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A density functional theory (DFT) framework is presented that links functional derivatives of free-energy func-
tionals to nonlinear static density response functions in quantum many-body systems. Within this framework,
explicit expressions are derived for various higher-order response functions of systems that are homogeneous on
average, including the first theoretical result for the cubic response at the first harmonic xém) (q). Specifically,
our framework includes hitherto neglected mode-coupling effects that are important for the nonlinear density
response even in the presence of a single harmonic perturbation. We compare these predictions for xé”)(q) to
new Kohn-Sham DFT simulations, leading to excellent agreement between theory and numerical results. Exact
analytical expressions are also obtained for the long-wavelength limits of the ideal quadratic and cubic response
functions. Particular emphasis is placed on the connections between the third- and fourth-order functional
derivatives of the noninteracting free-energy functional F;[n] and the ideal quadratic and cubic response functions
of the uniform electron gas, respectively. These relations provide exact constraints that may prove useful for the
future construction of improved approximations to F;[n], in particular, for warm dense matter applications at
finite temperatures. Here, we use this framework to assess several commonly employed approximations to F;[n]
through orbital-free DFT simulations of the harmonically perturbed ideal electron gas. The results are compared
with Kohn-Sham DFT calculations across temperatures ranging from the ground state to the warm dense regime.
Additionally, we analyze in detail the temperature- and wave number-dependent nonmonotonic behavior of the

ideal quadratic and cubic response functions.

DOI: 10.1103/56xx-12ts

I. INTRODUCTION

Density functional theory (DFT) is a powerful tool em-
ployed in both quantum and classical many-particle physics
[1,2]. It is widely used to understand and simulate materials
across various phases. The relationship between the functional
derivatives of different (free) energy functionals and den-
sity response functions connects DFT with other many-body
theories, such as Green’s functions and, more broadly, ki-
netic theory [3-5]. These approaches complement each other,
enabling analysis from multiple viewpoints and a deeper un-
derstanding of the physics of many-body systems.
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The connection between DFT and linear response theory
is well established [6,7]. In contrast, nonlinear response the-
ory within the DFT framework is much less explored [8].
Just as linear response theory has been crucial in advanc-
ing approximations for exchange-correlation (XC) functionals
[9,10], as well as noninteracting free-energy and Kkinetic-
energy functionals in density functional theory (DFT) [11],
nonlinear response theory can significantly enhance the qual-
ity of models and approximations in DFT. In conceptual
DFT, nonlinear response properties of electrons are used to
understand and characterize chemical bonding [12-14]. Addi-
tionally, as demonstrated here, the DFT framework enables us
to identify general forms of solutions for nonlinear response
functions involving a hitherto unexplored and erroneously
neglected mode-coupling mechanism that is important even in
the presence of a single external perturbation. This can serve
as a useful guide for more tedious theoretical approaches, such
as the method of Green’s functions and quantum kinetic the-
ory [3,15,16]. Consequently, understanding the relationship
between various types of energy functionals and nonlinear

Published by the American Physical Society
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response functions is essential for both the development
of theory and the enhancement of DFT-based simulation
methods.

In this work, we explore a general framework for DFT that
links the functional derivatives of free-energy functionals to
nonlinear density response functions. This approach offers a
straightforward way to identify how the coupling between dif-
ferent modes contributes to the nonlinear response in different
situations. We demonstrate this by providing the solution for
the cubic response at the first harmonic Xém)(q) (i.e., the
leading nonlinear term at the original perturbation [17,18])
in terms of mode coupling between density perturbations at
the first and second harmonics. This solution, long obscured
and overlooked in the intricacies of Green’s functions [3] and
quantum-kinetic [15] analyses, emerges here with surprising
clarity. As a benchmark for future theoretical developments,
we provide exact data for X(()l‘3)(q) computed by Kohn-Sham
(KS) DFT simulations of the harmonically perturbed ideal
uniform electron gas (UEG). Additionally, we derive the exact
analytical solution for the long-wavelength limit of X(l ”(q)
of the UEG.

We employ the developed framework to evaluate the
performance of commonly used noninteracting free-energy
functional approximations in describing the nonlinear density
response of the UEG across temperatures spanning from the
ground state to the high-temperature regime. We consider
the ground-state Wang-Teter (WT) functional [19] and its
finite-temperature version developed by Sjostrom and Dali-
gault [20], which is conventionally referred to as the WTF
functional. Additionally, we examine the generalized gradi-
ent approximation (GGA) introduced by Luo, Karasiev, and
Trickey, denoted as LKTF [21,22]. Lastly, we discuss the re-
cently proposed fully nonlocal functional by Ma et al. [23,24],
referred to as XWMF. The discussion of the results primarily
focuses on warm dense matter (WDM) applications, a state
of matter characterized by the simultaneous importance of
strong thermal excitations, quantum degeneracy effects, and
interparticle correlations [5,25-30]; see Ref. [31] for a topical
WDM roadmap article.

Because orbital-free methods rely heavily on the UEG
limit, the accuracy of the noninteracting free-energy func-
tional in this regime is critical for modeling metals, semi-
conductors, and quantum plasmas [11,21,29,32-34]. The
presented analysis can be particularly valuable for the de-
velopment of new noninteracting free-energy functionals at
conditions where accurate modeling of the electronic screen-
ing of ion-ion pair interaction is crucial. In this regard, we
highlight the previously overlooked fact that the noninteract-
ing free energy functional, which can reproduce the known
limit of the ideal linear density response function of the
UEG—specifically the Lindhard function [35] (e.g., Wang-
Teter-type functionals [19,20])—should also automatically
reproduce the established analytical solution for the quadratic
density response function at the second harmonic Xéz)(q)
[36]. This is because Xéz)(q) is fully defined in terms of the
ideal linear density response function. The same principle
applies to higher-order response functions at higher harmonics
(the [-order ideal density response at the /th harmonic [15]),
although these become progressively less significant as [
increases.

Finally, our results complement a series of earlier works on
the nonlinear density response of the UEG and related systems
[3-5,8,15,18,36—42], which is important in its own right.

The paper is organized as follows. In Sec. II, we present the
theory of nonlinear response within the framework of DFT.
Sec. III applies this developed theory to analyze noninteract-
ing free energy functionals and examines the behavior of the
exact solutions for the ideal nonlinear density response func-
tions of the UEG across different parameters. We conclude
the paper by summarizing the main findings and providing an
outlook on future applications of the presented framework.

II. THEORY

A. General framework

We start from the free-energy functional of electrons as it
is considered in DFT:

Flnl = Fyn] + Fyln] + Fuln] + / dr ve(®)n(), (1)

where F;[n] is the noninteracting free energy functional, Fy [n]
is the contribution due to Hartree mean field, F,.[n] is the
contribution due to exchange-correlation effects, and vey; is
an external potential, e.g., due to ions, nuclei, and externally

applied fields.
For the equilibrium state, we have
oF 4 O + Ve (1) = ©)
Vext (T
sn(r) = dn(r) 5n( ) et

with u being the chemical potential playing the role of the
Lagrangian multiplier that enforces the particle number con-
servation [11].

