=
∫ t

0
dτ [c>α,−(t − τ )A+

α (t, τ )

+ c>α,+(t − τ )A−
α (t, τ )] + c.c., (53)

where the absorption component of the heat kernel couples
to the emission correlator of the system and vice versa. To
be consistent with the weak-coupling limit, the system corre-
lators evolution must be described within the weak-coupling
limit of the GME, i.e., Eq. (7) with G → C.

We observe that Eq. (50), although being valid in the weak-
coupling limit only, still yields the heat currents at each instant
t � 0, thus incorporating the full out-of-equilibrium transient
dynamics of the system-environment compound. Moreover,
such dynamics will clearly depend on the initial preparation
of the system.

To gain insight on the steady-state reduction of the present
framework, let us consider a simple example in which
fermionic thermal reservoirs are coupled through a single
fermionic mode a0 of energy ω0, such that the relevant system
correlators are given by

A−
0 (t, τ ) = e+iω0(t−τ ) f0(t ), (54)

A+
0 (t, τ ) = e−iω0(t−τ ) [1 − f0(t )], (55)

where f0(t ) = 〈a†
0a0〉t is the population of the mode at time

t � 0. Equation (53) immediately yields the following:

I (α)
Q (t )

w.c.=
∫ ∞

0
dω (ω − μα ) Jα (ω)

× { f0(t ) − fα (ω)}
[

2
sin[(ω − ω0)t]

ω − ω0

]
. (56)

We may now consider the distributional limit

lim
t→∞

sin[(ω − ω0)t]

ω − ω0
= πδ(ω − ω0), (57)

and admit a broadening of the system spectrum, i.e.,

πδ(ω − ω0) → γ

(ω − ω0)2 + γ 2
, (58)

in order to mimic a transport channel of finite spectral width.
The latter is assumed to approach a steady-state population
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FIG. 4. Schematic representation of the model analyzed in
Sec. VI, showing the current flow within the system-environment
compound.

f0(ω) := limt→∞ f0(t, ω), which must now be treated as en-
ergy dependent as a consequence of the broadening [Eq. (58)].
Eventually, we obtain

I (α)
Q (∞)

w.c.=
∫ ∞

0
dω (ω − μα ) Tα (ω)[ f0(ω) − fα (ω)], (59)

where we defined the transmission function

Tα (ω) = 2γ Jα (ω)

(ω − ω0)2 + γ 2
. (60)

Equation (59) matches the well-known formula for the
heat current flowing into the αth lead that we would have
obtained by applying the Landauer-Büttiker scattering formal-
ism [13,14].

VI. A CASE STUDY: TRANSIENT NEGATIVE
CONDUCTANCE

In this section, we employ the exact transport equa-
tion [Eq. (31)] to investigate a minimal model, revealing
highly nontrivial transient dynamics.

The model we choose, schematized in Fig. 4, consists of
a two-site fermion chain subject to anomalous pairing. The
system Hamiltonian is

HS = ε1a†
1a1 + ε2a†

2a2 + �(a†
1a†

2 − a1a2), (61)

where ε1, ε2 are on-site energies and � is the anomalous
pairing energy. We couple such chain to multimode reservoirs
characterized by Hamiltonians

Hα =
∑

l

ωα,l c
†
α,l cα,l , (62)

where α = L, R denote the left and right reservoirs, respec-
tively, and each mode l is represented by the annihilation
operator c

α,l . Each reservoir is linearly coupled to the a single
site of the chain:

V =
∑

l

(gL,l a†
1cL,l + gR,l a†

2cR,l ) + H.c., (63)

where g
α,l is the coupling strength relative to the lth mode.

In the following, we assume both reservoirs possess the same
Lorentzian spectral density, such that the tunneling strength is
set by a global coupling constant η, as argued in Appendix G.
Each reservoir is initially prepared in a Gibbs state with μL =

FIG. 5. [(a)–(d)] Exact (red dots) and weak-coupling (black
squares) current flow I (L→R)

Q [Eq. (65)] for different values of the
coupling constant η and different system initialization (depicted in
the inset). The system parameters are ε1 = 0.5, ε2 = 1.0, and � =
0.7. The reservoirs are initialized at inverse temperatures βL = 1 and
βR = 10. Other numerical parameters are specified in Appendix G.
When the system is initialized in |1〉1 ⊗ |0〉2 [(b) and (d)] we observe
transient anomalous heat flow from the colder reservoir to the hotter
one. In the strong-coupling regime [(c) and (d)] the weak-coupling
approximation fails to capture the full current dynamics. [(e)–(f)]
Pictorial representation of the phenomenology behind the emergence
of negative heat conductance at small t : When site 1 is full and site
2 is empty [(f)], Pauli exclusion prevents heat exchange between the
hotter reservoir and the system, and the latter is forced to absorb heat
from the colder reservoir, thus resulting in net heat flow against the
thermal bias.

μR = 0:

ρα (0) = e−βαHα

Tr e−βαHα
. (64)

We study the heat current flow from the left reservoir the right
reservoir, defined as

I (L→R)
Q (t ) := I (R)

Q (t ) − I (L)
Q (t ). (65)

If we choose βR � βL, so that—in the steady-state regime—a
thermal gradient will be eventually established, then driving
heat from the hotter left reservoir to the colder right one. This
implies positivity of the heat conductance CQ at steady state,
where CQ is given by

CQ(t ) := I (L→R)
Q (t )

TL − TR
. (66)

The heat current [Eq. (65)] is shown in Figs. 5(a)–5(d) for
different coupling constants and system initializations, com-
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paring the exact results of Eq. (31) with its weak-coupling
limit (50).

When the system is initialized in the pure single-fermion
state in which site 2 is fully occupied and site 1 is empty, i.e.,

ψS (0) = |0〉1 ⊗ |1〉2, (67)

as in Figs. 5(a) and 5(c), we see that the heat conductance is
mostly positive in the transient regime too. Indeed, as schema-
tized in Fig. 5(e), the hopping processes that carry fermions
from the hot reservoir to the cold reservoir are favored by
(effective) temperature differences. If we instead prepare the
system in the state

ψS (0) = |1〉1 ⊗ |0〉2, (68)

swapping the filling of the two sites with respect to the first
case, then we observe mostly-negative heat conductance, as
the heat flows from the colder reservoir to the hotter one. This
transient negative heat conductance is a strongly nonequilib-
rium transient phenomenon which finds a simple explanation
illustrated in Fig. 5(f): The hopping process which would
bring a fermion from the hot reservoir R to fermion site 1
is suppressed due to Pauli exclusion, as site 1 is completely
full at t = 0. Moreover, since site 2 is initialized in a state
with zero effective temperature, hopping from the cold L
reservoir to empty site 2 is favored. The confluence of these
two factors gives rise to a transient regime in which heat flows
against the imposed thermal bias. We note that, in the strong-
coupling regime [Figs. 5(c) and 5(d)], the weak-coupling
approximation fails to capture the strongly oscillatory be-
havior we observe in the exact solution to the transport
equation.

VII. CONCLUSIONS

We formulated an exact theory for the characteristic func-
tion for quantum thermodynamics using the Keldysh contour
technique [see Eqs. (17) and (18)]. We then adapted the exact
Gaussian master equation formalism to derive an ordinary
differential equation for this generating function, the tGME
[Eq. (28)]. The latter is a formal instrument which contains
the full information on the heat statistics of the system-
environment compound at any given time. We employed
such an instrument to obtain a concise transport equation for
the heat currents within the system-environment compound
[Eq. (31)], which is the primary result of this article. This
toolkit enables a rigorous treatment of non-Markovian ef-
fects and out-of-equilibrium transient regimes in Gaussian
systems. By taking the weak-coupling and steady-state limits
of Eq. (31), we demonstrated that our approach reduces to
the Landauer-Büttiker scattering formalism. Finally, we ap-
plied the exact transport equation (31) to study heat transport
in a minimal fermion model. Our results uncover a regime
of transient negative heat conductance, serving as a striking
demonstration of nontrivial out-of-equilibrium dynamics. Our
results provide a foundation for several viable developments.
An exact treatment of heat transport in Gaussian systems
could uncover the emergence on nontrivial phenomena, such
as rectification and negative differential conductance [61–63].
Another promising direction is the study on non-Markovian
effects in devices exhibiting bipolar thermoelectricity [64] or

in Cooper pair splitters [65,66]. Furthermore, the toolkit pre-
sented here, in synergy with the GME formalism (Ref. [42]),
could find fruitful applications in describing memory effects
in noisy quantum architectures—a prerequisite for tailoring
efficient error correction codes for quantum computation [67].
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APPENDIX A: THE CHARACTERISTIC FUNCTION
FRAMEWORK ON THE KELDYSH CONTOUR

In this appendix, we derive Eq. (15) for the CF as a contour-
ordered integral and we prove Eq. (14) for calculating the heat
exchange in the TPEM scheme. Moreover, we establish two
useful lemmas relating the four Keldysh components of the
tilted GF, and we obtain the explicit forms (24)–(27) for said
components.

