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We investigate the zero-temperature transition from the polarized normal phase to the FFLO state in a
two-dimensional Fermi gas by means of a diagrammatic t-matrix approach. We first show that the standard non-
self-consistent theory produces an unphysical critical polarization because of a severe violation of the Luttinger
theorem. Motivated by this observation, we introduce a minimal self-consistent extension that largely restores
compliance with the Luttinger theorem while preserving the analytical simplicity of the original formalism. This
leads to a physically consistent critical polarization over the whole interaction range. Building on this improved
description, we characterize the quantum critical behavior of the FFLO transition through the quasiparticle
decay rates, quasiparticle weights, momentum distributions, and the critical dynamics of both fermionic and
bosonic degrees of freedom. We further compare the two- and three-dimensional systems, showing that their
critical properties can be understood within a unified geometrical picture based on the nesting of the majority
and minority Fermi surfaces. Finally, for a three-dimensional lattice, we demonstrate within the Hertz–Millis
framework that vertex corrections are irrelevant, thereby placing the FFLO quantum phase transition in the
mean-field universality class, in close analogy with the itinerant antiferromagnet transition.
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I. INTRODUCTION

The advent of high-Tc superconductors and the observation
of a new metallic phase called “strange metal” has spurred
both experimental and theoretical interest in metallic matter
with properties deviating from Fermi liquid theory. In itinerant
systems, non-Fermi liquid behavior generally takes place in
the proximity of a quantum critical point [1–5].

The original approach by Hertz [6] on metallic quan-
tum criticality has revealed a number of shortcomings, chief
among them being the assumption of a well-behaved ex-
pansion of the Landau–Ginzburg–Wilson (LGW) free energy
in the presence of gapless fermionic excitations [7]. While
Hertz’s theory predictions have proven to be appropriate in
most three-dimensional (3D) itinerant phase transitions, it is
now known that the generalization of the LGW approach to
the pure quantum regime breaks down in two dimensions
[7–9]. A number of works have reexamined the problem
of the instabilities of two-dimensional (2D) metals towards
ferromagnetism [10,11], antiferromagnetism [12–14], charge
density waves [15], and Ising-nematic ordering [16].

The instability towards the superconducting state can also
display critical non-Fermi liquid behavior when a mag-
netic field is present. In solid-state superconductors (and
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disregarding orbital effects), a magnetic field Zeeman-splits
the two spin states, producing different occupations and
eventually leading to the Pauli paramagnetic limitation of
conventional superconductivity, also known as the Clogston–
Chandrasekhar limit [17,18]. In ultracold Fermi gases, the
protocol is reversed: one can prepare unequal populations
of two selected hyperfine states from the outset, thereby
realizing a polarized Fermi gas [19–21]. The imbalance pro-
duces a mismatch between the two Fermi surfaces (FS’s)
and favors unconventional finite-momentum pairing. The lat-
ter mechanism, now known as FFLO pairing, was proposed
independently by Fulde and Ferrell and by Larkin and Ovchin-
nikov [22,23] (see [24–26] and [27,28] for recent reviews).
In the ordered phase, finite-momentum pairing produces a
spatially modulated order parameter, with the simplest Fulde–
Ferrell and Larkin–Ovchinnikov forms given respectively by
�(r) = �0eiq·r and �(r) = �0 cos(q · r). At the transition
point the FF and LO channels are degenerate, and we shall
therefore refer to the finite-momentum pairing instability as
FFLO. Above the transition point and depending on coupling
strength and polarization, the system remains in a normal
polarized Fermi liquid state.

The search for FFLO order has remained active in solid-
state systems, including heavy-fermion compounds, organic
superconductors, and iron-based superconductors [29–36]. In
ultracold gases, the closest experimental realization has been
achieved in quasi-one-dimensional polarized Fermi gases,
while recent advances in quantum gas microscopy and low-
dimensional platforms provide new tools for detecting pairing
correlations [37–43].

At finite temperatures, thermal fluctuations are known to
destabilize the FFLO transition in continuum systems with ro-
tational invariance, in both two and three dimensions [44,45]
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(see also [46]). This instability originates from the spherical
degeneracy of the ordering wave vector q, which gives rise
to exceptionally soft Goldstone modes that strongly enhance
fluctuation effects [45] (see also [47–49]). At T = 0, however,
the additional effective dimension associated with quantum
dynamics suppresses these fluctuations, thereby restoring the
stability of the FFLO phase in both 2D and 3D [45].

We therefore focus on the zero-temperature limit and ap-
proach the instability from the normal side, where signatures
of finite-momentum pairing can be identified as an enhance-
ment of the pair susceptibility at a nonzero wave vector QFF

[50], down to the transition point where this enhancement
becomes a divergence.

At the quantum critical point both collective (bosonic) and
single-particle (fermionic) excitations becomes critically soft
and a non-Fermi liquid behavior ensues [8]. The concomi-
tance of gapless bosonic and fermionic excitations is responsi-
ble for the breakdown of the core assumption of Fermi liquid
theory, that is the one-to-one correspondence between the one-
particle states of the interacting and noninteracting gas [1]. As
a consequence, one expects to see non-Fermi liquid features
reflected in single-particle observables like momentum dis-
tributions, quasiparticle weights, and decay rates, stemming
from nonanalytical behaviors of fermionic and bosonic self-
energies in the low-frequency limit [3].

Previous work on the zero-temperature polarized Fermi gas
has encompassed a number of theoretical approaches, from
mean-field theory [17,18,51–56] and dynamical mean-field
theory [27] to quantum Monte Carlo [57–60] and diagram-
matic approaches [50,61–65]. In this work we are concerned
with the latter methodology in the form of the t-matrix ap-
proximation, which has been shown to provide a satisfactory
description of the BCS–BEC crossover [28] both in its non-
self-consistent [66,67] and self-consistent versions [68].

Specifically, we are interested in extending the recent t-
matrix study of the 3D polarized Fermi gas at T = 0 [69]
to two dimensions. That work was primarily concerned with
the computation of the phase diagram, critical polarization
versus coupling, separating the normal from the condensed
phase, and with the breakdown of Fermi liquid theory at the
FFLO instability through a detailed analysis of the quasipar-
ticle weight and decay rate on the critical line. In addition,
the shortcomings of the non-self-consistent approach in the
presence of a finite polarization were pointed out. The main
origin of these shortcomings was attributed to the violation
of the Luttinger theorem, a crucial requisite for a physically
meaningful description of polarized Fermi gases [63,70].

Within mean-field theory, the zero-temperature phase di-
agram of a polarized two-dimensional Fermi gas across the
BCS–BEC crossover was investigated in Ref. [71]. As in the
three-dimensional case [53], the FFLO phase was found to
occupy only a relatively narrow region of the polarization–
coupling plane, lying between the normal phase and a
phase-separation region. Furthermore, analytical expressions
for the static pairing susceptibility, the FFLO ordering wave
vector, and the critical pseudo-magnetic field at the mean-field
normal–FFLO transition were derived in Ref. [72].

In Ref. [73] quantum critical fluctuations were taken
into account at the level of the non-self-consistent t-matrix
approach, and their effect on quasiparticle decay rates

examined. However, the low-energy form of the fluctuation
propagator was assumed to possess the same Landau damping
term as in the 3D setting. Moreover, only the nonisotropic
case of multiple but isolated ordering wave vectors (owing
to the discrete geometry) was considered. More recently,
the authors of Ref. [74] reassessed the problem of the
quasiparticle decay rate in 2D within the non-self-consistent
t-matrix approach and found a non-Fermi liquid behavior of
the fermionic self-energy at low frequency with fractional
exponent 2/3, assuming a small polarization and weak
coupling strength. Subsequent work in Ref. [75] adopted
a renormalization group analysis at the one-loop order,
confirming the fermionic single-particle results and the
scaling of the bosonic propagator of Ref. [74].

The purpose of the present work is to examine the zero-
temperature polarized Fermi gas in two dimensions across all
coupling strengths and polarization values within the normal
phase and down to the FFLO instability. At the quantum
critical point, we carefully analyze the non-Fermi liquid be-
havior manifested in the quasiparticle weight, decay rate, and
momentum distribution. We therefore extend the work in [69]
to two dimensions by adopting a minimally self-consistent
t-matrix approximation that essentially (albeit not exactly)
guarantees compliance with the Luttinger theorem. The inclu-
sion of such a minimal degree of self-consistency will allow
us to go beyond the analysis of Ref. [74] by relaxing the small
polarization and weak-coupling assumptions.

The implementation of full self-consistency in a 2D set-
ting proves to be particularly challenging owing to the slow
decay of frequency integrands in the ultraviolet as well as
to the well-known enhanced critical fluctuations in the in-
frared. Therefore, we employ a simplified scheme that still
guarantees the following fundamental features: (i) a reliable
description of the interaction in the normal state, (ii) substan-
tial consistence with the Luttinger theorem, (iii) a physically
sound critical polarization, and (iv) the feasibility of analytical
calculations. The minimal self-consistent t-matrix approach
(MSCT) here adopted satisfies the above requirements. The
downside of not implementing the full self-consistency is
reflected in a critical polarization that does not deviate signif-
icantly from that obtained within mean-field theory. We will
explain in detail the origin of this drawback later on.

Our main results are as follows: (i) the computation of the
critical polarization versus coupling from the polaronic limit
to the superfluid transition, (ii) the numerical as well as ana-
lytical evaluation of the fermionic self-energies at momenta
on and off the FS (associated with non-Fermi-liquid and
marginal-Fermi-liquid behaviors, respectively, (iii) the evolu-
tion of the momentum distributions, quasiparticle decay rates,
and universally scaling quasiparticle weights down to the
critical line, and finally (iv) the identification of the bosonic
(order parameter) and fermionic dynamical exponents. In
this respect, we emphasize that, as far as the calculation of
critical behavior is concerned, the present MSCT approach
corresponds to what in the renormalization-group framework
is known as the RPA or one-loop level [76]. Accordingly,
the critical exponents reported below should be understood
as predictions within this level of approximation, while a
complete characterization of the asymptotic critical behavior
would require a renormalization-group analysis beyond it. On
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the other hand, the microscopic approach provides access to
system-specific, nonuniversal quantities, such as the critical
polarization and the momentum distributions. Independently
of this, determining the critical properties predicted by the
approximate MSCT theory remains important both for a com-
plete characterization of the theory itself and for providing
an analytical benchmark against which numerical solutions
of the MSCT equations can be tested as the critical point is
approached.

Finally, on a 3D lattice, motivated by the analogy existing
in this case between the FF state and the itinerant antiferro-
magnet, we formulate Hertz’s theory in the finite-momentum
pairing channel to demonstrate that all vertex corrections
above the bare bosonic propagator (mode–mode coupling
terms in [6]) are irrelevant in the renormalization group flow,
thereby placing the FF transition in a 3D lattice in the same
mean-field universality class as the itinerant antiferromagnet.

The paper is organized as follows. In Sec. II, we introduce
the model, the t-matrix formalism, the non-self-consistent
and minimal self-consistent schemes, and the generalized
Thouless criterion used to locate the FFLO instability. In
Sec. III, we describe the numerical implementation of the
self-energy and the momentum-distribution calculations. In
Sec. IV, we present the two-dimensional critical polarization
and compare it with the 3D counterpart, emphasizing the role
of Luttinger-theorem violations and their partial correction
within the minimal self-consistent scheme. In Sec. V, we
study the signatures of non-Fermi-liquid behavior in quasi-
particle decay rates, quasiparticle weights, and momentum
distributions. In Sec. VI, we analyze the critical dynamical
exponents of the bosonic and fermionic sectors, both in 2D
and in 3D, and evaluate vertex corrections on top of the bare
bosonic propagator within Hertz’s theory for the 3D lattice
case. In addition, we provide a schematic comparison of the
FFLO transition with other metallic quantum critical systems.
In Sec. VII, we draw our conclusions.

The Appendixes contain more technical material. In Ap-
pendix A, we provide an analytical expression for the
fluctuation propagator in the complex frequency space as well
as in the static limit and extract the critical exponent for the
correlation length. Appendix B provides a detailed analysis
of the pair spectral weight function. Appendix C obtains the
critical pair fluctuation propagator for small frequencies and
momenta. In Appendix D, the imaginary part of the retarded
self-energy is evaluated analytically for small frequencies and
momenta on and off the FS of the minority species. In Ap-
pendix E, we derive an analytical expression for the imaginary
part of the retarded self-energy at the 3D FFLO transition for
general momenta and small frequencies. In Appendix F, we
compute the lowest-order vertex correction to the fluctuation
propagator of the 3D FFLO transition and show its irrelevance
in the renormalization group flow associated with the Hertz–
Millis effective action in the pairing channel. In Appendix G,
an analytical expression is obtained for the critical polar-
ization in the weak-coupling limit of the non-self-consistent
t-matrix approach.

II. THEORETICAL FORMALISM

We consider a homogeneous two-dimensional (2D) system
of spin-1/2 fermions of mass m interacting through an attrac-

tive contact interaction at zero temperature. This system is
described by the following Hamiltonian (in the following, the
reduced Planck constant h̄ is set equal to unity):

Ĥ =
∑

σ

∫
dr ψ̂†

σ (r)

(
−∇2

2m

)
ψ̂σ (r)

+ v0

∫
dr ψ̂

†
↑(r)ψ̂†

↓(r)ψ̂↓(r)ψ̂↑(r), (1)

where ψ̂σ (r) is a field operator with spin projection σ =↑,↓
and v0 < 0 is the bare interaction strength. The contact inter-
action introduces ultraviolet divergences that are regularized
in terms of the scattering length a2D of the associated two-
fermion problem in vacuum

1

v0
= −

∫
dk

(2π )2

1
k2

m + ε0

, (2)

where ε0 = 1/ma2
2D is the binding energy of the two-body

bound state (of radius a2D), which in a 2D vacuum exists for
any strength of the bare interaction v0 (see the Supplemental
Material of Ref. [77] for a discussion of the regularization
procedure).

In the present paper, we consider the strict zero-
temperature limit, that is, we take the limit T → 0 beforehand
in all relevant equations obtained within the finite-temperature
(Matsubara) formalism. Accordingly, all discrete fermionic
iωn = i(2n + 1)πT and bosonic i�ν = i2νπT Matsubara
frequencies are replaced by continuous frequencies iω and
i�, and the corresponding summations, T

∑
n and T

∑
ν ,

are replaced by their continuous counterparts
∫

dω/(2π ) and∫
d�/(2π ), respectively.
For a system in which the two spin populations are im-

balanced, we find it convenient to introduce a polarization
parameter p = (n↑ − n↓)/(n↑ + n↓), which uniquely defines
the densities of the two species once the total density is fixed
to the reference value n = n↑ + n↓ = (k0

F)2/2π of a noninter-
acting Fermi gas with Fermi momentum k0

F and Fermi energy
E0

F = (k0
F)2/2m. Consequently, we define Fermi momenta k0

Fσ

for each species through nσ = (k0
Fσ )2/4π .

We also define an effective coupling parameter
ln(1/k0

Fa2D) = 1
2 ln(ε0/2E0

F ) following previous studies
on the BCS–BEC crossover in 2D [78,79]. The coupling
parameter ranges from the weak-coupling regime
(ln(1/k0

Fa2D) � −2), where pairs are loosely bound (k0
Fa2D �

1), to the strong-coupling regime (ln(1/k0
Fa2D) � 2) where

pairs are tightly bound (k0
Fa2D � 1), with a2D measuring the

radius of the pair.
While the main focus of the present paper is on two di-

mensions, for the sake of comparison, we will also present
some results obtained with the same theory in three dimen-
sions. In this case, the coupling strength is parametrized by
1/k0

FaF [28], where aF is the scattering length in 3D, and the
opposite weak- and strong-coupling regimes correspond to
1/k0

FaF � −1 and 1/k0
FaF � 1, respectively.

A. Non-self-consistent t-matrix approximation

The starting point of the diagrammatic many-body ap-
proach adopted in the present work is the non-self-consistent
t-matrix (NSCT) approximation, which has been widely used
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FIG. 1. Feynman diagrams for (a) the particle–particle propaga-
tor 
0(Q) and (b) self-energy �σ (k), with the notation k = (k, iω),
Q = (Q, i�), σ =↓,↑, σ̄ =↑,↓. Dashed lines represent bare contact
interaction v0. Full lines with arrows represent bare Green’s functions
G0σ (k).

to describe the BCS–BEC crossover in ultracold Fermi gases
and related systems [28,68,80].

