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Theory of quantum-geometric charge and spin Josephson diode effects in strongly
spin-polarized hybrid structures with noncoplanar spin textures
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We present a systematic study of the spin-resolved Josephson diode effect (JDE) in strongly spin-polarized
ferromagnets (sFM) coupled to singlet superconductors (SC) via ferromagnetic insulating interfaces (FI). All
metallic parts are described in the framework of the quasiclassical Usadel Green’s function theory applicable to
diffusive systems. The interfaces are characterized by an S-matrix obtained for a model potential with exchange
vectors pointing in an arbitrary direction with respect to the magnetization in the sFM. Our theory predicts
a large charge Josephson diode effect with an efficiency exceeding 33% and a perfect spin diode effect with
100% efficiency. To achieve these, the following conditions are necessary: (i) a noncoplanar profile of the
three magnetization vectors in the system and (ii) different densities of states of spin-↑ and spin-↓ bands in
the sFM achieved by a strong spin polarization. The former gives rise to the quantum-geometric phase �ϕ that
enters the theory in a very similar manner to the superconducting phase difference across the junction �χ . We
perform a harmonic analysis of the Josephson current in both variables and find symmetries between Fourier
coefficients, allowing an interpretation in terms of transfer processes of multiple equal-spin pairs across the
two ferromagnetic spin bands. We point out the importance of crossed-pair transmission processes. Finally, we
study a spin-switching effect of an equal-spin supercurrent by reversing the magnetic flux in a SQUID device
incorporating the mentioned junction and propose a way to measure it.

DOI: 10.1103/4t18-yyx4

I. INTRODUCTION

Superconducting spintronics has the potential for new
functionalities of spintronics devices based on equal-spin su-
percurrents [1–9]. Especially promising are devices involving
strongly spin-polarized itinerant ferromagnets in a Joseph-
son junction between two spin-singlet superconductors, in
which phase-coherence in the ferromagnet is maintained only
within each spin band, but not between the two spin bands
[4,10–18]. In superconductors with a conventional order pa-
rameter, pair correlations can be classified into singlet and
triplet correlations. When penetrating a ferromagnet because
of the superconducting proximity effect, the triplet pair cor-
relations become inequivalent and divide into short-range and
long-range pairs [19]. With respect to the ferromagnet’s spin
quantization axis, equal-spin ↑↑- and ↓↓-pair amplitudes are
long-ranged in their respective spin band, whereas the third
spin-triplet pair amplitude is short-ranged, just like the singlet
amplitude, owing to the decoherence induced by the exchange
splitting of the electronic spin bands. Thus, the building
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blocks for superconducting spintronics are not the electron
spins as in spintronics, but the spins of equal-spin pairs.

The creation and control of equal-spin supercurrents is
based on two fundamental processes taking place near the
interface of a superconductor and a ferromagnet [20]: (i) spin
mixing (or spin-dependent phase shifts) and (ii) triplet rota-
tion. The first process turns spin-singlet pairs into spin-triplet
pairs, and the second process turns short-range amplitudes
into long-range amplitudes. Whereas the first process merely
requires a spin polarization of the interface region, the second
process requires a noncollinear spin arrangement. Spin-triplet
supercurrents based on these mechanisms have been exper-
imentally realized [21–32], and at present can be produced
routinely.

Whereas long-range triplet supercurrents are a prerequisite
of superconducting spintronics, important new functionalities
appear when the spin texture in the ferromagnet is not only
noncollinear, but noncoplanar. Noncoplanar spin arrange-
ments in strongly spin-polarized superconducting spintronics
devices lead to an effective decoupling of the Josephson
phases in the two spin bands and an opening of a new channel
of control via quantum-geometric phases that directly add
to the Josephson phases with opposite sign in the two spin
bands [12,33]. We will show in the following that new phe-
nomena occur in this case, which are entirely governed by
quantum-geometric phases that appear due to noncoplanar
spin textures in the device. Quantum-geometric phases play
an important role in materials with nontrivial spin structure
like altermagnets [34–36], topological insulators [37–41], or
skyrmionic materials [42–46]. In this article, we discuss the
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appearance of charge and spin Josephson diode effects based
on quantum-geometric phases, as well as a new channel of
control for spin-polarized supercurrents, allowing, for exam-
ple, for a switching between almost pure spin-up equal-spin
supercurrents and spin-down equal-spin supercurrents.

From general considerations, it is well known that if the
system is invariant under the time reversal and inversion
operations, the normal Josephson effect, characterized by
I (−�χ ) = −I (�χ ) ⇒ I (�χ = 0) = 0, appears [47]. How-
ever, if the mentioned symmetries are broken this relation
can be violated and the so-called “ϕ0-junction” may appear.
This effect has been predicted in various setups including
junctions with strong spin-orbit coupling [48], unconventional
superconductors [49–51], or strongly spin-polarized itinerant
ferromagnets [11,12,16], to mention a few. Furthermore, the
presence of higher harmonics in the Josephson current-phase
relation (CPR) leads to nonreciprocal transport. Namely, the
critical current in one direction (+) can be different from that
flowing in the opposite direction (−) leading to the so-called
superconducting or Josephson diode effect (JDE) [52]. This
effect has been intensively studied in numerous experimen-
tal [52–59] and theoretical works [12,55,60–84] in recent
years. The figure of merit in this effect is the so-called diode
efficiency, defined as η = (I+ − |I−|)/(I+ + |I−|) where I±
refers to the critical current in the corresponding direction. In
the present work, we will focus on two effects of this kind:
the charge and the spin Josephson diode effect, showing that
the former can reach efficiencies exceeding 33%, whereas the
latter can reach an efficiency of up to 100%.

To illustrate the role of the noncoplanarity of the mag-
netization vectors in ferromagnetic trilayers, let us consider
the spin rotation from one quantization axis (e.g., z axis) to
another one along a direction n parameterized by the polar
angle α and the azimuthal angle ϕ,(↑

↓
)

n
=

(
cos α

2 sin α
2 eiϕ

− sin α
2 e−iϕ cos α

2

)(↑
↓
)

z

. (1)

Consequently, the pair amplitudes transform as follows:

(↑↓ − ↓↑)n = (↑↓ − ↓↑)z, (2)

(↑↓ + ↓↑)n = − sin α[e−iϕ (↑↑)z − eiϕ (↓↓)z]

+ cos α(↑↓ + ↓↑)z. (3)

We draw two important conclusions here. First, once mixed-
spin triplet correlations [see Eq. (3)] are formed along the
magnetic moment of the SC/sFM interface (set to be along
the n direction), it can give rise to equal-spin triplets along the
magnetization in the sFM (set to be the z direction). Second,
the two equal-spin triplet amplitudes, (↑↑)z and (↓↓)z, ac-
quire a relative phase ±(2ϕ + π ) with respect to each other.
As we show below, the difference �ϕ of the phase shifts at the
two SC/sFM interfaces of the Josephson junction corresponds
to the quantum-geometric phase difference that, in combina-
tion with ferromagnetic spin-filtering, leads to the appearance
of the Josephson diode effect [33]. Moreover, we show that
for a given magnetization profile, there is a Josephson phase
for which the supercurrent is fully spin polarized. Considering
a SQUID geometry that incorporates the discussed junction,

we propose a device that can switch between nearly fully
spin-polarized Josephson currents.

The paper is organized as follows. In Sec. II we pro-
vide general remarks on the quasiclassical Green’s function
method used for calculating the transport properties. In
Sec. III we present a microscopic description of the system un-
der study, consisting of a strongly spin-polarized ferromagnet
coupled to two BCS superconductors via ferromagnetic inter-
faces. In Sec. IV we discuss the boundary conditions that turn
out to be crucial for the appearance of the quantum-geometric
effects that lead to the Josephson diode effect. In Sec. V we
present the results of our numerical calculations and analyze
in detail the Josephson charge and spin diode effects. Finally,
in Sec. VI we end the discussion by giving the concluding
remarks.

II. QUASICLASSICAL THEORY

For the theoretical description, we make use of the quasi-
classical theory of superconductivity of Eilenberger [85] and
Larkin and Ovchinnikov [86] within the limit of diffusive
systems, the Usadel theory [87–89]. This limit is realized in
systems where the elastic mean free path � = vF τ is much
smaller than the superconducting coherence length of a bal-
listic superconductor ∼h̄vF /�0, with vF being the Fermi
velocity in the superconductor and �0 the superconduct-
ing order parameter at T = 0. As our main objective is the
description of junctions comprising strongly spin-polarized
ferromagnets, J ∼ EF , the Usadel theory cannot be applied
directly, but a modified description is required [12–14,16–18].

In this work, we focus on equilibrium properties of the
system, making the consideration of the retarded Green’s
function ĜR(R, E ) sufficient. Since we only need this Green’s
function component, we will omit the R in the exponent in
the following, denoting it only as G(R, E ) and referring to
it as the Green’s function. Note that here R = (x, y, z)T and
E denote the spatial center-of-mass coordinate and the en-
ergy, respectively. The ˆ. . . symbol denotes objects defined in
combined particle-hole ⊗ spin space spanned by the Gor’kov-
Nambu bispinor 
 = (ψ↑, ψ↓, ψ

†
↑, ψ

†
↓ ). Consequently, the

retarded Green’s function is a 2 × 2 matrix in particle-hole
space

Ĝ =
(

G F
−F̃ −G̃

)
, (4)

where each entry itself is a 2 × 2 matrix in spin space. Note
that ˜. . . denotes a particle-hole symmetry relation Q̃(R, E ) =
Q(R,−E∗)∗ [90,91]. The matrix structure in spin space can
be further decomposed as [90]

Ĝ =
(

G01 + G · σ (F01 + F · σ )iσy

−iσy(F̃01 + F̃ · σ) −(G̃01 + G̃ · σ∗)

)
(5)

where σ = (σx, σy, σz )T is the Pauli vector in spin space,
1 = diag(1, 1) is the identity matrix in spin space, F0 and
F = (Fx,Fy,Fz )T are the singlet and triplet pair amplitudes,
respectively, and G0 and G = (Gx,Gy,Gz )T are the spin-scalar
and spin-vector contributions to G. The Green’s function is
determined by solving the Usadel equation with the normal-
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ization condition [87–89],

[E τ̂3 − �̂, Ĝ] − ih̄
∑
k,l

Dkl∇k (Ĝ∇l Ĝ) = 0̂, Ĝ2 = 1̂, (6)

where τ̂3 = diag(1,−1) is the third Pauli matrix in particle-
hole ⊗ spin space, k, l ∈ {x, y, z}, and the gap matrix �̂ for
spin-singlet BCS pairing is given by

�̂ =
(

0 �

�∗ 0

)
, (7)

where the entries have a simple spin structure, � ∝ iσy. To
obtain the full solution, the spatially varying superconducting
gap should be calculated self-consistently

�(R) = lim
c→∞

− ∫ c
−c

dE
2 F0(R, E ) tanh E

2kBT

ln T
Tc

+ ∫ c
−c

dE
2E tanh E

2kBT

iσy, (8)

where Tc is the superconducting critical temperature. Finally,
Dkl is the diffusion coefficient, which is, in general, a tensor.
However, for an isotropic Fermi surface and electron-impurity
scattering as considered in this paper, it takes a simple form
Dkl = Dδkl , where D = v2

F τ/3, with τ the impurity scattering
time.

The Green’s function formalism furthermore allows to ex-
press the expectation values of observables in a compact form.
In this work, we mainly focus on the charge and spin currents
in quasi-one-dimensional wires, which in terms of the Usadel
Green’s functions for spin-degenerate diffusion constants (D)
and densities of states at the Fermi level (NF ) are given by,
respectively,

Icharge = eNF D Re
∫ ∞

−∞

dE

4
Tr[τ̂3Ĝ∂zĜ] tanh

E

2kBT
, (9)

Ispin = h̄

2
NF D Re

∫ ∞

−∞

dE

4
Tr[τ̂3σ̂Ĝ∂zĜ] tanh

E

2kBT
. (10)

Here, e = −|e| is the electron charge, z is the spatial co-
ordinate in positive current direction, σ̂ = (σ̂x, σ̂y, σ̂z )T with
σ̂i = diag(σi, σi ) with i = x, y, z, and the trace is performed
over the entire 4 × 4 particle-hole ⊗ spin space.

A. Coherence functions

In the following, we consider spin-dependent phenomena
arising in the vicinity of superconductor-ferromagnet inter-
faces, and thus we must maintain the full spin structure
of the problem. To do so, we utilize the so-called Riccati
parametrization [91–97], where the Green’s function is ex-
pressed in terms of coherence (Riccati) functions γ and γ̃ as

Ĝ = N̂

(
(1 + γ γ̃ ) 2γ

−2γ̃ −(1 + γ̃ γ )

)
, (11)

with N̂ being the normalization matrix given by [91]

N̂ =
(

(1 − γ γ̃ )−1 0
0 (1 − γ̃ γ )−1

)
=

(
N 0
0 Ñ

)
. (12)

In general, the coherence functions γ and γ̃ are 2 × 2 matrices
in spin space obeying the following equations of motion [see
Eq. (6)] [97–99],

∂2γ

∂z2
+ ∂γ

∂z
F̃ ∂γ

∂z
= i

h̄D
[γ�∗γ − 2Eγ − �], (13)

FIG. 1. Schematic representation of the two different pairing
mechanism for spin-triplet correlations. The left panel shows pairing
that leads to mixed-spin triplet correlations (with spin projection
sz = 0) with finite center-of-mass momentum Q 
= 0. The right panel
shows the equal-spin triplet correlations (with spin projection sz =
±1), which are generated in a strongly spin-polarized ferromagnet
and do not acquire a finite center-of-mass momentum, i.e. Q = 0.
Only the latter ones contribute to the transport across the metallic
ferromagnet in our model.

