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Hybrid bound states in the continuum beyond the diffraction limit
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Bound states in the continuum (BICs) have greatly impacted our ability to manipulate light-matter interactions
at the nanoscale. However, in periodic structures, BICs are typically realized below the diffraction limit, thus
leaving a broad spectral domain largely unexplored. Here, we introduce another type of at-I' BICs of photonic
crystal (PhC) slabs supporting higher-diffraction orders, which we call hybrid BICs (h-BICs), whereby symmetry
protection and parameter tuning are utilized to suppress light emission in the zeroth- and higher-diffraction
orders, respectively. By tuning certain structural parameters of the PhC slab, we fully characterize the dynamics
of the topological structure of these h-BICs, including the generation, merging, splitting, and annihilation of
circularly polarized states. We further show that the relative amount of light radiated in the first-order diffraction
channels can be effectively controlled by simply breaking the C,, symmetry of the PhC slab. Our findings
reveal a versatile approach to realize different types of BICs above the diffraction limit, and could potentially
inspire efforts toward the development of photonic nanodevices, such as multivortex-beam generators, frequency

converters, and lasers.

DOI: 10.1103/3ym7-s255

Introduction. Optical bound states in the continuum (BICs)
are waves embedded in the continuous spectrum yet perfectly
localized, exhibiting zero-energy leakage into the far field
[1-3]. Their unique topological properties, manifesting as
polarization vortices (V points) in momentum space with an
integer topological charge [4,5], together with their ability
to confine light efficiently [2,6], have enabled many applica-
tions in BIC-based photonic platforms, such as sensing [7-9],
lasing [10-13], chiroptical effects [14—16], and nonlinear op-
tics [17-20]. Generally, BICs in periodic structures can be
classified into two types: symmetry-protected BICs arising
from a symmetry mismatch between the optical field and
free-space waves [21,22] and accidental BICs formed through
structural parameter tuning [21,23-25]. From a topological
perspective [26], controlling the polarization singularities via
structural tuning provides an effective mechanism to exploit
BICs. Thus, geometry tuning has been used to merge mul-
tiple BICs [23,27], to merge into a BIC a pair of circularly
polarized states (C points with half topological charge) with
identical topological charge but opposite handedness [28], or
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to split BICs with higher-order topological charge into off-I"
BICs [29].

To date, nearly all reported BICs in periodic structures
have been restricted to the spectral domain lying below the
diffraction limit, chiefly because it has been demonstrated that
at-I' symmetry-protected BICs of such structures cannot exist
above this threshold [30]. More specifically, BICs lying above
the diffraction limit have only been achieved at off-I" points
for very specific values of structural parameters, via merg-
ing pairs of C points [31,32]. In addition, optical excitation
and light collection from such off-I'" BICs require oblique
incidence, which severely impedes their use in practical appli-
cations. Importantly, optical resonances above the diffraction
limit and with a high-quality (Q) factor are generally difficult
to achieve in periodic structures [33], which further limits the
range of applications available in this spectral domain. It is
apparent, therefore, that the availability of at-I' BICs lying
beyond the diffraction limit would greatly mitigate these lim-
itations and open up this key spectral domain to new optical
devices and applications.

In this Letter, we introduce a type of at-I" BICs of photonic
crystal (PhC) slabs, which we call hybrid BICs (h-BICs).
These h-BICs lie beyond the diffraction limit, so that they
contain zeroth- and higher-order diffraction channels. To
achieve such h-BICs, the light emission in radiation channels
is canceled using two different mechanisms: the zeroth-order
channel is suppressed via symmetry protection and the higher-
order ones by tuning the structural parameters of the PhC.
Importantly, we show that h-BICs can be achieved for a
broad range of system parameters, for both TE and TM po-
larizations, and for PhCs with square and hexagonal lattices.
Moreover, we reveal the relationship between the origin of
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FIG. 1. Concept of h-BICs. (a) Left: schematics of a PhC slab
supporting zeroth- and first-diffraction orders and formation mech-
anism of h-BICs. C; (Cg) are left- (right-)handed C points with
the same topological charge. SP means symmetry protection. Right:
reciprocal lattice space whereby the solid (dashed) circle has a ra-
dius of wy/c (wn/c), where wy (wy) is the at-I" frequency of the
first- (second-)order diffraction limit. h-BICs can exist for w > wr.
(b) Evolution of dispersion map of Q and polarization singularities
upon an increase of r or d.

the V points in the higher-order diffraction channels and the
topology and dynamics of C-point pairs in the momentum
space upon the variation of the geometrical parameters of
the PhC. In particular, we show that the evolution of po-
larization singularities is governed by the conservation of
the global topological charge. As a practical application of
the h-BICs introduced here, we demonstrate that by
breaking the C4, symmetry of the optical system one can
readily control the relative amount of radiation emitted in the
higher-order diffraction channels.