Proof of Eq. (15). Let us start from the well-known form
[Eq. (12)] for the CF:

M(t ; λ) := Tr[Ũλ(t, 0)ρSE (0) Ũ†
−λ(t, 0)], (A1)

The explicit form of the tilted evolution operator is

Ũλ(t, 0) := uλ U (t, 0) u†
λ

:= e−i
∑

α �αλα/2 U (t, 0) ei
∑

α �αλα/2. (A2)

Using the time-ordered exponential form for the interaction-
picture unitary [Eq. (4)], we act on the left and on the right
with uλ, u†

λ:

Ũλ(t, 0) = uλ T exp

[
−i

∫ t

0
dτ V (τ )

]
u†

λ

(i)= T

{
uλ exp

[
−i

∫ t

0
dτ V (τ )

]
u†

λ

}

(ii)= T exp

[
−i

∫ t

0
dτ uλV (τ ) u†

λ

]
. (A3)

Here (i) is justified by �α being time independent, and for
(ii) we used uλu†

λ = 1. The “conjugate” operator appearing in
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Eq. (A1) is

Ũ†
−λ(t, 0) = u†

λ T̃ exp

[
+i

∫ t

0
dτ V (τ )

]
uλ

= T̃

{
u†

λ exp

[
+i

∫ t

0
dτ V (τ )

]
uλ

}

= T̃ exp

[
+i

∫ t

0
dτ u−λV (τ ) u†

−λ

]
. (A4)

Here T̃ is the anti-time-ordering superoperator, which ar-
ranges operators in reverse chronological order compared to
T . Introducing the Keldysh contour γ (t ) = γ+(t ) ⊕ γ−(t ) as
in Fig. 2 we can thus write the generating function as the trace
of a single time-ordered exponential, eventually recovering
Eq. (15) with definition (16):

M(t ; λ) = Tr T

{
exp

[
−i

∫
γ (t )

dz Vλ(z)

]
ρSE (0)

}
. (A5)

�

Proof. This result follows from straightforward algebraic manipulation:

i
∂

∂λα

M(t ; λ)

∣∣∣∣
λ=0

= i
∂

∂λα

Tr[Ũλ(t, 0)ρSE (0)Ũ†
−λ(t, 0)]

∣∣∣∣
λ=0

= i Tr

[
∂Ũλ(t, 0)

∂λα

ρSE (0) Ũ†
−λ(t, 0) + Ũλ(t, 0)ρSE (0)

∂Ũ†
−λ(t, 0)

∂λα

]∣∣∣∣∣
λ=0

= 1

2
Tr[[�α, Ũλ(t, 0)]ρSE (0) Ũ†

−λ(t, 0) − Ũλ(t, 0)ρSE (0)[�α, Ũ†
−λ(t, 0)]]|λ=0

= Tr[�α Ũλ(t, 0)ρSE (0) Ũ†
−λ(t, 0)] − 1

2
Tr[Ũλ(t, 0){�α, ρSE (0)} Ũ†

−λ(t, 0)]|λ=0

(i)= Tr[�α Ũλ(t, 0)ρSE (0) Ũ†
−λ(t, 0)] − Tr[�α ρSE (0) Ũ†

−λ(t, 0) Ũλ(t, 0)]|λ=0

(ii)= Tr[�α U (t, 0)ρSE (0)U†(t, 0)] − Tr[�αρSE (0)U†(t, 0)U (t, 0)]

= Tr[�α[ρSE (t ) − ρSE (0)]]

(iii)= Trα[�α[ρα (t ) − ρα (0)]]

:= 〈Qα〉. (A6)

In (i) we used the hypothesis that the initial state commutes
with �α for all α, together with the cyclicity of the trace.
In (ii), we used Ũλ=0(t, 0) = U (t, 0) and unitarity of U (t, 0).
For (iii), we performed the partial trace on S and on E \ α,
recalling then definition (11) of the heat exchange. �

We now turn our attention to the tilted GF C̃ [Eq. (21)].
We start by establishing a useful lemma. By Hermiticity of
Vλ(t ), we can always chose the sets {Aμ}μ and {Bμ}μ in such
a way that for every index μ in Vλ(z) = ∑

μ Aμ(z) ⊗ B̃μ(z; λ)
a conjugate index μ̄ is defined such that

A†
μ(z) = Aμ̄(z∗),

B̃†
μ(z; λ) = B̃μ̄(z∗; −λ), (A7)

where z∗
± = z∓ ( ∗ flips the contour branches into each other).

Therefore, we can state the following:
Lemma A1. For every pair of indices μ, ν and for every

z,w ∈ γ (t ),

[C̃μν (z,w; λ)]∗ = ζ C̃μ̄ν̄ (z∗,w∗; −λ). (A8)

Proof. Using observation (A7), we have the following :

[C̃μν (z,w; λ)]∗ := 〈Tζ {B̃μ(z; λ)B̃ν (w; λ)}〉∗0
= Tr[Tζ {B̃μ(z; λ)B̃ν (w; λ)�0}]∗

= Tr[T̃ζ {B̃†
ν (w; λ)B̃†

μ(z; λ)�0}]

= Tr[Tζ {B̃ν̄ (w∗; −λ)B̃μ̄(z∗; −λ)�0}]
= ζ Tr[Tζ {B̃μ̄(z∗; −λ)B̃ν̄ (w∗; −λ)�0}]
= ζ C̃μ̄ν̄ (z∗,w∗; −λ). (A9)

�Let us also give a definition:
Definition A1 (effective conjugate). Given a set of

complex-valued functions Fμν (λ), we define the effective
conjugate of each element as

[�F ]μν (λ) := ζF ∗
μ̄ν̄ (−λ), (A10)

where the mapping μ → μ̄ is defined by Eq. (A7).
By choosing a convenient ordering of the reservoir opera-

tors, such a mapping can be always be expressed as{
μ̄ = μ − 1 if μ is even,

μ̄ = μ + 1 if μ is odd.
(A11)

In this case, the effective conjugation can be presented in the
simple matrix form

�F (λ) = ζ (1R ⊗ σx )F ∗(−λ)(1R ⊗ σx ). (A12)

Given these facts, we can prove the following:
Corollary A1. Given Definition A1, the following identi-

ties for the bare tilted GF hold:

C̃< = �C̃>, C̃ T̃ = �C̃ T . (A13)
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Proof. By Lemma A1, we have

C̃<(z,w; λ) := C̃(z−,w+; λ)

= ζ (1R ⊗ σx )[C̃(z+,w−; −λ)]∗(1R ⊗ σx )

:= ζ (1R ⊗ σx )[C̃>(z,w; −λ)]∗(1R ⊗ σx )

:= �C̃>(z,w; λ), (A14)

C̃ T̃ (z,w; λ) := C̃(z+,w+; λ)

= ζ (1R ⊗ σx )[C̃(z−,w−; −λ)]∗(1R ⊗ σx )

:= ζ (1R ⊗ σx )[C̃ T (z,w; −λ)]∗(1R ⊗ σx )

:= �C̃ T (z,w; λ). (A15)

�
We’ll now derive explicit expression for the four Keldysh

components. Let us start by considering the time evolution of
the tilted environment operators appearing in Eq. (19), which
depends on the specific contour branch under consideration.
As stated in the main text, exploiting Hermiticity of the inter-
action Hamiltonian (2), we can write the set of environment
operators {Bμ}μ as a collection of pairs {(B†