∂2γ̃

∂z2
+ ∂γ̃

∂z
F ∂γ̃

∂z
= −i

h̄D
[γ̃ �γ̃ + 2E γ̃ − �∗], (14)

where F and F̃ can be read off from Eqs. (4) and (11). As the
equations above constitute two coupled second-order differen-
tial equations, the full solution requires appropriate boundary
conditions. For that purpose, we utilize the general boundary
conditions based on the microscopic S-matrix approach suited
for diffusive systems that have been developed in Ref. [100].
Before we discuss them, let us provide a brief overview of
the Usadel theory for the case of strong spin splitting, which
turns out to be crucial for the geometric effects presented in
this work.

B. Strongly spin-polarized materials

Ferromagnetism can be included in the quasiclassical
theory by different methods. For the limit of weak spin
polarization, i.e., J � 0.1EF , the exchange field can be di-
rectly incorporated in the Usadel equation [see Eq. (6)] as
a self-energy that effectively leads to a spin-dependent en-
ergy shift E → E − J · σ [101–103]. However, for strongly
spin-polarized materials that exceed this limit an alterna-
tive approach is needed. Such an approach was proposed in
Ref. [12], and is based on the consideration of the strong spin
polarization prior to the quasiclassical approximation. In this
case, one defines two separate Green’s functions for the two
spin bands, maintaining the phase coherence within each of
them but not between them. Only equal-spin (↑↑ and ↓↓)
correlations with respect to a quantization axis parallel to J
are kept whereas the mixed ones are neglected. The validity
of such an approximation can be justified by considering
the relevant length scales in mesoscopic superconductivity.
Namely, as it is known, the mixed-spin correlations with
total spin projection sz = 0 exponentially decay on length
scales set by the ferromagnetic exchange length ∼√

h̄D/J that
for strong spin polarization, J ∼ EF , approaches the atomic
length scale characterized by the Fermi wavelength λF . On
the other hand, the relevant length scale for equal-spin triplet
correlations with the total spin projection sz = ±1 is the ther-
mal coherence length, ∼√

h̄D/kBTc, which is substantially
larger than the exchange length mentioned above. A schematic
representation of the above discussion is shown in Fig. 1,
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where the left panel displays the interband pairing that leads
to short-range triplets (those with sz = 0) acquiring a finite
center-of-mass momentum due to the spin-mixing effects. The
right panel, however, shows the intraband pairing that results
in the equal-spin triplets (those with sz = ±1), where both
electrons belong to the same spin band, consequently, acquir-
ing zero center-of-mass momentum. In our model, the charge
and spin supercurrents within the ferromagnet are entirely
carried by the latter correlations.

Taking the above assumptions into account and neglect-
ing the mixed-spin amplitudes in the Green’s function [see
Eq. (4)], we reduce our problem to two decoupled scalar
problems. Namely, each spin band is treated separately
and described by a 2 × 2 quasiclassical Green’s function
defined as

Ğηη =
(

Gηη Fηη

−F̃ηη −G̃ηη

)
, (15)

where η =↑,↓ and ˘. . . denotes a matrix structure in particle-
hole space only. Consequently, the propagators for different
spin bands of a ferromagnet obey a diffusive motion described
by two decoupled Usadel equations

[E τ̆3, Ğηη] − ih̄Dη

∂

∂z

(
Ğηη

∂

∂z
Ğηη

)
= 0̆, Ğ2

ηη = 1̆.

Note that the gap matrix vanishes, since there is no BCS
pairing in the ferromagnet and, in contrast to the previous con-
siderations, the Fermi velocities and the densities of states at
the Fermi level are spin-dependent, as is the diffusion constant
Dη.

Finally, the transport equation for the coherence functions
[see Eqs. (13) and (14)] follows as

∂2γηη

∂z2
+ ∂γηη

∂z
F̃ηη

∂γηη

∂z
= −i

h̄Dη

2Eγηη, (16)

and the equation for γ̃ηη is obtained by applying the ˜. . .-
operation to the above equation.

Since the ferromagnet (sFM) is characterized by two inde-
pendent Green’s functions, it is convenient to decompose the
currents [see Eqs. (9) and (10)] into their contributions from
each spin band,

Icharge = 2e(I↑↑ + I↓↓), Ispin = h̄(I↑↑ − I↓↓),

and define Ich = I↑↑ + I↓↓ and Isp = I↑↑ − I↓↓. Here, the ex-
change field of the sFM sets the global quantization axis and
Iηη is given by

Iηη = NFηDηRe
∫ ∞

−∞

dE

8
Tr{τ̆3Ğηη∂zĞηη} tanh

E

2kBT
, (17)

with Tr denoting the trace over particle-hole space only. Fi-
nally, in terms of the coherence functions, the trace in the
expression above can be rewritten as [104]

2[{N (∂zγ )Ñ, γ̃ } − {Ñ (∂zγ̃ )N, γ }]ηη, (18)

where the subscript ηη indicates that all symbols refer to spin-
band η, and {., .} is the anticommutator.

FIG. 2. Sketch of the system under study, where two super-
conductors (SC; orange) are brought into contact with a strongly
spin-polarized ferromagnet (sFM; green) via two ferromagnetic in-
sulating layers (FI1/FI2; gray). At the outer interfaces the system is
connected to superconducting reservoirs characterized by the respec-
tive pair potential �1/2 = |�1/2|eiχ1/2 , where 1/2 corresponds to the
left/right interface.1

III. SYSTEM UNDER STUDY

We study a superconducting heterostructure consisting
of a strongly spin-polarized ferromagnet (sFM) sandwiched
between two superconducting leads (SC), separated by ferro-
magnetic insulating layers (FI1/2) as sketched in Fig. 2. At
the outer interfaces the superconducting leads are linked to
two bulk superconductors via highly transparent interfaces,
defining the phase bias across the junction. A microscopic
description of each magnetically active region is presented in
the following.

A. Strongly spin-polarized ferromagnets

All ferromagnetic parts are modelled by parabolic bands
with spin splitting, i.e., the ferromagnetic order in each sub-
system is characterized by a respective exchange field J and
a bias potential V . Therefore, the single-particle dispersion
relation in the ferromagnet reads

ξη(p) = p2

2m
− EF + VsFM ∓ JsFM/2, (19)

where η =↑,↓, and the upper sign corresponds to η =↑.
Since we consider strongly spin-polarized ferromagnets, an
important aspect at the SF interfaces is the Fermi surface
mismatch created by the strong spin splitting. For definiteness,
we consider spherical Fermi surfaces but in general this model
can be straight-forwardly extended to non-spherical ones.
Sketches of the dispersion relations and the Fermi surfaces of
an SC/sFM interface are shown in Fig. 3. This model allows
to express the Fermi velocity of each spin band in the sFM in
terms of the Fermi velocity of the superconductor

vF,η = vF ·
√

1 − (VsFM ∓ JsFM/2)/EF , (20)

which defines Dη = v2
F,ητ/3 in Eq. (16).

B. Spin-polarized interfaces

We now discuss the spin-active insulating layers between
the superconductors and the central ferromagnetic region. It

1The vectors M, m1, and m2 are here defined in units of the quasi-
particle magnetic moment (which can be negative for spin-up as,
e.g. in Fe, Co, Ni), i.e. they point in the directions of the respective
exchange fields.
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FIG. 3. (a) Schematic representation of the parabolic band
model. The SC (left; orange) has a spin-degenerate Fermi surface,
whereas the sFM (right) has a separate Fermi surface for each spin
band (blue ↑, red ↓). Two possible Fermi surface geometries are
(b) k↓

F < kF < k↑
F and (c) k↓

F < k↑
F < kF .

is important to emphasize that the ferromagnetic insulating
layers are of thicknesses and energies comparable to the Fermi
wavelength λF and the Fermi energy EF , respectively, and
therefore they enter quasiclassical theory as boundary con-
ditions [13,102,105–108], which, for diffusive systems and
arbitrary spin splittings, were derived in Ref. [100]. Thus, the
interfaces are characterized by the corresponding normal-state
scattering matrix connecting the Bloch waves on the two sides
of the interface [109–111]. The S-matrix approach is fully
quantum and the microscopic model of the interface region
is similar to that for the ferromagnetic layer. However, the key
distinction is that the interfaces are insulating, i.e., EF < VB ∓
JB/2. The FI layers are modeled as box-shaped potentials
schematically shown in Fig. 4. Consequently, the transparency
of each spin channel is fully determined by its spin-dependent
thickness dη and bias potential V B

η . In addition, the assumption

FIG. 4. A schematic representation of the potentials characteriz-
ing the SC/sFM interface in our model. In the superconductor (SC)
it assumed that no bias potentials and exchange fields are present.
In the ferromagnetic insulator both spin bands are shifted above the
Fermi energy and are therefore insulating whereas in the strongly
spin-polarized ferromagnet the bands are splitted but metallic. Since
the splitting in both magnetic materials is of the order of EF the Fermi
surfaces are split, see Fig. 3. The potentials in the two regions for
each spin direction are given by V B/sFM

↑(↓) = V B/sFM ∓ JB/sFM/2, where
it is ensured that V B

↑(↓) > EF and V sFM
↑(↓) < EF .

of spin-dependent widths is a first-order approximation to the
case of smooth barrier potentials, see Ref. [112], allowing for
a higher spin-mixing angle on the superconducting side of the
interface. Because of the spin splitting, the FI layer possess
a nonvanishing magnetic moment pointing, in general, in an
arbitrary direction with respect to the global quantization axis
set by the magnetization vector in the sFM.1 Accordingly, we
parametrize the magnetic moment direction by the spherical
angles α and ϕ as shown in Fig. 2. Consequently, the fer-
romagnetic insulating layers are fully described by the set
of following parameters: V, J, d↑,↓, α, and ϕ. Finally, the S-
matrix of an SC/sFM interface discussed above has a general
4 × 4 matrix structure

S =
⎛⎝ RSC T SC←sFM

↑ T SC←sFM
↓

T sFM←SC
↑ r↑ r↑↓

T sFM←SC
↓ r↓↑ r↓

⎞⎠, (21)

where RSC is a 2 × 2 block describing reflection processes
(normal and spin-flip) on the superconducting side. Transmis-
sion events are described by the row- (T sFM←SC

↑ , T sFM←SC
↓ )

or column-vectors (T SC←sFM
↑ , T SC←sFM

↓ ), which characterize
transmission of Bloch waves from region A to B (B ← A).
Finally, the reflection processes on the sFM side are charac-
terized by rη and rηη.

IV. BOUNDARY CONDITIONS

For solving a specific problem, the Usadel equation (6)
needs to be supplemented with boundary conditions appro-
priate for the system at hand. As previously mentioned, the
case of ferromagnetic insulating barrier layers can be im-
plemented by considering the general boundary conditions
derived in Ref. [100] for which we utilize the scattering matrix
calculated in the last section. In what follows, we outline
the three-set procedure described in detail in Ref. [100] but
use a modified notation that yields a simplification of the
equations therein.

Since we assume the conservation of momentum parallel
to the interface (see Fig. 3), we can label the scattering chan-
nels by their respective parallel momentum p‖. Consequently,
all quantities in the following are functions of p‖, but we
omit the explicit dependence when it is not explicitly needed.
Following Ref. [100], we first decompose S into a polar de-
composition

S =
(√

1 − CC† C
C† −√

1 − C†C

)(
S 0
0 S

)
, (22)

where the entries on the right-hand side are matrices in spin
space. The block diagonal matrix diag(S, S), represents an
auxiliary scattering matrix for an impenetrable interface and
C is a generalised transmission matrix. In the following, we
derive a more compact version of the boundary conditions in
Ref. [100] by utilizing the principal matrix square root of S,
which we denote by S = √

S, and similarly S = √
S.

We parametrize C by a hopping matrix τ through the bar-
rier as follows:

C = S (1 + ττ †)−12τ S†. (23)
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Hopping in the opposite direction is given by τ = τ †. The
particle-hole structure of the scattering and hopping matrices
are, respectively,

Ŝ (p‖) =
(
S (p‖) 0

0 ST (−p‖)

)
, (24)

τ̂ (p‖) =
(

τ (p‖) 0
0 τ T (−p‖)

)
. (25)

The derivation in Ref. [100] assumes separation of the
space around the scattering region into a diffusive zone, an
isotropization zone, and a ballistic region directly around the
scattering region. The procedure proceeds by implementing
an idea based on Refs. [106] and [113], where it was shown
that a scattering problem at a perturbation field can be solved
by using an auxiliary Green’s function ĝ0. This Green’s func-
tion is the solution of the problem in the absence of the
perturbation field but the self-energies are the same as before.
In our case such a situation is realized by considering an
impenetrable interface allowing us to calculate the transmis-
sion matrix t̂ . To do so, we first need to account for ĝ0 that
in the considered case can be directly calculated from the
diffusive propagator Ĝ. We first introduce two new diffusive
propagators

Ĝ1 = ŜĜŜ† and Ĝ2 = Ŝ†ĜŜ.

