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Instability of Laughlin fractional quantum Hall liquids into gapless power-law
correlated states with continuous exponents in ideal Chern bands:

Rigorous results from plasma mapping
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We investigate the fate of Laughlin’s wave function in ideal Chern bands which can be mapped to generalized
zero Landau levels in spatially dependent magnetic fields. By exploiting its exact mapping onto a classical
Coulomb gas and leveraging previous results of one-component plasmas in nonuniform neutralizing back-
grounds, we demonstrate that the ideal Laughlin wave function undergoes a phase transition from its well-known
fully gapped topologically ordered plasma state into a power-law correlated dielectric state even for the fixed
filling of 1/3, as the magnetic field becomes increasingly more inhomogeneous. This dielectric state is gapless
even though it does not spontaneously break translational symmetry. Remarkably, for a fixed filling ν = 1/m, the
exponent governing density correlations in this state changes continuously as a function of the degree of spatial
inhomogeneity of the magnetic field, and can range from 4 near a Berezinskii-Kosterlitz-Thouless transition to
the plasma state, up to 2m in the limit of fields generated by point solenoids.

DOI: 10.1103/3y87-96dw

Introduction. A curious property of 2D Dirac fermions [1]
and parabolic fermions with g factor g = 2 [2], is that their
zero-energy states in a magnetic field remain exactly degener-
ate at zero energy even when the field is spatially nonuniform.
These wave functions span a generalized zero Landau level
that can be viewed as an ideal Chern band [3–13]. Such
ideal Chern bands (ICBs) have been found in the chiral limit
of twisted bilayer graphene [6,7], argued to approximate the
bands of twisted MoTe2 [13–16], be relevant to rhombohedral
multilayer graphene [17–19], where fractional quantum Hall
effect at zero magnetic field has been observed [20–24], and
proposed in Dirac materials placed on type-II superconductors
[25].

These ICBs, also referred to as Aharonov-Casher (AC)
bands [14], admit an explicit writing of a generalized Laughlin
wave function [7]. However, unlike the standard zero Landau
level where the Laughlin wave functions are fixed, the ICBs
realize a continuum family of Laughlin wave functions, which
can be viewed as parametrized by a spatially dependent mag-
netic field B(r) [26]. The central question of our study is what
is the nature of the states realized by these generalized Laugh-
lin wave functions? As we will see, in ICBs the Laughlin wave
function can realize not only the well-known topologically
ordered state with fractionalized quasiparticles, but also a
variety of other complex states. We will demonstrate this by

*Contact author: saranyo.moitra@uni-leipzig.de
†Contact author: sodemann@uni-leipzig.de

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

exploiting the exact mapping of the probability density of the
Laughlin wave function onto a classical Coulomb gas [27],
which has been recently used to investigate optical properties
of these states [28]. In this plasma mapping, the electrons act
as pointlike −1 charges fluctuating at temperature T = 1/2m
(at filling ν = 1/m), and the magnetic field as a fixed neutral-
izing background with charge density ρb(r) = B(r)/(m�0).

In this setting, the standard topologically ordered phase
of the Laughlin wave function is a classical plasma where
correlations decay exponentially due to its perfect screen-
ing properties. However, as we will see, in ICBs the spatial
variations of the neutralizing background tend to localize the
electrons, transforming the Laughlin plasma into a dielectric
[29–31]. In the case of the ICBs relevant to moiré systems, the
unit cell contains one effective flux quantum, and, therefore,
the neutralizing background has fractional charge 1/m per unit
cell. In these situations, the dielectric localization of electrons
is expected to be accompanied by spontaneous breaking of
discrete translations, i.e., charge-density-wave (CDW) forma-
tion with m-fold enlargement of the unit cell.