Under the hypothesis of a contact potential and transla-
tional invariance, the t-matrix or particle–particle (ladder)
propagator 
0(Q, i�) satisfies the Bethe–Salpeter equa-
tion depicted in Fig. 1(a), which admits the simple expression


0(Q, i�) = v0 − v0
0(Q, i�)
∫

dk′

(2π )2

×
∫ ∞

−∞

dω

2π
G0↑(Q − k′, i� − iω) G0↓(k′, iω),

(3)

where G0σ (k, iω)−1 = iω − ξσ
k with ξσ

k = k2

2m − μσ is the
bare Green’s function and μσ the chemical potential of species
σ . After performing the integration over the internal frequency
ω, Eq. (3) can be solved straightforwardly, yielding


0(Q, i�)−1 = 1

v0
+
∫

dk′

(2π )2

1 − 
(−ξ
↑
Q−k′ ) − 
(−ξ

↓
k′ )

ξ
↑
Q−k′ + ξ

↓
k′ − i�

,

(4)
where the contact interaction parameter v0 is regularized
through Eq. (2).

The fermionic self-energy corresponding to the diagram-
matic representation in Fig. 1(b) is given by

�σ (k, iω) =
∫

dQ
(2π )2

∫
d�

(2π )

0(Q, i�)

× G0σ̄ (Q − k, i� − iω), (5)

where σ̄ indicates the opposite of σ . We note that, ow-
ing to rotational invariance, 
0(Q, i�) = 
0(|Q|, i�) and
�σ (k, iω) = �σ (|k|, iω).

The dressed single-particle Green’s function Gσ (k, ω) is
then obtained in terms of the above quantities through the
Dyson equation

Gσ (k, iω) =
[

iω − k2

2m
+ μσ − �σ (k, iω)

]−1

, (6)

and determines the total density of each component nσ as
follows:

nσ =
∫

dk
(2π )2

∫
dω

2π
eiω0+

Gσ (k, iω) (7)

=
∫

dk
(2π )2

nσ (k). (8)

For a given choice of the polarization p, the densities
of both species are fully specified [n↑/n = (1 + p)/2 and
n↓/n = (1 − p)/2], and the respective chemical potentials μ↑
and μ↓ are obtained by solving the two equations (7) and
(8) once the coupling strength ln(1/k0

Fa2D) is fixed to a given
value.

B. Minimal self-consistent t-matrix approximation

The Luttinger theorem [81] asserts that, at zero tempera-
ture, the volume enclosed by the FS is determined solely by
the particle density and remains unaffected by interactions. In
the case of a polarized Fermi gas, this implies that the FS of
each spin component must enclose a volume equal to that of a
noninteracting gas with the same density.

While the theorem was originally proved for the exact
many-body theory, its validity within approximate schemes is
not guaranteed. Notably, it has been shown [82] that conserv-
ing and fully self-consistent diagrammatic approximations—
such as the Luttinger–Ward (or self-consistent t-matrix)
approach—do preserve the Luttinger theorem for both bal-
anced and imbalanced systems, while approximate schemes
may even strongly violate it [63,69,70]. One such scheme is
the NSCT approximation, which is known to produce unphys-
ical momentum distributions and spin susceptibilities when a
Fermi gas is polarized [63,69,70].

In order to remedy this shortcoming and work towards
self-consistency, we extend the NSCT scheme by including
a minimal degree of self-consistency as follows. We recall
that the interacting Fermi momentum |k| = kFσ is defined by
G(k, 0)−1 = 0 [81], that is

μσ = k2
Fσ

2m
+ �σ (k = kFσ , iω = 0), (9)

and identifies the position of the discontinuity in the momen-
tum distribution of a Fermi liquid (FL). In an isotropic system,
the Luttinger theorem is satisfied if kFσ = k0

Fσ .
If we consider dressing the bare propagator G0σ (k, iω)

with the constant self-energy �σ (kFσ , 0) appearing in Eq. (9),
said propagator is seen to maintain a noninteracting-like form

G0σ (k, iω)−1 → G̃0σ (k, iω)−1 = iω − ξ̃ σ
k , (10)

= iω − k2

2m
+ μ̃σ , (11)

where we define an effective chemical potential μ̃σ ≡ μσ −
�σ (kFσ , 0). As a result, the interacting Fermi momentum kFσ

is simply given by kFσ = √
2mμ̃σ according to Eq. (9).

A new self-energy �̃σ (k, iω) can then be defined through
Eqs. (3) and (5) after making the replacement (10) therein. To
maintain self-consistency, the constant shift �σ (kFσ , 0) must
be replaced with �̃σ (kFσ , 0), that is μσ → μ̃σ = μσ − �̃0

σ
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with

�̃0
σ ≡ �̃σ (kFσ , 0). (12)

The Dyson equation defining the dressed Green’s function
(6) may be recast as follows:

Gσ (k, iω) = [
G−1

0σ (k, iω) − �̃σ (k, iω)
]−1

(13)

= [
G̃−1

0σ

(
k, iω) − (�̃σ (k, iω) − �̃0

σ

)]−1
, (14)

where �̃eff
σ (k, iω) ≡ �̃σ (k, iω) − �̃0

σ can be interpreted as an
effective self-energy renormalizing the bare-like (mean-field
shifted) Green’s function G̃0σ (k, iω). The above equations de-
fine a minimal self-consistent t-matrix (MSCT) scheme,
whereby the chemical potentials μ̃σ continue to be determined
through Eq. (7) by means of Eq. (14).

The MSCT FS is defined by Gσ (k, 0)−1 = 0 thus imply-
ing, according to Eq. (14), that G̃0σ (k, 0)−1 = 0. Therefore,
the underlying minimally dressed system, identified by
G̃0σ (k, iω), and the fully dressed system, identified by
Gσ (k, iω), share the same Fermi momentum kFσ . This non-
trivial property of the MSCT scheme turns out to be the crucial
ingredient able to remove the aforementioned unphysical ef-
fects arising in the NSCT scheme.

It should be noted that the same self-consistent shift
�̃0 within a NSCT approximation was first introduced in
Refs. [66,67] for a balanced (unpolarized) Fermi gas. For the
polarized Fermi gas, a similar shift was used in Ref. [70] (with
the minor difference that �̃0 was calculated at kFσ rather than
at k̃Fσ ).

C. Generalized Thouless criterion and critical polarization

At zero temperature and zero polarization, the gas is in the
condensed state [79,83–91]. For large enough spin imbalance
(with the convention n↑ > n↓), a transition to the normal state
takes place such that the static pairing susceptibility of the
normal state becomes divergent. At the simplest level of ap-
proximation, the latter quantity is identified by −
0(Q, i� =
0) [50], and offers a generalized form of the Thouless criterion

[

0(Q, i� = 0)|p=pc

]−1 = 0. (15)

When Eq. (15) is satisfied at a finite pair momentum |Q| =
QFF �= 0, it indicates a transition to the FFLO superfluid phase
[22,23], while a solution at Q = 0 corresponds to a transition
to a polarized BCS superfluid [51]. For a given choice of the
chemical potentials (μσ for NSCT, μ̃σ for MSCT) appearing
in the fermionic propagators, condition (15) determines simul-
taneously the critical polarization pc and the momentum of the
Cooper pairs [28].

For a given choice of coupling ln(1/k0
Fa2D), Eqs. (7) and

(15) represent a set of equations to be solved for the unknowns
pc and μ↑, μ↓ (in the NSCT approximation) or μ̃↑, μ̃↓ (in the
MSCT approximation). In this way, the critical polarization pc

separating the normal and superfluid phases can be obtained
as a function of the coupling strength.

III. NUMERICAL IMPLEMENTATION

To compute the self-energy (5), we introduce the spectral
representation of the pair propagator 
0(Q, i�),


0(Q, i�) = −
∫

d�̄

π

Im
R
0 (Q, �̄)

i� − �̄
, (16)

where 
R
0 (Q, �̄) ≡ 
0(Q, i� → �̄ + i0+) is the retarded

pair propagator. In Appendix B, we provide a comprehensive
illustration of the structure (poles and two-particle continuum)
of the pair spectral weight function Im
R

0 (Q, �̄). Substituting
it into Eq. (5) and computing the integral over �, the self-
energy becomes

�σ (k, iω) = −
∫

dQ
(2π )2

∫
d�̄

π
Im
R

0 (Q, �̄)

× f
(
ξ σ̄

Q−k

)+ b(�̄)

iω − �̄ + ξ σ̄
Q−k

, (17)

where f (x) = 
(−x) and b(x) = −
(−x) are the Fermi and
Bose functions in the zero-temperature limit, respectively.

Equation (17) can be split into two terms �σ (k, iω) =
�

f
σ (k, iω) + �b

σ (k, iω), defined by

� f
σ (k, iω) = −

∫
dQ

(2π )2

∫
d�̄

π

Im
R
0 (Q, �̄)

iω − �̄ + ξ σ̄
Q−k

f
(
ξ σ̄

Q−k

)
,

(18)

�b
σ (k, iω) = −

∫
dQ

(2π )2

∫
d�̄

π

Im
R
0 (Q, �̄)

iω − �̄ + ξ σ̄
Q−k

b(�̄).

(19)

In the f term, the integral over �̄ can be performed analyti-
cally, taking advantage of the spectral representation (16) in
the reverse sense with i� → iω + ξ σ̄

Q−k, thus yielding

� f
σ (k, iω) =

∫
dQ

(2π )2
f
(
ξ σ̄

Q−k

)

0
(
Q, iω + ξ σ̄

Q−k

)
. (20)

The b term is subdivided into two further terms, based on
the structure of the pair spectral weight function Im
R

0 (Q, �̄)
(see Appendix B). The first subterm stems from the poles
of the pair propagator, which determine the collective modes
of the system and are associated with δ-like contributions to
Im
R

0 ,

Im
R
0 (Q, �̄) = −πWl (Q)δ(�̄ − �̄∗

l (Q)), (21)

where �̄∗
l (Q) is the pole dispersion, Wl (Q) =

[∂�̄Re
−1(Q, �̄)]−1
�̄=�̄∗

i (Q)
its spectral weight, and l ranges

over the number of dispersions that are present for a given
momentum Q. The number of these dispersions can vary from
0 to 2, depending on Q. In particular, at negative frequencies,
only one dispersion appears, and in a small range around
Q = 0. Note also that we have used rotational invariance in
the expression above, with Q ≡ |Q|. The second subterm
originates instead from the two-particle continuum occurring
for �̄ > �̄th(Q).
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Therefore, the b term now reads

�b
σ (k, iω) =

∫
dQ

(2π )2

∑
l

Wl (Q)b(�̄∗
l (Q))

iω − �̄∗
l (Q) + ξQ−k,σ̄

−
∫

dQ
(2π )2

∫ +∞

�̄th (Q)

d�̄

π
Im
R

0 (Q, �̄)

× b(�̄)

iω − �̄ + ξQ−k,σ̄

, (22)

with �̄th(Q) the threshold of the two-particle continuum. In
addition, information on further internal thresholds occurring
above �̄th(Q) (see Sec. V A and Appendix B) is used when
performing the numerical integrals in the second term of
Eq. (22). We also notice that, because of the Bose function,
only the dispersion at negative frequencies matters in the first
term in Eq. (22) (and actually with a negligible contribution
because of its small weight and momentum range).

Once the self-energy is computed, the momentum distri-
bution function nσ (k) is obtained by evaluating the integral
over the frequency ω in Eq. (7). To do so, we introduce a
large energy cutoff ω(1)

c � 100E0
F beyond which the following

asymptotic behaviors hold [92]:

� f
σ (k, iω)

ω�ω(1)
c−−−−→ n0

μF

0(k, iω), (23)

�b
σ (k, iω)

ω�ω(1)
c−−−−→ −�2

∞G0(−k,−iω), (24)

where n0
μF

= ∫ d2k
(2π )2 f (ξk ) and

�2
∞ = −

∫
dQ

(2π )2

∫
d�̄

π
Im 
R

0 (Q, �̄)b(�̄) (25)

defines the Tan’s contact through C = �2
∞/m2 [28].

To avoid numerical instabilities deriving from the pole of
the dressed Green’s function [which locates the Fermi step
of nσ (k)], we add and subtract the associated quasiparticle
Green’s function so that the momentum distribution in Eq. (7)
is recast as

nσ (k) =
∫ ∞

−∞

dω

2π
eiω0+

Gσ (k, iω)

= 2
∫ ω(2)

c

0

dω

2π
Re
[
Gσ (k, iω) − Gqp

σ (k, iω)
]

+ (1 − Zσ )/2 + Zσ 
(kFσ − k), (26)

where

Gqp
σ (k, iω) =

[
iω

Zσ

− k2

2m
+ k2

Fσ

2m

]−1

, (27)

Z−1
σ = 1 − ∂Im�σ (kFσ , iω)

∂ω

∣∣∣∣
ω=0+

, (28)

with kFσ determined by the equation Gσ (kFσ , 0)−1 = 0.
The cutoff ω(2)

c in Eq. (26) is taken sufficiently large to
approximate Gσ (k, iω) � 1/iω and Gqp

σ (k, iω) � Zσ /iω for
|ω| > ω(2)

c . Therefore, the integral of the difference between
G and Gqp, multiplied by the convergence factor eiω0+

, can
be performed analytically in this large frequency region and
yields the term (1 − Zσ )/2 appearing in Eq. (26).

FIG. 2. 2D critical polarization p = pc vs coupling ln(1/k0
Fa2D)

within the NSCT (dashed line) and MSCT (solid line) approaches.
Dotted line is the mean-field critical polarization. Dash-dotted line is
the weak-coupling expression (30). For p > pc, the system is in the
normal phase. The labels (N-FFLO or N-pBCS) indicate the nature
of the transition at the critical polarization.

IV. CRITICAL POLARIZATION

In this section, we present numerical results for the critical
polarization pc as a function of coupling strength ln(1/k0

Fa2D),
obtained by solving simultaneously Eqs. (7) and (15). In
practice, the solution of this set of three equations can be
significantly simplified by taking advantage of the fact that the
inverse pair susceptibility appearing in the Thouless condition
(15) acquires the analytical form [see Eq. (A6)]

−
0(|Q| = QFF, i� = 0)−1

= m

4π
×
⎧⎨
⎩ln

(
√

2mμ↑−
√

2mμ↓ )2

4mε0
if QFF �= 0

ln |μ↑−μ↓|
ε0

otherwise,
(29)

for the NSCT approximation, while for the MSCT approxima-
tion the chemical potentials μ↑, μ↓ are replaced by the shifted
chemical potentials μ̃↑, μ̃↓.

In essence, this set of three coupled equations is reduced to
solving the condition n↑ + n↓ = n [with nσ given by Eq. (7)]
in one of the two unknown chemical potentials, the other be-
ing uniquely determined by Eq. (29). The critical polarization
pc is then extracted by inserting the computed densities nσ

into its definition pc = (n↑ − n↓)/(n↑ + n↓).

A. Non self-consistent t-matrix approximation

The resulting critical polarization is reported in Fig. 2.
In particular, the critical polarization pc versus coupling
ln(1/k0

Fa2D) within the NSCT approximation is reported as
a dashed line and is seen to be composed of two branches.
The branch with ln(1/k0

Fa2D) < 0 represents a transition to
an FFLO state, with the pair susceptibility diverging at a
finite pairing momentum QFF ≡ √

4mε0 [see Eqs. (A7)].
In the weak-coupling limit (ln(1/k0

Fa2D) � −2) the critical
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FIG. 3. 3D critical polarization p = pc vs coupling (kFaF )−1

within the NSCT (dashed line) and MSCT (solid line) approaches.
Dotted line is the mean-field critical polarization. The position of the
Lifshitz points L within the two approaches is also indicated. For
p > pc the system is in the normal phase. The labels (N-FFLO or N-
pBCS) indicate the nature of the transition at the critical polarization.

polarization approaches the perturbative expression,

pc � (2 + 3/g)eg (30)

obtained at leading order in 1/g in Appendix G, where g ≡
ln(1/k0

Fa2D).
The second branch has ln(1/k0

Fa2D) > 0 and the transi-
tion is to a polarized BCS superfluid (pBCS), also called the
Sarma state [28], whereby bosonic pairs condense with zero
center-of-mass momentum in the presence of a polarized gas
of residual unpaired fermions. At coupling values between
these two branches [around ln(1/k0

Fa2D) � 0], the transition
to the condensed state unphysically disappears, and the gas
remains unexpectedly in the normal phase for all values of the
polarization.