This allows to express ĝ0 as follows [100]:

ĝ0 = 2(1̂ + Ĝ1Ĝ2)−1(1̂ + Ĝ1) − 1̂. (26)

Note that even though Ĝ does not depend on the momentum
of the incident particle, Ĝ1,2 as well as the ballistic auxiliary
propagator ĝ0 are functions of p‖, which is encoded in Ŝ .

The next step is to calculate the t-matrix that allows to
connect the ballistic propagators on either side of the inter-
face. The t-matrix follows from the solution of a Dyson-like
equation for ĝ0 and reads

t̂ = (1̂ + ĝ1ĝ0)−1ĝ1, (27)

where ĝ1 = τ̂ ĝ
0
τ̂ † = τ̂ †ĝ

0
τ̂ . Finally, t̂ is used for calculating

the incoming propagator ĝi and outgoing propagator ĝo on one
side of the scattering region

ĝi = Ŝ†[ĝ0 − (ĝ0 − 1̂)t̂ (ĝ0 + 1̂)]Ŝ, (28)

ĝo = Ŝ[ĝ0 − (ĝ0 + 1̂)t̂ (ĝ0 − 1̂)]Ŝ†. (29)

The difference between these is referred to as the matrix
current Î, which characterizes the transmission and reflection
of correlations through/at the barrier, Î = ĝo − ĝi. As intro-
duced in Ref. [114], the boundary conditions for the diffusive
propagators are

Gq

Nmax∑
n=0

Înn = −σA
ξ

Ĝ
∂

∂z
Ĝ, (30)

were n is the channel index, Gq = e2/h the quantum of con-
ductance, σ = e2NF D is the normal state conductivity per
spin, A the surface area of the contact, ξ the corresponding
coherence length of the system, and z the coordinate parallel
to the interface normal. In the limit of strong polarization σ

and ξ become spin-dependent quantities that can be accounted

for by redefining them as matrices acting only in spin space.
The transition from discrete channel index to the conserved
parallel momentum k‖ can be done by [100]

1

Nmax

Nmax∑
n=0

. . . = 1

AF,z

∫
AF,z

d2k‖ . . . . (31)

This relation allows to rewrite the boundary conditions as

Î ≡ 〈Î (k‖)〉AF,z = −GN

GB
Ĝ

∂

∂z
Ĝ = −rĜ

∂

∂z
Ĝ, (32)

where 〈. . .〉AF,z = A−1
F,z

∫
AF,z

d2k‖ . . ., AF,z is the projection of
the Fermi surface onto the plane perpendicular to the barrier,
GN = σA/ξ the normal state conductance of the subsystem,
and GB = GqNmax the conductance of the interface. The ratio
between GN and GB is denoted as r = GN/GB in the following.
All of the above equations also hold for the propagators on the
opposite side of the interface. The transition is made by inter-
changing the underlined and the not underlined quantities.

Since we use coherence functions that parameterise the
Green’s function, the above boundary conditions should be
adapted to this parametrization. One way for doing so was pre-
sented in Ref. [115], but here we choose a different approach
based on the projector formalism [91,116]. The projectors are
defined as

2P̂± = 1̂ ± Ĝ, (33)

allowing to rewrite Eq. (32) as

−2rP̂±
∂P̂±
∂z

P̂∓ = P̂±Î. (34)

This equation allows to obtain two boundary conditions for
each γ and γ̃ . The equivalence of each of the two equations as
well as the equivalence to the boundary conditions calculated
in Ref. [115] can be shown by considering the symmetry
relations implied by Eq. (34), i.e., P̂±ÎP̂± = 0̂. One set of
boundary conditions following from Eq. (34) is

−2r
∂γ

∂z
= (I12 + γI22)(1 − γ̃ γ ),

−2r
∂γ̃

∂z
= (I21 + γ̃I11)(1 − γ γ̃ ), (35)

where the particle-hole structure of the matrix current is

Î =
(
I11 I12

I21 I22

)
. (36)

Finally, we remark that the boundary conditions in Eq. (35)
can be used for a variety of matrix currents, i.e., the ma-
trix current from Nazarov’s boundary conditions [114] or the
matrix current for the boundary conditions of Kuprianov and
Lukichev [117].

V. RESULTS

In this section, we present the results of our numerical cal-
culations of an SC/FI/sFM/FI/SC hybrid junction described
in the previous sections. Having obtained the quasiclassical
Green’s functions as the solutions of the Usadel equation [see
Eq. (16)] supplemented by the boundary conditions intro-
duced in Sec. IV, we account for the Josephson current-phase
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relation in the strongly spin-polarized ferromagnet for both
the charge Icharge, and the spin current Ispin.

In what follows, we discuss the Josephson current as a
function of the superconducting phase difference, �χ = χ2 −
χ1, and the quantum-geometric phase difference, �ϕ = ϕ2 −
ϕ2 (the subscripts 1/2 correspond to the left/right interface),
defined by the relative orientation between the magnetizations
of the three ferromagnetic regions discussed below in more
detail. Our main objective here is to provide a systematic
theoretical study of the Josephson diode effect.

As mentioned previously, the quantity typically used to
quantify this effect is the diode efficiency, defined as

ηx(�ϕ) = |I+
x | − |I−

x |
|I+

x | + |I−
x | , (37)

where x = ch, sp refers to the charge and the spin-diode ef-
ficiency, respectively, and I±

x ≡ Ix(�χ±
ch ). Here, �χ±

ch are the
superconducting phase differences at which the positive (+)
or negative (−) critical charge current is reached for fixed
�ϕ, i.e., �χ+

ch = argmax�χ (Ich ) and �χ−
ch = argmin�χ (Ich ).

We use a definition for the spin-diode efficiency that refers
to the Josephson phases at the critical charge currents, as
it is the charge current that usually can be controlled exter-
nally [118]. As we will show below, a geometric contribution
independent of �χ dominates the Fourier decomposition
of the spin current in strongly asymmetric Josephson junc-
tions of the type we consider here. In this case, a spin
Josephson diode efficiency based on the extremal positive
and negative spin currents, as in Ref. [119], would yield
almost everywhere 100%, even if one of the two interfaces
were entirely intransparent. The definition of Eq. (37) we
use here is directly related to the Josephson effect in both
charge and spin channels, and allows us to study the diode
efficiency as a function of the system’s parameters, among
which the quantum-geometric phase difference �ϕ plays
a crucial role. In particular, as we qualitatively discuss in
Sec. I and confirm quantitatively below, the key feature lead-
ing to the Josephson diode effect is the noncoplanarity of
the three magnetizations in the system (m1, m2, M). Math-
ematically, this condition is expressed as (m1 × m2) · M 
=
0. By assuming M = |M|ez and parametrizing the misalign-
ment of the other two magnetizations with respect to M
by spherical angles (see Fig. 2), the latter relation trans-
lates into |m1||m2||M| sin(α1) sin(α2) sin(�ϕ) 
= 0.1 In other
words, the noncoplanarity condition crucially depends on
the relative azimuthal angle �ϕ = ϕ2 − ϕ1 that we term the
geometric phase difference and on the polar misalignment
characterized by the αi’s.

A. Numerical procedure

The results in this work are obtained by employing
the following numerical procedure. For each point in the
two-dimensional (�χ,�ϕ)-plane we iterate the nonlin-
ear spin-dependent Usadel equations for the quasiclassical
Green’s function, the self-consistency relation for the spa-
tially dependent superconducting order parameter, as well
as the nonlinear spin-dependent boundary conditions until
convergence is achieved. We then obtain the self-consistent
current-phase relations, determine the global maxima and

minima, and calculate the charge and spin Josephson diode
efficiencies. These last steps are greatly facilitated by a two-
dimensional numerical Fourier decomposition of the current
phase relations as function of �χ and �ϕ. We also analyze
the current-phase relations in order to obtain spontaneous cur-
rents in a loop geometry and a switching effect between nearly
100% spin-polarized supercurrents. Finally, we calculate
the local density of states in the superconductor and in the
ferromagnet.

B. Current-phase relations and diode efficiencies

In the following, we discuss the Josephson current-phase
relations and the diode efficiencies, ηx, for the cases of
symmetric and asymmetric junctions. Before presenting the
numerical results, we briefly discuss the scaling. As it is
known from mesoscopic physics, the typical energy and
lengths scales in quasiclassical superconductivity are the
superconducting transition temperature kBTc, and the coher-
ence length ξ = √

h̄D/(kBTc), respectively. On the contrary,
the energy scale related to the exchange splitting, in both
the sFM and the ferromagnetic interfaces, and the length
scale related to the ferromagnetic interfaces are expressed in
the units of the Fermi energy EF and wavelength λF , which
are beyond the quasiclassical theory. All results for the spin-
resolved currents and thus for Ich and Isp are expressed in the

units of I0 = kBTc/(e2RN ). Here, R−1
N = σN

√
T ↑

L T ↓
L

√
T ↑

R T ↓
R

with T ↑(↓)
L/R being the transmission probability of the left/right

SC/sFM interface for the spin-↑ or spin-↓ channel in the case
of perpendicular impact, and σN = e2NF D is the normal state
conductivity of the superconductors.

Most of the results in this work are obtained for the tem-
perature T = 0.1Tc, superconducting layer’s thicknesses LS =
5ξ , conductivity ratios r = 1, and ferromagnetic layer’s thick-
ness L = ξ . The magnetization direction of the ferromagnet
M ‖ ez and the polar angle characterizing the left and right
interfaces’ magnetizations αL = αR = π/2 (see Fig. 2), i.e.,
m1 and m2 lie in the x − y plane. To get more insights into the
role of these parameters we refer to Appendix C.

We first discuss the Josephson effect occurring in the case
of coplanar magnetizations and symmetric interfaces. Such a
configuration is realized for the cases sin(�ϕ) = 0 ⇒ �ϕ =
kπ, k ∈ Z. The resulting current-phase relations calculated
for �ϕ = 0 are shown in Fig. 5(a), where the dashed lines
represent the spin-resolved currents whereas the solid green
line represents the charge current. The system’s parameters
are shown in the caption. The corresponding spin current is
represented by the dashed line in Fig. 5(c) and it is well
approximated by the standard sinusoidal shape. Note that in
this case, all currents exhibit the normal Josephson effect,
I (�χ ) = −I (−�χ ).

However, the situation of nonvanishing �ϕ, i.e., a non-
coplanar configuration, drastically modifies the Josephson
current-phase relation as shown in Fig. 5(b). The curves are
calculated for �ϕ = 0.44π and other parameters being the
same as in Fig. 5(a). There are two new phenomena compared
to the coplanar case. First, the anomalous Josephson effect,
characterized by I (�χ = 0) 
= 0 ⇒ I (�χ ) 
= −I (−�χ ), oc-
curs. Second, the presence of higher harmonics gives rise to
the Josephson diode effect for the charge current (green solid
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FIG. 5. Spin-resolved current-phase relation (CPR) I↑↑(�χ ),
I↓↓(�χ ), and charge current Ich(�χ ) for (a) a coplanar arrangement
of (m1, m2, M), i.e., �ϕ = 0, and (b) a noncoplanar arrangement,
here �ϕ/π = 0.44. (c) Spin currents Isp(�χ ) corresponding to
(a) and (b) for the coplanar case (dashed line) and the noncoplanar
case (solid line). (d) Absolute value of Ich from (b), with the sign de-
noted by red (+) and blue (−) color; dots represent values calculated
via QCGFs and used for the Fourier decomposition of the CPR. Pa-
rameters are appropriate for a symmetric junction with VB = 1.3EF ,
VsFM = 0, JsFM = JB = 0.4EF , d↑ = 0.6λF /2π and d↓ = 0.8λF /2π .
The left and the right interface differ only in ϕ.

line). This effect is explicitly visible in Fig. 5(d) where the
absolute value of the charge current from (b) is plotted. The
spin current [solid line in Fig. 5(c)] displays a current-phase
relation strongly shifted in �χ compared to the coplanar
case [dashed line in Fig. 5(c)]. A detailed analysis of the diode
efficiencies and the harmonic decomposition of the current-
phase relation for charge and spin currents is provided below.