However, as we will demonstrate, these dielectrics realized
by the Laughlin wave function are not ordinary CDWs, but
rather complex states with density correlations that decay
as power laws with continuously changing exponents. Such
decay of correlations implies that these states are gapless, but
this gaplessness does not seem to fit within the Goldstone
mode paradigm because the continuous translational symme-
try has been broken explicitly by the spatially dependent field.
To be able to tread more carefully through these complexities,
we will focus on a simpler model that deviates from the situ-
ation in moiré materials and has m fluxes per unit cell, so that
each cell contains +1 background charge and the dielectric
tends to localize one electron per unit cell. A state with one
electron strongly localized per lattice site, e.g., by a deep
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single-particle potential, is expected to be adiabatically con-
nected to a trivial insulator described by a Slater determinant.
However, as we will see, the dielectric Laughlin state with one
electron per unit cell generically remains in a complex gap-
less and power-law correlated state with continuously varying
exponents.

Model and preliminaries. A simple ICB is realized by
massless two-dimensional Dirac fermions placed in an in-
homogeneous magnetic field B = −B(r) ẑ, which have the
following zero-energy wave functions [1]:

ψn(r) = zn e−φ(r), n = 0, 1, 2, . . . , (1)

where we use the Coulomb gauge ∇ · A(r) = 0, z = x + ιy
is the complex position, and the exponent is determined from
∇2φ(r) = eB(r)/h̄ (electron charge is −e, e > 0). The above
wave functions are normalizable when B(r) has a positive
global spatial average, but we will focus on cases when B(r)
is spatially periodic [32]. The generalized Laughlin state of N
electrons is given by

�(r1, . . . , rN ) =
∏
i< j

(zi − z j )
m

N∏
i=1

e−φ(ri ). (2)

For a uniform field, B(r) = B0, φ(r) = |r|2/4	2
B, 	B =√

h̄/eB0, Eq. (2) reduces to the usual Laughlin state. As in
the usual zero Landau level, the above wave function cor-
responds to the highest-degree holomorphic polynomial that
is a zero-energy eigenstate of a short-ranged Hamiltonian
[33,34], whose projection onto the ICB we view as the ideal
Hamiltonian defining our problem. For general ICBs (in-
cluding those relevant for moiré materials) an effective B(r)
can be defined, by demanding that the probability density
of the Laughlin wave function is identical to that of Eq. (2)
[7,12,13,16]. Remarkably, the probability density of these
generalized Laughlin states is identical to the finite tempera-
ture probability density of a gas of classical particles repelling
via 2D Coulomb forces and with a neutralizing background
charge density, namely |�|2 = exp[−βU ], with

U = −
N∑

i< j

ln |ri − r j | +
N∑

i=1

φ(ri )

m
, (3)

where we have chosen the electrons to have Coulomb charge
−1 and β = 2m. The term φ(ri )/m is the potential energy
experienced by an electron at ri generated by a background
with charge density ρb(r) = B(r)/(m�0), where �0 = h/e.
Thus, we see that any region, R, containing a single flux
quantum,

∫
R d2rB(r) = �0, acts as a background source of

charge +1/m.
In usual zero Landau levels, the above is the map to

a one-component Coulomb gas with a uniform neutralizing
background ρb(r) = 1/(2mπ	2

B) ≡ B0/(m�0), introduced by
Laughlin [27]. This one-component gas is in a plasma phase
at high temperatures (the quantum topologically ordered state)
and undergoes a phase transition into a crystal at a very large
exponent m � 70 [35,36]. However, from numerical [29,31]
and analytical studies [30] of the one-component Coulomb
gas in nonuniform neutralizing backgrounds, we expect that
even the most common Laughlin state with m = 3 undergoes
a transition from its plasma state into a dielectric state where

FIG. 1. (a) Depiction of effective magnetic field in moiré Chern
bands with one flux per unit cell, and (b) in ICB of solenoids with
m fluxes per unit cell. (c) Phase diagram of the Coulomb gas with
neutralizing background of the ions from panel (b), adapted from
Ref. [31]. The BKT transition is expected to occur for small radius
and at T ε = 1/4.

the electrons largely freeze their positions, when the spatial
variations of the background charge density [i.e., of B(r)] are
sufficiently large.