α, Bα )}R
α=1, each

pair corresponding to a different reservoir. By leveraging
the Gaussian hypothesis, we constrain Bα (B†

α) to be linear
in the αth reservoir annihilation (creation) operators. Thus,
we have

B̃α (z±; λ) := e±i
∑

β �βλβ/2 eiHE zBαe−iHE z e∓i
∑

β �βλβ/2

= e∓i
∑

β μβNβλβ/2ei
∑

β Hβ (z±λβ/2)Bα

× e−i
∑

β Hβ (z±λβ/2)e±i
∑

β μβNβλβ/2

(i)= e∓iμαNαλα/2eiHα (z±λα/2)Bα

× e−iHα (z±λα/2)e±iμαNαλα/2

(ii)= e∓iμαNαλα/2Bα (z ± λα/2)e±iμαNαλα/2

(iii)= e±iμαλα/2Bα (z ± λα/2). (A16)

In (i) we used the fact that [Bα,�β] = 0 ∀β �= α. In (ii),
we exploited the definition of interaction-picture operators.
In (iii), we used linearity of Bα in the reservoir annihilation
operators. Moreover, we observe that, once again by Her-
miticity of V and since the Hamiltonian of the environment
is particle-number conserving ([Hα,Nα] = 0 ∀α), each 2 × 2
block C̃α (χα) in Eq. (22) [Eq. (23)] is constrained to be of the
form

C̃α =
(

0 C̃α,−
C̃α,+ 0

)
, χα =

(
0 χ−

α

χ+
α 0

)
, (A17)

where we chose an ordering for the environment operators and
defined

C̃α,−(z,w; λ) := Tr Tζ {B̃†
α (z; λ)B̃α (w; λ) ωE },

χ−
α (s) := Tr[B†

α (s)Bα (0) ωE ], (A18)

C̃α,+(z,w; λ) := Tr Tζ {B̃α (z; λ)B̃†
α (w; λ) ωE },

χ+
α (s) := Tr[Bα (s)B†

α (0) ωE ]. (A19)

From now on, we will employ this notation, already intro-
duced in Eq. (46) of the main text.

We can now proceed to derive explicit forms for the
Keldysh components of C̃.

Proof. By Corollary A1, we observe that we can obtain
the Keldysh components of every C̃α,+ from the conjugate
components of C̃α,−, so we only need to calculate the latter.
We start by showing that C̃ T is not affected by the tilting
[Eq. (24)]:

C̃ T
α,−(z,w) := Tr Tζ {B̃†

α (z−; λ)B̃α (w−; λ) ωE }
(i)= θ (z − w) Tr[B̃†

α (z−; λ)B̃α (w−; λ) ωE ]

+ ζθ (w − z) Tr[B̃α (w−; λ)B̃†
α (z−; λ) ωE ]

(ii)= θ (z − w) Tr[e+iμαλα/2B†
α (z − λα/2)

× e−iμαλα/2Bα (w − λα/2) ωE ]

+ ζθ (w − z) Tr[e−iμαλα/2Bα (w − λα/2)

× e+iμαλα/2B†
α (z − λα/2) ωE ]

(iii)= θ (z − w) Tr[B†
α (z − λα/2 − w + λα/2)

× Bα (0) ωE ] + ζθ (w − z) Tr

× [Bα (w − λα/2 − z + λα/2)B†
α (0) ωE ]

= θ (z − w)χ−
α (z − w) + ζθ (w − z)χ+

α (w − z)

:= C T
α,−(z,w). (A20)

Here in (i) we used the definition of contour ordering, in (ii)
we plugged in Eqs. (A16) for the tilted environment opera-
tors and in (iii) we exploited homogeneity of χ [Eq. (23)]
in the time variables. We proceed identically for C̃ T̃

α,−(z,w),

concluding that C̃ T = C T and C̃ T̃ = C T̃ . For the greater and
lesser components [Eqs. (26) and (27)] we have

C̃ >
α,−(z,w; λ) := Tr Tζ {B̃†

α (z+; λ)B̃α (w−; λ) ωE }
= Tr[B̃α (w−; λ) ωE B̃†

α (z+; λ)]

(i)= Tr[B̃†
α (z+; λ)B̃α (w−; λ) ωE ]

= Tr[e−iμαλα/2B†
α (z + λα/2)e−iμαλα/2

× Bα (w − λα/2) ωE ]

(ii)= e−iμαλα Tr[B†
α (z + λα/2)Bα (w − λα/2) ωE ]

= e−iμαλα Tr[B†
α (z − w + λα )Bα (0) ωE ]

= e−iμαλαχ−
α (z − w + λα ), (A21)

and

C̃ <
α,−(z,w; λ) := Tr Tζ {B̃†

α (z−; λ)B̃α (w+; λ) ωE }
= ζ Tr[B̃†

α (z−; λ) ωE B̃α (w+; λ)]

(i)= ζ Tr[B̃α (w+; λ)B̃†
α (z−; λ) ωE ]

= ζ Tr[e+iμαλα/2Bα (w + λα/2)e+iμαλα/2

× B†
α (z − λα/2) ωE ]
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(ii)= ζe+iμαλα Tr[Bα (w + λα/2)B†
α (z − λα/2) ωE ]

= ζe+iμαλα Tr[Bα (w − z + λα )B†
α (0) ωE ]

= ζe+iμαλαχ+
α (w − z + λα ), (A22)

using (i) ciclicity and (ii) linearity of the trace operation. For
completeness, we obtain the remaining matrix elements by
effective conjugation (Definition A1):

C̃ >
α,+(z,w; λ) = ζ [C̃ <

α,−(z,w; −λ)]∗

= ζ 2e+iμαλα [χ+
α (w − z − λα )]∗

= e+iμαλαχ+
α (z − w + λα ), (A23)

C̃ <
α,+(z,w; λ) = ζ [C̃ >

α,−(z,w; −λ)]∗

= ζe−iμαλα [χ−
α (z − w − λα )]∗

= ζe−iμαλαχ−
α (w − z + λα ), (A24)

thus concluding the proof. �

APPENDIX B: DERIVATION OF THE TILTED
GAUSSIAN MASTER EQUATION

In this appendix, we derive the tGME [Eq. (28)] and
the Dyson form [Eq. (29)]. To be pragmatic, we will as-
sume the initial state to be separable, i.e., ρSE (0) = ρS (0) ⊗
ωE , although the results we present only rely on the Gaus-
sian hypothesis. A derivation for correlated initial state is a
straightforward generalization of the construction employed
in Ref. [42] for the standard GME.

By expanding the exponential in Eq. (15) and performing
the partial trace on the environment, we obtain

ρ̃S (t ; λ) =
∞∑

n=0

(−i)n

n!

∑∫
γ (t )

dnz Tr[Tζ {B̃1 · · · B̃n ωE }]

× Tζ {A1 · · · An ρS (0)}, (B1)

where we introduced the shorthand notation Ai := Aμi (zi) and
B̃i := Bμi (zi; λ), and the sum symbol superimposed on the
integral is a reminder that we should also sum over μ indices.
Moreover, we made the substitution T → Tζ , which does not
change the result as the sum number of transposition is in-
volved in ordering the strings B̃1 . . . B̃n ωE and A1 . . . An ρS (0).
Now we make the assumption of a quadratic environment
linearly coupled to the system so that we can invoke the
following form of Wick’s theorem:

Theorem B1 (Wick). Assuming Tr[B̃iωE ] = 0 ∀i, the fol-
lowing holds:

Tr[Tζ {B̃1 · · · B̃2m+1 ωE }] = 0, (B2)

Tr[Tζ {B̃1 · · · B̃2m ωE }] = 1

m!2m

∑
σ∈S2m

ζ N (σ )C̃σ (1),σ (2) · · ·

× C̃σ (2m−1),σ (2m), (B3)

where S2ν is the set of permutations of {1, . . . , 2ν}, N (σ ) the
parity of the permutation σ , and C̃ is the bare GF defined in
Eq. (6) and given in the current notation by