To gain insight into the above scenario, we have computed
the NSCT critical line for the corresponding 3D homogeneous
system, following the same NSCT scheme (see also [93]). The
outcome is shown in Fig. 3 as a dashed line made of two
branches that meet at the Lifshitz point L (1/k0

FaF = 0.22),
where the transition changes nature from FFLO to polarized
BCS superfluid [69]. In the 2D system, the L point is absent
and effectively replaced by a coupling range where the transi-
tion ceases to exist [−0.8 � ln(1/k0

Fa2D) � 0.2].
In Fig. 2, the NSCT approximation (dashed line) predicts,

in the region approaching the coupling ln(1/k0
Fa2D) = −0.8, a

nonphysical decrease of the critical polarization, implying that
the ordered phase becomes less and less favorable as the cou-
pling increases. A similar but less dramatic effect is also found
in the 3D system, just before the Lifshitz point L (dashed
line in Fig. 3 for −0.3 � 1/k0

FaF � 0.22). To clarify the ori-
gin of this anomalous behavior, we examine the momentum
distribution functions of both species nσ (k) of the 2D system,
as reported in Fig. 4 for the coupling ln(1/k0

Fa2D) = 0 and
polarization p = 0.15. We observe that the majority species
distribution appears to be that of a noninteracting system with
n↑(k) ≡ 
(kF↑ − k). This is because the minority chemical

FIG. 4. Momentum distribution function nσ (k) within the NSCT
approximation for ln(1/k0

Fa2D) = 0 and polarization p = 0.15. The
vertical lines represent the noninteracting Fermi momenta k0

F↓
(dashed line) and k0

F↑ (dotted line). The interacting Fermi momenta
kF↓ and kF↑ can be read by the positions of the discontinuities in the
respective distributions.

potential μ↓ is renormalized to negative values and, when
inserted in the bare Green’s function G0↓(Q − k, i� − iω),
yields a vanishing value of the convolution appearing in
Eq. (19) for the self-energy with σ =↑.

In practice, within the NSCT scheme, the propagators
G0σ (k, iω)−1 = iω − ξσ

k (solid lines in Fig. 1) appearing in
the self-energy convolution (5) are bare ones; as such, they
do not take into account any consistent renormalization of
the related Fermi momenta, resulting in unphysical outcomes
as shown above for the majority species. This lack of self-
consistency was recognized in previous work as the root of
the problems with the NSCT approximation when applied to
polarized Fermi gases [63,69,70,94], and also when calculat-
ing the spin–spin correlation function of the balanced system
[62,70]. Notably, in Ref. [69] it was pointed out that the NSCT
approach strictly violates the Luttinger theorem [81,95] in a
3D system, whereas full self-consistency was shown to restore
the validity of the theorem.

An analogous violation is found here for the 2D system, as
illustrated in Fig. 4. On one hand, when μ↓ < 0, the major-
ity species is found to be noninteracting, with the Luttinger
theorem trivially respected kF↑ = k0

F↑ (dotted line). On the
other hand, the discrepancy between the position kF↓ of the
Fermi momentum in n↓(k) and the Fermi momentum k0

F↓ of
the noninteracting system (dashed line) clearly illustrates the
violation of the Luttinger theorem for the minority species.

On the basis of the above analysis, we expect that, whereas
full self-consistency is able to remedy the aforementioned
pathologies both qualitatively and quantitatively, the adoption
of a minimal degree of self-consistency should be sufficient
to restore at least qualitatively the correct physical picture by
introducing a consistent treatment of the Fermi momenta. This
is what the MSCT scheme introduced in Sec. II B is expected
to do, as will be shown in the next section.

Before concluding, we point out another important differ-
ence between the 2D and the 3D systems, that is the absence
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FIG. 5. Momentum distribution function nσ (k) within the MSCT
(green) and NSCT (magenta) approaches for the majority (dot-
dashed lines) and minority (solid lines) species at ln(1/k0

Fa2D) =
−1.48 (corresponding to ε0/E 0

F = 0.105) and p = 0.5.

or presence, respectively, of the polaron–molecule transition
at pc = 1. In the 3D case, Fig. 3 shows that the critical value
1/k0

FaF = 1.6 for the polaron–molecule transition expected
within the NSCT approximation [96–98] is recovered in the
p → 1 limit. On the contrary, in Fig. 2 we find that the
critical polarization approaches the polaronic limit pc = 1
only asymptotically, as also found in a recent NSCT study
of 2D Bose–Fermi mixtures [92] in the limit of a vanishing
concentration of bosons. As argued in that work, the NSCT
approach fails to capture the polaron–molecule transition in
2D, as it does not take into account three-body correlations,
that were originally demonstrated in [99] via a variational
approach to be essential for a physically sound description of
the molecular phase in 2D.

B. Minimal self-consistent t-matrix approximation

To remedy the shortcomings of the NSCT approach just
discussed, we introduce a minimal degree of self-consistency
as outlined in Sec. II B for the MSCT approach. Figure 5
presents a comparison between the two schemes for the
momentum distributions. We focus on a case in which
the NSCT approach clearly violates the Luttinger theorem
for the minority species and unphysically predicts a noninter-
acting momentum distribution for the majority species. One
sees that the MSCT scheme resolves both problems: the mo-
mentum distributions now fulfill the Luttinger theorem almost
exactly and the majority species is now interacting.

The impact of this improvement of the theory on the critical
polarization is shown in Fig. 2. We see that a physically
sensible behavior is now restored for the critical polarization
(solid line): the tendency of the system to form condensed
pairs increases with the coupling strength. In addition, in the
single-impurity limit (p → 1) the polaron-to-molecule transi-
tion is recovered. Finally, as in the NSCT approximation, the
Lifshitz point is absent, but now this does not occur with an
unphysical region separating two branches. Rather, the single

transition line always remains towards an FFLO superfluid
phase.

However, a striking feature of Fig. 2 is that the MSCT
critical curve is essentially indistinguishable from the corre-
sponding mean-field (MF) critical curve (dotted line). This
finding can be understood by noticing that if the MSCT ap-
proach exactly satisfied the Luttinger theorem, then its critical
line would be bound to coincide with the MF critical line.

This is because the MF critical curve is obtained by
the Thouless criterion (15) with the chemical potentials μσ

entering Eq. (29) for 
0(QFF, i� = 0) taken at their nonin-
teracting values: μσ = E0

Fσ . For the MSCT approach, instead,
the shifted chemical potentials μ̃σ enter the same equation. On
the other hand, fulfillment of the Luttinger theorem requires
μσ = E0

Fσ + �̃(k0
Fσ , 0) and kFσ = k0

Fσ , thus implying μ̃σ =
μσ − �̃σ (kFσ , 0) = E0

Fσ and the full equivalence between the
two equations. (We stress that this does not imply that the
same equivalence holds for a generic theory that exactly obeys
the Luttinger theorem, since the proof of the equivalence
relies on the specific form of the Thouless criterion within the
MSCT approximation.)

As a matter of fact, we have verified that, along the critical
line, kF↑ differs from k0

F↑ by 0.3%, at most. Deviations from
the Luttinger theorem are more significant for the minority
species. However, they are confined to the region of large po-
larization where kF↓ and k0

F↓ both go to zero, so that the impact
of these deviations on the critical polarization remains very
small. Specifically, we have verified that the relative differ-
ence between kF↓ and k0

F↓ remains below 3% for polarization
p < 0.7, and only for polarization p > 0.9 does the relative
difference exceeds 10%. As a consequence, the critical line is
essentially unchanged with respect to the MF one.

A similar behavior is observed in the 3D case presented
in Fig. 3, even though in this case some deviations between
the MSCT and MF curves are evident for p > 0.6. This is
because in this case the relative difference between kF↓ and
k0

F↓ exceeds 10% already at p � 0.65, that is, for polariza-
tions at which kF↓ and k0

F↓ are still significant. We remark
that our results for the MSCT curve in 3D agree very well
with the results obtained in [100] within the approach called
RPA(∞). Formally, the RPA(∞) approach sums the same
ladder diagrams as in the NSCT approach, but uses the T = 0
diagrammatic theory formulated in the canonical ensemble
[101], in which the bare propagators have, by construction,
the discontinuity at k0

Fσ . In this way, it basically coincides
with our MSCT approach, which is instead formulated in the
grand-canonical ensemble and requires the introduction of the
self-energy shift �̃0 to align the jump in the bare-like propaga-
tors G̃0 with that of the interacting Green’s function G. When
kFσ = k0

Fσ , the two theories coincide. Note that the importance
of introducing such a shift to match the grand-canonical per-
turbation theory with the canonical one was pointed out long
time ago by Luttinger and Ward [102].

As a side remark, we notice that in the 3D case the Lif-
shitz point in the MSCT approach is shifted to much higher
polarizations compared with the NSCT approach, although its
position remains almost unchanged at 1/k0

FaF = 0.255. The
polaron-to-molecule transition at p → 1 is pushed to lower
values of the coupling strength.
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FIG. 6. Comparison between the curve Q = QFF (full line) and
the curve Q = kF↑ − kF↓ (dashed line) in 3D at p = pc, as a function
of the 3D coupling strength 1/k0

FaF. (Inset) The ratio QFF/(kF↑ − kF↓)
(full line) is compared with its mean-field value 1.20 in the weak-
coupling limit [103].

Finally, within the MSCT approach, it is interesting to
quantify the relation between QFF and kF↑ − kF↓ in 3D, which,
in contrast to its 2D counterpart, does not have an analytical
form. This information will be useful for the discussion on
criticality in the next section. In Fig. 6, we show the critical
pair momentum QFF and the quantity kF↑ − kF↓ versus cou-
pling in 3D: these two quantities are found to be identical in
2D but not in 3D. This implies that the vectors kF↑, kF↓, and
QFF are collinear in 2D but not in 3D, as we illustrate in the
next sections. In the inset of Fig. 6, we show that the ratio
QFF/(kF↑ − kF↓) reaches its Fulde–Ferrell mean-field value
1.2 in the weak-coupling limit [103].

V. NON-FERMI-LIQUID BEHAVIOR

In this section, we examine the signatures of the quantum
critical behavior through key quantities like the quasiparticle
decay rate, the quasiparticle weight Zσ at the Fermi step,
the momentum distribution function nσ (k), and the bosonic
and fermionic dynamical exponents. We focus on the MSCT
scheme, which overcomes the shortcomings of the NSCT
approach pointed out above. (To avoid overburdening the no-
tation, we omit the tilde symbol over � and 
0 indicating the
MSCT approximation.)

It is convenient to consider the imaginary part of the re-
tarded self-energy, which, after analytic continuation iω →
ω̄ + i0+ of expression (17), acquires the following form:

Im�R
σ (k, ω̄) =

∫
dk′

(2π )2
Im
R

0

(
k′ + k, ω̄ + ξ̃ σ̄

k′
)

× [
(− ξ̃ σ̄
k′
)− 


(− ω̄ − ξ̃ σ̄
k′
)]

. (31)

We recall that in a Fermi liquid (FL) the lifetime τk,σ of a
quasiparticle of given momentum k and spin σ is given by [1]

1

τk,σ

= 2 Zk,σ Im�R
σ (k, ω̄)

∣∣
ω̄=ξ̃ σ

k
, (32)

with Zk,σ the quasiparticle weight

Zk,σ ≡
[

1 − ∂ Re �R
σ (k, ω̄)

∂ω̄

∣∣∣∣
ω̄=0−

]−1

. (33)

In a standard Fermi liquid, where quasiparticles are stable, the
imaginary part of the retarded self-energy is proportional to
ω̄2 [104,105], hence supporting long-lived excitations as their
inverse lifetime 1/τk ∼ ξ̃ 2

k � ξ̃k with 0 < Zk < 1.
However, if the self-energy Re �R

σ (k, ω̄) becomes singular
for small ω̄, Zk,σ will vanish and quasiparticles cease to exist.
The system is then termed a non-Fermi liquid (NFL). Specifi-
cally, when the divergence of the derivative of the real part of
the retarded self-energy is power-law with exponent between
–1 and 0, one has an NFL, whereas, when the divergence is
the weakest, that is, logarithmic, one attains a marginal Fermi
liquid. By means of the Kramers–Kronig relation between the
real and imaginary parts of the retarded self-energy [106], this
singular behavior is reflected in the imaginary part of the re-
tarded self-energy, which then follows a power law of the form
|ω̄|α for small frequencies with 0 < α � 1: α < 1 signaling
the inception of an NFL and α = 1 signifying a marginal FL.
In the following, we examine expression (31), from which the
critical quantities illustrated above descend, focusing on the
MSCT approach, and make a connection to the 3D system
when relevant. We start by analyzing the pair spectral function
(or dynamical pair susceptibility) Im
R

0 (Q, �̄) at criticality.

A. Pair spectral weight function at criticality

The function Im
R
0 (Q, �̄) appearing in Eq. (31) is ob-

tained by analytic continuation onto the real frequency axis of
the pair propagator defined on the imaginary frequency axis
in Eq. (4) and reported explicitly in Appendix A.

In Fig. 7, we display an intensity plot of the pair spectral
weight function 2m|Im
R

0 (Q, �̄)| for a critical value of the
polarization in the MSCT approximation. (We notice that
since 
0 is a bosonic propagator, the sign of Im
R

0 changes
with the sign of �̄.) One distinguishes two excitation bands
delimited by the two pairs of thresholds �̄±

↑ and �̄±
↓ , which

correspond to the majority and minority species, respectively.
A detailed derivation of the different energy sectors in Fig. 7
and associated thresholds can be found in Appendix B.

In addition to the region below the vacuum threshold
�th (solid line) where pairing is not allowed kinematically,
particle–particle excitations are forbidden in two additional
sectors in the presence of a polarization: sector I, which is en-
closed between �̄−

↑ (dotted line) and �̄+
↓ (dash-double-dotted

line) and sector II, which is delimited by �̄−
↓ (dash-dotted

line), �̄−
↑ (dotted line), and the vacuum threshold �th (solid

line). Within sector I, at low momenta two collective modes
originate (upward orange triangles and magenta squares),
which then merge with the related continuum thresholds (�̄−

↑
and �̄+

↓ , respectively), remaining close to them. Notably, the
upper mode remains highly resonant and becomes extremely
soft as its momentum approaches QFF (indicated by the star in
Fig. 7), eventually signaling the FFLO transition. We interpret
these modes as particle–particle (upward orange triangles) and
hole–hole (magenta squares) molecular states arising merely
from quantum many-body effects. We also point out that they
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FIG. 7. Dimensionless pair spectral weight function 2m |Im
R
0

(Q, �̄)| at coupling log(1/kFa2D) = −0.676 (corresponding to
ε0/E 0

F = 0.517) and polarization p = pc = 0.86, within the MSCT
approximation. The orange or pink triangles and magenta squares
are pair collective states originating from particle and hole states,
respectively. White lines represent different threshold frequencies
(see legend) defined in Appendix B. Star represents FFLO critical
momentum QFF.

are found in the 3D polarized system [63], even for coupling
values below the threshold of the two-body bound state in
vacuum, as opposed to the balanced system.

Finally, at large momenta the molecular branch inherited
from the balanced system (downward pink triangles) is recov-
ered [107].

B. Quasiparticle decay rate at criticality

At criticality, the FFLO soft mode (star and red area in
Fig. 7) contributes to the intermediate state convolution in (31)
only if the Thouless criterion is satisfied within the range of
momentum integration, that is, when ω approaches zero and
when

|k′ − k| = QFF and ξ̃ σ̄
k′ = 0. (34)

The second relation fixes the magnitude of the intermediate
state momenta k′ to the Fermi sphere of the other species
|k′| = kFσ̄ , whereas the first relation provides a condition on
the possible magnitudes and directions of the external mo-
mentum k,

|kFσ̄ − QFF| � |k| � kFσ̄ + QFF (35)

with QFF = kF↑ − kF↓ and the angle γk between k and QFF

uniquely identified by

cos γk = (kFσ̄ )2 − Q2
FF − |k|2

2QFF|k| . (36)

We note that if k is on the FS of the species σ [i.e., |k| = kFσ ,
corresponding to the lower boundary of (35) if σ =↓ and to
the upper boundary of (35) if σ =↑], then γk = 0 and k is
collinear with QFF. For all other possible values of k in (35),
k and QFF form an angle γk �= 0 as given by (36).

FIG. 8. Imaginary part of the retarded self-energy at small fre-
quencies for ln(1/k0

Fa2D) = −1.48 at critical polarization pc = 0.22
(solid line) and at an off-critical polarization p = 0.44 (dot-dashed
line) for the minority (a) and majority (b) species. Dashed and dotted
lines represent expected analytical behaviors.

In Appendix D, we analytically evaluate the small-
frequency behavior of the imaginary part of the retarded
self-energy at criticality for both of the above cases.