In Eq. (2), it is convenient to define the potentials

v(r) = ——, wy(r)= ——

OF; 8Fy
Sn(r)’ Sn(r)’
Now, we perturb the initial equilibrium state by applying
an external perturbation and consider the change in density
An, potentials (Avy etc.), and chemical potential Au:

Avs(r) + Avg (r) + Avge(r) + Avex (1) = A (4

We consider a periodic system of volume Q = L* with
reciprocal lattice vectors k. The discrete Fourier components
are

1 ik- —ik-
Av(r)zﬁ;e r Av(k), Av(k):/ﬂdre " Avu(r),
)
and
/ dr ™" = Qo e, (6)
Q

where 8 i is the Kronecker delta on the discrete reciprocal
lattice.

With these conventions, the Fourier transform of Eq. (4)
gives

Avs(k) + Avg (K) + 0vxe(K) + Avex (k) = A 26k 0, (7)
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where A 8k o only matters in the case k = 0, and for k # 0 we set the right-hand side of Eq. (7) to zero. The particle number
conservation f dr An(r) = 0 is enforced by tuning A, which is a number representing the change in the chemical potential.
We perform a functional Taylor expansion of each potential in powers of An. For example, for Av,(r), we write

Avy(r) = / dry KO(r, 11) An(ry) + / / drydrs KO(r, 11, £2) Anry) An(ry)

- / / / dridrydr; KV (r, 11,12, 13) An(ry) An(ry) An(rs) + -+ (8)
where the /th order functional derivative of Fi[n] around the equilibrium density ng is denoted as
SOF,
K@y, ... 02) = 2 : 9
= R ST I ®

Similarly, we define the functional derivatives of the XC functional:

0 8VF,
K@, ry, ... 1) = d ) 10
xe (01 =05 sn(r)dn(ry)...on(r_1) |, (10)
Further, for an /th order kernel X (r, ry, ..., r;_;) defined in a periodic cell of volume €2, we associate reciprocal vectors
k, Ky, ..., k;_; to the coordinates r, ry, . .., r;_j, respectively, and define the Fourier transform:
-1
KOK, Kk, ..., k_) = / dr/ dry - / dry e [ le™ ™K@, .. or). (11
Q Q Q ;
j=1

Next, we explicitly assume a homogeneous system as it is realized in disordered materials [29,43] (i.e., no crystal lattice).
Due to translational invariance, one can introduce reduced kernels:

KO, ki, ki) = Qi kot KO K1, Kip). (12)

In Eq. (12), let us refer to k as the “output” wave vector, and to {ki, ..., K;} as the “input” wave vectors. Furthermore,
for bookkeeping purposes, we explicitly indicate in the reduced kernels the “output” wave vector by introducing the following
notation for the kernels with [ > 2:

KO, ..., k1) =K &k, ..., k), (13)

which simply means that the “input” wave vectors in the reduced kernels satisfy the momentum conservation k = k; + ... 4
k;_. This notation allows one to group density response terms by harmonics [in accordance with Eq. (27)] in a transparent way.

With these notations, a Fourier transform Av")(k) of the /-th order term Av”(r), in the expansions such as Eq. (8), can now
be expressed as

1 ~
(0) ()
AvE(k) = o7 > KO®|ky. ... ki) An(k) - Anki), (14)

“output” momentum k. This enforces the momentum-conserving condition k = k; + --- + Kk;_;.
Fourier transforming and using Eq. (14), for the functional Taylor expansions of the potential Av,; and Avy., we can write

~ 1 ~
Avs(k)=/c§2>(k)An(k)+§ > KOkl ki, ko) An(ky)An(ks)

k],kz
k=K +k;
1 ~
+— Y, KK ki ko, ks)An(k)An(ky)An(ks) + - - (15)
ki, ko k3
k=k;+k>+k;

and

~ 1 ~
Ave(k) = KQH)AnK) + = D KK ki, ko) An(k))An(ka)

ki k;
k=k;+k;
1 ~
+— Y K@k|ki. k. k3)An(k))An(ko)An(ks) + - . (16)
ki, ko k3
k=k;+ks+k3

Note that Eﬁ)(k) in Eq. (16) is the usual static XC kernel used in linear response time-dependent DFT [44—46].
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For the mean-field Hartree potential, we have

4
Avg(K) = v,(K) An(k),  v(k) = k—f (17)
It is convenient to define the total kernels:
K (k) = K2 ) + ve(k) + K2 (K), (18)
K3 (K ki, k) = KO (k| k. ko) + KO (k[ k. ko), (19)
Kl (K| ki, ko, ks) = K1Y (k| Ky, ko, k) (20)
+ KD K| ki, ko, ks). @1
Inserting Egs. (15)—(17) into Eq. (7), and using notations for the total kernels, for each nonzero k, we finally get
~ 1 ~
Koltoan®) + = > Kl kiki ko) Anki)Ancko)
ke ks
! K9 K|k, ko, k K k 3 = k 22
to Z ot (KIK1, Ko, K3)An(k)An(ky)An(ks) + - -+ = —Avey (k). (22)
ki.ky k3
k=Kk;+ky+k3
One can rewrite Eq. (22) in a general compact form as
~ 0 ~
KQwan®) +> [ Y KQklki, ... k_)Andk) - Anlki_) | = —Aveu(k), (23)
=3 Ki....k_|
k=k;+..k;_;
where
Kkl .. ki) = KOk ki) + KKK ki) (24)
[
and Efgl)(k) is defined in Eq. (18). with the discrete Fourier transform:
If we denote the left-hand side of Eq. (23) as Avjpq(k), we (28)

can express it as Avippg(k) = —Awve(k), which means that
the total induced potential exactly counteracts the external
perturbation. Within linear density-response theory, this cor-
responds to omitting the sum on the left-hand side of Eq. (23).

For systems that are homogeneous on average, Eq. (23)
can be utilized to analyze the density response of electrons to
various types of external potentials, provided that the induced
density perturbations can be expressed as a functional Taylor
expansion around a homogeneous density value of the system.
In the following, we will use Eq. (23) to derive the nonlin-
ear density response functions to a static harmonic external
perturbation.

B. Task-specific formulation

Considering the harmonic perturbation in the form of

Avey(r) = 2A cos(q - 1) = Ae'YT + Ae™T (25)
we now solve Eq. (23) order by order in A.
The discrete Fourier transform of Avey (1) reads
Avex(K) = AQ[Sk,q + Sk.—q]- (26)

External perturbation (25) induces a density perturbation
represented by a harmonic expansion [18,37]

An(r) =2 p(q)cos(q - r) + 2 p(2q) cos(2q - r)

+2pBq)cos(3q 1)+ - -, 27

An(k) = Q) p(m @8k, mg + Sk, —mql.

where we consider solutions with p(q)=p"(q)+p"¥(q)=
O(A) + O(A3), p(2q) = O(A?), and p(3q) = O(A?). Factor
two in Eqs. (25) and (27) is a convention [8,18,29,39].