C̃i j = Tr
[
Tζ {B̃iB̃ j ωE }] = ζ C̃ ji. (B4)

Using Eqs. (B2)–(B3) in Eq. (B1), we get

ρ̃S (t ; λ) =
∞∑

m=0

(−i)2m

(2m)!m!2m

∑
σ∈S2m

ζ N (σ )
∑∫

γ (t )
dnz C̃σ (1),σ (2) · · · C̃σ (2m−1),σ (2m) Tζ {A1 · · · A2m ρS (0)}

(i)=
∞∑

m=0

(−i)2m

(2m)!m!2m

∑
σ∈S2m

ζ N (σ )
∑∫

γ (t )
dnw C̃1,2 · · · C̃2m−1,2m Tζ {Aσ−1(1) · · · Aσ−1(2m) ρS (0)}

(ii)=
∞∑

m=0

(−i)2m

(2m)!m!2m

∑
σ∈S2m

ζ N (σ )ζ N (σ−1 )
∑∫

γ (t )
dnw C̃1,2 · · · C̃2m−1,2m Tζ {A1 · · · A2m ρS (0)}

(iii)=
∞∑

m=0

(−i)2m

m!2m

∑∫
γ (t )

dnw C̃1,2 · · · C̃2m−1,2m Tζ {A1 · · · A2m ρS (0)}. (B5)

Here in (i) we changed the integration variables to wi = zσ (i) and νi = μσ (i), in (ii) we used the simple relation

Tζ {Aσ−1(1) · · · Aσ−1(2m) ρS (0)} = ζ N (σ−1 )Tζ {A1 · · · A2m ρS (0)}, (B6)

and in (iii), noting that nothing depends on σ anymore, we performed the sum on σ ∈ S2m, yielding the cardinality of the set
S2m, i.e., (2m)!. This result is conveniently presented as

ρ̃S (t ; λ) =
∞∑

m=0

(−i)2m

m!2m
M̃m(t ; λ), M̃m(t ; λ) :=

∑∫
γ (t )

dnw C̃1,2 · · · C̃2m−1,2m Tζ {A1 · · · A2m ρS (0)}. (B7)

In order to find an exact effective master equation for ρ̃S (t ; λ), we need to take the time derivative of Eq. (B7). For such purpose,
we state the following:
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Theorem B2 (Fundamental theorem of calculus on the Keldysh contour). Let f (z) be an operator-valued function on [γ (t )]n,
with n ∈ N+. Then

d

dt

∫
γ (t )

dnz f (z) =
n∑

k=1

∫
γ (t )

dn−1w
[

f
(
wk−1

1 , t−,wn−1
k

) − f
(
wk−1

1 , t+,wn−1
k

)]
, (B8)

where w
j
i := (wi, . . . ,w j ) with i, j ∈ (1, . . . , n) and i � j.

A proof of this statement proceeds by induction and is carried out in the Supplemental Material of Ref. [42].

Corollary B1. Let f (z) be an operator-valued function on
[γ (t )]n, with n ∈ N+. If∫

γ (t )
dn−1w f

(
wk−1

1 , t±,wn−1
k

) =
∫

γ (t )
dn−1w f (t±,w) (B9)

holds for every k ∈ {1, . . . , n}, then

d

dt

∫
γ (t )

dnz f (z) = n
∫

γ (t )
dn−1w [ f (t−,w) − f (t+,w)].

(B10)

Looking at Eq. (B7), we see that the operator-valued func-
tion to consider is

f (z) =
∑
{μ}

C̃1,2 · · · C̃2m−1,2m Tζ {A1 · · · A2m ρS (0)}, (B11)

where, recalling the shorthand notation introduced in
Eq. (B1), we explicitly wrote the sum over the indices μ. We
need to prove that this f (z) satisfies condition (B9). To achieve
such a task, it is useful to introduce the shorthand notation

A±
i := Aμi (t±), (B12)

so that an underline index indicates evaluation in t±. Similarly,
we define [68]

C̃±
i, j := C̃μi,μ j (t±, z j ), C̃±

i, j := C̃μi,μ j (zi, t±). (B13)

Now, we fix k ∈ {1, . . . , 2m} and let w =
(w1, . . . ,wk−1,wk+1, . . . w2m). For k odd, the left-hand
side of Eq. (B9) reads∑∫

γ (t )
d2m−1w C̃1,2 · · · C̃k−2,k−1C̃±

k,k+1C̃k+2,k+3 · · · C̃2m−1,2m

× Tζ {A1 . . . Ak−1A±
k Ak+1 · · · A2m ρS (0)}. (B14)

With k − 1 transpositions we bring A±
k at the beginning of the

string, and with another k − 1 transpositions we move Ak+1 to
the right of A±

k . Having performed 2(k − 1) transpositions in
total, no additional sign appears:∑∫

γ (t )
d2m−1w C̃±

k,k+1C̃1,2 · · · C̃k−2,k−1C̃k+2,k+3 · · · C̃2m−1,2m

× Tζ {A±
k Ak+1A1 · · · Ak−1Ak+2 · · · A2m ρS (0)}. (B15)

The latter expression is equivalent, after an appropriate change
of variables, to the right-hand side of Eq. (B9). A similar ar-
gument can be carried out for even k. This time, the left-hand
side of Eq. (B9) reads∑∫

γ (t )
d2m−1w C̃1,2 · · · C̃k−3,k−2C̃±

k−1,k C̃k+1,k+1 · · · C̃2m−1,2m

× Tζ {A1 · · · Ak−1A±
k Ak+1 · · · A2m ρS (0)}. (B16)

We need to perform k − 1 transpositions to bring A±
k to the

beginning of the string and another k − 2 to move Ak−1 to its
right. A total of 2k − 3 transpositions, which is odd, causes a ζ

factor to appear. However, we can compensate this by writing
C̃±

k−1,k = ζ C̃±
k,k−1, resulting in

∑∫
γ (t )

d2m−1w C̃±
k,k−1C̃1,2 · · · C̃k−3,k−2C̃k+1,k+2 · · · C̃2m−1,2m

× Tζ {A±
k Ak−1A1 · · · Ak−2Ak+1 · · · A2m ρS (0)}. (B17)

We conclude that Eq. (B10) can be used to evaluate the time
derivative of M̃m(t ; λ) in Eq. (B7). Note that

Tζ {A−
1 A2 · · · A2mρS (0)} = A1Tζ {A2 · · · A2mρS (0)}, (B18)

Tζ {A+
1 A2 · · · A2mρS (0)} = Tζ {A2 · · · A2mρS (0)}A1. (B19)

Therefore,

dM̃m(t ; λ)

dt
= 2m

∑∫
γ (t )

d2m−1z[C̃−
1,2 · · · C̃2m−1,2m A1

× Tζ {A2 · · · A2mρS (0)} − C̃+
1,2 · · · C̃2m−1,2m

× Tζ {A2 · · · A2mρS (0)}A1]. (B20)

At this point, we introduce the quadratic assumption, that will
allow us to expand the right-hand side of Eq. (B20) and make
Mk (t ; λ) with k � m appear, yielding a recursive form. As a
preliminary step, we state the following lemma, proven in the
Supplemental Material of Ref. [42]:

Lemma B1. Suppose [Ai, Aj]ζ is a c-number ∀ i, j. Then

Tζ {A0A1 · · · A2mρS (0)}
= A0Tζ {A1 · · · A2mρS (0)}

−
2m∑
j=1

ζ j−1
0, jTζ {A1 · · · Aj−1Aj+1 · · · A2mρS (0)},

(B21)

where

A(z) • =
{

A(z) • if z ∈ γ−(t ),

ζ • A(z) if z ∈ γ+(t ),
(B22)

and we introduced the system “self-energy”