For quasiparticles with momentum on the FS |k| = kF↓ we
obtain the expression [cf. Eq. (D10)]

Im �R
↓ (kF↓, ω̄) = − 1√

3 24/3

2m

kF↓ kF↑

(
k2

F↑ − k2
F↓

2m

) 4
3

|ω̄| 2
3 ,

(37)
illustrating a nonanalytic dependence of the self-energy
around ω̄ = 0. By Kramers–Kronig transform [106], this in
turn implies the vanishing of the quasiparticle weight and the
breakdown of Fermi liquid theory [1]. Therefore, the present
system becomes an NFL when its polarization is at its critical
value. An analogous result was found for a two-dimensional
organic FFLO system in the weak-coupling regime in [74].

The power-law behavior of the imaginary part of the re-
tarded self-energy at small frequencies is illustrated through a
log-log plot in Fig. 8 at a critical and at an off-critical value of
the polarization for the minority and majority spins in panels
(a) and (b), respectively. The power law ωα is superimposed
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on the corresponding NFL and FL regimes with α = 2/3 and
α = 2, respectively.

When the fermionic momentum k is off the minority FS
but is such that kF↑ − k = QFF, the low-frequency form of the
imaginary part of the retarded self-energy acquires the form
[cf. Eq. (D18)]

Im �R
↓ (k, ω̄) = − 1

6 |k × QFF|

(
k2

F↑ − k2
F↓
)2

kF↑kF↓
|ω̄|. (38)

The linear dependence on the frequency implies a marginal
breakdown of Fermi liquid theory. For a marginal Fermi liq-
uid, as originally introduced by Varma [1], the real part of
the retarded self-energy behaves as ω̄ log ω̄ [106] and the
quasiparticle weight vanishes in a logarithmic (weaker than
a power law) manner.

Finally, in the remaining ranges |k| < kF↓ or |k| > 2kF↑ −
kF↓, the imaginary part of the retarded self-energy recovers the
expected FL behavior proportional to ω̄2 at low frequencies,
as the pairing fluctuation propagator acquires an effective
mass term, which brings the system away from criticality and
restores its FL form.

C. Quasiparticle weight

We now examine the evolution of the quasiparticle weight
Zσ at the Fermi level as criticality is approached. This quantity
is defined for quasiparticles on the FS by

Zσ ≡
[

1 − ∂ Re �R
σ (kFσ , ω̄)

∂ω̄

∣∣∣∣
ω̄=0−

]−1

(39)

[or as in Eq. (28) on the imaginary frequency axis] where the
real part of the retarded self-energy is obtained via Kramers–
Kronig transform of Eq. (31). The quasiparticle weight Zσ

satisfies 0 � Zσ � 1, which results from the property that
∂ Re �R

σ (kFσ ,ω̄)
∂ω̄

|ω̄=0− � 0 [108], as we have verified numerically
in general.

At criticality, an analytic estimate of the singular behavior
of the real part of the retarded self-energy at small frequencies
can be obtained via the Kramers–Kronig transform of Eq. (37)
(see [106]) or equivalently, exploiting the uniqueness of the
analytic continuation of the retarded self-energy to the upper
complex plane �(kFσ , z) = �̃0

σ + a z2/3 (with �̃0
σ defined in

Sec. II B and a a complex number). The imaginary part of
�R

σ (kFσ , ω̄) is an even function for small ω̄, thus implying

Re �R
σ (kFσ , ω̄) = �̃0

σ +
√

3 sgn(ω̄) Im �R
σ (kFσ , ω̄), (40)

which leads to ∂ Re �R
σ (kFσ , ω̄)/∂ω̄ → −∞ when ω̄ → 0

and thus a vanishing quasiparticle weight at criticality.
We report Zσ in Fig. 9 as a function of polarization at two

representative coupling strengths ln(1/k0
Fa2D) = −1.48 and

ln(1/k0
Fa2D) = −0.68 for both species. As the polarization

approaches its critical value, the quasiparticle weight is seen
to vanish.

In particular, we have numerically verified that Zσ ∼ (p −
pc)1/2 when approaching the critical polarization (see the in-
set). In Ref. [3], it has been quite generally argued that, at a
quantum critical point associated with a vanishing quasipar-
ticle weight, one should have Zσ ∼ (p − pc)ν(z f −dα ), where ν

is the correlation length critical exponent, z f is the fermionic

FIG. 9. Quasiparticle weight Zσ within the MSCT scheme at two
representative coupling strengths g = ln(1/k0

Fa2D) = −1.48, −0.68
as a function of p. (Inset) Comparison with critical behavior Zσ ∼
(p − pc )1/2 for g = −0.68 (we plot Z2

σ for convenience).

dynamical critical exponent, and dα is the scaling exponent of
the fermionic spectral weight function for k � kFσ and ω̄ � 0
[3,69],

Aσ (k, ω̄) ∼ c0σ

|ω̄|dα/z f
F0

(
c1σ

ω̄

||k| − kFσ |z f

)
, (41)

where F0 is a universal scaling function and c0σ , c1σ are
nonuniversal coefficients.

We will see in Sec. VI D that z f = 3. Expressions (37)
and (40) yield A(kFσ , ω̄) ∼ ω̄−2/3 and one obtains dα = 2. In
Appendix A 2, we derive the value 1/2 for the correlation
length exponent ν, so finally we obtain the behavior Zσ ∼
(p − pc)1/2 that we have verified numerically.

D. Momentum distribution function nσ (k):
Position and closure of the Fermi step

The above features are reflected in the momentum distri-
bution functions nσ (k) shown in Fig. 10 at criticality for a
representative coupling within the MSCT scheme. The Fermi
step is seen to close for both species, confirming the NFL
behavior discussed above. The positions of the steps (deter-
mined by the Fermi momentum kFσ ) are identified by the
respective vertical arrows, while the Fermi momenta of the
corresponding noninteracting system (k0

Fσ ) are indicated by
a vertical line (dotted for spin up, dashed for spin down).
The discrepancy between the interacting and noninteracting
Fermi momenta is a measure of the residual deviation of the
MSCT approach from the Luttinger sum rule [81,95]. We find
a negligible deviation for the up spins and a small one for the
down spins.

It is interesting to make a comparison with the momentum
distribution of the 3D system reported in Fig. 11. As in 2D,
the Fermi step disappears for both species, but a somewhat
larger discrepancy between the interacting and noninteracting
Fermi momenta is observed in 3D, especially for the minority
species. These differences are in line with our previous discus-
sion of the critical polarizations in Figs. 2 and 3 and the role
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FIG. 10. 2D momentum distribution function nσ (k) within
the MSCT approach at critical polarization (pc = 0.860) for
ln(1/k0

Fa2D) = −0.68.

of the Luttinger theorem in determining the deviation between
the mean-field curves and the MSCT ones.

VI. DYNAMICAL CRITICAL EXPONENTS

The critical behaviors of the spatial (ξ ) and temporal (ξτ )
relaxation scales of (bosonic) critical fluctuations are con-
nected by the dynamical exponent zb through ξτ ∝ ξ zb [6,109].
When critical fluctuations have a propagating nature (as, e.g.,
for sound-like excitations) the dynamical exponent is gener-
ally zb = 1, whereas zb = 2 or 3 characterizes diffusive critical
regimes [109].

In the following, we analyze the dynamical critical expo-
nents of the 2D bosonic and fermionic excitations of the FFLO
transition within the MSCT approximation. This scheme is
essentially equivalent to what is termed non-self-consistent

FIG. 11. 3D momentum distribution function nσ (k) within
the MSCT approach at critical polarization (pc = 0.754) for
1/(k0

FaF ) = 0.

random phase approximation (RPA) in the context of quantum
phase transitions [76].

In addition, extending the analysis of the 3D system in [69],
we go beyond the MSCT (RPA) approach and demonstrate
that the vertex corrections to the Hertz–Millis (HM) theory of
quantum phase transitions [6,110] in the pairing channel are
irrelevant to all orders, thus placing the 3D FFLO transition in
the mean-field universality class.

A. Bosonic dynamical exponent zb in 2D

The scaling behavior of the pairing fluctuations at crit-
icality can be obtained by evaluating the critical bosonic
propagator in the low-energy limit and for pair momenta close
to the FFLO critical line, |q| = |Q − QFF| � QFF.

The critical bosonic propagator 
0(QFF + q, i�) is shown
in Appendix C to take the following form:

−4π

m

0(QFF + q, i�)−1 = α

�√
q2

t

4Q2
FF

+ qr

2QFF

+ β

(
q2

t

4Q2
FF

+ qr

2QFF

)
, (42)

having defined α ≡ (m vFF
√

vF↑vF↓)−1 and β ≡ vF↑vF↓/v2,
with v = (vF↑ + vF↓)/2, vFσ = kFσ /m and vFF = QFF/m. The
momenta qr and qt are the radial and transverse components
of the small momentum q with respect to a fixed QFF, which
can be arbitrarily chosen along the circle |Q| = QFF.

We restrict to momenta such that

eσ
Q ≈ vσ

(
q2

t

2QFF
+ qr

)
> 0, (43)

since these are the dominant modes contributing to the
fermionic dynamics at criticality in Eq. (31) (see discussion
about the critical exponent ν in Appendix A).

Expression (42) is reminiscent of the dynamic susceptibil-
ity of a number of 2D quantum itinerant systems at criticality:
(i) a 2D FL close to a Pomeranchuk instability [1,111–114]
(with partial wave component l = 0 denoting the itinerant fer-
romagnet and l = 2 the nematic ordering), (ii) the transition
to the 2D charge density wave order [15], and, more generally,
(iii) a 2D FL coupled to a U(1) gauge field [16,106,115,116].
Scale invariance under the transformations

qt → λ qt , qr → λ2 qr, � → λzb �, (44)

implies the dynamical exponent zb = 3, in line with the
predictions of the RPA (which corresponds to the Gaus-
sian fixed point of the associated Landau–Ginzburg–Wilson
functional) for the aforementioned quantum critical systems
[16,106,111,116]. According to the standard theory of quan-
tum phase transition in itinerant electron systems introduced
by Hertz and Millis [6,110], the effective dimension reflecting
the mixing of static and dynamic correlations at zero tem-
perature is d + zb = 5 for d = 2 and zb = 3, which is greater
than the upper critical dimension d+

c = 4. This makes the RPA
result stable at all levels of renormalization.

However, dimensionality d plays a crucial role in the as-
sumptions of the theory (originally illustrated by Hertz for
the itinerant ferromagnet in d = 3 [6]). Belitz, Kirkpatrick,
and Vojta [10] have shown that, once vertex corrections
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are included beyond RPA, the static triplet susceptibility of
the ferromagnet is nonanalytic and non-local in 1 < d < 3
(χ (Q, 0)−1 ∼ |Q|d−1) as well as in d = 3 (with χ (Q, 0)−1 ∼
Q2 log |Q|) [7,117]. This implies that the gradient expan-
sion of the Landau–Ginzburg–Wilson functional employed by
Hertz breaks down. Subsequently, Chubukov has reassessed
the problem beyond the static approximation and confirmed
the breakdown of the HM theory for critical ferromagnetic
fluctuations [11,118]. In general, whenever gapless bosonic
fluctuations are coupled to gapless fermionic excitations (as
in itinerant systems), the HM theory may become inadequate
in 3D and definitively is in 2D [9]. Seminal results were also
obtained for the itinerant antiferromagnet by Chubukov in
[12], whereby the prediction of the HM theory was proven
to continue to hold in 3D but to break down in 2D.

A number of approaches have been put forward to go
beyond the HM paradigm and treat fermionic and bosonic de-
grees of freedom on the same footing. Concerning the present
problem of the FFLO criticality in 2D and the identification
of the related upper critical dimension, recently the authors
of [75] have adopted the dimensional regularization scheme
developed by Lee et al. for Fermi liquid instabilities with
zero ordering wave-vector and parabolic FSs (as in the 2D
Ising-nematic transition) [119,120]. They could identify the
upper critical dimension d+

c = 5/2 by relying on the equiva-
lence between the topologies of the FSs involved in the Ising
nematic transition and in the 2D FFLO transition. In addition,
they found a scaling behavior of the bosonic propagator that
is consistent with the frequency-dependent term ∼�/q [as in
Eq. (42)]. However, the outcome of this approach is strongly
dependent on the FS topology being one-dimensional and
parabolic (as in the 2D Ising-nematic instability treated by Lee
[121]). As a consequence, it cannot be applied to the case of
the 3D FFLO transition, in which the FS is two-dimensional
and locally flat. This case is discussed just below.

B. Bosonic dynamical exponent and vertex corrections in 3D

In 3D, the fluctuation propagator (or pair susceptibility) has
the form [66,69]


0(Q, i�) = 1

a + b (|Q| − QFF)2 + (d1 + i d2 sgn[�]) i �
(45)

with a = 0 at criticality, from which it is straightforward to
read off the mean-field critical exponents for space correla-
tions ν = 1/2 and for time correlations zb = 2 [69].

Expression (45) is reminiscent of the RPA susceptibility
of the itinerant antiferromagnet (IAFM) in 3D heavy-fermion
systems [1,122], even though in the latter case the dispersion
of the spin density wave ∝(Q − QAFM)2 is nonisotropic ow-
ing to the underlying lattice [123]. The 3D IAFM shares the
same mean-field critical exponents ν and z with the 3D FFLO
transition and its vertex corrections to the RPA susceptibility
have been shown in [12] to be irrelevant at all loop orders, thus
demonstrating that the 3D IAFM belongs to the mean-field
universality class.

According to the HM theory [6,110], the 3D FFLO tran-
sition should have a Gaussian fixed point as well, since
its effective dimension d + zb = 5 is greater than the upper
critical dimension d+

c = 4. However, Hertz’s assumption of

FIG. 12. Four-point boson vertex of the Hertz–Millis functional
within the particle–particle channel, corresponding to the effective
two-boson interaction u2 of Ref. [126].

well-behaved vertex corrections to the bosonic susceptibility
at small Q and � [124] has been shown to be incorrect for
most itinerant systems [7,10–12,117,118], as the gapless ex-
citations are not only bosonic but also fermionic. The latter
may generate nonanalytic Landau coefficients (namely singu-
lar vertex corrections) after being integrated out in the process
of obtaining an effective free energy expansion in the order
parameter only [125].

Motivated by the analogy between the FFLO and IAFM
susceptibilities, we now turn to a three-dimensional lattice ge-
ometry. This setting enables us to assess the robustness of our
RPA-level results upon including boson–boson interactions,
closely following the approach developed in Ref. [12]. In Ap-
pendix F, we explicitly evaluate the first vertex correction to
the RPA pair susceptibility (45), namely, the four-point boson
vertex u2 depicted in Fig. 12 (we follow the same notation
of [127], with un indicating the 2n-point bosonic vertex).
We show that the coefficient u2(Q1, Q2, Q3, Q4), where Qi ≡
(Qi, i�i ) are four-momenta, does not have a uniquely defined
limit for Qi → QFF and �i → 0. We also show that u2 be-
comes singular if the limit of small frequencies is approached
at Qi = QFF. This, in turn, produces pairing correlations that
decay algebraically in time, thus breaching the requisite of
locality in time (and space), which underpins the validity of
the Landau–Ginzburg–Wilson expansion performed by Hertz
at zero temperature [6].

We find that the scaling dimension of this vertex in 3D is
[u2] = zb − 2 with zb > 1 (rather than [u2] = 0 of the HM
theory), and that its running coupling constant g4 scales as
[g4] = 3 − 2zb (rather than [g4] = 4 − d − zb with d = 3 of
the HM theory [6]). In the present system zb = 2, hence
the four-point vertex is found to be irrelevant and the HM
prediction is accidentally confirmed. The same conclusion
can be drawn for the 3D Ising nematic transition [111], but
the notable exception in 3D is represented by the itinerant
ferromagnet [10,11], where the four-point vertex correction
generates nonanalytic behavior even in the static susceptibil-
ity for vanishing momentum [11]. In 2D, we recall that the
HM expansion consistently breaks down for itinerant systems,
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because it produces marginal or relevant vertex corrections at
all loop orders [9].