The task is to use the DFT framework to find the density
response functions defined as [8,15,17,18,37-39,43]

(1 (1,3)
=2 0= )
and
2 3
@@ ="C00 0=

where x (q) is the linear density response function, x !*)(q)
is the cubic density response function at the first harmonic,
x@(q) is the quadratic density response function at the
second harmonic, and x®)(q) is the cubic density response
function at the third harmonic.

C. Linear response atk = q

As an introductory exercise, we first recover known results
for the linear density response function. For k = q, at first
order in A, we have An(q) ~ An'V(q) = pV(q)S2 [the term
with m = 1 in Eq. (28)]. In this case, following (23), we write

K2 (q) AV (q) = — Ave(q), 31)
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from which, taking into account that Avex(q) = AR and
AnM(q) = pV(q) Q, we find a known result for the linear
density response function:

sn(q)  pM(q)
(1) — _
x Q)= = (32)
Svext(q) A
1 _ 1 33)
R2@) K@)+ ve(@) + K (q)
By symmetry $nV(—q) =6énV(q) and xV(—q) =
xP(q).
It is a convention to denote
1
Xo (@) =— (34)

K2 (@)
with xo(q) being referred to as the noninteracting density re-
sponse. This function x((q) is given by the Lindhard function
for the UEG and by the KS-response function in DFT [43,47].

Using Eq. (34) in Eq. (33), we arrive at a standard form
of the linear density response function from the theory of
quantum liquids [48]:

xP(@)
1= (ve@) + K2 @) x" (@)

The random phase approximation (RPA) follows from
Eq. (35)if we neglect XC contributions by setting IC(Z)(q) =0

(denoted as XRPA(q))

xV(q) =

(35)

D. Quadratic response at second harmonic k = 2q

Next, we compute the response at 2q, which emerges to
be O(A?). For that, we set k = 2q in Eq. (23), where now
Avext(2q) = 0 because there is no direct external perturbation
at 2q. In Eq. (23), we consider terms up to O(A?). Taking into
account momentum conservation, we set k; = q and k, = q,
resulting from the condition 2q = k; + k;. Other combina-
tions would yield higher-order terms in A. Additionally, we
exclude terms with k; = 0 or k, = 0 as they cancel out due
to the conservation of the number of particles, An(k = 0) =
fQ dr An(r) = 0. Therefore, Eq. (23) gives us the quadratic
response of the form:

1 ~
K2 (2q) An(2q) + 5Kl ala. ) An(q) An(g) = 0.

(36)
Equation (36) then leads to
(3) 2
ot (2 ) (An(q))
An(2q) = H(z)qlq q QD) 37)
Kot 2q) Q

From Eq. (37), by using An(q) ~ An"(q), along with
Egs. (32) and (33), and taking into account that An(2q) =
Qp(2q) and Avex(q) = AS2, we derive

p2q) = K& 2qlq, Ox Q) [x V(@PA2,  (38)
from which we find

@@ =2 ( q) =K22qlq. x Qe [x(@7P. (39)

Solution (39) for the quadratic response is applicable for
any disordered material for which averaging over ion config-
urations (snapshots) leads to a homogeneous electron density.
Let us analyze Eq. (39) in the limit of the UEG and show the
connection with the results from previous works.

Equation (36) allows us to understand the origin of the
quadratic density response at the second harmonic. For that,
we rewrite Eq. (36) as

K& 2q) An(2q) = v3)2q), (40)

ind

where

v(2q) = —K§32<2q| Q. Q) An(q) An(q).  (41)

From Eqgs. (40) and (41), we see that the quadratic density
response at the second harmonic is the linear reaction to the
second-order field vl (2q) from the expansion of the pertur-
bation of the total mduced potential.

Con51der1ng the noninteracting UEG with K& — K@),

). and xM — o, from Eq. (39), we derive

(2)
RO(2qlq.q) = @

<”(2q) [xP@]

where xéz)(q) was shown to be expressed in terms of the ideal

x@ = x

linear density response function Xél)(q) by Mikhailov [38]:

2
x2(q) = ;(xé”(zm - x5 (@). (43)

Now, for x®(q) of the UEG, we find

2)
@(q) = X @ > +K2(2qq. q)

e [k @]
x x V) [x" (@17 (44)

from which one can see that full inclusion of the XC effects
in x®(q) of the UEG requires K(2q| q, q), i.e., the third-
order functional derivative of the XC functional [49].

If we neglect the contribution K3 (2q| q, q), Eq. (44) re-
produces the result derived in Ref. [18]:

xP@) = xP@[1 = ve(@I1 - G@Ix" @]
x [1 = vl - GOl o],  @5)

where we applied Eq. (35) and introduced the local field
correction G(q) = —K(z)(q)/ v.(q), which is frequently used
in the theory of the UEG and quantum liquids [48,50-52], in-
stead of the kernel IC(Z)(q) Thus, approximation (45) neglects
K24l q. q). ~ B

Within RPA, i.e., setting K©)(2q| q, q) = 0 and K (q) =
0, we find from Eq. (44):

X

1@ = xP@[1 = ve@x @]
x [1 - vy )] . (46)

which agrees with the results derived by using the method of
Green'’s function (e.g., see Refs. [3,53,54]).
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One can express K3)(2q| q. q) in terms of the linear and
quadratic density response functions:

@ p@
X xV@F  xPee) [xP@]
47

K®qlq, q) =

Equation (47) allows one to compute K)(2q| q, q) with-
out performing third order functional derivatives by using the
data for x@(q), x\2(q), x{”(q), and x " (q) from the simu-
lation of electrons perturbed by field (25). Such an approach
was extensively used to compute the static XC kernel £2)(q)
for the UEG and warm dense hydrogen to analyze various XC
functionals often used DFT [45,46,55-59]. Similarly, Eq. (47)
can be used to analyze XC functionals on the level of the
third-order functional derivatives. For example, exact quan-
tum Monte Carlo data for K)(2q| q, q) of the UEG can be
used as an additional constraint for the development of new
XC functionals with improved consistency.

E. Cubic response at the first harmonic k = q

Next, we examine the cubic response at the first harmonic,
denoted as x "*(q) and defined in Eq. (29). Previous attempts
to find an analytic solution for x "¥(q), utilizing the method
of Green’s functions [3] and quantum-kinetic theory [15],
were unsuccessful, leading to a conspicuous absence of the-
oretical results for this case. Here, we conclusively overcome
this problem using the present DFT framework.