μν (z,w) :=
{+θz≺w[Aμ(z), Aν (w)]ζ if z ∈ γ−(t ),

−θz�w[Aμ(z), Aν (w)]ζ if z ∈ γ+(t ).
(B23)
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Substituting Eq. (B21) into Eq. (B20) yields

dM̃m(t ; λ)

dt
= 2m

∑∫
γ (t )

d2m−1z C̃−
1,2 · · · C̃2m−1,2m A1A2Tζ {· · · A2mρS (0)}

− 2m
∑∫

γ (t )
d2m−1z C̃+

1,2 · · · C̃2m−1,2m A2Tζ {· · · A2mρS (0)}A1

− 2m
2m∑
j=3

ζ j−1
∑∫

γ (t )
d2m−1z C̃−

1,2 · · · C̃2m−1,2m
2, j A1Tζ {A3 · · · Aj−1Aj+1 · · · A2mρS (0)}

+ 2m
2m∑
j=3

ζ j−1
∑∫

γ (t )
d2m−1z C̃+

1,2 · · · C̃2m−1,2m
2, jTζ {A3 · · · Aj−1Aj+1 · · · A2mρS (0)}A1. (B24)

In the first and second terms of the right-hand side, we see M̃m−1(t ; λ) appear if we isolate the variables z3, . . . , z2m. For what
concerns the third and fourth terms, we will perform the sum on j by showing that all terms in the sum are equal to each other.
Let us consider the third term in the case of even j. We have

ζ j−1
∑∫

γ (t )
d2m−1z C̃−

1,2 · · · C̃ j−1, j · · · C̃2m−1,2m
2, j A1Tζ {A3A4 · · · Aj−1Aj+1 · · · A2mρS (0)}

= ζ
∑∫

γ (t )
d2m−1z C̃−

1,2C̃ j, j−1 · · · C̃4,3 · · · C̃2m−1,2m
2,3 A1Tζ {AjAj−1A5 · · · Aj−2A4Aj+1 · · · A2mρS (0)}, (B25)

where the variable changes j ↔ 3 and j − 1 ↔ 4 were performed. We now move A4 to the leftmost position in the string
using j − 4 transpositions. Then we move the product with AjAj−1 to the former position of A4—without accounting for the
permutation parity since AjAj−1 is the product of an even number of operators—and we finally switch Aj with Aj−1, resulting in
j − 3 total transpositions, which is odd. Therefore, using the fact that C̃ j, j−1C̃4,3 = C̃ j−1, j C̃3,4, we obtain with∑∫

γ (t )
d2m−1z C̃−

1,2C̃3,4 · · · C̃ j−1, j · · · C̃2m−1,2m
2,3 A1Tζ {A4A5 · · · Aj−1AjAj+1 · · · A2mρS (0)}, (B26)

which we can express without specifying j. A similar procedure can be followed for the case of odd j and for the fourth term on
the right-hand side of Eq. (B24). As a consequence, we get

dM̃m(t ; λ)

dt
= 2m

∑∫
γ (t )

dz2
[
C̃−

1,2A1A2M̃m−1(t ; λ) − C̃+
1,2A2M̃m−1(t ; λ)A1

]

− 2m(2m − 2)
∑∫

γ (t )
d2m−1z C̃−

1,2
2,3C̃3,4 · · · C̃2m−1,2m A1Tζ {A4 · · · A2mρS (0)}

+ 2m(2m − 2)
∑∫

γ (t )
d2m−1z C̃+

1,2
2,3C̃3,4 · · · C̃2m−1,2m Tζ {A4 · · · A2mρS (0)}A1. (B27)

The above reasoning can be applied again to reduce the
string Tζ {A4 · · · A2mρS (0)}A1, generating a term containing
M̃m−2(t ; λ) and a term containing Tζ {A6 · · · A2mρS (0)}A1. We
iterate this pattern until we exhaust all operators inside Tζ .
The result is

dM̃m(t ; λ)

dt
=

m∑
k=1

(−1)k+1(2m)!!

(2m − 2k)!!
S̃k (t ; λ)M̃m−k (t ; λ),

(B28)

where we defined the superoperator

S̃k (t ; λ) • :=
∑∫

γ (t )
d2k−1z [C̃−

1,2A1A2k • − C̃+
1,2A2k • A1]

× 
2,3C̃3,4
4,5 · · · 
2k−2,2k−1C̃2k−1,2k . (B29)

If we recall that (2x)!! = x!2x and Eq. (B7), then we get

dρ̃S (t ; λ)

dt
=

∞∑
m=1

(−1)m

m!2m

dM̃m(t ; λ)

dt

=
∞∑

m=1

m∑
k=1

(−1)m+k+1

(m − k)!2(m−k)
S̃k (t ; λ)M̃m−k (t ; λ),

(B30)

and recognizing the Cauchy product of two series

∞∑
m=1

m∑
k=1

F (m, k) =
∞∑

k=1

∞∑
m=k

F (m, k)

=
∞∑

k=1

∞∑
m=0

F (m + k, k), (B31)
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we finally obtain

dρ̃S (t ; λ)

dt
=

∞∑
k=1

∞∑
m=0

(−1)m+1

m!2m
S̃k (t ; λ)M̃m(t ; λ) = −S̃ (t ; λ)ρ̃S (t ; λ), (B32)

where S̃ := ∑∞
k=1 S̃k . We’ll now show that the latter is exactly the effective master equation reported in Eq. (28) of the main

text. First, we define the following recursion:

G̃ (1)
μν (z,w; λ) = C̃μν (z,w; λ), G̃ (k)

μν (z,w; λ) =
∑
μ′,ν ′

∫
γ (t )

d2y G̃ (k−1)
μμ′ (z, y1; λ)
μ′ν ′

× (y1, y2)C̃ν ′ν (y2,w; λ), (B33)

so that we can rewrite the kernel of Eq (B32) as

S̃ (t ; λ) • =
∑
μ,ν

∫
γ (t )

dz [G̃μν (t−, z; λ)Aμ(t )Aν (z) • − G̃(t+, z; λ)Aν (z) • Aμ(t )], (B34)

where performing the sum on k yields Eq. (29) for the tilted GF:

G̃(12) :=
∞∑

k=1

G̃ (k)(12)

= C̃(12) +
∫

γ (t )
d(34) C̃(13)
(34)C̃(42) +

∫
γ (t )

d(34)
∫

γ (t )
d(56) C̃(15)
(56)C̃(63)
(34)C̃(42) + · · ·

= C̃(12) +
∫

γ (t )
d(34)

[
C̃(13) +

∫
γ (t )

d(56) C̃(15)
(56)C̃(63) + · · ·
]

(34)C̃(42)

= C̃(12) +
∫

γ (t )
d(34) G̃(13)
(34)C̃(42). (B35)

Inserting Eq. (B34) into Eq. (B32) we recover the explicit form of the tGME [Eq. (28)]:

dρ̃S (t ; λ)

dt
=

∑
μ,ν

∫
γ (t )

dz {G̃μν (t+, z; λ)Aν (z)ρ̃S (t ; λ)Aμ(t ) − G̃μν (t−, z; λ)Aμ(t )Aν (z)ρ̃S (t ; λ)}. (B36)

We observe that, setting λ = 0 from the very beginning, we can prove the standard GME given in Eq. (7) of the main text.

APPENDIX C: DERIVATION OF THE EXACT HEAT TRANSPORT EQUATION

We are now prepared to derive the transport equation (31). We start by writing the tGME (28) in physical time, introducing
the Keldysh components of G̃:

dρ̃S (t ; λ)

dt
=

∑
μ,ν

∫
γ (t )

dz {G̃μν (t+, z; λ)Aν (z)ρ̃S (t ; λ)Aμ(t ) − G̃μν (t−, z; λ)Aμ(t )Aν (z)ρ̃S (t ; λ)}

=
∑
μ,ν

[∫
γ−(t )

dz {G̃μν (t+, z−; λ)Aν (z)ρ̃S (t ; λ)Aμ(t ) − G̃μν (t−, z−; λ)Aμ(t )Aν (z)ρ̃S (t ; λ)}

+ ζ

∫
γ+(t )

dz {G̃μν (t+, z+; λ)ρ̃S (t ; λ)Aν (z)Aμ(t ) − G̃μν (t−, z+; λ)Aμ(t )ρ̃S (t ; λ)Aν (z)}
]

(i)=
∑
μ,ν

∫ t

0
dτ

{
G̃ >

μν (t, τ ; λ)Aν (τ )ρ̃S (t ; λ)Aμ(t ) − G̃ T
μν (t, τ ; λ)Aμ(t )Aν (τ )ρ̃S (t ; λ)