Higher-order vertex corrections can be computed following
the integration scheme adopted in Appendix F. By aligning
two of the three-momentum integrations with the majority and
minority Fermi velocities, these integrals become separable
and effectively one-dimensional. The remaining integration
gives an overall factor proportional to the momentum cutoff
in the transverse direction. By induction, one can write for the
vertex of order n [126],

un ∝ |�|
(i� − vF↑q)n−1(i� − vF↓q)n−1

, (46)

where the quantity q = |Q − QFF| and we are using the same
compact notation as in [12]. The vertex of order n thus scales
as [un] = zb − 2 (n − 1) and enters the nth contribution to the
boson effective action [126,127] through the expression

g2n

∫
(d4Qi )

(2n−1) un
(
�Qi

)2n
, (47)

where g2n is the running coupling constant subject to the
renormalization flow. This quantity scales as

[g2n] = −{(3 + zb) (2n − 1)︸ ︷︷ ︸
[(d3Q d�)2n−1]

+ zb − 2 (n − 1)︸ ︷︷ ︸
[un]

+ n (−5 − zb)︸ ︷︷ ︸[
�2n

Q

] }

= n + 1 − n zb, (48)

which means that it is irrelevant for all n > 1 since in the
present case zb = 2.

We can therefore conclude that the critical behavior at the
FFLO transition on a 3D lattice is reproduced by the gaus-
sian fixed point of Hertz’s theory, and the resulting critical
exponents ν = 1/2 and zb = 2 belong to the mean-field uni-
versality class. This class is shared with the 3D IAFM, which
was shown in [12] to have mean-field critical exponents as
well.

C. 2D vs 3D nesting of FS’s

A remarkable difference between the 2D and 3D ex-
pressions of the pairing fluctuation propagator at criticality
[Eqs. (42) and (45), respectively] emerges in the term propor-
tional to the frequency (the so-called damping term [2,125]).
In 3D, the damping term is ∼�, while in 2D it is ∼�/q
(where we approximate qt ≈ q since the longitudinal momen-
tum can be assumed much smaller than the tangential one
[116,128,129]).

The origin of this difference can be understood by looking
at the geometry of the region of momenta k′ that is dominant
in determining the result of convolution (3) at criticality (with
G0σ replaced by G̃0σ within MSCT).

This region is defined by requiring k′ and Q − k′ to be
on the FS of the minority and majority species, respectively,
with |Q| � QFF. This condition on k′ can be satisfied only
if |kF↑ − kF↓| = QFF. This relation defines a manifold—such
as a point or a circle—where the two FSs match and pairing
is optimal. In 2D, where QFF = kF↑ − kF↓, the two FS’s are
tangent at the matching point [see Fig. 13(a)]. As a result,
the local geometry can be approximated by a parabola [cf.
Eq. (D3) in Appendix D], similarly to the 2D Ising nematic

FIG. 13. Geometrical configuration of majority and minority FSs
with pairing momentum (a) QFF = kF↑ − kF↓ and (b) QFF > kF↑ −
kF↓ for a given directional choice of QFF. The configuration in (a) oc-
curs in 2D and results in a local parabolic approximation [dashed
lines, Eq. (D3)] at the matching point of the two FSs (red circle). The
configuration in (b) occurs in 3D (the cut with k′

z = 0 is reported in
this case) and results in a flat approximation [dashed lines, Eq. (D12)]
at the matching point (red circle). The angle θ determines the local
nesting between the two FSs and is equal to 0 for the configuration
in panel (a) (locally perfect nesting).

transition [111,116] and the 2D charge density-wave order
[15] (but differently from the itinerant antiferromagnet [9]).
When singular fermionic propagators with parabolic disper-
sion of the form

G̃0σ (k, iω)−1 = iω − [(k − kFσ ) × vFσ ]2

2m |vFσ |2 − vFσ · (k − kFσ )

(49)
[see again Eq. (D3)] are inserted into the convolution (3) of
the bosonic propagator, the resulting damping term is of the
type �/q (as shown explicitly in [116]).

In contrast, for the FFLO transition in 3D, one has QFF >

kF↑ − kF↓ (see Fig. 6), implying that the two FS’s are crossing
rather than tangent at the matching point (given the spherical
symmetry in 3D, this point is actually a circle). As a conse-
quence, the local geometry at this point is flat [see Fig. 13(b)]
and the resulting soft fermionic propagator has the form

G̃0σ (k, ω)−1 = iω − vFσ · (k − kFσ ). (50)
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One can show that, after inserting the above propagator in the
3D counterpart of the convolution (3), a damping term of the
form ∼� is obtained (see [9] for details).

The noncollinearity between the three momenta kF↑, kF↓,
and QFF in Fig. 13(b) is reflected by a nonzero value of the
nesting parameter tan(θ ), measuring the angle between the
two Fermi velocities at the matching point in Fig. 13(b).

We note that, because of rotational invariance of the present
continuum case, the direction of the vector QFF is arbitrary,
thus allowing every point on the FS’s to act as a matching
point. On a lattice, instead, rotational invariance is broken,
restricting QFF to a finite number of values connected by the
discrete symmetries of the lattice. The corresponding discrete
matching points on the FS’s are usually indicated as “hot
spots” or “hot manifolds” [9,12]. In the present case, the entire
FSs can be considered as “hot” when the rotational invariance
of QFF is taken into account.

It is thus interesting to draw a parallel again with the IAFM
at the level of the RPA approach. A flat geometry of the FS
at the matching point is known to occur both in the 3D and
in the 2D IAFM [9,12], resulting in the expected damping
term ∼�, as illustrated in [9,130]. While in 3D the IAFM
has stable mean-field critical exponents [12], RG studies in
2D [131–133] have shown that the nesting parameter tan(θ )
is renormalized to zero and the related dynamical exponent
zb changes from 2 to 1. These RG results for tan(θ ) and zb

have been quantitatively refined by a recent QMC study in
Ref. [134]. Unlike the 2D IAFM, the 2D FFLO instability ex-
hibits an entirely different FS geometry [θ = 0 in Fig. 13(a)]
with respect to its 3D counterpart. A renormalization group
analysis at the one-loop order [75] confirmed the RPA value
zb = 3 [74] of the bosonic dynamical critical exponent.

Finally, we mention that a geometric reasoning analogous
to that illustrated in Fig. 13 was used in Ref. [135] in relation
to the 3D IAFM chromium.

D. Fermionic dynamical exponent

In a critical itinerant fermionic system, soft modes appear
not only as collective (bosonic) fluctuations but also as gapless
fermionic excitations [5]. We are therefore interested in the
low-energy form of the fermionic propagator at criticality and
we consider its expansion for fermionic momenta close to the
FS and small frequencies.

1. 2D

By analytically continuing the retarded self-energy at criti-
cality [Eqs. (37) and (40)] to the positive imaginary frequency
axis, we obtain the following expression for the dressed
fermionic propagator:

G̃σ (kFσ + k, iω)−1 = −i γ |ω|2/3 − k2
y

2m
− vFσ kx. (51)

Here, we adopt the conventional low-energy formulation of
Fermi liquid theory [9], where momenta are measured from
the FS (k → kFσ + k) and decomposed into radial (x) and
transverse (y) components, with kFσ parallel to the local x

axis. Furthermore, vFσ = kFσ /m, the coefficient

γ = 1√
3 21/3

2m

kF↓ kF↑

(
k2

F↑ − k2
F↓

2m

)4/3

, (52)

and the propagator G̃σ indicates the MSCT bare propagator
corrected by the inclusion of the dominant frequency-
dependent part of the self-energy.

Applying to Eq. (51) the scaling transformations [as for the
bosonic case of Eq. (44)],

ky → λ ky, kx → λ2 kx, ω → λz f ω, (53)

we find a fermionic dynamic exponent z f = 3 (which thus co-
incides in value with the bosonic dynamic critical exponent).
An equivalent exponent was found in [74] with a reported
value of 3/2 owing to a different choice of the principal
scaling coordinate – which was the radial one (x axis) rather
than the transverse one (y axis) used in this work [3,116].

We note that the self-energy exponent 2/3, signaling the
NFL behavior in Eq. (51) stems from the specific geometry
of the loci of points of singularity (soft modes) of the bosonic
and fermionic propagators appearing in the convolution of the
self-energy (5). As illustrated in Fig. 15 of Appendix D, the
fermionic soft modes [the locally parabolic FS as implied by
Eq. (51)], and the bosonic soft modes (the red circle locating
the singularities of the pairing propagator) are tangent to each
other. This configuration, combined with an �/q bosonic
damping term, generates a fermionic damping term scaling
as ∼ω2/3.

The same behavior is found across several 2D quantum
critical metals at the RPA level, as in the 2D Ising nematic
transition [111,116], the itinerant ferromagnet [11], and the
charge density wave transition [15] (the nematic and itinerant
ferromagnet transitions are also known as Pomeranchuk insta-
bilities in the spin channel with l = 2 and l = 0, respectively).
These critical systems share with the FFLO transition the
same form of the bosonic damping term �/q (and therefore
the same zb) and a local parabolic geometry of the FS, re-
sulting in the same frequency dependence of the fermionic
self-energy on the FS (∼ω2/3). We note that the above analo-
gies hold regardless of the fact that the ordering wave vector
is zero (Pomeranchuk instabilities) rather than finite (charge
density wave). However, we stress that crucial physical differ-
ences between these systems emerge when going beyond the
one-loop level of renormalization to include vertex corrections
[116,118].

2. 3D

A similar reasoning can be applied to the 3D FFLO tran-
sition by taking into account that the bosonic damping term
is now ∼�, as discussed in Sec. VI A. Moreover, the locus of
points in momentum space (red circle) hosting the soft modes
of the pairing propagator is now secant rather than tangent to
the FS of either species, generating a configuration analogous
to that shown in Fig. 16 of Appendix D for the 2D system.
As previously discussed in Sec. VI C, the geometrical condi-
tion |kF↑ − kF↓| = QFF with QFF > kF↑ − kF↓ implies that the
three momenta QFF, kF↑, kF↓ are noncollinear. Consequently,
this geometric configuration dictates that the aforementioned
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TABLE I. Results on various examples of critical Fermi liquids (in a continuum or discrete geometry) at the RPA level of approximation.
For discrete geometries, we consider only ordering wave vectors Q0 that are commensurate (incommensurate) with the lattice for the IAFM
(CDW). For each system (first column) we report whether the standard Hertz and Millis theory holds (second column), the form the damping
term of the bosonic (third column) and fermionic (fourth column) soft modes, and relevant references (last column).

Hertz–Millis Boson damping Fermion damping Reference

Itinerant FM, Q0 = 0 2D No �/q ω2/3 [11,118]
3D No �/q ω1 [2]

Ising-nematic, Q0 = 0 2D No �/q ω2/3 [116]
3D Yes �/q ω1 [111]

CDW, Q0 �= 0 2D discrete No �/q ω2/3 [15,136]

Itinerant AFM, Q0 �= 0 2D discrete No � ω1/2 [9,130]
3D discrete Yes � ω1 [2,12]

FFLO, Q0 �= 0 2D continuum No �/q ω2/3 This work
3D continuum Yes � ω1/2 This work and [69]

locus of points must intersect, rather than touch, the FS of
either species.

In Appendix E, we perform an analytical estimate of the
imaginary part of the retarded self-energy at low frequency
at criticality. From this calculation, we obtain that for ω →
0+ the dressed fermionic propagator acquires the low-energy
form

G̃σ (kFσ + k, iω)−1 = (Bσ − i Cσ ) ω1/2 − vFσ · k, (54)

with Bσ ,Cσ positive constants that are obtained from the ana-
lytic continuation of expression (E8) to the positive imaginary
frequency axis. This confirms what found numerically in [69]
at the level of self-consistent t-matrix.

Applying the scaling transformations

k → λ k, ω → λz f ω, (55)

we obtain the fermionic dynamic critical exponent z f = 2 in
3D (which also in this case has the same value as the bosonic
dynamic critical exponent zb).

As a final remark, we note that for the 3D IAFM within
the RPA, the fermionic self-energy exhibits a marginal FL
behavior (∼ω) [2], rather than the NFL behavior found here
for the 3D FFLO transition in the continuum. This difference
originates from their corresponding ordering wave vectors,
which have a preferred direction for the IAFM on a lattice
and no preferred direction for the FFLO transition in the
continuum [9].

E. Comparison with other quantum critical metals

In summary, Table I compares our results for the bosonic
and fermionic damping, as well as the validity of the HM the-
ory, against several widely studied quantum-critical itinerant
systems at the RPA level (which is equivalent to the present
MSCT approach in the particle–particle channel). The bosonic
damping term appears in the fluctuation propagator computed
at Q − Q0 = q, where Q0 is the ordering wave vector. The
fermionic damping term appears in the fermionic propagator
computed at k = kFσ [2].

The predictions of the Hertz–Millis theory appear essen-
tially applicable in 3D for most quantum systems, with the
exception of the itinerant ferromagnet. Conversely, HM theory
breaks down in 2D, although (at the RPA level of approxi-

mation) it still predicts the correct (non- or marginal-) Fermi
liquid behaviors in the fermionic excitation sector.

Note also that the damping form �/q is always associated
with a locally parabolic behavior of the FS at the matching
point. This is always the case when the ordering wave vector
Q0 = 0, whereas the damping form � arises from the pos-
sibility of linearizing the FS at the matching point [9]. This
generally happens when Q0 �= 0.

VII. CONCLUSIONS

We have investigated a 2D polarized Fermi gas at zero
temperature from the normal phase down to the superfluid
phase transition across the full range of coupling strengths and
polarizations within a diagrammatic t-matrix approach. We
have shown that some self-consistency in the fermionic prop-
agators is necessary to obtain a sensible critical polarization
and overcome the large violations of the Luttinger theorem
that occur in the non-self-consistent approach. To this end,
we have implemented a minimal scheme that incorporates
self-consistency in an approximate way (MSCT approach).

Within this scheme, we have analyzed the quasiparticle
decay rate on the two FSs and found, both numerically and
analytically, an NFL behavior of the imaginary part of the
retarded self-energy, which in turn implies the vanishing of
the quasiparticle weight Zσ . For momenta off the FS of species
σ but such that kFσ̄ − QFF � k � kFσ̄ + QFF, we have found
instead a marginal FL behavior for the imaginary part of the
retarded self-energy

In addition, we have analytically derived the low-energy
expression for the bosonic and fermionic propagators at crit-
icality, from which we have extracted the values of the
bosonic and fermionic dynamical critical exponents zb = z f =
3 and the corresponding bosonic and fermionic damping terms
∼�/q and ω2/3.

With respect to the fully self-consistent t-matrix approach,
the present MSCT approximation has the advantage of al-
lowing for more analytical control of the theory. Leveraging
on this advantage, in 3D, we have derived an analytical ex-
pression for the imaginary part of the retarded self-energy
at the FFLO transition at low frequencies. In this way, we
have recovered the square root dependence on the frequency
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observed only numerically in the fully self-consistent study
of Ref. [69] and obtained the dynamical critical exponents
z f = 2 (= zb).

For the 3D case on a lattice, we also evaluated the 2n-point
vertex corrections at all orders n > 1 of the bosonic effective
action for the FFLO pairing instability [126,127]. Using stan-
dard scaling arguments, we established that these corrections
scale to zero in the long-wavelength and low-energy limit,
having no impact on the critical behavior. Consequently, we
place the 3D FFLO quantum-phase transition on a lattice
in the mean-field universality class, in analogy with the 3D
itinerant antiferromagnet in heavy-fermion systems [122].

We have found that the origin of the differences be-
tween 2D and 3D in the critical behavior of the bosonic and
fermionic low-energy excitations is in the geometry of the
FFLO ordering momentum QFF with respect to the momenta
kF↑, kF↓ at the points where the Fermi spheres match. In 2D,
QFF = kF↑ − kF↓ and the three momenta are collinear. As a
result, the two FSs are tangent at the matching point and the
local geometry can be approximated by a parabola. In 3D,
QFF > kF↑ − kF↓, the three momenta are not collinear, and the
two FSs intersect each other. These different geometries lead
to different low-energy fermionic propagators to be consid-
ered in the convolution determining the bosonic propagator,
and thus to a different form of the damping of critical fluctua-
tions.

As a perspective, the implementation of the fully self-
consistent t-matrix approach in 2D would be an important
achievement. While the critical exponents and low-energy
propagators are expected to recover the results of the one-loop
renormalization group calculation of Ref. [75], the implemen-
tation of the self-consistent t-matrix approach would allow for
the calculation of nonuniversal quantities, such as the phase
diagram, thermodynamic variables, momentum distribution
functions, and spectral weight functions in a full frequency
range.

Finally, we discuss how the predicted critical behavior
could be probed in ultracold-atom experiments. Although the
present calculations are performed at zero temperature, their
low-energy predictions could be tested at finite but sufficiently
low temperatures. On the one hand, at finite temperature, the
quantum critical behavior extends over a finite region around
the critical polarization p − pc ∼ kBT/E0

F [9]. On the other
hand, the temperature should be lower than the probed fre-
quencies.