First, in addition to the linear response term, we include the
O@A3) term in An(k = q):

An(q) = An'V(q) + An®(q), (48)

where AnV(q) = xV(q)A Q and An®(q) = x I (q) A3 Q
is to be found.

We set k = q in Eq. (23), and expand to O(A3). The left-
hand side has three pieces.

(1) For the linear term, we have

RO @)an(q) = KO (@[anVq) + AanP (@), (49)

which at O(A), matches —Avey (q) on the right-hand side of
Eq. (23), and has already been considered. Therefore only the
piece K2 (q) An®(q) ~ O(A?) remains.

(2) In the quadratic term

1 ~

5 2 K@k k) antk) ande).  (50)
ki k>

q=k;+k;

to get O(A?), we must use one mode of order A> and one of
order A. The only such combination of (kj, k) that sums to
q at this order is (2q, —q) and (—q, 2q). Both give the same
contribution by symmetry, yielding

2 ~
& Kiol@l2a. —~a) An2q) An(—q). (51)

(3) In the cubic term, we consider

1 ~
5 2 Kok K ks) An(k) An(ks) An(ks)
ki,ky k3
q=Kk;+k,+k3

(52)

with three fundamental modes An o A. The only triples
(k;, ks, k3) that sum to q are permutations of (q, q, —q).
There are three such permutations. Thus this cubic part be-
comes

3 ~
o Kl (al g, . —q) An(@) An(q) An(—q).  (53)

Putting all of this together, the k = q component of
Eq. (23) at O(A?) becomes

~ 2 ~
Kol @ an® (@) + K @l 2q, —q) An(2q) An(—q)

3 ~
+ o5 Kol @l 4. 4. @) [An(@)F An(—q) = 0. (54)

Solving Eq. (54) for An®(q), one derives

1 2 ~
BGg) = — K3 — —
An (q) - Izt(ozt)(q) [Q’Clot (q| 2(1, q) Al’l(2Q) An( q)
3 ~
+ o Kol(alg. 4. ) [An(@)F An(—q>],
(55)

where we substitute An(q) = xV(qQ)AQ, An(—q) =
xV(@AQ, An(2q) = Qp(2q) = Qx@(q)A?, and Eq. (38),
to write for the first product,

An(2q) An(—q) = p(2q)x " (@)AQ?

= xP@xV@A’?, (56)
= K3 ala. @) x V) [x V(@F A2,
(57)

and for the second product,

[An(Q)]* An(—q) = [x V(q)PA* Q. (58)

Substituting Egs. (57) and (58) into Eq. (55), and taking
into account that x"(q) = —1/K%)(q), we obtain

An®(q) =AU V(@1'[3K% gl g, 9, —q)
+2K3)@l2q. —q) K3 (2q] q. q) x P 2)].
(59)

from which, using An®(q) = p"**(q) 2, we finally get the
cubic response at the first harmonic:

(@
A3

=[xV @1'[3K% (4l q. 9, —q)
+2K3)al2q, —) K& 2ql 4, @) x P 2a)],
(60)

X" =

which is our general solution for x ¥ (q).
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To understand the origin of the cubic response at first
harmonic, one can rewrite Eq. (60) as

p"V(@ =x V(@ ([Aina (@, 4. ~OF + [Aina(2q. —T),

(61)
where
[Aina(q, @, —Q)F =3K2(alq, q, —)[x V(@)1 x " (—q)A>
(62)
and
[Aina(2q, —q)F =2 K3 (q]2q, —q) x @ (@) x P (—q) A>.
(63)

Physically, Eq. (62) tells us that the external perturbation
at wave vector k = q induces three O(A)-order density per-
turbations at modes (q, q, —q) that couple with each other to
generate a O(A3)-order response at the first harmonlc (with
the coupling being defined by the kernel K:tot (qlq, q, —q)).
Equation (63) tells us that the external perturbation at wave
vector k = q also induces a O(A?)-order density perturbation
at 2q that couples with the O(A)-order density perturba-
tion at —q (with the coupling being given by the kernel
ICSt)(q| 2q, —q)) that generates the (O(A3) order response at
the first harmonic. Thus density perturbation (61) is the result
of the mode coupling of fields generated by induced densities
at the second and first harmonics.

Our new result (60) provides a solution in terms of the
functional derivatives of Fi[n] and Fi.[n]. Although the ex-
act forms of both F;[n] and Fy.[n] are unknown, there are
a number of well-tested approximations for Fi[n] and Fx.[n]
(e.g., for finite temperatures, see Refs. [60,61] and, for the
ground state, see Refs. [62,63]). In addition, the noninteract-
ing free energy is computed exactly in KS-DFT, allowing for
the computation of the density response functions using the
direct perturbation approach without relying on approxima-
tions for F;[n] [8,46]. Furthermore, for the UEG, at small wave
numbers q — 0, the exact solution for F[n] is given by the
Thomas-Fermi solution for the free energy Frp[n] [64,65].

Let us now analyze x"¥(q) in the limit of the UEG. For
that, we first denote

Mo (@ =3K3@la.9.—a)
+2K¢ (al29, —@) K5 241 4, @) x ' 2q).
(64)
In the case of the ideal UEG, neglecting XC terms, we have

F§1’3)(q) =3 ”554)((1' q.q, _q)

+2K%ql 29, —) KD 2ql q, @) 1" 2q).
(65)

The exact @ — O limit of F;[n] is given by the TF nonin-
teracting free energy functional Frg[n], for which the Fourier
transforms of the functional derivatives do not depend on q. In
addition, we recall that the ¢ — 0 limit of X(()l)(q) is a finite
number. Thus we can write

ri'¥q—0)=ry” (66)

and find

4
XSI’S)(q —0)= [Xél)(q — O)] X F%;S). 67)

The reduced kernels of the TF model for calculating the
long wavelength limit of the considered nonlinear response
functions are provided in Appendix.

As an approximation for xol 3)(q) one can use the TF

approximation for IE@ in Eq. (60), and find

(@) *[X(l)(q)]4[3 R 42 [IE(TaF)]Z X2 (68)

This approxunatlon can be expected to give an adequate g
dependence of XOI )(q) at small wave numbers. We test the
quality of this approximation by comparing it with the results
of exact numerical calculations for the UEG.

F. Cubic response at the third harmonic k = 3q
Lastly, we consider the O(A3) terms at k = 3q in Eq. (23):

1 ~
K’ (3q) An(3q) + §/Cf§t)(3ql 2q, q) An(2q) An(q)

L g 3
+@ K 3414, q, q) An(q)’ =0, (69)

where we took into account that Ave,(3q) =0, a ICfSt) term
mixing An(2q) (order A%) and An(q) (order A), because 2q +
q=3q,and a ICES? term mixing An(q)An(q)An(q), because
q+q+q=3q

Solving Eq. (69) for An(3q), one finds

1
An(3q) = Kwt@q)[ K2 (3ql2q, q) An(2q) An(q)

+35 ’Cffft)(Sql 4.9, 9) [An(q)]ﬂ, (70)

which shows the contribution originated from the coupling of
three O(A)-order density perturbations at modes (q, q, q) and
another contribution from the coupling of (O(A?)-order den-
sity perturbation at 2q with O(A)-order density perturbation
atq.