To obtain a better insight in the role of the quantum-
geometric phase difference, we consider the charge and the
spin current (quantified by Ich = I↑↑ + I↓↓, Isp = I↑↑ − I↓↓)
as a function of �χ and �ϕ, shown in Figs. 6(a) and 6(b),
respectively. Both panels are plotted for the same selection
of parameters as in Fig. 5. Apparently, Ich(�χ ) has signif-
icant contributions from higher harmonics except for �ϕ ≈
kπ, k ∈ Z where the first harmonic is dominant, i.e., Ich ≈
I±
ch(�ϕ) sin(�χ ). In addition, we observe �ϕ-driven 0 − π

transitions. The spin current, shown in panel (b), is for most
values of �ϕ well-approximated by Isp ∼ ± cos(�χ ). Panels
(c) and (d) show the charge ηch (green) and the spin ηsp (violet)
diode efficiency, respectively, as a function of �ϕ, obtained
from a numerical Fourier decomposition of the currents shown
in panels (a) and (b). We find a significant diode effect in
both the charge and the spin current, and obtain a perfect
spin diode for distinct �ϕ’s, i.e., ηsp = ±1. The diode ef-
fect vanishes for �ϕ = kπ , which corresponds to the case
of a coplanar spin arrangement. The diode effect vanishes

FIG. 6. Functional dependence of (a) charge Ich and (b) spin
current Isp of a symmetric junction on the superconducting phase
difference �χ and the geometric phase �ϕ. Currents in each panel
are normalized to their maximal values. Solid black and dashed lines
show the branches of �χ+(�ϕ) and �χ−(�ϕ) (see the text for def-
inition), respectively. The thick gray line in (a) and (b) denotes zero
current. In (c) and (d) the functional dependence of the charge and
spin diode efficiency on �ϕ is shown. The potentials and exchange
fields of the ferromagnetic insulating layers and metallic ferromagnet
are the same as in Fig. 5.

also for �ϕ = π
2 + kπ . This can be explained by considering

the phase-factors acquired by ↑↑ and ↓↓ correlations that
either coincide for �ϕ = kπ or differ by multiplies of π for
�ϕ = π

2 + kπ . Also, ηch tends to peak around �ϕ = π
2 + kπ ,

whereas perfect efficiency in ηsp can occur for any �ϕ differ-
ing from k π

2 , as shown in Appendix C. In Fig. 6 it happens to
be close to �ϕ = kπ .

Changing the parameters characterizing the strong spin-
splitting yields a change in the magnitude and the explicit
functional dependencies; however, the effect itself is present
as long as the FI layers and the sFM are spin-active, and the
sFM has two itinerant spin bands (i.e., is not half-metallic)
with different densities of states. For a discussion of the effect
over a wide range of parameters see Appendix C.

In the previous discussion, we assumed that both interfaces
in the system are identical up to different ϕ’s. We now briefly
discuss the case of different widths of the ferromagnetic insu-
lating layers, i.e., different transmission probabilities on either
side of the sFM. For definiteness, we use the same parameters
as in Fig. 5 except that now the right FI layer is less transparent
having the width dR = 4.16λF /2π (for both spin projections).
Figure 7(a) shows the spin current Isp as a function of the
superconducting �χ , and the geometric phase difference �ϕ,
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FIG. 7. (a) Spin current Isp and (b) spin-diode efficiency ηsp as in
Figs. 6(b) and 6(d); however, for an asymmetric junction where the
left FI layer is the same as in the symmetric case (see Fig. 5) and
the right FI layer’s width is the same for both spin projections, dR =
4.16λF /2π . The remaining parameters are the same as in Fig. 5.

whereas Fig. 7(b) shows the corresponding spin diode effi-
ciency as function of �ϕ. In this case, higher harmonics of
the charge current are strongly suppressed, and the Josephson
current-phase relation is approximately sinusoidal. On the
other hand, the spin current Isp(�χ,�ϕ) does not change its
sign as a function of �χ in a wide range of �ϕ. We observe
sign changes with �χ only in relatively narrow ranges of �ϕ

close to �ϕ ≈ π
2 + kπ . The spin Josephson diode efficiency,

shown in Fig. 7(b), exhibits the perfect efficiency only close to
�ϕ ≈ π

2 + kπ , and extremely close to �ϕ ≈ kπ . A more de-
tailed discussion on the cross-over from symmetric to strongly
asymmetric junctions can be found in Appendix C.

C. Fourier decomposition

As already indicated, the presence of higher harmonics in
the Josephson current-phase relation is crucial for the Joseph-
son diode effect. To gain more insight, we present a detailed
Fourier analysis of the current-phase relation both in �χ and
�ϕ. Since both the charge Ich and the spin current Isp are
mediated by equal-spin triplet contributions, Iηη, η =↑,↓, in
this subsection we focus on them separately. We will show
below that the current phase relations can be written in the
form

I↑↑ = 1

2

∞∑
μ,ν=−∞

(−1)μ+νμIμ,ν sin ψμ,ν, (38)

I↓↓ = 1

2

∞∑
μ,ν=−∞

(−1)μ+ννIμ,ν sin ψμ,ν, (39)

where I−μ,−ν = Iμ,ν , and

ψμ,ν = (μ + ν)�χ − (μ − ν)�ϕ (40)

is an effective Josephson phase. This form has been suggested
for ballistic systems [4,120], and we show here that it
also holds for diffusive systems. Equations (38)–(40)
have an appealing physical interpretation in terms of
transferred equal-spin pairs across the junction [4]. They
present the current-phase relation for the case of a coherent
transfer of μ ↑↑ and ν ↓↓ equal-spin pairs (positive values

denote transmissions in positive current direction, negative
values denote transmissions in the opposite direction). Taking
into account that the ground state for �ϕ = 0 is a π -junction,
the Josephson phase acquired for a coherent transfer of a
single ↑↑ / ↓↓ pair is �χ ± �ϕ + π . Thus, for the coherent
transport of μ ↑↑-pairs and ν ↓↓-pairs a Josephson phase
μ(�χ − �ϕ + π ) + ν(�χ + �ϕ + π ) = (μ + ν)�χ −
(μ − ν)�ϕ + (μ + ν)π appears, leading to Eqs. (38)–(40).
Note that within the system at hand only even numbers of
electrons are transmitted through each spin band of the the
sFM, as short-range pair amplitudes, involving both bands,
are negligible for strong spin polarization.

We now proceed to discuss a number of symmetry relations
for a general Fourier series expansion that allow us to derive
Eqs. (38)–(40) for our system on general grounds. Using
the general QCGF technique we numerically confirm these
symmetry relations. Details are given in Appendix A. We
make use of the fact that Iηη under the time reversal symmetry
transforms as follows [4]:

Iηη(�χ,�ϕ) = −Iηη(−�χ,−�ϕ). (41)

This relation is derived by noting that the angle �ϕ is defined
by three magnetic vectors that behave odd under time reversal.
We also chose as spin quantization axis the exchange field in
the sFM, and therefore both behave odd under time reversal,
allowing for the derivation of the above relation for majority
and minority spin bands. A general Fourier series expansion
compatible with Eq. (41) is given by (again, η ∈ {↑,↓})

Iηη = 1

2

∞∑
m=1

Aη

m,0 sin(m�χ ) + 1

2

∞∑
n=1

Bη

0,n sin(n�ϕ)

+
∞∑

m,n=1

[
Aη

m,n sin(m�χ ) cos(n�ϕ)

+ Bη
m,n cos(m�χ ) sin(n�ϕ)

]
. (42)

In Appendix A, we list symmetry relations between the
coefficients Aη

m,n, Bη
m,n that are confirmed by our numeri-

cal calculations, and which render Eq. (42) equivalent to
Eqs. (38)–(40). In particular, we find that coefficients are only
nonzero when either both m and n are even or both m and n are
odd (i.e., when m ± n is even). Given this fact, the coefficients
relating Eqs. (38) and (39) to Eq. (42) are

(−1)μ+ν |μ|Iμ,ν = A↑
|μ+ν|,|μ−ν| − B↑

|μ+ν|,|μ−ν|
2

, (43)

(−1)μ+ν |ν|Iμ,ν = A↓
|μ+ν|,|μ−ν| − B↓

|μ+ν|,|μ−ν|
2

, (44)

and we define formally Aη

0,2ν = 0 and Bη

2μ,0 = 0. In the fol-
lowing, we focus on the discussion of the most relevant
Fourier contributions Aη

m,0, Bη

0,n, Aη
n,n, and Bη

n,n that are pre-
sented in Fig. 8, and which correspond to Iμ,μ, Iμ,−μ, Iμ,0, and
I0,ν , correspondingly.

We start by considering the absolute values of Aη

m,0 [see
Figs. 8(a) and 8(b)] and Bη

0,n [see Figs. 8(c) and 8(d)]. Note
that the left column in both cases corresponds to the symmet-
ric junction from Fig. 6 whereas the right column refers to the
asymmetric junction considered in Fig. 7. It is evident that in
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FIG. 8. Fourier components of the spin-resolved currents corresponding to the charge and spin currents shown in Figs. 6(a), 6(b), and 7(a).
Panels (a), (c), (e), and (g) show the results for the symmetric case (see Fig. 6), whereas (b), (d), (f), and (h) show the results for the asymmetric
junction case (see Fig. 7). The different colors indicate the two spin-bands for which we perform the Fourier analysis, ↑ in blue and ↓ in red.
In (a) and (b), we plot the absolute value of the Aη

m,0 component and in (c) and (d) the absolute values of the Bη

0,n components are shown. Panels
(e)–(h) show the absolute values of the Fourier components with equal contributions in �χ and �ϕ, i.e. Aη

n,n (dashed bar) and Bη
n,n (dotted

bar), for the ↑-band in (e) and (f) and for the ↓-band in (g) and (h). All Fourier components are normalized to the maximum spin current for
the corresponding case, i.e., Imax

sp = max(�χ,�ϕ)Isp(�χ,�ϕ).

both cases the Fourier components for the ↑ (red bars) and
the ↓ channel (blue bars) coincide. Furthermore, we obtain a
sign change for Bη

0,n (which is not explicitly visible here since
we show the absolute values for better comparison). Thus, the
symmetries of these contributions can be summarized as

A↑
m,0 = A↓

m,0 and B↑
0,n = −B↓

0,n. (45)

Only Fourier coefficients of even order are nonzero. The
physical interpretation of 1

2 Aη

2μ,0 = μIμ,μ is in terms of
crossed pair transmission processes, where in both spin
bands μ equal-spin pairs are transferred across the junction
in the same direction. These terms are therefore equal for
η =↑,↓ and contribute only to the charge current. On the
other hand, 1

2 B↑
0,2ν = νIν,−ν represent processes where ν

equal-spin pairs are transferred in opposite direction for the
two spin bands. These terms have opposite signs for opposite
spin and therefore contribute only to the spin current. Con-
sidering the amplitudes of the Fourier components, which are
normalized to the respective maximum spin current, shows
that in the symmetric case [see Figs. 8(a) and 8(c)] crossed
pair transmission processes of an equal number of pairs in the
two spin bands in the same direction dominate, whereas for
the asymmetric case [see Figs. 8(b) and 8(d)] the transmission
processes of an equal number of pairs in the two spin bands in
opposite directions dominate.

Next, we discuss the Fourier components with equal con-
tributions from �χ and �ϕ, i.e., Aη

n,n and Bη
n,n. The absolute

values of them are plotted in Figs. 8(e) and 8(f) (↑ spin band;
blue) and Figs. 8(g) and 8(h) (↓ spin band; red). Different pat-
terns correspond to different Fourier coefficients as referred in
the legend. As in panels (a)–(d) discussed above here the left
column [Figs. 8(e) and 8(g)] corresponds to the symmetric and
the right one [Figs. 8(f) and 8(h)] to the asymmetric junction.

We obtain that these contributions are also constrained by
symmetry relations that are

A↑
n,n = −B↑

n,n and A↓
n,n = B↓

n,n. (46)

Note that we again plot the absolute values for better com-
parison. The physical interpretation of these terms is that they
correspond to processes where n pairs are transmitted in one
spin band, and zero in the other spin band. For μ pairs trans-
mitted only in the spin-↑ band, A↑

μ,μ = (−1)μμIμ,0, and for ν

pairs transmitted only in the spin-↓ band, A↓
ν,ν = (−1)ννI0,ν .

Moreover, we see that in both cases the components ex-
ponentially decrease with increasing order n. Comparing the
magnitudes of the various terms, we find that for symmetric
junctions a typical hierarchy |I1,0 + I0,1| � |I1,0 − I0,1| ∼
2I1,1 ∼ 2I1,−1 ∼ 2|I2,0 + I0,2| � 2|I2,0 − I0,2| is present. For
strongly asymmetric junctions, in contrast, |I1,0 + I0,1| ∼
2I1,−1 � |I1,0 − I0,1| � 2I1,1 � 2|I2,0 + I0,2| � 2|I2,0 − I0,2|
typically holds.

Finally, the Aη
m,n’s and Bη

m,n’s for m, n > 0 and m 
= n have
a quite small magnitude and we do not discuss them here as
they do not give additional insights. However, we find that
these contributions also vanish for (m ± n) odd. The conse-
quence of this finding is that of all processes where a fixed
number of pairs are transferred across both spin bands, those
with equal number of transferred pairs in the two spin bands
dominate over those where one spin band carries more pairs
than the other (for example, |I1,1| > |I2,0|, |I2,2| > |I3,1|, |I4,0|
etc). This can be understood in terms of the fact that when
spin-triplet amplitudes are present in the sFM, an equal num-
ber of equal-spin pairs can recombine into spin-singlet Cooper
pairs on the SC side of the interface without resorting to the
triplet rotation mechanism, whereas for any surplus pairs the
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triplet rotation mechanism is necessary in order to transform
them into singlet Cooper pairs.

In summary, we find that within numerical accuracy our
system is described by Eqs. (38)–(40).