+ ζ G̃ <
μν (t, τ ; λ)Aμ(t )ρ̃S (t ; λ)Aν (τ ) − ζ G̃ T̃

μν (t, τ ; λ)ρ̃S (t ; λ)Aν (τ )Aμ(t )
}
. (C1)

In (i), we wrote the explicit form of the contour integral on the two branches, using the correct integration measure ±dτ on γ∓(t )
respectively. Now, recalling definition (32) of the dressed heat kernel

gα (z,w) := i
∂G̃(z,w; λ)

∂λα

∣∣∣∣
λ=0

, (C2)
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we take the derivative of both sides of Eq. (C1) with respect to λα in λ = 0, defining θα (t ) := i∂ρ̃S (t ; λ)/∂λα|λ=0 such that
I (α)
Q (t ) = TrS θα (t ):

dθα (t )

dt
=

∑
μ,ν

∫ t

0
dτ

{
g>

α;μν (t, τ )Aν (τ )ρS (t )Aμ(t ) + iG >
μν (t, τ )Aν (τ )θα (t )Aμ(t )

− gTα;μν (t, τ )Aμ(t )Aν (τ )ρS (t ) − iG T
μν (t, τ )Aμ(t )Aν (τ )θα (t )

+ ζg<
α;μν (t, τ )Aμ(t )ρS (t )Aν (τ ) + iζG<

μν (t, τ )Aμ(t )θα (t )Aν (τ )

− ζgT̃α;μν (t, τ )ρS (t )Aν (τ )Aμ(t ) − iζGT̃
μν (t, τ )θα (t )Aν (τ )Aμ(t )

}
. (C3)

We notice that all the terms containing G exactly sum up to
the standard GME kernel, i.e.,

dθα (t )

dt
= i

∑
μ,ν

∫
γ (t )

dz Gμν (t+, z)[Aν (τ )θα (t ), Aμ(t )]

+ [ terms with g ]. (C4)

Since the trace of a commutator is zero, we need only to retain
the terms containing the dressed heat kernel when evaluating
the heat current [Eq. (11)]. Therefore, we have

I (α)
Q (t ) = TrS

∑
μ,ν

∫ t

0
dτ

{
g>

α;μν (t, τ )Aν (τ )ρS (t )Aμ(t )

− gTα;μν (t, τ )Aμ(t )Aν (τ )ρS (t )

+ ζg<
α;μν (t, τ )Aμ(t )ρS (t )Aν (τ )

− ζgT̃α;μν (t, τ )ρS (t )Aν (τ )Aμ(t )
}

(i)=
∑
μ,ν

∫ t

0
dτ

{[
g>

α;μν (t, τ ) − gTα;μν (t, τ )
]〈Aμ(t )Aν (τ )〉t

+ ζ
[
g<

α;μν (t, τ ) − gT̃α;μν (t, τ )
]〈Aν (τ )Aμ(t )〉t

}
,

(C5)

where (i) follows from linearity and ciclicity of the trace and
we employed the shorthand notation 〈•〉t := TrS[ •ρS (t )].

Equation (C5) contains all four Keldysh components of gα .
To get to the more compact form given in Eq. (31) in the main
text, we need to show that the second term on the right-hand
side of (C5) is just the complex conjugate of the first. To
achieve this, we need to state the generalization of Lemma
A1 to the dressed GF:

Lemma C1. For every pair of indices μ, ν and for every
z,w ∈ γ (t ),

[G̃μν (z,w; λ)]∗ = ζ G̃μ̄ν̄ (z∗,w∗; −λ). (C6)

Proof. It suffices to show that property (C6) is satisfied by
all terms G̃ (k) in the series (B35). We do this by induction on
k. The k = 1 case is just Lemma A1. Similarly, we can prove
that the same property holds for the self-energy. For z ∈ γ−(t ),
we have


∗
μν (z,w) := θz≺w[Aμ(z), Aν (w)]∗ζ

(i)= θz≺w[A†
ν (w), A†

μ(z)]ζ

= θz≺w[Aν̄ (w∗), Aμ̄(z∗)]ζ

= −ζθz≺w[Aμ̄(z∗), Aν̄ (w∗)]ζ

= −ζθz∗�w∗ [Aμ̄(z∗), Aν̄ (w∗)]ζ

:= ζ
μ̄ν̄ (z∗,w∗), (C7)

and the same holds for z ∈ γ+(t ) [in (i), we recall that 
μν is
a c-number ∀μ, ν]. Thus, the inductive step of the proof is

[
G̃ (k)

μν (z,w; λ)
]∗ =

∑
μ′,ν ′

∫∫
γ (t )

d2y
[
G̃ (k−1)

μμ′ (z, y1; λ)
μ′ν ′

× (y1, y2)C̃ν ′ν (y2,w; λ)
]∗

= ζ
∑
μ′,ν ′

∫∫
γ (t )

d2y G̃ (k−1)
μ̄μ̄′ (z∗, y∗

1; −λ)
μ̄′ν̄ ′

× (y∗
1, y∗

2 )C̃ν̄ ′ ν̄ (y∗
2,w

∗; −λ)

(i)= ζ
∑
μ′,ν ′

∫∫
γ (t )

d2y G̃ (k−1)
μ̄μ′ (z∗, y1; −λ)
μ′ν ′

× (y1, y2)C̃ν ′ ν̄ (y,w∗; −λ)

:= ζ G̃ (k)
μ̄ν̄ (z∗,w∗; −λ), (C8)

where in (i) we performed the harmless variable change
(y∗

1, y∗
2 ) → (y1, y2), under which the contour is invariant, and

renamed the dummy indices (μ̄′, ν̄ ′) → (μ′, ν ′). �
Corollary C1. Given Definition A1, the following identi-

ties for the dressed tilted GF hold:

G̃< = �G̃>, G̃ T̃ = �G̃ T . (C9)

Proof. Given Lemma C1, the proof is formally identical to
that of Corollary A1 with C̃ → G̃. �

Corollary C2. The following identities for the dressed heat
kernel hold:

g<
α = �g>

α , g T̃
α = �gT

α , (C10)

where �Definition A1 has been straightforwardly extended to
λ-independent quantities.

Proof.

g<
α,μν (z,w) := i

∂

∂λα

G̃<
μν (z,w; λ)

∣∣∣∣
λ=0

= i
∂

∂λα

[
ζ G̃>

μ̄ν̄ (z,w; −λ)
]∗

∣∣∣∣
λ=0

= ζ

[
− i

∂

∂λα

G̃>
μ̄ν̄ (z,w; −λ)

∣∣∣∣
λ=0

]∗
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= ζ

[
−i

∂

∂ (−λα )
G̃>

μ̄ν̄ (z,w; λ)

∣∣∣∣
λ=0

]∗

= ζ

[
i

∂

∂λα

G̃>
μ̄ν̄ (z,w; λ)

∣∣∣∣
λ=0

]∗

:= �g>
α,μν. (C11)

The calculation is the same with g<
α → gT̃α and g>

α → gTα . �
Given these facts, we can show the desired relation:

ζ
∑
μ,ν

[
g<

α;μν (t, τ ) − gT̃α;μν (t, τ )
]〈Aν (τ )Aμ(t )〉t

(i)= ζ 2
∑
μ,ν

[
g>

α;μ̄ν̄ (t, τ ) − gTα;μ̄ν̄ (t, τ )
]∗〈Aν (τ )Aμ(t )〉t

=
∑
μ,ν

[
g>

α;μ̄ν̄ (t, τ ) − gTα;μ̄ν̄ (t, τ )
]∗〈A†

μ(t )A†
ν (τ )〉∗t

=
∑
μ,ν

[
g>

α;μ̄ν̄ (t, τ ) − gTα;μ̄ν̄ (t, τ )
]∗〈Aμ̄(t )Aν̄ (τ )〉∗t

(ii)=
∑
μ,ν

[
g>

α;μν (t, τ ) − gTα;μν (t, τ )
]∗〈Aμ(t )Aν (τ )〉∗t , (C12)

where (i) follows from Corollary C2 and in (ii) we relabeled
dummy indices. Plugging this result into Eq. (C5), we finally
recover Eq. (31):

I (α)
Q (t ) =

∫ t

0
dτ

[
g>

α;μν (t, τ ) − gTα;μν (t, τ )
]〈Aμ(t )Aν (τ )〉t

+ c.c. (C13)

APPENDIX D: RECURSIVE EQUATION FOR THE
DRESSED TRANSPORT KERNEL

In this appendix, we derive Eqs. (35) and (36) for the
practical calculation of the dressed heat kernel gα .