Substituting An(q) ~ An'V(q) = xV(qQARQ, An(2q) =
Qp(2q), into Eq~(70) taking into account Eq. (38) and that

xV(3q) = —1/K2(3q), we derive
PGB =x VGO V(@IS (@) A%, (1)
where
ro (@) = [K3) (3q12q. ) K3 2q1 q. 9 x P 2q)
+ K5 (3qlq, q. )] 72)

Finally, for the cubic response at third harmonic, Eq. (70) then
gives

p( q)

1@ = = V6V @PTS @), (73)

Equation (73) is a general solution for the cubic response
function at the third harmonic of electrons in homogeneous
systems. Let us now consider the UEG limit.

For the ideal UEG, Mikhailov expressed the ideal cubic
response function at the third harmonic Xé3)(q) in terms of
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X6 (@) [37,38]:

3x0” Ba) — 8x5"2@) + 5x; (@)
3q4 '

For the ideal UEG, from Eqs. (73) and (74), we find

X0 (@ “
M o =@, (75)
Xo G xp (@]

(3)

tot

(74)

xP(q) =

where I'®)(q) follows from I'
and XC terms:

r®(q) =K (ql2q. ) K24l q. @5 2q)
+ K%9(G4qlq, q, Q). (76)

Now, considering the density response of the interacting
electrons with approximation ') (q) ~ I'®(q) in Eq. (73),
using Egs. (75) and (35), we deduce the result

x¥@) = xP@[1 —v@Il — 6@ @]~
x [1= 0@l — GBI G, (77

where we used G(q) = :Eﬁ)(q)/vc(q)- -

In the RPA, setting K'(3q,2q, @) = 0, KP(2q| q, q) =
0, K{{'3qlq.q.q) =0, and KQ(q) =0, we find from
Eq. (73):

(q) if we neglect the Hartree

3

Xion (@ = Xpn D[ Xipr (@] Tiga (@) (78)

If we use the approximation FI(SP)A (q) ~ I“§3)(q) in Eq. (78),
we derive the result from Ref. [18]:

(@ = xP @1 —v@x @]
x [1 = vGox " Ga)] (79)

The approximations for x ®)(q) in the form of Egs. (77)
and (79) were first presented in Ref. [18]. The presented
derivations provide clarification regarding the approxima-
tions entering into Eqs. (77) and (79). Equations (77) and
(79) are based on the approximations I'())(q) ~ I'®(q) and
T\, (q) = T'P)(q), respectively.

III. APPLICATIONS

In this section, we demonstrate the application of the pre-
sented DFT framework by analyzing various noninteracting
free energy functionals commonly used in orbital-free DFT
(OFDFT). We specifically examine the Wang-Teter (WTF)
functional [19,20], the LKTF functional [21,22], and the
XWMF functional [23,24]. To facilitate this analysis, we have
implemented the LKTF, WTF, and XWMF noninteracting
free energy functionals into the open-source code DFTPY [66].

Additionally, we conducted Kohn-Sham DFT (KSDFT)
calculations to generate exact data for the ideal nonlinear
density response functions. We consider the metallic electron
density with a density parameter of ry = 2, where r, repre-
sents the mean inter-electron distance in units of the Bohr
radius [67]. This density is typical for metals and warm dense
matter applications. We also vary the degeneracy parameter

0 = kgT /EFp, where Ep is the Fermi energy, over the range
fromf = 0.01to 0 = 2.

A. Details of the simulations

The OFDFT and KSDFT calculations of the ideal UEG
perturbed by the external harmonic perturbation (25) were
performed using DFTPY and QUANTUM ESPRESSO [68-71].
To introduce the external harmonic perturbation in QUAN-
TUM ESPRESSO calculations, we used QEPY [72], which is
a Python DFT engine for QUANTUM ESPRESSO based non-
standard workflows. All calculations were performed using
periodic boundary conditions, with the magnitude of the per-
turbation wave vector set to ¢ =i x 2w /L, (where i is an
integer), ensuring commensurability with the simulation box
length along the direction of the perturbation wave vector.

In both OFDFT and KSDFT calculations, we utilized
a real-space density grid with a spacing of 0.2 Bohr. The
OFDFT calculations were conducted with 118 electrons in
a cuboid with dimensions L, = L, =7.77 Bohr and L, =
65.49 Bohr. The same simulation cell containing 118 elec-
trons was used for the KSDFT calculations at & = 0.01 with
the number of bands set to N, = 80, and using a 2 x 60 x 60
k-point grid. For higher temperatures (6 = 0.25, 0.5, 1, and
2), the KSDFT calculations were performed with N = 38
electrons in a cuboid with side lengths L, = L, = 7.77 Bohr
and L, = 21.09 Bohr. The k-point grid for these simulations
was set to 4 x 16 x 16. The number of bands was adjusted ac-
cording to the temperature: N, = 140 at 8 = 0.25, N, = 280
at 0 =0.5, N,=600 at 9 =1, and N, = 1400 at 6 = 2. In
all KSDFT calculations, we applied a cutoff energy of 62 Ry.
The input files used for the KSDFT and OFDFT calculations
are available on the Rossendorf Data Repository [73].

B. Results of the calculations

1. Linear density response x(()l)(q)

To begin with, we consider the quality of Xél)(q) com-
puted using different approximations for F[n], as well as
how Xél)(q) depends on wave number and temperature. Un-
derstanding these aspects, as we will see, is crucial for
interpreting the results for the ideal nonlinear density response
functions.

In Fig. 1, for 6 = 0.01 and 1, we compare the OFDFT
and KSDFT results for x."(q) with the Lindhard function

(which is the exact solution for Xél)(q) of the ideal UEG).
As expected, the KSDFT data show excellent agreement with
the Lindhard function. The OFDFT calculations using the
WTF and XWMF also reproduce the Lindhard function, as
these functionals are designed to reduce to it in the UEG
limit. The dependence of the GGA level LKTF result for the
response function Xél)(q) on the wave number is also as an-
ticipated [21,22]. The LKTF result tends toward the TF limit
at small wave numbers and exhibits a decreasing magnitude
as the wave number increases, with the quality aligning with
the expectations from the Fi[n] with a gradient correction
[65,74-77]. The TF result for Xél) (q) agrees with the exact
result in the limit ¢ — O and remains constant regardless of
the wave number of the perturbation. In addition, in Fig. 1,
we see that the results from the TF model-based OFDFT
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FIG. 1. Linear static density response function of the ideal UEG
at(a)6 = 0.01 and (b) & = 1 with the density parameter setto r, = 2,
and the wave number given in units of the Fermi wave number gr.
The solid line is the Lindhard function, while the dashed line corre-
sponds to the analytic solution for the TF model. Symbols indicate
data computed using OFDFT with an external harmonic perturbation
and various noninteracting free energy functionals. Note that the
results from the WTF and XWMF for Xél)(q) are almost identical.

simulations of the harmonically perturbed ideal electron gas
(circles) are in agreement with the theoretical result using
the second-order functional derivative of the TF functional
(dashed horizontal lines). The latter is provided by Eq. (Al).