D. Analytical model

It follows from Fig. 8 that the lowest harmonic contribu-
tions dominate in all cases. We find that a model that includes
terms up to second order in the number of transferred pairs,
i.e., |μ| + |ν| � 2, describes the numerical data very closely.
Therefore, we write

I↑↑ ≈ I1,1 sin (2�χ ) − I1,−1 sin (2�ϕ)

− I1,0 sin (�χ − �ϕ) + 2I2,0 sin (2�χ − 2�ϕ), (47)

I↓↓ ≈ I1,1 sin (2�χ ) + I1,−1 sin (2�ϕ)

− I0,1 sin (�χ + �ϕ) + 2I0,2 sin (2�χ + 2�ϕ). (48)

This yields the following expressions for Ich = I↑↑ + I↓↓ and
Isp = I↑↑ − I↓↓

Ich ≈ 2I1,1 sin (2�χ ) − I1+ sin (�χ ) cos (�ϕ)

+ I1− cos (�χ ) sin (�ϕ) + I2+ sin (2�χ ) cos (2�ϕ)

− I2− cos (2�χ ) sin (2�ϕ), (49)

Isp ≈ −2I1,−1 sin (2�ϕ) − I1− sin (�χ ) cos (�ϕ)

+ I1+ cos (�χ ) sin (�ϕ) + I2− sin (2�χ ) cos (2�ϕ)

− I2+ cos (2�χ ) sin (2�ϕ), (50)

with the definition

In± = n(In,0 ± I0,n). (51)

In order to derive analytic expressions for the maximal
Josephson diode efficiency, we write �ϕ = π

2 + δ and ex-
pand Eqs. (49) and (50) for small δ. Using cos(�ϕ) ≈ −δ,
sin(�ϕ) ≈ 1, cos(2�ϕ) ≈ −1, sin(2�ϕ) ≈ −2δ, this leads
to the following model CPR:

Ich ≈ 2I1,1 sin(2�χ ) + δ · I1+ sin(�χ ) + I1− cos(�χ )

− I2+ sin(2�χ ) + 2δ · I2− cos(2�χ ). (52)

In our expansion, we will consider I2+/I1+, I1,1/I1+, and
In−/In+ to be of the same order of magnitude as δ. This is the
case close to the maximal charge Josephson diode efficiency,
where δ is small. We then can neglect the term proportional to
δ · I2−. We define the two parameters

A = 2I1,1 − I2+, B = I1−. (53)

For |B| <
√

8|A|, the Josephson diode efficiency has maximal
magnitude at δ = ± I1−

I1+
, and the model CPR for this value of δ

is given by

Ich ≈ A sin(2�χ ) + B[cos(�χ ) ± sin(�χ )]. (54)

This expression has for |B| <
√

8|A| four extrema. For exam-
ple, for δ = − I1−

I1+
, A > 0 they are

�χ1 = arctan

(
S − B

S + B

)
, Ich,1 = A + B2

4A
, (55)

�χ2 = 3

4
π, Ich,2 = −A −

√
2B, (56)

�χ3 = π + arctan

(
S + B

S − B

)
, Ich,3 = Ic(�χ1), (57)

�χ4 = 2π − π

4
, Ich,4 = −A +

√
2B. (58)

with S = √
8A2 − B2, and �χn are given modulo 2π . For δ

deviating from the optimal value ± I1−
I1+

, the degeneracy for the
critical currents at �χ1 and �χ3 is lifted. The critical currents
are I+

ch = A + B2

4A , I−
ch = −A − √

2|B|. For A < 0, a similar

consideration gives I+
ch = |A| + √

2|B|, I−
ch = −|A| − B2

4|A| . The

results for δ = + I1−
I1+

are obtained by �χn → −�χn mod 2π

and A → −A, i.e., the same critical currents result with oppo-
site signs. Collecting all together, the charge Josephson diode
efficiency with the largest magnitude η̂ch is obtained as

η̂ch ≈ ± 4
√

2|AB| − B2

(
√

8|A| + |B|)2
sign(A), (59)

where the ± sign in front of the expression corresponds to
δ = ± I1−

I1+
. Comparing this expression with the numerical re-

sults of Fig. 6, we obtain from Eq. (59) that |̂ηch| ≈ 26%,
which is in excellent agreement with the numerical value. The
maximal efficiency that can be obtained from Eq. (59) is for
|B| = √

2|A| and is 33.3%. The same consideration can be
made for �ϕ near (k + 1

2 )π with integer k, and the value of
�ϕ for optimal efficiency is then given approximately by

�̂ϕch ≈
(

k + 1

2

)
π ± I1,0 − I0,1

I1,0 + I0,1
(60)

with k integer.
For |B| >

√
8|A|, Eq. (54) exhibits only two extrema. In

this case, I+
ch = −A + √

2|B| and I−
ch = −A − √

2|B|. The cor-
responding values of the Josephson diode efficiency are then

ηch ≈ ± A√
2|B| . (61)

Here, the maximal efficiency in the range of applicability is
attained for |B| = √

8|A|, for which the values of Eqs. (59) and
(61) coincide, and is 25%. However, the optimal value η̂ch is
slightly higher than this value, because in this parameter range
δ for the optimal efficiency deviates from ± I1−

I1+
(it assumes a

smaller magnitude).
It is clear that these expressions for the charge diode effi-

ciency require A and B to be nonzero for a JDE to occur. As
B = I1−, this means I1,0 
= I0,1. Also, taking into account that
|I1,1| > |I2,0|, |I0,2|, the condition I1,1 
= 0 must be fulfilled.
Finally, the JDE is absent for δ = 0, i.e., for �ϕ = π

2 + kπ

with k integer.
We now turn to the spin current. In particular, we will show

that for certain values of �ϕ the spin current efficiency can
reach values of 100%. In general, as long as cos(�ϕ) does not
become too small, the charge current, Eq. (49), is dominated
by the term −I1+ cos(�ϕ) sin(�χ ). The phases for the critical
charge currents are then close to ±π

2 , and given by

�χ1/2 ≈ ±π

2
± 4I1,1 + 2I2+ cos(2�ϕ) ± I1− sin(�ϕ)

I1+ cos(�ϕ)
(62)
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and the corresponding spin currents are then

Isp,1/2 ≈ ∓B − 2 sin(�ϕ){A + C cos2(�ϕ)}
cos(�ϕ)

(63)

with A and B given in Eq. (53), and

C = 2I1,−1 + I2+. (64)

Equation (63) holds under the condition that �χ1,2 are close
to ±π

2 . The condition that the spin current vanishes for one of
those phases (and therefore a spin diode efficiency of 100%
occurs) reads

±B = −2 sin(�ϕ){A + C cos2(�ϕ)}. (65)

For this equation to have a solution, |B| has to be sufficiently
small, at least smaller than max(2|A|, 4|C|). For |B2C| �
4|A + C|3, we obtain η̂sp = ±1 for

�̂ϕsp ≈ kπ ∓ arcsin

(
2B

4(A + C) − B2C/(A + C)2

)
. (66)

In this expression, the argument of the arcsin must have a
magnitude <1. In the limit |C| � |A|, appropriate for sym-
metric junctions, this leads to the restriction |B| < 2|A|. On
the other hand, for |C| � |A|, appropriate for strongly asym-
metric junctions, the restriction reads |B + C| <

√
5|C|. For

|C| � |A|, |B| there is another solution of Eq. (65), which
results from a small cos2(�ϕ). In this case, also appropriate
for strongly asymmetric junctions, a spin diode efficiency of
100% is achieved for (assuming C > 0)

�̂ϕsp ≈ π

2
+ kπ ± arcsin

√
2(B − 2A)

4C − B
. (67)

under the condition that B > 2A. To ensure that the approxi-
mations made in Eq. (62) still hold, the condition |A|, |B| �
I1+

√
(B − 2A)/2C should also apply.

The right hand side of Eq. (65) is a third-order polynomial
in sin(�ϕ), which can be solved analytically. The discrimi-
nant of this polynomial vanishes at(

B

4C

)2

=
(

A + C

3C

)3

, (68)

indicating that two solutions disappear when |B/C| exceeds
some threshold value. In Appendix C we discuss such a
case for a strongly asymmetric junction, in which case |A| �
|C| and the discriminant vanishes for |B| ≈ 4|C|/(3

√
3) at

a temperature of about 0.22 Tc. Near this temperature two
�̂ϕsp values approach each other, which allows to have a
spin-diode efficiency close to 100% in an extended range of
�ϕ. The value of �ϕ where Eq. (68) is met is given for
2 � A/C � −1 by

�̂ϕsp = ± arcsin

√
A + C

3C
, (69)

which for |C| � |A| is approximately ± arcsin(1/
√

3).
To analyze the above analytical expressions for η̂ch,sp, we

perform extensive calculations in Appendix C for homoge-
neous superconducting order parameters with temperature-
dependent BCS gap �(T ) (as these calculations are numer-
ically expensive, we do not determine the order parameter
profile self-consistently). For each parameter combination we

FIG. 9. Functional dependence of maximum diode efficiencies
ηmax

ch,sp and the ratios B/2A and A/C [see Eqs. (53) and (64)] on (a) the
temperature, (b) and (c) the exchange field strength for two different
Fermi surface geometries [panel (b) has a Fermi surface mismatch
as shown in Fig. 3(b) and panel (c) as in Fig. 3(c)], and (d) on the
transmission probability of the right interface. The corresponding
parameter sets are given in the respective Figs. 13–16 of Appendix C.

numerically calculate the spin-resolved CPR using the QCGF
formalism and obtain the corresponding Fourier components
which are used to calculate the spin and charge Josephson
diode efficiency. In Fig. 9 we show the maximum values
ηmax

ch,sp = max�ϕ |ηch,sp|, calculated from the Fourier expansion
by taking contributions up to |μ| + |ν| � 2, as function of (a)
the temperature, (b)+(c) the exchange field strength, and (d)
on the transmission probability of the right interface. In the
following, we compare ηmax

ch,sp with the analytical values η̂ch,sp.
First we discuss the functional dependencies shown in panels
(a)–(c) of Fig. 9. In agreement with the previous discussion
the numerical results show that ηmax

sp = 1 for |B| � 2|A|. For
|B| > 2|A| we obtain that ηmax

sp monotonically decreases as
B/2A increases. Also the numerical results for the maximal
charge diode efficiency ηmax

ch verify the analytic calculations as
the maximum magnitude of ≈33% is reached for |B| = √

2|A|
(dashed lines in Fig. 9). We do not show the A/C ratio in pan-
els (a)–(c) of Fig. 9 because |C| � |A|, |B| as the considered
systems are symmetric. For panel (d) we vary the system from
a symmetric junction T right

↑ (k‖ = 0) = 0.9 to a strongly asym-

metric one T right
↑ (k‖ = 0) = 0.05. For a high transparency of

the right FI layer we obtain |B| < 2|A| and |C| � |A| and
thus Eq. (66) can be used. By decreasing the transparency
of the right FI layer A decreases whereas C increases. Thus,
for 0.3 � T right

↑ (k‖ = 0) � 0.4 we obtain |A| ∼ |C| and ηmax
ch

reaches its maximum value as B/2A increases from below
1/

√
2 to B/2A > 1. From panels (a)–(c) of Fig. 9 we would

expect that ηmax
sp < 1 as |B| > 2|A| but in panel (d) ηmax

sp = 1
even for that case. This result follows from Eqs. (66) and (67)
as for the strongly asymmetric case |C| � |A|, |B| and there-
fore in the range B > 2A even two solutions with |̂ηsp| = 1
exist.
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Comparing the results for the two different cases of Fermi
surface mismatch shown in Figs. 9(b) and 9(c), it is seen that
for panel (b) the maximum charge diode efficiency is reached
for J ≈ 0.65EF whereas in the other case the maximum is
reached at J ≈ 0.3EF . This effect of Fermi surface geometry
leads us to an important observation. Scattering processes at
the interface can be classified into type-(R): total reflection
processes, type-(H): transmission only into one spin band of
the sFM, and type-(F): transmission into both spin bands of
the sFM. Scattering processes of type (H), which are of the
type that occur at an interface with a half-metallic ferromag-
net, appear in our model for k↓

F < k‖ < min(k↑
F , kF ). These

processes only contribute to I1,0, but not to I0,1, thus increas-
ing the magnitude of the quantity I1− = I1,0 − I0,1, which is
essential for the Josephson diode effect. Consequently, for
given exchange splitting of the electronic bands, the effects are
maximized for a Fermi surface geometry of the type shown in
Fig. 3(c), for which k↑

F � kF . For a Fermi surface geometry
of the type shown in Fig. 3(b), where k↑

F � kF , only the part
k↓

F < k‖ < kF supports type-(H) scattering processes, and the
third type of Fermi surface geometry with k↓

F > kF (not shown
in Fig. 3) has no type-(H) scattering processes at all and there-
fore exhibits the least pronounced Josephson diode effects.
We underline, however, that for Josephson junctions involving
purely half-metallic ferromagnets, no Josephson diode effect
occurs. Therefore, a trade-off between type-(H) and type-(F)
scattering processes takes place, with the former giving im-
portant contributions to I1− and the latter to I1,1 and I1,−1. The
highest efficiencies occur when both types of processes con-
tribute to about a similar degree. Thus, the difference between
Figs. 9(b) and 9(c) follows from the difference in exchange
fields that is needed in order to have a comparable k‖ range
for which type-(H) scattering events take place.

For a more detailed analysis of Josephson diode efficien-
cies as functions of temperature, exchange splitting between
the bands, and interface transmission asymmetry, we refer to
Appendix C.