Optical system configuration. We consider a freestanding
PhC slab consisting of a square array of holes, as per Fig. 1(a),
with out-of-plane mirror symmetry o, and in-plane symmetry
Cy4y. The PhC slab is made of SiN with ngijy = n = 1.98, has
a lattice constant a = 995 nm, whereas the hole radius and
thickness are r and d, respectively. At the I" point, the normal-
ized frequency of the first- and second-order diffraction limits
is @y = 1 and &y = V2, respectively, where @ = wa/(2mc)
is the normalized frequency, with w and ¢ being the optical
frequency and vacuum speed of light, respectively.

For at-I" resonances with a complex frequency w, = wy +
iy /2, where wg and y are the resonance frequency and leak-
age rate, respectively, lying between w; and wy, there exist
five diffraction channels: one zeroth-order channel with yqq
and four first-order channels with y,,,, n,, Where (m;, my) € 7?
and |m| + |my| = 1. Each pair (m;, m,) defines an in-plane
wave vector K, m, = (27 /a)(m X + my¥) located along the
high-symmetry directions I'-X [cf. Fig. 1(a)]. Due to the Cy,
symmetry of the system, at the I point all four y,,,,,, are

equal. Therefore, the Q factor of at-I" resonances is given by
0 =wo/y = wo/(yo +4y1), where yy = yp0 and y; is equal
to the common value of y,,,m,-

To construct at-I" BICs, one must ensure that yy = y; = 0,
i.e., @ — oo. To this end, yy can be readily canceled by sym-
metry protection, since the at-I" resonance considered here is
even under C, symmetry transformation and thus is decou-
pled from the continuum along the surface normal direction,
meaning there is a V point in the (0, 0) channel. By con-
trast, canceling y; requires a careful parameter tuning because
symmetry protection cannot be used to suppress higher-order
diffraction channels of at-I" resonances [30]. Thus, as illus-
trated in Fig. 1(b), by varying the parameters r and/or d one
can change the locations of the C points in the momentum
space, enabling the simultaneous formation of a V point in
each of the first-order channels when pairs of C points in
these channels coalesce for certain parameter values, thus
resulting in an h-BIC. In what follows, we present an in-depth
discussion of this tuning mechanism and the dynamics of
the polarization singularities associated with the formation of
h-BICs.

Generation and physical properties of h-BICs. We start our
analysis of h-BICs by examining the band structure of the
PhC slab, computed using the finite-element method [34,35].
The mirror symmetry o, allows the separation of modes into
transverse electric (TE)-like and transverse magnetic (TM)-
like modes. Here, we focus on the TE-like modes, the TM
case being discussed in the Supplemental Material (SM) [36].
Due to the large number of modes above @;, we present in
Fig. 2(a) only the TE-like bands located in the continuum
and below the line @;(k,) = 1 — k,, where k, = ak,/(2r) is
the normalized wave vector. It is found that the PhC slab
with parameters 7 = r/a = 0.2368 and d = d/a = 0.5309
supports an even TE-like BIC at the I point, with a nor-
malized frequency @gic = 1.331 (& > @pic > @), whose
dispersion curve is plotted in green in Fig. 2(a). Note that
although there are other bands near this BIC, it couples by
far the strongest with the incoming light [36], and hence it
can be readily excited experimentally. Moreover, we Fourier
analyzed its optical field using the electric field distribution
in an x-y plane above the slab and determined the energy
distribution among the diffraction channels (see SM [36]).
Our results reveal that at the I' point no energy is emit-
ted in any of the diffraction channels, whereas finite-energy
leaking is observed in all five channels away from the I'
point.

To elucidate the role of geometry tuning in the formation
of h-BICs, we calculate the dependence on parameters 7 and
d of the Q factor, as per Fig. 2(b). It can be seen that the points
where Q — o0, i.e., where the BIC condition is satisfied, lie
on a smooth curve in the (7, d) space, which suggests that
these h-BICs exist in a broad range of parameter space. For
7 =0.2368 and d = 0.5309 used in Fig. 2(a), the electric field
profile in the middle plane of the PhC slab is even under
C; symmetry transformation (see SM [36]), confirming that
vo0 = Yo = 0. Next, we vary 7 (d) at a fixed d = 0.5309
(7 = 0.2368) to further investigate the underlying physics of
the formation of h-BICs. As shown in Fig. 2(c), Q diverges
at 7 = 0.2368 (marked by a turquoise dashed line) and drops
rapidly on either side of this value.
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FIG. 2. Characterization of h-BICs. (a) Band structure of TE-like modes. The gray region, below the light line (red dashed line), contains
guided modes. Zeroth-, first-, and second-diffraction orders exist in the regions I 4 II 4 III, II + III, and III, respectively. Blue and green
curves indicate TE-like bands and the h-BIC, respectively. (b) Dispersion map of the Q factor of at-I" h-BIC. (c) Evolution of the Q factor (left
panel) and location of polarization singularities in the (1, 0) order (right panel) vs r, calculated for d = 0.5309. The curves in the right panel
correspond to the shaded region in the left one. (d) The same as in (c), but vs d at # = 0.2368.