2. Quadratic density response xf)z) (qQ)

In Fig. 2, we present the results for the quadratic density
response at the second harmonic, Xéz)(q), at ® = 0.01 and 1.
We compare the results obtained from OFDFT and KSDFT
with the exact solution (43) given by Mikhailov [36]. As it
should be, the KSDFT data agree with the analytical solution
(43). From Fig. 2(a), we observe that the exact solution for
X(()z)(q) exhibits a positive peak at approximately g >~ gr. The
ori%in of this maximum can be understood by recalling that
xéz (q) is proportional to the difference Xél) 2q) — xél)(q)
[see Eq. (43)]. At6 = 0.01, the slope of Xél)(q) has the largest
value around g = 2¢gr [as one can see from Fig. 1(a)], while
its g dependence is much weaker for ¢ < gr and g 2 3qr.
As a result, the difference X(()l)(Zq) - Xél)(q) increases most
rapidly around g =~ gF, producing the pronounced peak ob-
served in Fig. 2(a). As the temperature increases to 0 = 1,
this peak disappears, as illustrated in Fig. 2(b). This results
from the thermally induced reduction of the slope of Xél)(q)
at g = 2qr [see Fig. 1(b)].

From Fig. 2, we see that for both 6 = 0.01 and 1, the
results from the LKTF-based OFDFT calculations for X(()Z)(q)
align well with the exact solution at the limits of small and
large wave numbers. However, at intermediate wave numbers
where 0.1 gr < g < 2gr, the LKTF data exhibits significant
disagreement with the exact solution. While this behavior is
expected for the LKTF, it is surprising to see that the WTF also
performs poorly in describing Xéz)(q). The WTF functional is
specifically designed to reproduce Xél)(q), which is supported
by simulations of the perturbed ideal UEG, as shown in Fig. 1.
In principle, this should suffice for providing an accurate de-
scription of Xéz)(q), as indicated by Eq. (43). However, Fig. 2
reveals that this is not the case for the WTF. This discrepancy

0.15

0.10

x((f) (9)

0.05

0.00
0.04 Dénn Og

(b) 6=1
0.00 ] ] ] ] ] L7
0.0 0.5 1.0 1.5 2.0 2.5 3.0

q/qr

FIG. 2. Quadratic static density response function of the ideal
UEG at (a) & = 0.01 and (b) 1 with the density parameter r, = 2.
The solid line represents the exact solution given by Eq. (43) and the
dashed line shows the analytic solution using the TF model. Symbols
correspond to the OFDFT calculations using the external harmonic
perturbation and different approximations for the noninteracting free
energy functional.

clearly suggests that the ansatz used to construct the WTF
functional violates the exact constraint given in Eq. (42). In
contrast, XWMEF, a functional developed using the method
of line integrals and designed to reproduce the Xél)(q) of
the ideal UEG, shows close agreement with the exact data
for Xéz)(q). The only exceptions are in the regions around
q = qr and 2qr at & = 0.01. This behavior of XWMF is
attributed to a numerical issue that arises when computing the
ground state X(()])(q) at ¢ = 2qp. This issue stems from the
term f(z) = (1 —z*)In |}—J_r§| (where z = 51-) in the Lindhard
function [35,78]. Although it is true that lim,o f(z) — O
theoretically, numerically one has to use a finite value for
the logarithm in f(z) in the vicinity of z = 1. This numerical
peculiarity has a negligible effect on X(()l)(q), but it can lead
to significant inaccuracies in Xéz)(q) around g = ¢gr and 2gqr,
if not carefully treated. This is because X(()z)(q) is proportional
to the difference between Xél)(2q) and X(()l)(q) [see Eq. (43)],
which makes it more sensitive to the accuracy of the calcula-
tions. This issue diminishes at & = 1. At this condition with
strong thermal excitations, Xéz)(q) does not exhibit noticeable
nonmonotonic behavior [see Fig. 2(b)].

In Fig. 3, we present Xéz)(q) at various values of 6 to il-
lustrate the correlation between the enhanced performance of
the XWMF and the suppression of the maxima of Xéz)(q) due
to thermal excitations. From Fig. 3, it is evident that for 6 >
0.25, the XWMF results have a good agreement with the exact

solution for Xéz) (q) without significant issues around ¢ = gr
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FIG. 3. Quadratic static density response function at second
harmonic of the ideal UEG at different values of the degeneracy
parameter with the density parameter set to ry = 2. The lines cor-
respond to the exact solution given by Eq. (43). Circles depict the
results of the OFDFT calculations using the XWMF noninteracting
free-energy functional.

and 2gp. Thus, in terms of describing the quadratic response
function, the XWMF demonstrates superior performance un-
der WDM conditions compared to other noninteracting free
energy functionals that have been considered.

3. Cubic density response at third harmonic x((f)(q)

In Fig. 4, the results for Xé3)(q) at 6 = 0.01 and 1 are pre-
sented. As expected, the KSDFT calculations closely match

x(()s) (9)

0.00 [ - iy,
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=
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. o 0=1 (b)
o o
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0.0 0.5 1.0 1.5 2.0 2.5 3.0
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FIG. 4. Cubic static density response function of the ideal UEG
at (a) 6 = 0.01 and (b) 1 with the density parameter r;, = 2. The
solid line represents the exact solution given by Eq. (74) and the
dashed line is the analytic solution using the TF model. Symbols
correspond to the OFDFT calculations using the external harmonic
perturbation and different approximations for the noninteracting free
energy functional.

0.000

—0.001

X(<)3) (q)

—0.002 - o L ® XWMF, 6 =2 -
hd o L ® XWMF, 6 =4
LR 7 O LKTF, 0 =2
—0.003 Oo_,,// O LKTF,6=4
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FIG. 5. Cubic static density response function at third harmonic
of the ideal UEG at # = 2 and 4 with r, = 2. The lines correspond
to the exact solution given by Eq. (74). Symbols show the results of
the OFDFT calculations using the XWMF and LKTF noninteracting
free-energy functionals.

the exact analytic solution in equation (74). At 6 = 0.01,
X(()3)(q) displays a pronounced positive peak around g = %qp
and a negative minimum at ¢ = gr. The origin of this struc-
ture can be explained by looking at the recursive relation in
equation (74). From this relation, we can see that X(§3)(q)
is determined by the combination 3 Xél)(Sq) -8 Xél)(Zq) +
5 Xél)(q) of the ideal linear density response functions. This,
combined with the sharp slope of X(()l)(k) around k = 2qr,
results in a strong nonmonotonic dependence of Xé3 )(q) on
the wave number near g = %qF and gr.