Next, we discuss the quality of the model CPR in Eqs. (47)
and (48) in comparison to the numerically obtained CPR’s.
From Fig. 10(a) it follows that taking into account all contri-
butions shown in Eq. (49) provides a quantitative description
of the charge current. Considering only the contributions for
|μ|, |ν| � 1 is not sufficient [see Fig. 10(a)] since the I2,0 and
I0,2 contributions are of a comparable order of magnitude [see
Figs. 8(a), 8(e), and 8(g)]. In contrast, we obtain for the spin
current, shown in Fig. 10(b), that for its approximation it is
sufficient to account for the contributions where at most one
pair is transmitted through each spin-channel. We obtain that
the functional dependence on �χ is dominated by the I1+
contribution, i.e., cos(�χ ). The I1− contribution is compar-
atively small, but the I1,−1 contribution is comparable to the
I1+ contribution and yields a �ϕ-dependent shift of the CPR.

Finally, we remark that the processes for which an equal
number of pairs is transmitted through each spin-channel,
i.e., μ = ν, are the crossed pair transmission contributions
[12]. The leading term, I1,1, dominates the higher harmonics
that are crucial for the Josephson diode effect. This term
describes a simultaneous transmission of one equal-spin pair
in each spin band. Furthermore, Eq. (50) shows that the spin

FIG. 10. CPR and its approximations for (a) the charge cur-
rent in a symmetric junction [see Fig. 6(a)] for �ϕ = 0.47π , and
(b) for the spin current in an asymmetric junction [see Fig. 7(a)]
for �ϕ = π/4. The symbols show the currents numerically obtained
from a self-consistent solution (only a few points are shown for a
better visibility). The full lines are obtained from the approximations
in Eqs. (49) and (50). Different colors take into account different
numbers of Fourier contributions as denoted in the legend.

CPR is a superposition between a term constant in �χ and
various oscillating terms. In the case that the magnitude of
2I1,−1 sin(2�ϕ) becomes larger than the amplitudes of the
oscillating terms (which happens in strongly asymmetric junc-
tions), the spin current flows only in one direction, irrespective
of the superconducting phase difference �χ . Were one to
define a spin-diode efficiency via the maximum and minimum
spin currents, then a 100% efficiency would be present for
entire ranges of �ϕ in such junctions. However, such a spin
current even flows when the Josephson effect is absent, i.e.,
when one of the two interfaces is intransparent. In this case
the charge current is identically zero, such that only terms
with μ + ν = 0 contribute to the Fourier sums in Eqs. (38)–
(39). For such a junction, Isp = −∑∞

μ=0 2μIμ,−μ sin(2μ�ϕ)
[4,120]. Therefore, we define the spin Josephson diode effect
via the values of the spin current at the phases corresponding
to the critical charge currents. In this case, the spin-diode
efficiency is directly related to the Josephson effect. As we
have shown in this article, spin-diode efficiency of 100%
can still be reached with this definition, namely when for a
certain value of �ϕ the spin current vanishes for either �χ+

ch
or �χ−

ch.

E. Spontaneous currents

The system carries a spontaneous current even in the
absence of a superconducting phase difference at the outer
interfaces of the structure. This situation corresponds to a loop
geometry with an inserted SC/sFM/SC junction, where the
spontaneous current gives rise to a spontaneous flux of �χ0

2π
�0

through the loop [121]. Here, �χ0 is the phase difference
between the two SC/sFM interfaces and �0 is the supercon-
ducting flux quantum. The former depends on �ϕ and appears
only if �ϕ 
= kπ , k ∈ Z.
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FIG. 11. The functional dependence of (a) the spontaneous
charge current and (b) the spontaneous spin current on the geometric
phase difference �ϕ for the symmetric system considered in Fig. 6
(solid lines) and the asymmetric system from Fig. 7 (dashed lines),
respectively.

The numerically obtained self-consistent spontaneous
charge (green) and spin (violet) currents are shown in Fig. 11.
For the symmetric case, both the spontaneous spin and
charge current are approximately sinusoidal (see solid lines
in Fig. 11). In contrast, the spontaneous spin current in an
asymmetric junction shows a strong second-harmonic contri-
bution whereas the charge current is strongly suppressed. This
is because of the smaller transparency of the right interface.

We can understand these results in terms of the an-
alytical model introduced in Sec. V D. The spontaneous
current is obtained from Eqs. (49) and (50) by setting
�χ = 0. Neglecting the small terms proportional to I2±, this
leads to

Ispont
ch ≈I1− sin (�ϕ) (70)

Ispont
sp ≈ − 2I1,−1 sin (2�ϕ) + I1+ sin (�ϕ). (71)

From this it is expected that the spontaneous charge current
is approximately sinusoidal in �ϕ, whereas the spontaneous
spin current is approximately sinusoidal in symmetric junc-
tions, where I1,−1 � I1+, however has pronounced second
harmonics in strongly asymmetric junctions, where I1,−1 ∼
I1+. Both spontaneous currents require that �ϕ is not a multi-
ple of π , i.e., they require a noncoplanar spin arrangement.
The magnitude of the spontaneous charge current is given
approximately by I1− = I1,0 − I0,1, and therefore its presence
requires different densities of states in the two spin bands.
The magnitude of the spontaneous spin current, on the other
hand, is of the order of I1+ = I1,0 + I0,1, and only requires
noncoplanar spin arrangement. The strong second harmonic
in �ϕ proportional to I1,−1 requires two spin-bands to be
present—in a structure with a half-metallic ferromagnet this
term is absent.

F. Spin-polarization switch

Finally, we discuss an effect present in both junction types
that we consider of being of interest for experimental in-
vestigations. Typically, the geometric phase difference �ϕ

is fixed during operation of the junction. Therefore, we now
consider the systems for fixed �ϕ but varying �χ that may be

realized by embedding the ferromagnetic trilayer considered
throughout in a SQUID-geometry and applying a magnetic
flux � through the loop. Considering the spin-resolved cur-
rents for different �ϕ’s in Figs. 5(b), 12(a), and 12(d), it
becomes evident that there is a value of the superconducting
phase difference �χ↑↑(�ϕ) for which I↑↑(�χ↑↑) = 0 but
I↓↓(�χ↑↑) 
= 0. Analogously, there is a value �χ↓↓(�ϕ) for
which I↓↓(�χ↓↓) = 0 but I↑↑(�χ↓↓) 
= 0.

For a quantitative discussion, we define the spin polariza-
tion of the current as follows:

P (�χ ) = |I↑↑(�χ )| − |I↓↓(�χ )|
|I↑↑(�χ )| + |I↓↓(�χ )| . (72)

Apparently, for �χ = �χ↑↑ and �χ = �χ↓↓ it takes values
1 and −1, respectively, corresponding to a fully spin-polarized
current.

As an example, let us consider first the spin-resolved cur-
rents in a symmetric junction shown in Fig. 12(a). The spin
polarization of the Josephson current [see Eq. (72)] for such a
situation is presented in panel (b) which displays the charac-
teristic peaks at �χ

(1,2)
↑↑(↓↓) as expected from the definition and

the index 1,2 denotes the considered branch.
To get a qualitative insight into the switching effects,

let us consider the approximate formulas given in the pre-
ceding subsection [see Eqs. (47) and (48)] assuming that
|I1,−1|, |I2,0|, |I0,2| < |I1,1| < |I0,1|, |I1,0| that is usually the
case for symmetric junctions (see Fig. 8). Thus, the dominat-
ing terms for symmetric junctions are of the form

I↑↑ ≈ −I1,0 sin(�χ − �ϕ), (73)

I↓↓ ≈ −I0,1 sin(�χ + �ϕ). (74)

As a result, and as can be seen in Fig. 12(a), the spin-resolved
currents for symmetric junctions diminish at �χ

(1)
↑↑(↓↓) ≈

±�ϕ and �χ
(2)
↑↑(↓↓) ≈ ±�ϕ + π . Furthermore, we obtain that

the polarization of the current can be switched by changing
the superconducting phase difference from �χ

(1)
↑↑ to �χ

(1)
↓↓ ≈

−�χ
(1)
↑↑ . In a SQUID geometry, this transition is equivalent

to a reversal of the flux direction, i.e., � → −�. This effect
is interesting for future experimental investigations and may
lead potentially to new types of devices. To numerically quan-
tify the switching effect, we introduce the following quantity:

ηP (�χ ) = |P(�χ ) − P(−�χ )|
2

, (75)

which we term the switching efficiency. The functional depen-
dence of ηP (�χ ) on the superconducting phase difference
�χ resulting from the CPR in Fig. 12(a) is shown in
Fig. 12(c). In contrast to the polarization in Fig. 12(b), the
switching efficiency peaks at ±(�χ

(1,2)
↑↑ − �χ

(1,2)
↓↓ )/2, i.e.,

slightly besides �χ
(1,2)
↑↑ and �χ

(1,2)
↓↓ , and reaches up to 99%.

For asymmetric junctions, on the other hand, we have
rather |I2,0|, |I0,2|, |I1,1| < |I1,0|, |I0,1|, |I1,−1|, and therefore
the dominating terms in Eqs. (47) and (48) are

I↑↑ ≈ −I1,0 sin(�χ − �ϕ) − I1,−1 sin(2�ϕ), (76)

I↓↓ ≈ −I0,1 sin(�χ + �ϕ) + I1,−1 sin(2�ϕ). (77)
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FIG. 12. The functional dependence of the spin polarization P [see Eq. (72)] on the superconducting phase difference �χ for a symmetric
junction (b) and an asymmetric junction (e) for the spin-resolved currents shown in (a) and (d), respectively. In (c) and (f) the corresponding
switching efficiencies ηP are shown [see Eq. (75)]. For the symmetric case (left column) �ϕ = 0.31π and for the asymmetric case (right
column) �ϕ = 0.91π .

Thus, both have an additional constant term (independent
of �χ ), which for �ϕ 
= kπ/2 shifts the CPRs in vertical
direction, modifying the zero crossings. As a consequence, we
obtain a switching effect for asymmetric junctions as shown
in Figs. 12(e) and 12(f); although qualitatively similar to the
case of symmetric junctions, quantitatively the functional de-
pendencies are different and three cases can be distinguished.
Firstly, for certain �ϕ we obtain the same effect as discussed
for the symmetric junction, i.e., P and ηP peak at �χ

(1/2)
↑↑(↓↓)

and reach zero between two peaks. Secondly, if �ϕ is chosen
such that neither I↑↑ nor I↓↓ change their sign as function of
�χ , P does not reach ±1 and consequently ηP < 1 for all
�χ . Finally, when I↑↑ and I↓↓ do not intersect, i.e., I↑↑ 
= I↓↓
for all �χ [see Fig. 12(d)], we obtain that P = ±1 and
ηP ≈ 99% at �χ

(1/2)
↑↑(↓↓) but the polarization and the switching

efficiency only vanish for �χ = kπ , k ∈ Z. Thus, for �χ ∈
[�χ1

↑↑,�χ2
↑↑] and �χ ∈ [�χ2

↓↓,�χ1
↓↓] the polarization P

and ηP remain at comparatively high values. Consequently,
the superconducting phase difference, and thus the flux �,
do not need to be adjusted too accurately to �χ

(1/2)
↑↑(↓↓) to

achieve a highly spin-polarized current and a high switching
efficiency. Hence, even though the currents are smaller in the
asymmetric junction, it might be easier to exploit this effect in
applications.

VI. CONCLUSIONS

In summary, we have presented a systematic theoretical
analysis of the Josephson diode effect in macroscopic hybrid
junctions comprising a strongly spin-polarized ferromagnet
sandwiched between two BCS superconducting leads via two
spin-active insulating interfaces. The study has been delivered
in the framework of modified quasiclassical Green’s function
formalism in the diffusive limit adapted to strongly spin-
polarized materials. The strong exchange field in the sFM
allows to neglect the mixed-spin correlations (spin singlets
and spin triplets with sz = 0) yielding only equal-spin triplets
(sz = ±1). This regime allows us to get an insight in spin-

resolved quantities and accordingly calculate the transport
properties.

We have focused on the role of the relative azimuthal
angle between the magnetizations of the two ferromagnetic
interfaces, which plays the role of a quantum-geometric phase
difference �ϕ by entering directly the Josephson current
phase relation. We have shown that the Josephson diode effect
can be realized if the following conditions are fulfilled: (i)
noncoplanar spin texture, i.e., nonvanishing �ϕ (but �ϕ 
=
kπ/2) and (ii) different densities of states between the spin
bands (i.e., Fermi-surface spin splitting). Both spin bands
are required in order to enable prominent crossed pair trans-
mission processes, i.e., the effects are absent in half-metals.
The mentioned requirements are fulfilled in the case of a
strongly spin-polarized ferromagnet and a noncoplanar profile
of magnetizations in the trilayer. A strong spin polarization of
the central region destroys any coherence of pair correlations
that involve both spin bands, allowing only equal-spin pair
amplitudes to enter either spin-↑ or spin-↓ bands. Our model
predicts a charge diode efficiency of up to ηch � 33% and a
perfect spin-diode effect with ηsp = 100%.