We start by expanding Eq. (29) up to first order in λ:

G̃(12) = C(12) +
∑

α

(−iλα )cα (12) +
∫∫

γ (t )
d(34)

[
G(13) +

∑
α

(−iλα )gα (13)
]

(34)

[
C(42) +

∑
α

(−iλα )cα (42)
]

+ O(λ2),

= C(12) +
∫∫

γ (t )
d(34)G(13) 
(34) C(42) +

∑
α

(−iλα )

[
cα (12) +

∫∫
γ (t )

d(34) G̃(13) 
(34) cα (42)

+
∫∫

γ (t )
d(34) gα (13) 
(34) C̃(42)

]
+ O(λ2). (D1)

Since this must hold for every λ ∈ RR, equating coefficients of equivalent order on the left-hand side and right-hand side we
obtain Eq. (35):

gα (12) = cα (12) +
∫∫

γ (t )
d2w {G(13) 
(34) cα (42) + gα (13) 
(34) C(42)}. (D2)

We will now unwrap this equation on the Keldysh contour. To achieve this, we take advantage of the fact that, by definition
(B23), we have 
> = 
< = 0. Therefore, given the contour function

f (1234) = G(13) 
(34) cα (42) + gα (13) 
(34) C(42), (D3)

the contour integral becomes∫∫
γ (t )

d2w f (1234) =
∫∫

γ+(t )
d(34) f (123+4+) +

∫∫
γ−(t )

d(34) f (123−4−)

=
∫∫

[0,t]
d(34) { f (123+4+) + f (123−4−)}, (D4)

noting that the sign of the double integration measure d(34) is the same on the two branches when both the variables 3 and 4 lie
on the same branch. For reasons that will be clear later, we only need to write physical-time equations for the pair �gα = (g>

α , gT̃α ),
which are

g>
α (12) = c>α (12) +

∫∫
[0,t]

d(34) {G(1+3+) 
(3+4+) cα (4+2−) + G(1+3−) 
(3−4−) cα (4−2−)}

+
∫∫

[0,t]
d(34)) {gα (1+3+) 
(3+4+) C(4+2−) + gα (1+3−) 
(3−4−) C(4−2−)}

= c>α (12) +
∫∫

[0,t]
d(34)

{
GT̃ (13) 
T̃ (34) c>α (42) + G>(13) 
T (34) cTα (42)

}

+
∫∫

[0,t]
d(34)

{
gT̃α (13) 
T̃ (34) C>(42) + g>

α (13) 
T (34) CT (42)
}

144308-16



EXACT QUANTUM TRANSPORT IN NON-MARKOVIAN … PHYSICAL REVIEW B 114, 144308 (2026)

(i)= c>α (12) +
∫∫

[0,t]
d(34)

{ − GT̃ (13) 
T (34) c>α (42) − gT̃α (13) 
T (34) C>(42) + g>
α (13) 
T (34) CT (42)

}
, (D5)

gT̃α (12) =
∫∫

[0,t]
d(34) {G(1+3−) 
(3−4−) cα (4−2+) + G(1+3+) 
(3+4+) cα (4+2+)}

+
∫∫

[0,t]
d(34) {gα (1+3+) 
(3+4+) C(4+2+) + gα (1+3−) 
(3−4−) C(4−2+)}

=
∫∫

[0,t]
d(34)

{
G>(13) 
T (34) c<α (42) + GT̃ (13) 
T̃ (34) cT̃α (42)

}

+
∫∫

[0,t]
d(34)

{
gT̃α (13) 
T̃ (34) CT̃ (42) + g>

α (13) 
T (34) C<(42)
}

(i)=
∫∫

[0,t]
d(34)

{
G>(13) 
T (34) c<α (42) − gT̃α (13) 
T (34) CT̃ (42) + g>

α (13) 
T (34)C<(42)
}
. (D6)

Here we have made heavy use of the fact that cTα = cT̃α ≡ 0, and in (i) we have exploited the identity 
T̃ = −
T . A posteriori,
we observe that neither of the other two Keldysh components (i.e., g< and gT ) appear in Eqs. (D5) and (D6). Therefore, the
latter define a self-consistent system of coupled equations for (g>

α , gT̃α ). The conjugate pair (g<
α , gTα ) is immediately obtained

by effective conjugation (Definition A1) thanks to Corollary C2 to Lemma C1. To achieve the neater form (36), we define the
following functionals:

[KX f ](12) :=
∫∫

[0,t]
d2w GX (13) 
T (34) f (42) for X ∈ [>,<], (D7)

[IY f ](12) :=
∫∫

[0,t]
d2w f (13) 
T (34) CX (42) for Y ∈ [>,<,T , T̃ ], (D8)

therefore getting

g>
α = c>α − K<c>α + ITg>

α − I>gT̃α , (D9)

gT̃α = K>c<α − IT̃gT̃α + I<g>
α , (D10)

where we employed Lemma F.2 in the Supplemental Material
of Ref. [42], which states that for all z ∈ γ (t ) we can write

G>(t, z) ≡ GT (t, z). (D11)

Turning to matrix form, we immediately recover Eq. (36) of
the main text.

In order to solve such an equation via numerical methods,
we need to write out explicitly the integral functionals (D7)
and (D8). First, we observe that 
T can be written as follows:


T
i j (u, v) = θ (v − u) σi j (u − v)

:= θ (v − u) [Ai(u − v), Aj (0)]ζ . (D12)

Then, we recall the definition of the Keldysh components of
C in terms of the physical-time GF χ , which are just Eqs. (24)
and (25) together Eqs (26) and (27) for λ = 0:

C>
μν (v, τ ) = χμν (v − τ ), (D13)

C<
μν (v, τ ) = ζχνμ(τ − v), (D14)

CTμν (v, τ ) = θ (v − τ )χμν (v − τ ) + ζθ (τ − v)χνμ(τ − v),
(D15)

CT̃μν (v, τ ) = θ (τ − v)χμν (v − τ ) + ζθ (v − τ )χνμ(τ − v).
(D16)

The K functionals (D7) are therefore

[K< f ](t, τ ) =
∫ t

0
dv

∫ v

0
duG<(t, u) σ (u − v) f (v, τ ),

(D17)

[K> f ](t, τ ) =
∫ t

0
dv

∫ v

0
duG>(t, u) σ (u − v) f (v, τ ).

(D18)

and for the I functionals (D8) we have

[I> f ](t, τ ) =
∫ t

0
dv

∫ v

0
du f (t, u) σ (u − v) χ (v − τ ),

(D19)

[I< f ](t, τ ) = ζ

∫ t

0
dv

∫ v

0
du f (t, u) σ (u − v) χT (τ − v),

(D20)

[IT f ](t, τ ) =
∫ t

τ

dv

∫ v

0
du f (t, u) σ (u − v)χ (v − τ )

+ ζ

∫ τ

0
dv

∫ v

0
du f (t, u) σ (u − v) χT (τ − v),

(D21)

[IT̃ f ](t, τ ) =
∫ τ

0
dv

∫ v

0
du f (t, u) σ (u − v)χ (v − τ )

+ ζ

∫ t

τ

dv

∫ v

0
du f (t, u) σ (u − v) χT (τ − v).