From Fig. 4, we can confirm that the TF result accurately
provides the ¢ — 0 limit for Xé”(q). This is supported by the
agreement between the analytic solution (depicted as horizon-
tal dashed lines) and the simulation data for the perturbed
electron gas (represented by circles). The analytic solution
for the TF model is given by Egs. (A2) and (AS8). The data
from the WTF-based OFDFT calculations for Xé3)(q) align
with the exact solution at both small and large wave numbers.
However, significant deviations are observed at intermediate
wave numbers, specifically in the range of 0.1¢gr < g < 2¢gF.
In comparison to the WTF, the LKTF model provides a much
more accurate description of X(()3)(q). Although LKTF is based
on GGA, which, as expected, does not capture a sharp posi-
tive peak for X(53 )(q) around g ~ 2/3 gp, it does manage to
identify a pattern with a negative minimum. Furthermore,
Fig. 4 indicates that the XWMF performs worse for X(()3)(q)
compared to the cases of the ideal quadratic and linear density
response functions. In fact, we can assess that LKTF is more
accurate than XWMF for Xé”(q), particularly at 6 =1 [as
shown in Fig. 4(b)]. This trend persists for larger values of
0, as illustrated in Fig. 5, which presents results for X(§3)(q)
computed at 6 = 2 and 4 using both LKTF and XWMF. The
decline in the performance of the XWMF for X(()3)(q), relative
to the ideal quadratic and linear response functions, is likely
due to the peculiarities of the line integrals used.

As a third-order contribution with respect to the magnitude
of the perturbation, the poor performance of the XWMF and
WTF for Xé3)(q) does not allow for an adequate analysis of

X(()]‘3)(q) when employing these functionals in simulations of
the harmonically perturbed UEG.
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FIG. 6. Cubic static density response function of the ideal UEG
at the first harmonic for (a) & = 0.01 and (b) 1, with density param-
eter r;, = 2. The KSDFT results are shown as cross markers, with
an interpolated line included to guide the eye. The horizontal dashed
line denotes the analytic Thomas-Fermi (TF) solution. Other symbols
represent OFDFT calculations using different approximations to the
noninteracting free-energy functional. The dash-dotted line depicts
analytical approximation (68).

4. Cubic density response at first harmonic x((,l’s)(q)

In Fig. 6, we present the KSDFT results for Xél’3)(q)
at two temperatures: 6 = 0.01 and 1. From Fig. 6(a), it is
clear that X(()]’3)(q) exhibits a pronounced nonmonotonic de-
pendence on the perturbation wave number. Specifically, it
features two peaks: one at approximately g >~ gr and another
at g >~ 1.85 gr, along with a negative minimum at g >~ 2.1 gr.
Additionally, there is a notable drop from positive to negative
values around g = 2¢gr. This nonmonotonic behavior is simi-
lar to what is observed in the second- and third-order response
functions, x.”(q) and x\”(q), at & = 0.01. For x\"”(q), the
structure around g = gr and 2gr can be traced back to the
aforementioned peculiar feature of the linear response func-
tion Xél)(q) near twice the Fermi wave number, where the
maximum slope (i.e., the maximum magnitude of its deriva-
tive) is located. As established in Eq. (61), Xé1’3)(q) arises
from mode coupling between density perturbations at k = q
and k = 2q. Consequently, strong nonmonotonic features ap-
pear for perturbation wave numbers at the Fermi wave number
and its second harmonic.

The nonmonotonic behavior of xém)(q) disappears en-
tirely as the temperature increases to 6 = 1, as shown in
Fig. 6(b). At this higher temperature, Xé"”(q) becomes
positive and decreases monotonically with increasing wave
number.

From Fig. 6, we observe that for both temperatures, 6 =
0.01 and 1, the KSDFT data align with the TF results at small

0.30 7 T T T T T T
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FIG. 7. Cubic static density response function at first harmonic
of the ideal UEG at different values of the degeneracy parameters
and r, = 2. The KSDFT results are depicted using markers, with an
interpolated line included to guide the eye. The dashed line corre-
sponds to approximation (68).

wave numbers. Furthermore, we observe agreement between
the exact analytical result (67) [also see Eq. (A6)] for the
q — 0 limit of x\"¥(q), derived using the TF model (indi-
cated by the horizontal dashed line), and the TF-based OFDFT
simulations of the perturbed ideal UEG (shown as circles).
At 6 = 0.01, the OFDFT results obtained using the LKFT
functional provide a satisfactory description of Xém)(q) for
q < 1.5gFr. However, the LKTF does not capture the strong
nonmonotonic features of Xél’3)(q) around g = 2 g, which is
beyond the capabilities of the GGA level description. At 6 =
1, the LKTF also demonstrates a monotonically decreasing
trend with increasing wave number. While it is quantitatively
accurate at both small and large wave numbers, the LKTF
shows disagreement with the KSDFT data in the intermediate
range.

In Fig. 6, we also compare approximation (68) with the
KSDFT data. It can be seen that Eq. (68) (dash-dotted line)
does not capture the nonmonotonic behavior of Xém )(q) at
6 = 0.01, and it provides quantitative agreement with the
KSDFT results only in the limit of small wave numbers,
where Xém )(q) values are close to the TF data. At 6 = 1, the
approximation (68) adequately captures the monotonically de-
creasing pattern of Xél 3 (q) and yields quantitatively accurate
results for g < gr.

In Fig. 7, we present KSDFT data for x."”(q) at0 = 0.25,

0.5, and 2. The values of Xé1’3)(q) at the limit q — O are
computed using the derived exact analytical result (67). We
clearly see the thermal excitations induced suppression of the
nonmonotonic behavior of Xél’3)(q). At 6 = 0.25, Xél’3)(q)
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FIG. 8. The dependence of the long-wavelength limit of the ideal
nonlinear response functions of the UEG on the degeneracy parame-
ter 6. The dashed vertical lines indicate the positions of the maxima
of x"V(g— 0), x?'(g — 0), and x”’(g — 0). The dotted line
represents the minimum of Xé3)(q — 0), while the dash-dotted line
indicates the zero value of Xéz’)(q — 0). The function Xém)(q — 0)
reaches its maximum value at 0 ~ 0.308, and Xéz)(q — 0) reaches
its maximum at 6 ~ (0.343. Additionally, Xé3)(q — 0) has a maxi-
mum value at 6 ~ 0.22, a minimum value at § >~ 0.975, and crosses
zero at 6 ~ 0.58.

exhibits only one maximum and does not reach any negative
values. Further increasing 6 to 6 = 0.5 leads to a monoton-
ically decreasing behavior of xém) (q) as the wave number

increases. Moreover, the rate of decrease of Xél‘3)(q) with
increasing wave number slows down as 6 increases, as illus-
trated by the result for 6 = 2 in Fig. 7 and 6 = 1 in Fig. 6.
As 6 increases, the quality of approximation (68) improves,
leading to a better quantitative description of Xél’3)(q).