The fermionic sector could be investigated using
momentum-resolved radio-frequency spectroscopy, which
provides access to the occupied single-particle spectral func-
tion [137]. In the above temperature and polarization range,
the measured line shapes could be used to test the predicted
non-Fermi-liquid behavior −Im�R

σ (kFσ , ω̄) ∝ |ω̄|2/3, in
contrast with the Fermi-liquid dependence proportional to
ω̄2 away from criticality. Although both the linewidth and

the excitation energy vanish as ω̄ → 0, their ratio diverges,
signaling the absence of a long-lived quasiparticle. Fits to the
coherent spectral feature extrapolated toward T = 0 could be
used to follow the predicted suppression Zσ ∝ (p − pc)1/2.

The same momentum-resolved spectra could be used to test
the fermionic dynamical exponent z f . In the quantum critical
region, the single-particle spectral function at low frequen-
cies ω̄ becomes a universal function of ω̄/kz, where k is the
momentum distance from the Fermi surface, as detailed in
Eq. (41). The dynamical exponent z f could be extracted as
a fitting parameter by demonstrating the collapse of spectral
functions measured at different momenta k into a single uni-
versal curve when plotted against ω̄/kz f .

Probing the bosonic sector requires access to pair cor-
relations. Static pair correlations, measurable through atom-
resolved microscopy [43,138] or pair projection followed by
momentum-space imaging [139–141], should develop a peak
at |Q| = QFF. The width of this peak would allow the extrac-
tion of the correlation length and could therefore be used to
test the exponent ν.

More directly, momentum-resolved Raman spectroscopy
[142–144] has recently been proposed as a probe of molec-
ular spectral functions and unconventional pairing [145], and
could thus provide a route to accessing the momentum- and
frequency-dependent pair spectral weight. Similarly to the
fermionic case, a scaling collapse of the molecular spectral
functions measured at different momenta would provide a
direct test of the bosonic dynamical exponent zb.
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APPENDIX A: PAIR SUSCEPTIBILITY, GENERALIZED
THOULESS CRITERION, AND CORRELATION

LENGTH EXPONENT ν

The pair-propagator (4) can be computed analytically fol-
lowing Ref. [92], which employs the NSCT approximation. Its
expression within the MSCT approximation can be obtained
straightforwardly via the procedure illustrated in the second
section of this Appendix.

1. �0(Q, z) in the NSCT approximation

Considering the extension of 
0(Q, z) to the upper complex plane (Imz > 0), one obtains the expression


0(Q, z)−1 = − m

4π

[
log

(
A0

ε0

)
+ 
(μ↑) log

(
A↑
A0

)
+ 
(μ↓) log

(
A↓
A0

)
− [
(μ↑) + 
(μ↓)] i π sgn(Imz)

]
, (A1)
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where the principal branch of the complex log function (with the cut along the negative real axis) is meant in the above equation,

A0 = Q2

4m
− 2μ − z, (A2)

A↑ = +h + z

2
+ sgn

(
+h − Q2

4m
+ Rez

2

)√
HQ + z

(
h − Q2

4m

)
+ z2

4
, (A3)

A↓ = −h + z

2
+ sgn

(
−h − Q2

4m
+ Rez

2

)√
HQ − z

(
h + Q2

4m

)
+ z2

4
, (A4)

and

HQ =
{(Q2−Q̄2

4m

)(Q2−Q∗2

4m

)
if μ↑, μ↓ > 0,

h2 + Q2

2m

(Q2

8m − μ
)

otherwise,
(A5)

with μ ≡ (μ↑ + μ↓)/2 and h ≡ (μ↑ − μ↓)/2. In the cou-
pling regime where μ↑, μ↓ > 0, it is convenient to introduce
the notation Q∗ ≡ kμ↑ − kμ↓ and Q̄ ≡ kμ↑ + kμ↓ , with kμσ

=√
2mμσ .
We note that, in the limit of interest z → 0 for the gener-

alized Thouless criterion (15), the function in Eq. (A1) is not
differentiable in Q = Q∗ and has the form

−
0(Q, 0)−1 = m

4π

⎧⎨
⎩

ln Q2

4mε0
, Q � Q∗,

ln
(h+

√
HQ )2

ε0(2μ− Q2

4m )
Q � Q∗.

(A6)

(Analogous expressions were found in Ref. [72] but with a
different normalization, m = 1.)

Recalling that −
0(Q, 0)−1 is the inverse of the static
pair susceptibility, we observe from Eq. (A6) that for any
value of Q this quantity is positive, and for Q = Q∗ it has
a minimum at which the left and right derivatives are not
equal (see Fig. 14). At this momentum, the susceptibility has a
maximum, which reflects the enhanced tendency in the system
to form pairs with finite momentum QFF ≡ Q∗ = kμ↑ − kμ↓ .

FIG. 14. Inverse static pair susceptibility −
0(Q, i� = 0)−1/2m
as a function of Q for several choices of the polarization p at fixed
coupling ln(1/k0

Fa2D) = −1.48 (corresponding to ε0/E 0
F = 0.105)

within the MSCT approach.

At the critical polarization, the pair susceptibility diverges,
and consequently, the minimum of its inverse reaches zero
and the generalized Thouless criterion is satisfied. Analytic
expressions of the momentum QFF at criticality and of the
critical pseudo-magnetic field hc are obtained by setting the
arguments of both logarithms in (A6) equal to one,

QFF =
√

4mε0, hc ≡
√

ε0(2μ − ε0). (A7)

Within the NSCT approximation, μ↓ becomes negative
along the second branch of Fig. 2, and in this case, the mini-
mum of the inverse pair susceptibility is found at Q = 0,

−
0(0, 0)−1 = m

4π
ln

2h

ε0
. (A8)

Therefore, one obtains the critical magnetic field hc = ε0/2
with critical pair momentum Q = 0, which identifies a tran-
sition to a spin-polarized and spatially uniform superfluid
(Sarma state) [51].

2. �0(Q, z) in the MSCT approximation and correlation
length exponent ν

Within the MSCT approximation adopted in this work,
the expressions in (A1) and in (A6) should be rewritten by
mapping

μσ → μ̃σ , kμσ
→ kFσ , (A9)

and thus

μ → μ̃ ≡ (μ̃↑ + μ̃↓)/2, h → h̃ ≡ (μ̃↑ − μ̃↓)/2. (A10)

At criticality, one then has QFF = kF↑ − kF↓ = √
4mε0 and

h̃c ≡ √
ε0(2μ̃ − ε0). The physical pseudomagnetic field hc at

criticality is instead defined in terms of the thermodynamic
chemical potentials

h ≡ μ↑ − μ↓
2

= h̃ − �̃0
↑ − �̃0

↓
2

, (A11)

with �̃0
σ given in Eq. (12).

Figure 14 reports the behavior of the inverse pair suscep-
tibility −
0(Q, 0)−1/(2m) as a function of Q for different
values of the polarization p, for a representative choice of
the coupling value ln(1/k0

Fa2D) = −1.48. The position of the
cusp is traced by the quantity QFF = kF↑ − kF↓, which takes
the value QFF = √

4mε0 when p = pc.
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For momenta close to the pairing momentum QFF and
fields h � hc, Eq. (A6) acquires the form

− 
0(Q, 0)−1

= m

2π

⎧⎨
⎩

h−hc

h̃c
+ Q−QFF

QFF
, Q � QFF,

h−hc

h̃c
+ 1

h̃c

√
kF↓
m

kF↑2

2m (QFF − Q) Q � QFF,

(A12)

where the mass term (h − hc)/h̃c sets the height of the cusp in
Fig. 14.

We are now in a position to obtain the critical exponent ν

of the correlation length from Eq. (A12). At zero temperature,
statics and dynamics cannot be treated separately [147], and
at criticality, bosonic and fermionic correlations must be dealt
with on the same footing. In the evaluation of the fermionic
self-energy in Appendix D below, one sees from Fig. 15 that
the dominant bosonic contribution comes from fluctuations
with momentum Q that is near the intersection point between
the red solid circle and the inner ring of the gray annulus,
within the annulus. At this point the bosonic propagator di-
verges, and this divergence is approached under the constraint
Q > QFF. As a result, this selects a specific form for the static
pair susceptibility, which is the one appearing in the first line
of Eq. (A12).

Introducing, as in Sec. VI A, the radial (qr) and transverse
(qt ) components of the fluctuation momentum q ≡ Q − QFF,
the deviation Q − QFF in Eq. (A12) can be parametrized as
follows:

|QFF + q| − QFF ≈
(

q2
t

2QFF
+ qr

)
, (A13)

having neglected the subleading term q2
r with respect to qr .

The bosonic momentum q + QFF connects two fermionic
momenta near the matching point of the two FSs in Fig. 13(a).
As the two FSs around this point extend primarily along the
transverse direction (with respect to QFF which is along x),
fluctuations possess a predominantly tangential component
[4,9,116,128], and therefore qt � qr . Neglecting the radial
component of fluctuations in (A13), the inverse static pair
susceptibility (A12) acquires the familiar Ornstein–Zernicke
[148] form ([h − hc]/h̃c + q2

t /2Q2
FF), from which we extract

the correlation length behavior ξ ∼ (h − hc)−ν yielding
ν = 1/2.

APPENDIX B: PAIR SPECTRAL WEIGHT FUNCTION

The pair spectral weight function Im
R
0 (Q, �̄) is obtained

by taking the analytic continuation z → �̄ + i 0+ in Eq. (A1).
To gain insight into the origins of the various energy bands

appearing in the intensity plot of Fig. 7 for Im
R
0 (Q, �̄), we

perform the analytic continuation directly in Eq. (4). Within
the MSCT approximation, we obtain

Im[
0(Q, i� → �̄ + i 0+)−1]

=
∫

dk
(2π )2

[1 − 
(−ξ̃
↑
Q/2−k ) − 
(−ξ̃

↓
Q/2+k]

×(−π ) δ(ξ̃↑
Q/2−k + ξ̃

↓
Q/2+k − �̄), (B1)

where 
 is the Heaviside step function. The momentum
integral above splits into three distinct contributions corre-
sponding to the three terms in the square brackets. The first
term matches the t-matrix in vacuum, while the remaining
terms account for the Pauli blocking of the majority ↑ and
minority ↓ species, respectively. The first integral defines
the overall continuum threshold for the two-body problem in
vacuum, �̄th(Q) ≡ Q2/4m − μ̃↑ − μ̃↓. For frequencies �̄ <

�̄th(Q), one has Im[
R
0 (Q, �̄)−1] = 0.

The second and third integrals are formally equivalent.
Their 
 functions are nonzero when

−1 � μ̃↑ − μ̃↓ − �̄√
Q2

m (�̄ − �̄th(Q))
� +1, (B2)

which in turn becomes �̄−
σ (Q) � �̄ � �̄+

σ (Q), with

�̄±
σ (Q) = (Q ± kFσ )2

2m
− k2

Fσ̄

2m
, (B3)

where we have used μ̃σ = k2
Fσ /2m. When one 
 function is

equal to one (and the other is zero), it cancels the 1 within the
square bracket in Eq. (B1). This yields the regions labeled I
and II in Fig. 7 where Im[
R

0 (Q, �̄)−1] = 0. In these regions,
as in the region below �̄th(Q), the continuum of the pair spec-
tral weight function vanishes identically. When the threshold
frequencies are inside the continuum of Im[
R

0 (Q, �̄), they
identify the position of cusps in Im[
R

0 (Q, �̄). This informa-
tion is used when performing numerical integrals such as in
Eq. (19).

APPENDIX C: LOW-ENERGY LIMIT OF THE CRITICAL
FLUCTUATION PROPAGATOR

Here we analyze in detail the behavior of the fluctua-
tion propagator, given in general by expression (A1), when
approaching criticality. We will work within the MSCT ap-
proximation [that is, we will apply the replacements (A9) in
Eq. (A1)]. We are interested in momenta close to the critical
pair momentum Q → QFF and in the low-energy limit z →
0 + i 0+. We point out that we will not make any assumption
on the strength of the interaction or the amount of polariza-
tion; thus, we generalize the analysis of [74].

The coefficients A↑, A↓ in Eqs. (A3) and (A4) can be recast
as follows:

Aσ = ζσ

QFFQ̄

4m
+ z

2
+ ζσ sgn

(
QFFQ̄ − Q2

4m
+ Rez

2

)

×
√

(Q2 − Q̄2)

4m

(
Q2 − Q2

FF

)
4m

− z
Q2 − ζσ QFFQ̄

4m
+ z2

4
.

(C1)

where ζσ = 1 or −1 if σ =↑ or ↓, respectively. For small z
and Q → QFF, it is easy to check that the sgn functions are
equal to 1 and, neglecting higher-order terms in z and |Q −
QFF|,

Aσ = ζσ

QFFQ̄

4m
+ z

2
+ ζσ

√
Rσ (C2)
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where

Rσ = kFσ̄ QFF

2m

[
−kFσ

m
(Q − QFF) + ζσ z

]
(C3)

while the coefficient A0 in Eq. (A2) becomes A0 = −Q̄2/4m − z. By inserting these expressions in Eq. (A1) and neglecting
higher-order terms, one obtains


0(Q, z)−1 � − m

4π

[
− ln

(
Q̄2

4mε0

)
+ ln

(
QFFQ̄

4mε0
+
√

R↑
ε0

)
+ ln

(
QFFQ̄

4mε0
+
√

R↓
ε0

)]
. (C4)

where we have used 
(μ̄σ ) = 1 and Imz > 0 to cancel the last term in Eq. (A1) with a corresponding term originating from
the first log term in Eq. (A1). Using further that at criticality QFF = √

4mε0, expanding the last two log terms for Rσ small, and
neglecting higher-order cross terms between z and (Q − QFF), we obtain


0(Q, z)−1 = − m

4π

[
a↓
√

−e↑
Q + z + a↑

√
−e↓

Q − z + bv (Q − QFF)
]
, (C5)

where

eσ
Q = vFσ (Q − QFF), aσ =

√
vFσ QFF/2

v QFF/2
, (C6)

with v = (vF↑ + vF↓)/2, m vFσ = kFσ and b ≡ vF↑ vF↓
v2

2
v QFF

.
The above expression for the critical pair fluctuation propagator generalizes the one obtained in [74] by relaxing the restrictive

assumptions therein of a weak interaction strength and small population imbalance.
Expression (C5) is also analogous to the critical fluctuation propagator for the incommensurate charge-density wave order

[15] and for the spin-density wave order [149]. The analogy can be clarified by expanding expression (C5) for |z| � |eσ
Q| and

|eσ
Q| → 0. By setting Q = QFF + q, where q is small, one obtains

eσ
Q ≈ vFσ

(
q2

t

2QFF
+ qr

)
, (C7)

where, as above, we have introduced the radial and transverse components of the fluctuation vector q with respect to QFF, and
have neglected a subleading term ∼q2

r with respect to qr in Eq. (C7) [4,128]. The approximate dispersion in (C7) is justified
whenever the underlying FS has a nonzero curvature.

Inserting Eq. (C7) into Eq. (C5) and expanding for |z| � |eσ
Q|, we finally obtain


0(Q, z)−1 = − m

4π

⎧⎪⎪⎨
⎪⎪⎩

− 1
QFF

√
vF↑vF↓

i z[(
qt

2QFF

)2
+ qr

2QFF

]1/2 + vF↑vF↓
v2

[( qt

2QFF

)2 + qr

2QFF

]
, eσ

Q > 0,

1
2 m v

√
vF↑vF↓

z[
−
(

qt
2QFF

)2
− qr

2QFF

]1/2 + 4
√

vF↑vF↓
v

[− ( qt

2QFF

)2 − qr

2QFF

]1/2
, eσ

Q < 0.
(C8)

where we have used Imz > 0. A functionally analogous expression was obtained in the context of the incommensurate
charge density wave order in [136]. The above expression will be used in Sec. VI A when discussing the bosonic dynamical
exponent zb.

APPENDIX D: SMALL-FREQUENCY BEHAVIOR OF THE IMAGINARY PART OF THE RETARDED
SELF-ENERGY AT CRITICALITY IN 2D

In this appendix, we obtain an analytical expression for the imaginary part of the retarded self-energy Im�R
σ (k, ω̄) at criticality

for small ω̄, within the MSCT scheme. In our treatment we closely follow Ref. [15]. We start from the general expression

Im�R
↓ (k, ω̄) =

∫
d2k′

(2π )2
Im
R

0 (k′ − k, ω̄ + ξ̃
↑
k′ )[
(−ξ̃

↑
k′ ) − 
(−ω̄ − ξ̃

↑
k′ )], (D1)

where, for convenience, we have focused on the minority species and made the transformation k → −k in the corresponding
expression (31), taking advantage of its rotational invariance.