To get more insight into the role of the geometric phases,
we have performed the harmonic analysis of the spin-resolved
currents both in �χ and �ϕ, where the former denotes the
superconducting phase difference. We discussed symmetries
between the Fourier coefficients and derived a physically ap-
pealing model in which �χ and �ϕ enter the theory on equal
footing.

Beside the diode effects, we have analyzed the spin switch-
ing effects in the system. We have shown that the SQUID
geometry involving a ferromagnetic trilayer can feature fully
spin-polarized supercurrents. In addition, we have shown that
its polarization can be well controlled by an external magnetic
flux.

Finally, our model can serve as a platform for further
experimental investigations of the Josephson charge and
spin-diode effect in mesoscopic hybrids involving strongly
spin-polarized metallic ferromagnets based on Ni or Co
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[22,29,31], and ferromagnetic insulators based on GdN
[30,122] or EuS/EuO [123–125]. In addition, the discussed
system can be a promising platform for experimental investi-
gation of spin switching effects in SQUID devices involving
ferromagnetic trilayers.
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APPENDIX A: CALCULATION
OF THE FOURIER COEFFICIENTS

As shown in the the main text, noncoplanar spin textures
in SC/sFM/SC trilayers introduce the quantum-geometric
phase difference �ϕ, which enters the current-phase rela-
tions. Therefore, a Fourier decomposition of the spin-resolved
currents both in the superconducting phase difference �χ =
χ2 − χ1 and the geometric phase difference �ϕ = ϕ2 − ϕ1

can be performed to gain more insights.
Starting from the Fourier expansion Eq. (42) we obtain

Iηη(�χ,�ϕ) = 1

4

∞∑
m,n=−∞

Aη
m,n sin(m�χ ) cos(n�ϕ)

+ Bη
m,n cos(m�χ ) sin(n�ϕ), (A1)

where we formally extended the Fourier sums over n and m to
−∞ using the definitions

Aη
−m,n = −Aη

m,n, Aη
m,−n = Aη

m,n, (A2)

Bη
−m,n = Bη

m,n, Bη
m,−n = −Bη

m,n. (A3)

In particular, it follows that Aη

0,n = 0, Bη

m,0 = 0. Equation (A1)
can be rewritten using the trigonometric identity sin α cos β =
1
2 [sin(α + β ) + sin(α − β )], as

Iηη = 1

4

∞∑
m,n=−∞

(
Aη

m,n + Bη
m,n

)
sin(m�χ + n�ϕ)

+ (
Aη

m,n − Bη
m,n

)
sin(m�χ − n�ϕ). (A4)

Renaming the summation variable n in the first line into −n
and using Eqs. (A2) and (A3) leads with the definition J η

m,n =
(Aη

m,n − Bη
m,n)/2 to

Iηη(�χ,�ϕ) = 1

2

∞∑
m,n=−∞

J η
m,n sin(m�χ − n�ϕ), (A5)

where J η
m,n = −J η

−m,−n. The numerical current-phase rela-
tions allow for the calculation of the Fourier components Aη

m,n
and Bη

m,n that are shown for the case of a symmetric and

TABLE I. Tabulated symmetries between Aη
m,n and Bη

m,n coeffi-
cients [see Eq. (A1)], for the J η

m,n coefficients [see Eq. (A5)], and the
Iη
μ,ν’s.

Symmetries in

Aη
m,n and Bη

m,n J η
m,n Iη

μ,ν

A↑
m,0 = A↓

m,0 J ↑
m,0 = J ↓

m,0 I↑
μ,μ = I↓

μ,μ

B↑
0,n = −B↓

0,n J ↑
0,n = −J ↓

0,n I↑
μ,−μ = −I↓

μ,−μ

A↑
m,m = −B↑

m,m J ↑
m,−m = 0 I↑

0,ν = 0

A↓
m,m = B↓

m,m J ↓
m,m = 0 I↓

μ,0 = 0

a asymmetric junction configuration in Fig. 8. Explicit nu-
merical evaluation confirms that the Fourier components are
restrained by additional symmetry relations, some of which
are summarized in Table I, and which can be summarized by
the relation

n(J ↑
m,n + J ↓

m,n) = m(J ↑
m,n − J ↓

m,n). (A6)

Our analysis leads to nonzero Fourier coefficients only for
combinations of m and n where m ± n are even integers.
We therefore pass to new integer indices (μ, ν) defined as
μ = (m + n)/2 and ν = (m − n)/2. Accordingly, we define
Iη
μ,ν ≡ J η

μ+ν,μ−ν . Consequently, the corresponding symmetry
relations are shown in the right column of Table I and the
above relation for J η

m,n reads

(μ − ν)(I↑
μ,ν + I↓

μ,ν ) = (μ + ν)(I↑
μ,ν − I↓

μ,ν ), (A7)

or, equivalently,

μI↓
μ,ν = νI↑

μ,ν . (A8)

Defining I↑
μ,ν = μĨμ,ν , this leads to

I↑
μ,ν = μ · Ĩμ,ν and I↓

μ,ν = ν · Ĩμ,ν, (A9)

where Ĩ−μ,−ν = Ĩμ,ν . This allows to rewrite the initial Fourier
ansatz, see Eq. (A1), as

I↑↑ = 1

2

∞∑
μ,ν=−∞

μĨμ,ν sin [(μ + ν)�χ − (μ − ν)�ϕ],

I↓↓ = 1

2

∞∑
μ,ν=−∞

ν Ĩμ,ν sin [(μ + ν)�χ − (μ − ν)�ϕ],

(A10)

which are Eqs. (38) and (39) from the main text, where we
wrote Ĩμ,ν = (−1)μ+νIμ,ν .

APPENDIX B: BOUNDARY CONDITIONS
FOR THE COHERENCE AMPLITUDES

The normalization of the quasiclassical Green’s function
allows to express it in terms of projectors P̂± [91,116]

Ĝ = (P̂+ − P̂−), (B1)

where P̂± is defined as

P̂± = 1
2 (1̂ ± Ĝ). (B2)
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It can be easily shown that these are projectors having the
following properties:

P̂2
± = P̂±, (B3a)

P̂+P̂− = P̂−P̂+ = 0̂, (B3b)

P̂+ + P̂− = 1̂, (B3c)

implying

∂P̂+
∂z

= −∂P̂−
∂z

, (B4)

∂P̂±
∂z

P̂∓ = −P̂±
∂P̂∓
∂z

, (B5)

P̂±
∂P̂∓
∂z

P̂± = 0̂. (B6)

Using the above expression, the following identity can be
easily derived:

∂P̂+
∂z

= (P̂+ + P̂−)
∂P̂+
∂z

(P̂+ + P̂−)

= P̂+
∂P̂+
∂z

P̂− + P̂−
∂P̂+
∂z

P̂+. (B7)

An analogous expression can be derived for P̂− by exchanging
+ and − indices in the above equation.

The boundary condition for the Green’s function Eq. (32)
can be written in terms of projectors as

∂P̂+
∂z

− ∂P̂−
∂z

= 2
∂P̂+
∂z

= −1

r
(P̂+ − P̂−)Î, (B8)

which by multiplying from the left with P̂+ and using
Eqs. (B7), (B3a), and (B3b) is rewritten as

P̂+
∂P̂+
∂z

P̂− = − 1

2r
P̂+Î. (B9)

An analogous calculation leads to

P̂−
∂P̂−
∂z

P̂+ = − 1

2r
P̂−Î. (B10)

Multiplying Eq. (B9) from the right with P̂+ and Eq. (B10)
from the right with P̂− yields

P̂±ÎP̂± = 0̂. (B11)

Since we use coherence (Riccati) amplitudes in this work,
we express the above relation in its terms. We start from
projectors that read as follows [91]:

P̂+ =
(

1
−γ̃

)
N (1, γ ), (B12)

P̂− =
(−γ

1

)
Ñ (γ̃ , 1), (B13)

N = (1 − γ γ̃ )−1, Ñ = (1 − γ̃ γ )−1. (B14)

Eq. (B11) then takes the form

I11 + γI21 − I12γ̃ − γI22γ̃ = 0, (B15)

I22 + γ̃I12 − I21γ − γ̃I11γ = 0. (B16)

The left-hand side of Eq. (B9) adopts the form

P̂+
∂P̂+
∂z

P̂− =
(

1
−γ̃

)
N

∂γ

∂z
Ñ (γ̃ , 1). (B17)

Similarly, the P̂+Î term on the right hand side of the same
equation can be evaluated, finally, leading to the boundary
conditions(

N ∂γ

∂z Ñ γ̃ N ∂γ

∂z Ñ

−γ̃ N ∂γ

∂z Ñ γ̃ −γ̃ N ∂γ

∂z Ñ

)

= − 1

2r

(
NI11 + NγI21 NI12 + NγI22

−γ̃ NI11 − γ̃ NγI21 −γ̃ NI12 − γ̃ NγI22

)
,

(B18)

Note that in the above equation the various matrix components
are not independent, and only one condition follows from
them. Since we are free to choose one equation, we take
the (12)-component of the above equation and rewrite it as
follows:

−2r
∂γ

∂z
= (I12 + γI22)Ñ−1. (B19)

A boundary condition for ∂γ̃ /∂z is obtained by considering
P̂− instead of P̂+ in Eq. (34) that results in

−2r
∂γ̃

∂z
= (I21 + γ̃I11)N−1. (B20)

By utilizing Eq. (B11), the above boundary conditions can be
rewritten as

−2r
∂γ

∂z
= N−1(I12 − I11γ ), (B21)

−2r
∂γ̃

∂z
= Ñ−1(I21 − I22γ̃ ). (B22)

APPENDIX C: FUNCTIONAL DEPENDENCE OF DIODE
EFFICIENCIES AND SPONTANEOUS CURRENTS

ON THE SYSTEM PARAMETERS

In the main text we have concentrated on discussing the
Josephson diode efficiency on the geometric phase difference
�ϕ. In this Appendix we discuss the Josephson diode ef-
ficiencies as function of additional system parameters such
as temperature, exchange splitting of the electronic bands
in the ferromagnet, or transmission probability asymmetry
between the left and right interfaces of the ferromagnet. As
the numerical calculations are very extensive, we consider for
the following numerical results homogeneous superconduc-
tors (no spatial variation of the order parameter) to each side
of the strongly spin-polarized ferromagnet. The homogeneous
superconductors are characterized by a temperature dependent
BCS gap �(T ). We first discuss charge and spin-diode effi-
ciencies and proceed afterwards to spontaneous currents in a
loop geometry.

1. Diode efficiencies

We first consider a symmetric junction whose parameters
are the same as in Fig. 6 but in which both spin channels
have the same barrier width of 0.6λF /2π . We then vary the
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FIG. 13. The functional dependence of the charge (a) and spin
(b) diode efficiencies ηch/sp on the geometric phase �ϕ and the
temperature T of a symmetric Josephson junction. Note that the
superconducting order parameter �(T ) also varies with temperature.
The remaining parameters are as in Fig. 5 except that the ferromag-
netic insulating layer on the left and right side have now the same
width for both spin-channels that is 0.6λF /2π . As in the main text,
the diode efficiencies are calculated by using the Fourier expansion
of the currents [see Eqs. (38) and (39)] for which the numerically
obtained Fourier contributions were utilised.

temperature that leads to a variation of the superconducting
order parameter �(T ) with temperature. Figure 13 shows the
charge [panel (a)] and the spin-diode efficiency [panel (b)]
as a function the geometric phase �ϕ and the temperature
T . We obtain that for lower temperatures up to T ≈ 0.2Tc

there is a significant diode effect in both, the charge and
the spin current. Moreover, ηch increases reaching its max-
imum around T ≈ 0.2Tc. On the other hand, �ϕ at which
ηsp = ±1, i.e., �̂ϕsp [see Sec. V D], shifts from kπ towards
(k + 1

2 )π as T approaches 0.2Tc. This shift can be understood
by considering the approximations in Sec. V D and Fig. 9(a)
where we show the B/2A ratio for the results shown here
in Fig. 13. From Eq. (66) follows for |C| � |A|, |B|, which
is the case here, that �̂ϕsp ≈ ∓ arcsin(B/2A). Thus, for low
temperatures where B < 2A we get �̂ϕsp ≈ 0 and as B/2A
increases �̂ϕsp → π/2. If B > 2A, then there exists no �ϕ

that solves Eq. (65) and thus ηmax
sp decreases for B/2A > 1,

i.e., for temperatures exceeding T ≈ 0.2Tc.
Another parameter that appears to be important for the

effect is the exchange field strength in the ferromagnetic in-
sulating layers and the metallic ferromagnet that are here, for
definiteness, assumed to be equal (JB = JsFM = J). To study
the effect of varying exchange field strength, in what follows
we set the temperature to T = 0.1Tc and vary the exchange
field within the range 0.1 < J/EF < 0.9. Moreover, we for
now consider the case in which VsFM = 0, i.e., V ↑(↓)

sFM = ∓J/2
and k↓

F < kF < k↑
F , and V ↑

B is fixed to V ↑
B = 1.1EF and there-

fore V ↓
B = V ↑

B + J . Figure 14 shows ηch [panel (a)] and ηsp

[panel (b)] as functions of �ϕ and J . Apparently, the diode
effect is present for all considered exchange field strengths but
the functional dependencies and the magnitudes are affected
by varying J . The functional dependence of the charge diode
efficiency is unaffected by the exchange field strength but its
magnitude increases with increasing exchange field strength
until the maximum is reached around J ≈ 0.7EF and starts to
decreases for further increment of the exchange field strength.