In Fig. 8, we illustrate how the q — O limits of the ex-
amined nonlinear density response functions depend on the
degeneracy parameter 6. As discussed in Appendix, the small-
q limits of X(()Z)(q), X(()3)(q), and X(()I‘S)(q) depend solely on 6.
From Fig. 8, it is evident that these limits exhibit a nonmono-
tonic dependence on 6: all three functions initially increase
with increasing 6, reach a positive maximum, and then de-
crease as 6 continues to rise. Quantitatively, X(()I‘S)(q — 0)
attains its maximum at 6 >~ 0.308, while Xéz)(q — 0) reaches
its maximum at 6 =~ 0.343. The cubic response at the third
harmonic, Xé”(q — 0), shows a maximum at 6 >~ 0.22, a
minimum at 6 >~ 0.975, and crosses zero near 6 =~ (0.58.
These trends indicate that nonlinear electronic response ef-
fects are most pronounced for partially degenerate electrons
with 6 < 0.5.

IV. CONCLUSIONS AND OUTLOOK

We investigated the relationship between static nonlinear
density response functions and the functional derivatives of
free-energy functionals. For systems with an average ho-
mogeneous density distribution, Eq. (23) provides a general
DFT-based framework for describing the nonlinear response
of electrons. This framework allowed us to uncover the under-
lying mode-coupling structure responsible for the previously
unresolved cubic response at the first harmonic. For the ideal
UEQG, it also yields exact analytical long-wavelength limits
for all nonlinear response functions considered. The resulting
connection between F;[n] and the ideal nonlinear response
functions provides useful constraints for constructing nonin-
teracting free-energy functionals.

As a practical application, we emphasize that a key el-
ement in developing approximations to the noninteracting
free-energy functionals for metals, semiconductors, and warm
dense matter is the link between the ideal linear density re-
sponse function of the UEG and the second-order functional
derivative of Fi[n], given by Eq. (34). At low temperatures
(T — 0), F;[n] reduces to the kinetic-energy functional. In
a similar way, Eqs. (42) and (75), which connect the third-
and fourth-order functional derivatives of F;[n] to Xéz)(q)

and Xé3)(q), provide additional exact constraints. These con-
straints can be useful when selecting or validating an ansatz
for constructing a particular approximation for Fy[n]. This is
motivated by the fact that the quadratic density response at the
second harmonic, X(()z)(q), and the cubic response at the third

harmonic, Xé3 )(q), can be expressed as combinations of ideal
linear density response functions [37,38] [see Egs. (43) and
74)].

Our OFDFT simulations show that the WTF functional,
although it reproduces Xé])(q), violates the exact quadratic-

response relation and therefore fails to describe Xéz)(q) across
the relevant wave-number range. In contrast, the XWMF
functional provides a reasonable description of the quadratic
response. Both the WTF and XWMF functionals, however,
fail to capture the cubic density response at the first and
third harmonics. The LKTF functional performs more ro-
bustly, although it cannot reproduce the sharp nonmonotonic
features in the ideal nonlinear response that arise from the
steep slope of the Lindhard function near 2¢ in the strongly
degenerate regime (6 < 1). Approximations to F;[n] that ac-
curately describe nonlinear density responses are expected
to be important in the warm dense matter regime, at param-
eters where an accurate treatment of electron screening of
ion-ion pair interaction potential requires going beyond the
linear-response regime [49,79-81]. In this context, satisfying
the quadratic-response constraint of Eq. (43) is particularly
important, as it represents the next leading contribution after
the linear response [18].

Using our framework, we have also obtained the first exact
KSDFT data for X(()]‘3)(q) in the UEG. These results reveal
strong nonmonotonic features at low temperature that orig-
inate from mode coupling between perturbations at q and
2q. These structures gradually diminish with increasing tem-
perature and become fully monotonic for 6 2 0.5. We also
find that the exact long-wavelength limits of all nonlinear
response functions exhibit a nonmonotonic dependence on the
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degeneracy parameter, indicating that nonlinear effects are
strongest for partially degenerate electrons with 8 < 0.5.

Overall, the present work establishes a systematic route for
using nonlinear response theory to inform the development,
evaluation, and refinement of orbital-free DFT functionals.
Future applications include constructing constrained nonin-
teracting functionals consistent with the hierarchy of ideal
response relations. Another promising direction is extending
constraints for exchange-correlation functionals by incor-
porating exact results for the kernel IC(z)(2q|q q) [see
Eq. (47)], which can be computed using various quantum
Monte Carlo methods [26,28]. Finally, the framework can
also be used to investigate time-dependent nonlinear response
in warm dense matter and quantum plasmas by analyzing
the electronic response to perturbations of the form Awvey o
cos(q-r — wt).
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APPENDIX: THOMAS-FERMI REDUCED KERNELS

For the TF potential vrg[n] = pn(n[n]) [82], the reduced

kernels read

Al
TR gFl/z(m (AD

_11(&)2 F_32(n)
2B\ g/ [FoipmP

@ _ 11 ( > 3[F_30(m* — Fo12(n)F-52(n)
TF — 6 ,3

[F_120m)P
where Ay = /27 B, p=1/T, g=2, n=up, and F,(n) is
the Fermi integral of order v. We calculated the Fermi in-
tegrals using F,(n) = —Li,4+1(—e), with the polylogarithm
computed using the Python mpmath library.
The chemical potential = uf is defined by the tempera-
ture and density through the relation:

T
3 o l+explx—mn)

K3 = (A2)

’

(A3)

(A4)

with 6 = T/Er = 2T /(37’n)*? being the degeneracy pa-
rameter.

Equation (A1) defines the lon{g wavelength limit of the
ideal density response function Xo q—>0=-1/ IC(TzF) Us-
ing Eq. (39) and the TF reduced kernels, for the long
wavelength limit of the ideal quadratic density response func-
tion, we find

B
2

Following Eq. (67), for the cubic response at first har-
monic, we have

xP(@—0)=-

(A5)

(l 3)

1 3)
(q—>0)= [’C'(I‘ZF)] (A6)
where
~(3)72
(l 3)( (4) ) [ "(I‘3F)] A7
Q= = (A7)
TF

Using Eq. (73) and the TF kernels, for the cubic response
at third harmonic, we have

(3)

r
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where
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r'q) =— ro + K. (A9)
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