254507-20



FULDE-FERRELL-LARKIN-OVCHINNIKOV TRANSITION … PHYSICAL REVIEW B 114, 254507 (2026)

FIG. 15. Gray annulus represents integration region R for the momentum integral over k′ in Eq. (D1) at criticality, for k = kF↓ and ω̄ > 0.
(Only the upper half of the integration plane is shown for symmetry reasons.) Solid red circle denotes values of k′ for which the fluctuation
propagator in Eq. (D1) is nearly divergent. When the solid red circle intersects the gray annulus, the Thouless criterion is exactly satisfied for a
given value of ω̄. The external momentum kF↓ is taken along the x direction k′

x axis and is collinear with kF↑ such that kF↑ − kF↓ = QFF. Black
dotted line denotes momentum cutoff kc along k′

y.

1. Fermionic momentum on the FS

We first consider the case with k on the FS: k = kF↓ such that |kF↑| − |k| = QFF ≡ √
4mε0. We start by examining the

expression (C5) analytically continued to the real frequency axis (z → �̄ + i0+)


R
0 (k′ − k, ω̄ + ξ̃

↑
k′ )−1 = − m

4π

[
a↑
√

−e↓
|k′−k| − ω̄ − ξ̃

↑
k′ + i0+ + a↓

√
−e↑

|k′−k| + ω̄ + ξ̃
↑
k′ + i0+ + bv(|k′ − k| − QFF)

]
. (D2)

Figure 15 shows the integration plane (k′
x, k′

y), with k = kF↓ setting the direction of the k′
x axis. For small frequency ω̄, the two


 functions in Eq. (D2) select the narrow annulus −ω̄ < ξ̃
↑
k′ < 0 around the FS |k| = kF↑, while the pair spectral weight function

is strongly peaked close to the FFLO singularity of the pair propagator [see Fig. 7], which in turn occurs when |k′ − k| = QFF

(red solid circle). The dominant contribution to the convolution in Eq. (D1) comes from the red circle within the annulus.
It is therefore convenient to shift k′ → k′ + kF↑ and expand the one- and two-particle dispersions ξ̃

↑
k′ and eσ

|k′−k| appearing in
Eq. (D2) about the new origin,

ξ̃
↑
k′ → |k′ + kF↑|2

2m
− (kF↑)2

2m
≈ k′

y
2

2m
+ vF↑ k′

x, (D3)

eσ
|k′−k| → vFσ (|k′ + QFF| − QFF) ≈

(
vFσ

vFF

)
k′2

y

2m
+ vFσ k′

x, (D4)

with kFσ = m vFσ and QFF = mvFF. In Eq. (D3), we have neglected the term k′
x

2
/2m, effectively approximating the FS to a

parabola. The validity of this approximation is limited to a region defined by −kc < k′
y < kc (blue line labeled “parabolic

approximation” in Fig. 15) with kc an appropriate cutoff. (The value of kc is immaterial in the calculation that follows since
ω̄ can be chosen arbitrarily small.) The parabolic approximation of the FS is familiar in the low-energy effective theory of
fermions coupled to a U(1) gauge boson in 2 + 1 dimensions [16,150]. It is a direct consequence of the existence of fermionic
soft modes in an isotropic system [8,9]. We note that such an approximation holds for the bosonic dispersion (D4) as well (which
in fact represents the order-parameter soft mode expected at the quantum phase transition), but with a curvature determined by
the quantity vF↑/vFF.

The self-energy convolution now acquires the form

Im�R
↓ (kF↓, ω̄) �

∫
R

dk′
x dk′

y

(2π )2

(−4π )

m
Im

⎧⎪⎨
⎪⎩
[

a↑

√√√√−vF↓
vFF

(
k′2

y

2m
+ vFF k′

x

)
−
(

k′
y

2

2m
+ vF↑ k′

x

)
− ω̄ − i0+

+ a↓

√√√√−vF↑
vFF

(
k′2

y

2m
+ vFF k′

x

)
+
(

k′
y

2

2m
+ vF↑ k′

x

)
+ ω̄ + i0+ + b

v

vFF

(
k′2

y

2m
+ vFF k′

x

)]−1
⎫⎪⎬
⎪⎭, (D5)

with k′
x and k′

y constrained within the region R defined by −2mω̄ < k′
y

2 + 2mvF↑kx < 0, which reduces to −kc < k′
y < kc after

the parabolic approximation.
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We now adopt the following change to dimensionless curvilinear coordinates (ω̃, p̃):

ω̃ ω̄ = k′
y

2

2m
+ vF↑k′

x

p̃
vFF

v
ω̄ = k′

y
2

2m
+ vFF k′

x. (D6)

and modify the integration extrema accordingly. The integral acquires the form

Im �R
↓ (kF↓, ω̄) = − 4

ω̄

mv

∫ 0

−1

dω̃

2π

∫ +∞

v
vF↑ ω̃

d p̃

√√√√ mvvFF
2vF↑vF↓

p̃ − v
vF↑

ω̃

× Im

{[
a↑

√
−vF↓

v
p̃ − ω̃ − 1 − i0+ + a↓

√
−vF↑

v
p̃ + ω̃ + 1 + i0+ + b

√
ω̄ p̃

]−1}
, (D7)

where the square root term is the Jacobian of the transformation (assuming vF↑ > vF↓), the upper bound of the inner integral has
been extended to infinity as ω̄ → 0, and we have taken into account the lower half of the integration region, multiplicating the
result of the integral by two.

The integral over p̃ in Eq. (D7) is ultraviolet divergent in the limit ω̄ → 0, with the dominant contribution to the integral
coming from p̃ > 1√

ω̄
� ω̃. We can then neglect the term proportional to ω̃ in the Jacobian, approximate

a↑

√
−vF↓

v
p̃ − ω̃ − 1 − i0+ + a↓

√
−vF↑

v
p̃ + ω̃ + 1 + i0+ ≈ −

√
v2

vF↓vF↑

2

mvvFF

(1 + ω̃)√
p̃

i (D8)

at large p̃, and set the lower limit of the momentum integral to zero. In this way one gets

Im �R
↓ (kF↓, ω̄) = − 4

m v2 b
ω̄

∫ 0

−1
dω̃

∫ +∞

0

d p̃

2π
Im

{[
− v2

vF↑vF↓
(1 + ω̃)i +

√
b ω̄ p̃3/2

]−1
}

. (D9)

The integrals over p̃ and ω̃ are elementary and eventually yield

Im �R
↓ (kF↓, ω̄) = − 1√

3 24/3

2m

kF↓ kF↑

(
k2

F↑ − k2
F↓

2m

)4/3

ω̄2/3, (ω̄ → 0+; p = pc). (D10)

The above derivation can be repeated for ω̄ < 0. In addition, by similar arguments one can show that the same expression (D11)
also holds for the majority species, eventually yielding

Im �R
σ (kF↓, ω̄) = − 1√

3 24/3

2m

kF↓ kF↑

(
k2

F↑ − k2
F↓

2m

)4/3

|ω̄|2/3, (ω̄ → 0; p = pc). (D11)

2. Fermionic momentum outside the FS

Focusing again on the minority species, we now consider the case kF↓ < k < 2kF↑ − k↓. In this case, a solution of the
equation |k′ − k| = QFF for the integration variable k′ exists when the (arbitrary) direction of QFF is chosen such that the
angle γk between QFF and k satisfies Eq. (36). As a result, γk �= 0, π . The geometry then changes from the one in Fig. 15 to that
in Fig. 16. One sees that the solid red circle and the FS (corresponding to the outer circle of the annulus) are no longer tangent,
but intersect each other.

We thus reconsider expressions (D3) and (D4) according to the geometry of Fig. 16,

ξ̃
↑
k′ → |k′ + kF↑|2

2m
− (kF↑)2

2m
≈ v

(x)
F↑ k′

x + v
(y)
F↑k′

y, (D12)

eσ
|k′−kσ | → vFσ (|k′ + QFF| − QFF) ≈ vFσ (cos γk k′

x + sin γk k′
y), (D13)

whereby, owing to the noncollinearity between k, QFF and kF↑, both linear components k′
x and k′

y are now present and one can

therefore neglect the corresponding quadratic contributions k′
x

2 and k′
y

2. The previous change to curvilinear coordinates is now a
simple rotation of the (k′

x, k′
y) plane according to the transformation

ω̃ ω̄ = v
(x)
F↑ k′

x + v
(y)
F↑k′

y

p̃
ω̄

v
= (cos γk k′

x + sin γk k′
y), (D14)
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FIG. 16. Same as in Fig. 15, but for kF↓ < k < 2kF↑ − kF↓ such that the pairing momentum QFF and the external momentum k form an
angle γk �= 0, π .

which yields the following expression at p = pc,

Im �R
↓ (k, ω̄) = − 8

ω̄3/2

mv

∫ 0

−1

dω̃

2π

∫ +∞

v
vF↑ ω̃

d p̃
m

|k| sin γk

× Im

⎧⎨
⎩
[

a↑

√
−vF↓

v
p̃ − ω̃ − 1 − i0+ + a↓

√
−vF↑

v
p̃ + ω̃ + 1 + i0+ + b

√
ω̄ p̃

]−1
⎫⎬
⎭, (D15)

where the additional factor of 2 takes into account the presence of two matching points between the two FS rather than the single
point of the collinear case, and the Jacobian of the transformation (m/|k| sin γk) has been included.

Applying the same expansion as in (D8), one gets

Im �R
↓ (k, ω̄) = −8

ω̄3/2

mv

∫ 0

−1
dω̃

∫ +∞

0

d p̃

2π

m

|k| sin γk
Im

⎧⎪⎨
⎪⎩
⎡
⎣−
√

v2

vF↓vF↑

2

mvvFF

(1 + ω̃)√
p̃

i + b
√

ω̄ p̃

⎤
⎦−1

⎫⎪⎬
⎪⎭. (D16)

The two integrals are again elementary and yield

Im �R
↓ (k, ω̄) = −2

3

v2 mvFF

vF↑vF↓|k| sin γk
ω̄ = −1

6

(
k2

F↑ − k2
F↓
)2

|k × QFF| kF↑kF↓
ω̄, (ω̄ → 0+, kF↓ < k < 2kF↑ − kF↓ p = pc). (D17)

As in the previous case, the above derivation is unchanged when ω̄ → −ω̄. In addition, the case of the majority species can be
treated in the same way. In summary, one obtains

Im �R
σ (k, ω̄) = −1

6

(
k2

F↑ − k2
F↓
)2

|k × QFF| kF↑kF↓
|ω̄|, (ω̄ → 0, |kFσ̄ − QFF| < k < kFσ̄ + QFF; p = pc). (D18)

Finally, outside the above range of k, that is, for k < |kFσ̄ − QFF| or k > kFσ̄ + QFF it is easy to show that a standard Fermi liquid
behavior is recovered, with Im�R

σ (k, ω̄) ∝ ω̄2 at small ω̄.
Figure 17 compares the analytic results of the present appendix with a fully numerical calculation of Im�R

σ (k, ω̄) for coupling
strength ln(1/k0

Fa2D) = −1.498 at p = pc.

APPENDIX E: IMAGINARY PART OF THE RETARDED SELF-ENERGY AT CRITICALITY IN 3D

In this appendix, we obtain an analytical expression for the imaginary part of the retarded self-energy at criticality in 3D in
the MSCT approach and in the limit of small frequency ω̄ → 0.

We recall the expression of the fluctuation propagator in the imaginary frequency space in the low-energy limit [66,69],


0(Q, i�) = 1

a + b (|Q| − QFF)2 + (d1 + i d2 sgn[�]) i �
, (E1)

where a = 0 at criticality. The imaginary part of the retarded self-energy is given by

Im�R
σ (k, ω̄) =

∫
d3Q

(2π )3
Im
R

0

(
Q, ω̄ + ξ̃ σ̄

Q−k

)[


(− ξ̃ σ̄

Q−k

)− 

(− ω̄ − ξ̃ σ̄

Q−k

)]
, (E2)
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FIG. 17. Imaginary part of the retarded self-energies as a function of frequency for (a) minority and (b) majority species at ln(1/k0
Fa2D) =

−1.48 and p = pc for different values of k (see legend). The symbols highlight the expected analytical low-frequency behavior for given k:
∝ ω̄2/3 for k = kFσ (circles); ∝ ω̄ for |kFσ̄ − QFF| < k < kFσ̄ + QFF (squares) and ∝ ω̄2 for (a) k < kF↓ or k > 2kF↑ − kF↓; (b) k < |2kF↓ − kF↑|
or k > kF↑ (triangles).

where the retarded pair propagator is obtained by analytic continuation of Eq. (E1), replacing i� → �̄ + i0+. Given the linear
relation between ξ̃ σ̄

Q−k and the cosine of the angle between Q and k, the following change of variable is adopted:

cos θ → ξ̃ ≡ ξ̃ σ̄
Q−k = Q2 + k2 − 2Qk cos θ

2m
− μ̃σ̄ , (E3)

thus yielding

Im�R
σ (k, ω̄) =

∫ +∞

0

dQ

(2π )
Q2
∫ ξ̃+(Q)

ξ̃−(Q)

d ξ̃

(2π )

(
m

Qk

)
[−d2 (ω̄ + ξ̃ )] [
(−ξ̃ ) − 
(−ω̄ − ξ̃ )]

[b (Q − QFF)2 + d1 (ω̄ + ξ̃ )]2 + [d2 (ω̄ + ξ̃ )]2
, (E4)

with ξ̃±(Q) = (Q ± k)2/2m − μ̃σ̄ and μ̃σ = (kFσ )2/2m in the MSCT scheme. The presence of the two 
 functions requires
−ω̄ < ξ̃ < 0 if ω̄ > 0, or 0 < ξ̃ < −ω̄ if ω̄ < 0, for the integrand to be nonvanishing. Considering that ω̄ → 0 and neglecting
subleading contributions to the integral, the boundaries of the integral over ξ̃ can be taken as determined from the above
condition, while |k − kFσ̄ | < Q < k + kFσ̄ . The integral over ξ̃ can be computed analytically and yields

Im�R
σ (k, ω̄) =

∫ k+kFσ̄

|k−kFσ̄ |

dQ

(2π )2

mQ

k
×
{

F
(

ω̄
(Q−QFF )2

)
, ω̄ � 0,

F
(

2ω̄
(Q−QFF )2

)− F
(

ω̄
(Q−QFF )2

)
, ω̄ < 0.

(E5)

where

F (x) = 1

2
(
d2

1 + d2
2

)
[

d2 log

((
d2

1 + d2
2

)
b2

x2 + 2d1

b
x + 1

)
− 2d1 arctan

((
d2

1 + d2
2

)
b d2

x + d1

d2

)
+ 2d1 arctan

(
d1

d2

)]
. (E6)

The integrand is singular if |kFσ̄ − QFF| < k < kFσ̄ + QFF, provided that QFF is in the range of integration. We then assume k
to be in this range and change the integration variable to t = (Q − QFF)/

√|ω̄|,

Im�R
σ (k, ω̄) =

√
|ω̄|
∫ +∞

−∞

dt

(2π )2

m (QFF + √|ω̄| t )

k
[sgnω̄ F (sgnω̄ t2) + 
(−ω̄)F (−2t2)], (E7)

where the lower and upper boundaries of the integration interval after the transformation take into account that ω̄ → 0 and k is
in the above range. The term proportional to t does not contribute to the integral because it is odd in t . We thus obtain

Im�R
σ (k, ω̄) = QFF

√|ω̄|
k

I±(b, d1, d2) (E8)

where I± identifies two functions of the parameters b, d1, d2 characterizing the critical fluctuation propagator for ω̄ > 0 and
ω̄ < 0, respectively.

Therefore, the imaginary part of the retarded self-energy is a universal function of
√|ω̄|/k whenever |kFσ̄ − QFF| < k <

kFσ̄ + QFF. By taking k on the FS and performing the analytic continuation to the positive imaginary frequency axis, this behavior
leads to the low-energy dressed fermionic propagator (54), implying a fermionic dynamical exponent z f = 2. In particular, the
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coefficients Bσ and Cσ of the self-energy on the imaginary frequency axis appearing in (54) can be determined following the
analytic continuation procedure outlined in [69], from which we have explicitly

Bσ = QFF√
2 kFσ

(I+ − I−), (E9)

Cσ = QFF√
2 kFσ

(I+ + I−). (E10)

In the complementary range of k, |k − kFσ̄ | > QFF, the integrand in Eq. (E5) remains finite and can be expanded in powers of ω̄

yielding the Fermi-liquid behavior Im�R(k, ω̄) ∝ ω̄2.