As BICs are topological V points in momentum space, a
key quantity characterizing these polarization singularities is
the topological charge ¢, defined as [26,29]

1
q= E%dk” - Vi, oK), (D

where ¢(k)) = %arg[Sl(k”) + iS> (k)] is the polarization an-
gle and S;(k;) are the Stokes parameters of the far-field
polarization vector d(k; ) (see SM [36]).

Due to the Cy,, symmetry, it is enough to use just one first-
order diffraction channel, say (1, 0), to study the dynamics of
polarization singularities upon variation of system parameters,
as per Fig. 2(c). Here, the shifted wave vector (ky, k) = (ky —
27 /a, ky) is introduced. As the hole radius r increases, a pair
of C points with —1/2 charge but opposite handedness moves
toward (ky, ky) = (0, 0) and at ¥ = 0.2368 it merges into a V
point with charge g = —1, thus forming an at-I" h-BIC. When
r further increases, this V point splits into two C points. The
positions of C;, and Cg points in the kj-space define two lines
that cross at (ky, k,) = (0, 0). Note that these two C points are
related by mirror symmetry oy, thus occurring in a pair but
with opposite handedness. As shown in Fig. 2(d), a similar
scenario is observed if one varies d at 7 = 0.2368.

Let us now analyze the radiated energy distribution among
the diffraction orders of the at-I" resonance, for three values
of 7, but for fixed d [ see Fig. 3(a)]. It can be observed
that the energy of the (0, 0) channel vanishes in all cases,
whereas the four first-order channels carry an equal amount
of energy that vanishes at 7 = 0.2368. Moreover, the far-field
polarization states for the (1, 0) and (0, 0) channels are illus-
trated in Figs. 3(b) and 3(c), respectively (see SM [36] for
the results for all five channels). These plots show that as 7
varies a V point emerges in the (1, 0) channel at 7 = 0.2368,
whereas, at I, there is always a V point with —1 charge in
the (0, 0) channel due to symmetry protection. Therefore, for
7 =0.2368 and d = 0.5309, all five channels are character-
ized by a topological charge of —1 and zero-energy emission,
leading to the formation of an h-BIC beyond the diffraction
limit. Interestingly, the Q factor decreases quadratically away
from the I" point, Q o 1/ k%, along the I'X and I'M directions
(see SM [36]). This is so because the Q factor of each channel
follows 1/ kﬁ dependence, and thus the total Q factor satisfies
the same scaling law.

We now seek to better understand the relation between the
formation of h-BICs and the dynamics of first-order diffrac-
tion C points upon variation of the system parameters. To
this end, we calculated the far-field polarization states for
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FIG. 3. Fourier modal analysis and far-field polarization. (a) Energy distribution among diffraction channels, determined for different 7 at
fixed d = 0.5309. (b), (c) Polarization maps computed for (1, 0) and (0, 0) diffraction channels, respectively. Arrows denote the movement
direction of C points as 7 increases. Red (blue) indicates left (right) handedness.

7 ranging from 0.2281 to 0.2452 at fixed d = 0.5309 and
observed that the system possesses several pairs of half-charge
C points. To characterize their dynamics, we plot in Fig. 4
(left panel) their trajectories in the k; space for the (1, 0)
radiative channel. Thus, for 7 < 0.2327, only one pair of C
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FIG. 4. Kk-space trajectories of half-charge C points for the (1, 0)
channel, as 7 is varied at d = 0.5309. Red (blue) dots denote C points
with —1/2 charge and left (right) handedness. Orange (turquoise)
dots denote C points with +1/2 charge and left (right) handedness.
The right panels show, from bottom to top, maps of far-field polar-
ization angles determined for 7 = 0.2327, 0.2368, and 0.2407.