(D22)
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APPENDIX E: EXPLICIT FORM OF THE BARE
HEAT KERNEL

Here we derive Eqs. (42), (47), and (48) of Sec. IV of the
main text. We start by direct inspection of Eq. (23) for the
physical-time GF: In absence of anomalous correlations, the
αth block of χ takes the form given in (A17). By appropriate
definition of the density of states Jα (ω), the two relevant
matrix elements can be presented as

χ−
α (s) := Tr[B†

α (s)Bα (0) ωE ] =
∫ ∞

0
dω Jα (ω) fα (ω) eiωs,

(E1)

χ+
α (s) := Tr

[
Bα (s)B†

α (0) ωE
]

=
∫ ∞

0
dω Jα (ω)[1 + ζ fα (ω)] e−iωs, (E2)

where fα (ω) = [eβα (ω−μα ) − ζ ]
−1

characterizes the reservoir
statistics. Per definition (34) and Eq. (26), we have

c>α,±(z,w) := i
∂ C̃ >

α,±(z,w; λ)

∂λα

∣∣∣∣
λ=0

= i
∂

∂λα

[e±iμαλαχ±
α (z − w + λα )]

∣∣∣∣
λ=0

= i
∂χ±

α (s)

∂s

∣∣∣∣
s=z−w

∓ μαχ±
α (z − w), (E3)

which in matrix form is exactly Eq. (42). By inserting
Eqs. (E1) and (E2) in the latter, we recover Eqs. (47) and (48).

APPENDIX F: DIFFERENTIAL EQUATION FOR THE
SECOND MOMENTS OF THE HEAT EXCHANGE PDF

In this appendix we show how, from the definition (12)
of the generating function, we can also derive the second
moments of the heat distribution as

〈QαQβ〉(t ) := − ∂2M(t ; λ)

∂λα∂λβ

∣∣∣∣
λ=0

= − Tr ∂2
αβρ̃S (t ; λ)|λ=0, (F1)

where ∂α := ∂/∂λα . We can obtain an ODE for these corre-
lators by differentiating Eq. (28) twice with respect to λ and
setting λ = 0:

d

dt
∂2
αβρ̃S (t ; λ)

∣∣∣∣
0

=
∑
μ,ν

∫ t

0
dτ

{ + ∂2
αβ G̃>

μν (t, τ ; λ)Aν (τ )ρ̃S (t ; λ)Aμ(t ) + ∂β G̃>
μν (t, τ ; λ)Aν (τ )∂αρ̃S (t ; λ)Aμ(t )

+ ∂αG̃>
μν (t, τ ; λ)Aν (τ )∂βρ̃S (t ; λ)Aμ(t ) + G̃>

μν (t, τ ; λ)Aν (τ )∂2
αβρ̃S (t ; λ)Aμ(t )

− ∂2
αβ G̃T

μν (t, τ ; λ)Aμ(t )Aν (τ )ρ̃S (t ; λ) − ∂β G̃T
μν (t, τ ; λ)Aμ(t )Aν (τ )∂αρ̃S (t ; λ)

− ∂αG̃T
μν (t, τ ; λ)Aμ(t )Aν (τ )∂βρ̃S (t ; λ) − G̃T

μν (t, τ ; λ)Aμ(t )Aν (τ )∂2
αβρ̃S (t ; λ)

+ ζ∂2
αβ G̃<

μν (t, τ ; λ)Aμ(t )ρ̃S (t ; λ)Aν (τ ) + ζ∂β G̃<
μν (t, τ ; λ)Aμ(t )∂αρ̃S (t ; λ)Aν (τ )

+ ζ∂αG̃<
μν (t, τ ; λ)Aμ(t )∂βρ̃S (t ; λ)Aν (τ ) + ζ G̃<

μν (t, τ ; λ)Aμ(t )∂2
αβρ̃S (t ; λ)Aν (τ )

− ζ∂2
αβ G̃T̃

μν (t, τ ; λ)ρ̃S (t ; λ)Aν (τ )Aμ(t ) − ζ∂β G̃T̃
μν (t, τ ; λ)∂αρ̃S (t ; λ)Aν (τ )Aμ(t )

}
− ζ∂αG̃T̃

μν (t, τ ; λ)∂βρ̃S (t ; λ)Aν (τ )Aμ(t ) − ζ G̃T̃
μν (t, τ ; λ)∂2

αβρ̃S (t ; λ)Aν (τ )Aμ(t )
}∣∣∣∣∣

0

. (F2)

Of the latter 16 terms on the right-hand side, the four containing ∂2
αβρ̃S disappear when we take the trace. We may now define

Cαβ (z,w) := −∂2C̃(z,w; λ)

∂λα∂λβ

∣∣∣∣
λ=0

, Gαβ (z,w) := −∂G̃(z,w; λ)

∂λα∂λβ

∣∣∣∣
λ=0

. (F3)

As a consequence of Lemmas A 1 and C 1, we see that �C> = C< and �CT = CT̃ , and the same holds for G. This can be proven
by following the same procedure as in the proof of Corollary C 2. Taking the trace of Eq. (F2) and recalling the definition of
θα (t ) := i∂αρ̃S (t ; λ)|λ=0, we get

d

dt
〈QαQβ〉t =

∑
μ,ν

∫ t

0
dτ

{[
G>

αβ − GT
αβ

]
μν

(t, τ ) Tr
[
Aμ(t )Aν (τ )ρS (t )

]
+ [

g>
α − gTα

]
μν

(t, τ ) Tr
[
Aμ(t )Aν (τ )θβ (t )

]
+ [

g>
β − gTβ

]
μν

(t, τ ) Tr[Aμ(t )Aν (τ )θα (t )]
} + c.c.. (F4)

In order to evaluate such correlators, we would need to solve the inhomogeneous ODE (C3) for θα (t ) and θβ (t ) and to obtain
a self-consistent equation for the second-order dressed kernel Gαβ . The latter can be found in a straightforward fashion by
following the procedure outlined in Appendix D for the dressed heat kernel, rewriting Eq. (D1) up to second order in λ.
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APPENDIX G: NOTES ON THE CASE-STUDY
IMPLEMENTATION

In this final appendix, we give some additional information
on the numerical analysis which results are shown in Sec. VI
of the main text.

The system-environment coupling Hamiltonian can be put
in the form (2) as follows:

V = A1 ⊗ B†
L + A†

1 ⊗ BL + A2 ⊗ B†
R + A†

2 ⊗ BR, (G1)

where A1 = a1, A2 = a2 and

Bα =
∑

l

gα,l cα,lPα, (G2)

with Pα := (−1)
∑

l c†
α,l cα,l being the parity operator associ-

ated with reservoir α. The presence of this operator, due to
fermionic anticommutation rules, is inconsequential and can
be forgotten hereafter. The physical GF [Eq. (23)] for each
reservoir is then

χα (s) =
(

0 〈B†
α (s)Bα (0)〉0

〈Bα (s)B†
α (0)〉0 0

)

=
∑
l,m

gα,l g∗
α,m

(
0 〈c†

α,m(s)c
α,l (0)〉0

〈c
α,l (s)c†

α,m(0)〉0 0

)

=
∑

l

|gα,l |2
(

0 fα,l e+iωα,l s

[1 − fα,l ]e−iωα,l s 0

)

=
∫ ∞

0
dω Jα (ω)

(
0 fα (ω)e+iωs

[1 − fα (ω)]e−iωs 0

)
.

(G3)

Here we employed the shorthand notation 〈•〉0 :=
Tr[ • ρSE (0)], defined the density of states

Jα (ω) :=
∑

l

|gα,l |2δ(ω − ωα,l ), (G4)

and used the following results:

〈c†
α,m(s)c

α,l (0)〉0 = 〈c†
α,mc

α,l〉0e+iωα,ms

:= δl,m fα,l e
+iωα,ms, (G5)

〈c
α,l (s)c†

α,m(0)〉0 = 〈c
α,l c

†
α,m〉0e−iωα,l s

:= δl,m[1 − fα,l ]e
−iωα,l s. (G6)

For numerical implementation, we choose for both the reser-
voirs the same Lorentzian spectral line shape,

JL(ω) = JR(ω)

= η

π

�

ω2 + �2
e−|ω|/ωc , (G7)

where η quantifies the coupling strength, � is the excitation
linewidth, and we employed a long-wavelength exponential
cutoff with ωc � � to facilitate numerical implementation. To
produce the numerical results in Fig. 5(a) of the main text, we
fixed � = 1, ωc = 10. The bare heat kernels are calculated
from Eqs. (47) and (48). The recursive equations (8) and
(36) are formulated as fixed-point problems and solved via
Newton-Krylov algorithm after discretization on a nonlinear
time grid.
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