APPENDIX F: FOUR-POINT VERTEX OF THE HERTZ-MILLIS THEORY

In this appendix, we evaluate the lowest-order vertex correction to the fluctuation propagator of the FFLO transition on a
3D lattice and show its irrelevance in the renormalization group flow associated with the Hertz–Millis effective action in the
pairing channel. Within a functional integral formulation, the lowest order vertex correction to the pair propagator can be read
from the φ4 term of the Hertz–Millis effective action for a 3D attractive Fermi gas. The form of this functional was discussed
in the context of the BCS–BEC crossover in [126,127,151] for the balanced system. In the present case, accounting for zero
temperature and a population imbalance, it acquires the form

Seff = v0

∫
d4Q

(2π )4

−1

0 (Q) |�Q|2 + v2
0

4

∫ 4∏
i=1

d4Qi

(2π )4
u2(Q1, Q2, Q3, Q4) δ(4)(Q1 + Q2 − Q3 − Q4) �∗

Q1
�∗

Q2
�Q3 �Q4 , (F1)

where Qi ≡ (Qi, i�i ) are four-momenta, �Qi are the bosonic pairing fields, and we have made the dependence on the underlying
bare fermionic coupling constant v0 explicit.

On a 3D lattice, the set of admissible ordering vectors is finite and dictated by the crystal symmetry, in contrast with the
continuum, where QFF spans an entire spherical surface. Moreover, the absence of continuous rotational symmetry changes the
dispersion term of the fluctuation propagator 
−1

0 (Q) with respect to that in Eq. (45), which becomes anisotropic. Nevertheless,
the scaling exponents derived in Sec. VI B are unchanged in the discrete geometry, since the lattice only affects the nonuniversal
coefficients of the dispersion term.

The four-point vertex (depicted diagrammatically in Fig. 12) represents an effective boson–boson (or mode–mode) interaction
[126]. It reads

u2(Q1, Q3 + Q4 − Q1, Q3, Q4) =
∫

d4k

(2π )4
G̃0↑(−k) G̃0↓(k + Q1) G̃0↑(−k − Q1 + Q3) G̃0↓(k + Q4), (F2)

with k ≡ (k, ω) and where the four-momentum conservation Q1 + Q2 = Q3 + Q4 has been used to eliminate Q2.
When discussing the corresponding problem in the particle–hole channel, Hertz assumes that the four-point vertex is a well-

behaved function of the four-momenta Qi, and proceeds to evaluate it at Qi = 0 in the particle–hole channel (as relevant for
an itinerant ferromagnet at the critical point), thus finding a finite quantity [124]. In the present case of an instability in the
particle–particle channel with a nonzero ordering wave vector, it is straightforward to verify that expression (F2) at Qi = QFF

and zero frequencies is finite, apparently in full analogy with the result of Hertz in the particle–hole channel. However, we will
now show that the limit �i → 0 for Qi = QFF is actually singular, thus invalidating a treatment à la Hertz. Hertz’s assumption
of a well-behaved four-point vertex was originally challenged by Chubukov in 2D et al. [7] and subsequently in 3D [12],
demonstrating that this vertex depends singularly on the frequency-to-momentum ratio.

We thus proceed to evaluate the 4-point vertex by keeping the four-momenta generic. One has

u2(Q1, Q3 + Q4 − Q1, Q3, Q4)

=
∫

dω

2π

d3k

(2π )3

1

−iω − ξ̃
↑
k

1

i(ω + �1) − ξ̃
↓
k+Q1

1

−i(ω + �1 − �3) − ξ̃
↑
k+Q1−Q3

1

i(ω + �4) − ξ̃
↓
k+Q4

(F3)

where we have used the form (50) with linearized dispersions ξ̃ σ
k = vFσ · (k − kFσ ) for the bare-like propagators G̃0 in Eq. (F2).

We note that this expansion around a specific matching point QFF of the two FSs is justified only when the system selects a
specific ordering wave vector out of a finite set of symmetry-related ones—a condition that is met during a transition to the FF
state on a lattice.

We shift k → k + kF↑ to obtain ξ̃
↑
k → ε

↑
k = vF↑ · k and ξ̃

↓
k → ε

↓
k = vF↓ · (k + QFF). Recalling that vFσ is in the xy plane, we

then make a change of variables from kx, ky to ε↑, ε↓, where εσ = vFσ · k, with the resulting Jacobian |vF↑ × vF↓|−1. Introducing
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the large momentum cutoff � along kz, the integral now reads

u2(Q1, Q3 + Q4 − Q1, Q3, Q4) = 1

|vF↑ × vF↓|
∫

dω

2π

∫ �

−�

dkz

2π

∫
dε↑
2π

1

iω + ε↑

1

i(ω + �1 − �3) + ε↑ + ε
↑
Q1−Q3

×
∫

dε↓
2π

1

i(ω + �1) − ε↓ − ε
↓
Q1

1

i(ω + �4) − ε↓ − ε
↓
Q4

(F4)

= 1

|vF↑ × vF↓|
�

π

∫
dω

2π

sgn(ω) − sgn(ω + �1 − �3)

i(�1 − �3) + vF↑ · (Q1 − Q3)

sgn(ω + �1) − sgn(ω + �4)

i(�1 − �4) − vF↓ · (Q1 − Q4)
. (F5)

The integration over ω is elementary and yields

u2(Q1, Q3 + Q4 − Q1, Q3, Q4) = �

π2

1

|vF↑ × vF↓|
|�3| + |�4| − |�1| − |�3 + �4 − �1|

[i(�1 − �3) + vF↑ · (Q1 − Q3)] [i(�1 − �4) − vF↓ · (Q1 − Q4)]
(F6)

The expression above shows that u2 becomes singular in a
small-frequency limit when all momenta are equal, and in par-
ticular for Qi = QFF. In contrast, Hertz assumed the quartic
coefficient to be well-behaved in the limit of zero momenta
and frequencies and calculated it at exactly zero momenta and
frequencies [124].

Therefore, a direct inspection of each singular term of the
expansion is required to verify its correct scaling behavior by
the power-counting technique. From the nonsingular (Gaus-
sian) term in Eq. (F1), taking into account that [�] = zb, we
obtain that the fields �Q scale as[

�2
Q

] = −{ 3 + zb︸ ︷︷ ︸
[d3Q d�]

+ 2︸︷︷︸[

−1

0

]} = −5 − zb, (F7)

where [X ] indicate the scaling dimension of X . This is in
line with Hertz’s arguments. On the contrary, the quartic term
dictates a new scaling of the renormalized coupling constant
v2

0 → g4, namely

[g4] = −{ (3 + zb) 3︸ ︷︷ ︸
[(d3Q d�)4−1]

+ zb − 2︸ ︷︷ ︸
[u2]

+ 2 (−5 − zb)︸ ︷︷ ︸[
�4

Q

] } = 3 − 2zb.

(F8)
Here, [u2] = zb − 2 is obtained from the numerator of (F6)
scaling as zb, and from the scaling of the denominator of
(F6), where [εσ ] = 1 dominates over [�] = zb > 1. In the
present case zb = 2, therefore [g4] = −1 < 0 and the four-
point coupling constant g4 is irrelevant. The same scaling of
g4 would be obtained within Hertz’s theory, which predicts
[g4] = 4 − d − zb (as can be obtained from (F8) by remov-
ing the contribution of [u2] and taking d = 3). However, as
already pointed out above, the assumption of regularity of the
vertex u2 used in Hertz’s theory is not valid in the present
case (as is also the case for the IAFM [12]). The coinci-
dence of the two outcomes is purely accidental and arises

because the case zb = 2 is very particular: the present scaling
[g4] = 6 − d − 2zb (extended to dimension d) and Hertz’s
scaling [g4] = 4 − d − zb exactly coincide in any dimension
when zb = 2. The peculiarity of the case zb = 2 was originally
noticed for the itinerant antiferromagnet in [12].

APPENDIX G: ANALYTIC EXPRESSION OF THE
CRITICAL POLARIZATION IN THE WEAK

COUPLING REGIME

In the weak-coupling limit (g → −∞, with g ≡
ln(1/k0

Fa2D)), the pair propagator can be approximated
to a constant 
0(Q, i�) � 2π/(m g) [152], yielding the
self-energy

�σ (k, iω) � 2π

m g
n0

μσ̄
≡ �0

σ , (G1)

with n0
μσ̄

= mμσ /(2π ). To leading order in 1/g, one can ap-
proximate n0

μσ
� m E0

Fσ /(2π ) ≡ nσ . The number equation (7)
then yields nσ = n0

μ′
σ

with μ′
σ = μσ − 2π nσ /(m g). One then

obtains

μσ = 2π

m
nσ + 2π

m g
nσ̄ , (G2)

which can be inserted in the expression for the critical field hc

in (A7) to obtain an equation that implicitly defines pc,

pc

(
1 − 1

g

)
=
√

2

(
ε0

E0
F

)(
1 + 1

g

)
−
(

ε0

E0
F

)2

. (G3)

Using ε0/E0
F = 2 e2g, one obtains

pc = 2geg

g − 1

√
1 − e2g + 1

g
�
[

2 + 3

g

]
eg, (G4)

to leading order in 1/g.

[1] C. M. Varma, Z. Nussinov, and W. van Saarloos, Singular or
non-Fermi liquids, Phys. Rep. 361, 267 (2002).

[2] H. v. Löhneysen, A. Rosch, M. Vojta, and P. Wölfle, Fermi-
liquid instabilities at magnetic quantum phase transitions, Rev.
Mod. Phys. 79, 1015 (2007).

[3] T. Senthil, Critical Fermi surfaces and non-Fermi liquid met-
als, Phys. Rev. B 78, 035103 (2008).

[4] M. A. Metlitski, D. F. Mross, S. Sachdev, and T. Senthil,
Cooper pairing in non-Fermi liquids, Phys. Rev. B 91, 115111
(2015).

254507-26

https://doi.org/10.1016/S0370-1573(01)00060-6
https://doi.org/10.1103/RevModPhys.79.1015
https://doi.org/10.1103/PhysRevB.78.035103
https://doi.org/10.1103/PhysRevB.91.115111


FULDE-FERRELL-LARKIN-OVCHINNIKOV TRANSITION … PHYSICAL REVIEW B 114, 254507 (2026)

[5] M. Brando, D. Belitz, F. M. Grosche, and T. R. Kirkpatrick,
Metallic quantum ferromagnets, Rev. Mod. Phys. 88, 025006
(2016).

[6] J. A. Hertz, Quantum critical phenomena, Phys. Rev. B 14,
1165 (1976).

[7] A. V. Chubukov and D. L. Maslov, Nonanalytic corrections to
the Fermi-liquid behavior, Phys. Rev. B 68, 155113 (2003).

[8] D. Belitz and T. Vojta, How generic scale invariance influences
quantum and classical phase transitions, Rev. Mod. Phys. 77,
579 (2005).

[9] S. Sachdev, Quantum Phase Transitions, 2nd ed. (Cambridge
University Press, Cambridge, 2011)

[10] D. Belitz, T. R. Kirkpatrick, and T. Vojta, Nonanalytic behav-
ior of the spin susceptibility in clean Fermi systems, Phys. Rev.
B 55, 9452 (1997).

[11] A. V. Chubukov, C. Pépin, and J. Rech, Instability of the
quantum-critical point of itinerant ferromagnets, Phys. Rev.
Lett. 92, 147003 (2004).

[12] A. Abanov and A. Chubukov, Anomalous scaling at the quan-
tum critical point in itinerant antiferromagnets, Phys. Rev.
Lett. 93, 255702 (2004).

[13] D. Bergeron, D. Chowdhury, M. Punk, S. Sachdev, and A.-
M. S. Tremblay, Breakdown of Fermi liquid behavior at the
(π, π ) = 2kF spin-density wave quantum-critical point: The
case of electron-doped cuprates, Phys. Rev. B 86, 155123
(2012).

[14] E. Berg, M. A. Metlitski, and S. Sachdev, Sign-Problem–Free
quantum Monte Carlo of the onset of antiferromagnetism in
metals, Science 338, 1606 (2012).

[15] T. Holder and W. Metzner, Non-Fermi-liquid behavior at the
onset of incommensurate 2kF charge- or spin-density wave
order in two dimensions, Phys. Rev. B 90, 161106 (2014).

[16] T. Holder and W. Metzner, Anomalous dynamical scaling from
nematic and U(1) gauge field fluctuations in two-dimensional
metals, Phys. Rev. B 92, 041112 (2015).

[17] B. S. Chandrasekhar, A note on the maximum critical field of
high-field superconductors, Appl. Phys. Lett. 1, 7 (1962).

[18] A. M. Clogston, Upper limit for the critical field in hard
superconductors, Phys. Rev. Lett. 9, 266 (1962).

[19] M. W. Zwierlein, A. Schirotzek, C. H. Schunck, and W.
Ketterle, Fermionic superfluidity with imbalanced spin pop-
ulations, Science 311, 492 (2006).

[20] G. B. Partridge, W. Li, R. I. Kamar, Y.-A. Liao, and R. G.
Hulet, Pairing and phase separation in a polarized Fermi gas,
Science 311, 503 (2006).

[21] Y. Shin, M. W. Zwierlein, C. H. Schunck, A. Schirotzek, and
W. Ketterle, Observation of phase separation in a strongly
interacting imbalanced Fermi gas, Phys. Rev. Lett. 97, 030401
(2006).

[22] P. Fulde and R. A. Ferrell, Superconductivity in a strong spin-
exchange field, Phys. Rev. 135, A550 (1964).

[23] A. I. Larkin and Y. N. Ovchinnikov, Nonuniform state of
superconductors, Zh. Eksp. Teor. Fiz. 47, 1136 (1964) [Sov.
Phys. JETP 20, 762 (1965)].

[24] R. Casalbuoni and G. Nardulli, Inhomogeneous superconduc-
tivity in condensed matter and QCD, Rev. Mod. Phys. 76, 263
(2004).

[25] Y. Matsuda and K. Shimahara, Fulde–Ferrell–Larkin–
Ovchinnikov state in heavy fermion superconductors, J. Phys.
Soc. Jpn. 76, 051005 (2007).

[26] R. Combescot, Introduction to FFLO phases and collective
modes in the BEC-BCS crossover, in Ultra-Cold Fermi Gases,
edited by M. Inguscio, W. Ketterle, and C. Salomon (IOS
Press, Amsterdam, 2007), pp. 697–714.

[27] J. J. Kinnunen, J. E. Baarsma, J.-P. Martikainen, and P.
Törmä, The Fulde–Ferrell–Larkin–Ovchinnikov state for ul-
tracold fermions in lattice and harmonic potentials: a review,
Rep. Prog. Phys. 81, 046401 (2018).

[28] G. C. Strinati, P. Pieri, G. Röpke, P. Schuck, and M. Urban,
The BCS–BEC crossover: From ultra-cold Fermi gases to
nuclear systems, Phys. Rep. 738, 1 (2018).

[29] A. Bianchi, R. Movshovich, C. Capan, P. G. Pagliuso, and J. L.
Sarrao, Possible Fulde-Ferrell-Larkin-Ovchinnikov supercon-
ducting state in CeCoIn5, Phys. Rev. Lett. 91, 187004 (2003).

[30] M. Kenzelmann, T. Strässle, C. Niedermayer, M. Sigrist, B.
Padmanabhan, M. Zolliker, A. D. Bianchi, R. Movshovich,
E. D. Bauer, J. L. Sarrao, and J. D. Thompson, Coupled su-
perconducting and magnetic order in CeCoIn5, Science 321,
1652 (2008).

[31] R. Lortz, Y. Wang, A. Demuer, P. H. M. Böttger, B. Bergk,
G. Zwicknagl, Y. Nakazawa, and J. Wosnitza, Calorimetric
evidence for a Fulde-Ferrell-Larkin-Ovchinnikov supercon-
ducting state in the layered organic superconductor κ-(BEDT-
TTF)2Cu(NCS)2, Phys. Rev. Lett. 99, 187002 (2007).

[32] J. A. Wright, E. Green, P. Kuhns, A. Reyes, J. Brooks, J.
Schlueter, R. Kato, H. Yamamoto, M. Kobayashi, and S. E.
Brown, Zeeman-driven phase transition within the supercon-
ducting state of κ-(BEDT-TTF)2Cu(NCS)2, Phys. Rev. Lett.
107, 087002 (2011).

[33] H. Mayaffre, S. Krämer, M. Horvatić, C. Berthier, K.
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