points with charge +1/2 and opposite handedness exist. At
7 =0.2327, two pairs of C points spawn from states with
zero charge: one left-handed pair with opposite charge at
ky > 0 and one right-handed pair, again with opposite charge,
at Ey < 0. When 7 increases to 0.2368, the two C points
with —1/2 charge and opposite handedness merge into a V
point with —1 charge, located at (ky, k;) = (0, 0), forming an
h-BIC that is shown in Fig. 2(c), too. Further increasing 7
causes the V point to split in two C points with —1/2 charge,
which subsequently annihilate the initial pair of C points with
+1/2 charge at # = 0.2407. For 7 > 0.2407, only a pair of
C points with +1/2 charge and opposite handedness exist.
The corresponding maps of the polarization angle, presented
in Fig. 4 (right panel), clearly show the change in polarization
orientation around the singularities (see SM [36] for detailed
far-field polarization maps). During this evolution process, the
total topological charge is conserved and equal to g = 1.
Applications of h-BICs. One envisions that h-BICs con-
taining both zeroth- and first-order diffraction channels could
potentially enable a series of applications, including radiation
pattern engineering, generation of multiple vortex beams, and
multivortex beam lasers. Here, we discuss in more detail the
former one and briefly suggest how the others could be imple-
mented. Thus, to control the structure of the radiation pattern,
we break the Cs, symmetry of the PhC slab by introducing
small perturbations, Ar, and Ar,, of the hole radius along
the x and y axes, respectively, as per Fig. 5(a). This converts
the at-I" h-BIC into a quasi-h-BIC. For convenience, we now
introduce a dimensionless radiation intensity defined as I =
1/Q, which is proportional to the amount of energy emitted in
a channel with a Q factor, Q. Due to the C, symmetry of the
PhC, at the I" point, Ipp =0, 110 =119, and I} = Ip ;.
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FIG. 5. Engineering the radiation pattern. (a) C4, symmetry breaking by tuning the hole radius. (b)—(d) Dependence of Iy 1, 11 0/Io.1, and
Q factor, respectively, on Ar, and Ar,. The orange dot corresponds to Ar, =4 nm and Ar, = —6 nm. (e), (f) k;-space maps of polarization
angle and intensity / for (0, 1) (left) and (1, 0) (right) channels, respectively. The orange lines mark 12}, =0.

The distribution of I, plotted in Fig. 5(b) (see SM
[36] for the case of I ), shows that it is vanishingly small
at Ar, = Ary, =0, suggesting the presence of an h-BIC.
When Ary, Ar, # 0, a deep trench in Iy is formed and a
monotonous increase of radiation away from the I' point is
observed. Also, the distribution of the ratio I; o/l ; presented
in Fig. 5(c) reveals a sharp contrast between its maximum
and minimum values, namely 20 vs 0.05, respectively, which
proves the large tunability of the radiation pattern. In this
range of Ar, and Ary, the quasi-h-BIC has Q > 10%, as per
Fig. 5(d).

To further investigate the tunability of the radiation pattern,
we select a PhC with Ar, =4 nm and Ary = —6 nm, corre-
sponding to the orange dot in Fig. 5(c), for which 1, ¢/Ip,1 &
20 (see SM [36] for the I;0/lp,1 =~ 0.05 case). As seen in
Fig. 5(e), the distribution of the polarization angle in the Kk
space indicates the presence of a singular V point at kj y =
(ky, Ey) =1(0,3) x 1037 /a # 0 in the (0, 1) channel, and
two singular C points at (k,, k) = (8, £19) x 10737 /ain the
(1, 0) channel. The corresponding radiation maps shown in
Fig. 5(f) confirm that Iy ; = O at the V point. Moreover, we
observed that I increases quadratically away from the V
point.

Our approach presented here serves as a generic method for
realizing h-BICs above the diffraction limit in periodic struc-
tures. It is a versatile approach that can be used to find both
TM- and TE-like h-BICs in PhC with square and hexagonal

lattices (see SM [36]), and, equally important, these ideas can
be extended to h-BICs for which both first- and second-order
diffraction channels can be suppressed via parameter tuning.
This means that in the case of PhC with square (hexagonal)
lattice they contain 9 (13) V points, which can have different
topological charge (see SM [36]). These h-BICs can have
immediate applications to generation of multivortex beams
and multivortex beam lasers for parallel optical signal
processing, as well as to advanced wavelength conversion
nanodevices.

Conclusion. In conclusion, we introduced a powerful
method to construct at-I" hybrid BICs above the diffraction
limit in PhC slabs by combining symmetry protection and
parameter tuning. We reveal an intricate topology-governed
evolution process involving the generation (annihilation) of
a pair of C points from (into) zero charge states, as well as
the merging (splitting) of pairwise C points into (from) a V
point. We also demonstrate that these results are valid for
PhCs with square and hexagonal lattices and for both TE
and TM polarizations. Importantly, h-BICs can exist in the
case of one-dimensional (1D) gratings, too, but they contain
a smaller number of beams as compared to the case of 2D
PhC slabs. Our findings significantly extend the accessible
spectral range for various topological singularities, opening
different avenues for high-Q photonics, far-field polarization
manipulation, chiroptical effects, and multiplexed diffraction
control.
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