FIG. 14. The functional dependence of the charge (a) and spin
(b) diode efficiencies ηch/sp of a symmetric Josephson junction on
the geometric phase �ϕ and the exchange field strength J that is
assumed to be the same in the FI layers and the sFM. In the sFM
no bias potential is applied, i.e., VsFM = 0, whereas in the FI layer
V ↑

B = 1.1EF and thus V ↓
B = V ↑

B + J . The left and right FI layer are
for both spin-channels 0.6λF /2π wide, the length of the sFM is ξ

and the temperature is T = 0.1Tc.

This effect is not visible in the picture due to the colormap. In
contrast, we obtain that the functional dependence of ηsp(�ϕ)
is significantly affected as the maxima and minima shift
from kπ towards (k + 1

2 )π . This shift can be reasoned in the
same way as done for the temperature dependence and the
corresponding B/2A ratio and ηmax

ch,sp are shown in Fig. 9(b).
Furthermore, when B > 2A, i.e., J � 0.8EF , we also obtain
that ηmax

sp < 1 in agreement with Eq. (65).
In addition to the case for which VsFM = 0 we have stud-

ied the case in which VsFM is J dependent such that V ↑
sFM

is fixed to V ↑
sFM = 0.1EF but V ↓

sFM varies with the exchange
field V ↓

sFM = V ↑
sFM + J . In this case the barrier potentials are

given by V ↑(↓)
B = V ↑(↓)

sFM + EF . The functional dependencies,
shown in Fig. 15, differ from Fig. 14 but we obtain a sim-
ilar effect as obtained for the previous case for which the
same reasoning applies. Only the exact exchange fields, at
which the maximum magnitude of the charge diode effect

FIG. 15. The functional dependence of the charge (a) and the
spin (b) diode efficiencies ηch/sp of a symmetric Josephson junction
on the geometric phase �ϕ and the exchange field strength J . Here
the ↑-band in the sFM is fixed to V ↑

sFM = 0.1EF and the ↓-band
is shifted by J , i.e., V ↓

sFM = V ↑
sFM + J . The barrier potentials are

then given by V ↑(↓)
B = EF + V ↑(↓)

sFM . The remaining parameters are the
same as for Fig. 14.
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FIG. 16. The functional dependence of the charge (a) and spin
(b) diode efficiencies ηch/sp on the geometric phase difference �ϕ and
the transmission probability of the right interface T right

↑ (k‖ = 0), with
that of the left interface T left

↑ (k‖ = 0) fixed at 0.90. The potentials and
exchange fields are as for Fig. 6 just the spin-resolved barrier widths
of the left FI layer are now both 0.60λF /2π wide.

and the exchange field at which the perfect spin-diode effect
vanishes, differ. Moreover, the maximum diode efficiencies
quickly decrease towards zero for larger exchange fields. This
is because the ↓-band is then close to the Fermi level and
if the band becomes insulating, i.e., J > 0.9EF , the strongly
spin-polarized ferromagnet becomes a half-metal. In the
half-metallic case all contributions in which the ↓-band is
involved vanish, i.e., Iμ,ν = 0 for ν 
= 0. Therefore, in the half-
metallic case Ich,sp = I↑↑ = ∑∞

μ=1 μ(−1)μIμ,0 sin[μ(�χ −
�ϕ)] and thus the diode effect is absent as positive and nega-
tive critical currents are always of the same magnitude in that
case.

Finally, we consider in Fig. 16 the effect of the FI layer’s
width d that allows to look at the crossover between a
symmetric junction and an asymmetric one. To see the ef-
fect, we consider the diode efficiencies as functions of the
right FI layer’s widths whereas the left one is fixed at
0.60λF /2π corresponding to the transmission for perpendic-
ular impact (k‖ = 0) of T left

↑ ≈ 0.9. Intuitively, it is clear
that d is related to the transmission probability of particles
through the barrier therefore we focus here on the latter.
Figure 16 shows the charge [panel (a)] and the spin [panel
(b)] diode efficiency as a function of the geometric phase
difference �ϕ and the spin-up transmission coefficient of
the right FI layer. For a more detailed analysis we consider
the analytic model from Sec. V D. The maximum charge
diode efficiency is reached at B = √

2A and the functional
dependence is unaffected by changing the transmission of the
right interface. In contrast, the functional dependence of the
spin diode efficiency is strongly altered as it peaks at both kπ

and (k + 1
2 )π for T right

↑ (k‖ = 0) � 0.38 and only at kπ for a
more transparent interface. The additional peaks follow from
Eq. (65), which in the considered case has a solution close to
kπ [see Eq. (66)] and another solution close to (k + 1

2 )π [see
Eq. (67)].

In Fig. 17 we consider the spin-diode efficiency in the case
of an asymmetric junction where the left interface is of high
transparency and the right interface is less transparent but not
in the tunneling limit. We obtain that perfect efficiency is
absent for T � 0.2Tc [see Fig. 17(a)], but in contrast to the

FIG. 17. Functional dependence of the spin-diode efficiency ηsp

on the geometric phase �ϕ for varying temperature (a) and exchange
field strength (b) [Fermi surface mismatch as shown in Fig. 3(b)].
For both panels the barriers of the two spin-channels are of the
same width for each side. The left FI layer is 0.6λF /2π wide and
the right FI layer is 3.12λF /2π wide, i.e., T left

↑ (k‖ = 0) ≈ 0.90 and

T right
↑ (k‖ = 0) ≈ 0.20. For (a) the exchange fields and potentials are

as for Fig. 13 and for (b) the temperature is T = 0.1Tc.

symmetric case (see Fig. 13) the geometric phase at which
the maximum is reached for T ≈ 0.2Tc is between successive
multiples of π/2. Furthermore, it follows that the the two
solutions of Eq. (66) converge to one for T → 0.2Tc. This
effect can be understood in terms of Eq. (65), which is a cubic
polynomial in sin(�ϕ). Its discriminant is zero when Eq. (68)
holds. In the present case, |A| � |C|, such that this condition
reads |B| = 4|C|/√27 ≈ 0.77|C|. The value of �ϕ where this
condition is met is given by Eq. (69), which for |A| � |C|
is approximately at 0.2π + kπ and 0.8π + kπ . Our Fourier
analysis confirms that this condition is met at T ≈ 0.22Tc.
Therefore, two solutions disappear when the temperature in-
creases beyond this threshold. As can be seen in Fig. 17(a), for
temperatures near this threshold, there are extended ranges in
�ϕ for which the spin-diode efficiency is close to 100%. Fig-
ure 17(b), which is for T = 0.1Tc, shows that by varying the
exchange field a change in the number of �ϕ values with per-
fect efficiency takes place around J ≈ 0.27EF . At J = 0.4EF ,
corresponding to panel (a), solutions near �ϕ = (k + 1

2 )π are
present, whereas for J = 0.1EF these are absent. From our
discussion of Eq. (67) the condition |B| > 2|A| must be met
for perfect efficiency around �ϕ = (k + 1

2 )π , and as the ratio
|B|/2|A| increases with J/EF (it approaches zero for J → 0),
there is a critical J/EF ≈ 0.27 that must be exceeded for these
solutions to exist. In Fig. 17(b) this is clearly visible.

2. Spontaneous currents

Beside the diode efficiencies an interesting effect present
in a SC/sFM/SC trilayer is the spontaneous current that is in-
duced by the geometric phase difference �ϕ. We concentrate
on the spontaneous currents in asymmetric junctions because
in this case the spontaneous spin current can be dominated
by a second-harmonic contribution. In our calculations, the
barrier widths are spin-degenerate but mutually different: the
left FI layer has high transparency, dL = 0.6λF /2π , and the
right FI layer is much less transparent, dR = 4.16λF /2π .

In Fig. 18 we present the spontaneous charge [panel
(a)] and spin [panel (b)] currents as functions of the tem-
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FIG. 18. Spontaneous charge (a) and spin (b) currents I spont
ch/sp as

functions of geometric phase difference �ϕ and temperature T for
an asymmetric junction with barrier potentials of height V ↑

B = 1.1EF

and V ↓
B = 1.7EF and the bands in the sFM are at V ↑(↓)

sFM = ∓0.3EF .
The FI layer widths are spin-degenerate with dL = 0.6λF /2π at the
left interface and dR = 4.16λF /2π at the right interface.

perature T and the geometric phase difference �ϕ. The
spontaneous charge current is well approximated by Ich(�χ =
0,�ϕ, T ) ≈ I (0)

ch (T ) sin(�ϕ) where I (0)
ch (T ) is maximum for

T ≈ 0.4Tc and decreases for smaller or higher temperatures.
In contrast, the spontaneous spin current shows a strong
second harmonic at low temperatures that decreases with in-
creasing temperatures. With T approaching Tc, it becomes
purely sinusoidal.

Figure 19 shows the spontaneous charge [panel (a)] and
spin [panel (b)] currents as functions of the exchange field J
and the geometric phase difference �ϕ for fixed temperature
to T = 0.1Tc. The exchange field is assumed to have the
same magnitude in the ferromagnetic insulating layers and
in the metallic ferromagnet. Similarly to the case discussed
above, the spontaneous charge current is approximately si-
nusoidal as a function of �ϕ, with the prefactor I (0)

ch (J ) a
monotonically increasing function of J . In contrast, the spon-
taneous spin current is strongly affected by J . For small J
it is approximately sinusoidal in �ϕ, whereas a second har-

FIG. 19. Spontaneous charge (a) and spin (b) currents I spont
ch/sp as a

function of the geometric phase difference �ϕ and the exchange field
strength J that is assumed to be the same in the FI layer and the sFM,
i.e., as in Fig. 14. The FI layer widths are as for Fig. 18, i.e., for an
asymmetric junction, and the temperature is T = 0.1Tc.

FIG. 20. Local density of states (LDOS) N (E ) (a) of the symmet-
ric junction and (b) of the asymmetric junction. The solid lines show
the LDOS in the center of the sFM, i.e., z = 5.5ξ and the dashed
lines the LDOS at the superconducting side of the right interface, i.e.,
z = 6ξ . The superconducting and geometric phase difference are set
to zero. The parameters of the symmetric and asymmetric case are
the same as for Figs. 6 and 7, respectively.

monic appears and becomes pronounced as the exchange field
increases.

APPENDIX D: DENSITY OF STATES

The knowledge of the quasiclassical Green’s function is
sufficient to express most of the relevant physical quantities.
In particular, it allows calculating the spectral properties such
as the local density of states (LDOS) in addition to the trans-
port properties. Having obtained the quasiclassical Green’s
function, the LDOS per spin projection, N (z, E ), is calculated
via [88]

Nη(z, E ) = NFη Re[Gηη(z, E )], (D1)

N (z, E ) = 1
2 [N↑(z, E ) + N↓(z, E )], (D2)

where NFη is the spin-resolved density of states at the Fermi
level in the normal state.

In Fig. 20 we show the self-consistently obtained LDOS as
a function of energy for (a) the symmetric junction considered
in Fig. 6 and (b) the asymmetric junction considered in Fig. 7.
In both panels, the solid lines correspond to the LDOS in
the middle of the sFM and the dashed ones to the LDOS
on the superconducting side of the right interface, i.e., the
sFM/SC interface. The zero-energy peaks visible in the solid
lines in both panels are a result of the spin-triplet nature of the
pair amplitudes in the sFM, which in the diffusive limit are
all three odd-frequency correlations [2,7,127–130]. Instead
of a minigap, expected in a conventional Josephson junction
with a normal metal between two superconductors, here an
enhanced density of states is observed near zero bias. The
LDOS in the superconductor displays the coherence peaks
close to the superconducting gap but still remains far from
the BCS density of states: the gap is either partly filled in the
symmetric junction [panel (a)] or reduced in the asymmetric
one [panel (b)]. For both junction types, we recover the BCS
density of states deep in the superconductors, i.e., close to the
outer interfaces.
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Boca Raton, FL, 2019), pp. 635–682.

[121] A. Bauer, J. Bentner, M. Aprili, M. L. Della Rocca, M.
Reinwald, W. Wegscheider, and C. Strunk, Spontaneous su-

percurrent induced by ferromagnetic π junctions, Phys. Rev.
Lett. 92, 217001 (2004).

[122] K. Senapati, M. G. Blamire, and Z. H. Barber, Spin-filter
Josephson junctions, Nat. Mater. 10, 849 (2011).

[123] J. S. Moodera, T. S. Santos, and T. Nagahama, Thephenomena
of spin-filter, J. Phys.: Condens. Matter 19, 165202 (2007).

[124] Q. I. Yang, J. Zhao, L. Zhang, M. Dolev, A. D. Fried,
A. F. Marshall, S. H. Risbud, and A. Kapitulnik, Pulsed laser
deposition of high-quality thin films of the insulating ferro-
magnet EuS, Appl. Phys. Lett. 104, 082402 (2014).

[125] S. Diesch, P. Machon, M. Wolz, C. Sürgers, D. Beckmann,
W. Belzig, and E. Scheer, Creation of equal-spin triplet super-
conductivity at the Al/EuS interface, Nat. Commun. 9, 5248
(2018).
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