When the magnetic field B(r) contains one flux quantum
per unit cell, as realized in Chern bands of some moiré materi-
als (see, e.g., [37] for twisted MoTe2), there will be an average
of 1/m electrons per unit cell, and the Laughlin dielectric
state would tend to break spontaneously the discrete magnetic
translational symmetries defined by B(r). However, we will
see that such a dielectric state is not a trivial CDW state
(i.e., one approximated by a Slater determinant), but rather a
complex power-law correlated state that remains gapless even
in the absence of spontaneous symmetry breaking.

To argue more clearly for this, we adopt a setting where
it is manifest that such a dielectric Laughlin state does not
need to spontaneously break translational symmetry. To do
so, we take B(r) to be a periodic function with m fluxes
per unit cell. In this case, the neutrality of the Coulomb gas
implies that we must have an average of one electron per
unit cell, and therefore the dielectric can form without sponta-
neously breaking translations. For concreteness, we take B(r)
to be uniform inside a collection of solenoids of radius σ

and zero outside the solenoids. The solenoid positions, Xi,
are taken to form a triangular lattice [i.e., with separation
a = (4πm/

√
3)1/2	B, see Fig. 1(b)]. None of these details are

crucial for our main conclusions [38], but this geometry has
the advantage that it has been previously investigated numer-
ically [31] and analytically [30]. Since each solenoid carries
flux m�0, it behaves as a fixed disk with positive charge +1,
and, therefore, this Coulomb gas is a 2D version of a classical
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crystal of “Thomson plum pudding” of hydrogen atoms. The
Coulomb potential in Eq. (3) originating from these positive
background ions is a sum of the single ion potentials [denoted
by χ (r)]:

φ(r)

m
=

∑
i

χ (r − Xi ), χ (r) =
{ |r|2−σ 2

2σ 2 r < σ

ln |r|
σ

r > σ
. (4)

This model has two dimensionless parameters: the dimen-
sionless solenoid radius, σ/a, and the filling (or tempera-
ture) ν = 1/m = 2T , and its phase diagram, adapted from
Ref. [31], is depicted in Fig. 1(c). Several arguments [30] sup-
port that in the “dilute” limit of pointlike solenoids (σ/a �
1), the high-temperature plasma state with ionized electrons
(i.e., the quantum topologically ordered phase) undergoes a
Berezinskiı̆-Kosterlitz-Thouless (BKT) transition into a di-
electric state in which each background positive ion binds one
electron, at the temperature that corresponds to the filling of
the bosonic Laughlin state at ν = 1/2 [red star in Fig. 1(c)].
For the fermionic Laughlin state at ν = 1/3, from the results
of Ref. [31], we estimate that the plasma-dielectric transition
occurs at σ/a ∼ 0.5 [blue star in Fig. 1(c)], i.e., when the
solenoids are barely touching.

Dielectric properties and quasiholes. The dielectric con-
stant ε plays a central role in the properties of the Coulomb
gas. In the plasma state ε−1 = 0, while in the dielectric ε is
finite and changes continuously as a function of the solenoid
radius, σ/a, and temperature T = 1/(2m). At the BKT tran-
sition ε−1 experiences a universal jump from ε−1 = 4T =
2/m to ε−1 = 0. More generally, the screening of external
potentials is controlled by the dielectric response function,
ε−1(r, r′), which is related to the density correlator S(r, r′)
[30,39] (see [38] for details), as follows:

ε−1(r, r′) = δ(r − r′) + 2m
∫

dr′′ ln
|r − r′′|

σ
S(r′′, r′), (5)

where S(r, r′) := 〈ρ(r)ρ(r′)〉 − 〈ρ(r)〉〈ρ(r′)〉, and ρ(r) =∑N
i=1 δ(r − ri ) is the electron density. In our setting, these

correlation functions are only invariant under the discrete
lattice translations of the periodic magnetic field, and thus,
to facilitate the analysis of their long-distance behaviors, it
is convenient to define their cell-averaged counterparts as
follows:

ε−1
ca (r) := 1

Auc

∫
x∈uc

d2x ε−1(r + x, x), (6)

where Auc is the area of a unit cell and we define similarly
Sca(r). The Fourier transform of the cell-averaged Eq. (5) is
ε−1

ca (q) = 1 − 4πm Sca(q)/|q|2, and the dielectric constant ε

is obtained from its limit q → 0 [30,39]:

ε−1 = 1 − lim
q→0

4πmSca (q)

|q|2 = 1 + πm
∫

d2r|r|2Sca(r), (7)

The above equations assume that the system has at least C3

rotational invariance, and imply that Sca(r) must decay faster
than ∼1/|r|4 at long distances (1/|r|4 is the decay at the
BKT line). The above reduces to the Stillinger-Lovett perfect
screening condition [39–41] in the plasma state. From it one
can also relate the dielectric constant to the variance of particle

positions [42] as follows (rCM ≡ (
∑

i ri )/N):

ε−1 = 1 − 2mπ

Auc
N

(〈
r2

CM

〉 − 〈rCM
2〉). (8)

Now, the probabilities of our Coulomb gas with an addi-
tional pointlike test particle located at the origin and charge
−1/m, are identical to the probability density of the Laugh-
lin quasihole wave function [27] generalized to ICB, i.e.,
�qh = (

∏N
i=1 zi ) �, with � the wave function from Eq. (2).

This quasihole is also an exact zero-energy eigenstate of the
same pseudopotential Hamiltonian projected into the ICB,
for which � is a zero-energy eigenstate. At long distances,
the Coulomb electric field emanating from this test charge
would be reduced by the dielectric constant ε. In the plasma
phase there is perfect screening (ε−1 = 0), and this test charge
is surrounded by an exponentially localized screening cloud
which exactly cancels its bare charge, leading to the classic re-
sult that quasihole carries a fractional physical electric charge
qqh = +e/m (i.e., a depletion of electrons). In the dielectric
state ε is finite, and the screening is imperfect, and the electric
field far away from the test particle asymptotes to the value
−r̂/(εm|r|). From this it follows that the quasihole in the
dielectric state carries a physical electric charge:

qqh = (1 − ε−1)
e

m
. (9)

The above is remarkable because in the dielectric state ε

changes continuously with the solenoid radius, even for fixed
m, and therefore the quasihole charge changes continuously.
This quasihole is a nonlocal object because the decay of its
screened electric field with distance implies that electrons
have a displacement away from the solenoid centers that de-
cays as ∼1/|r| away from the location of the quasihole. These
features indicate that the dielectric Laughlin state cannot be a
fully gapped phase of matter, since in 2D these are expected
to have quasiparticles with physical charges that are fixed
rational values of the electron charge [43]. We will provide
a more rigorous argument for this based on the behavior of
correlation functions in the coming section.

Correlations and cluster expansion. In this section we will
demonstrate one of the most remarkable properties of the
dielectric Laughlin states in ICBs, namely, that their density-
density correlations have the following power-law decay at
long distances:

S(r, r′) ∼ − C

|r − r′|2mε−1 . (10)

Notably, the exponent 2mε−1 changes continuously in the
dielectric state, even for a fixed m, as a function of the solenoid
radius σ . Since gapped ground states of local Hamiltonians
necessarily have exponentially decaying correlations [44], the
above implies that the dielectric Laughlin states must have
gapless excitations, even if they do not spontaneously break
translations. The above decay of density correlations has been
widely discussed for the dielectric state of the more com-
monly studied two-component Coulomb gas [45–50], but also
occurs in the one-component Coulomb gas with nonuniform
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background [30]. Here, we will reproduce these results and
expand on the details of the cluster expansion method pro-
posed in Ref. [30] for our one-component Coulomb gas with
nonuniform background.

Deep in the dielectric phase (σ/a � 1, m−1 � 1) each
positive ion strongly binds one electron. This motivates a
cluster expansion controlled by these small parameters [30].
We start by an exact rewriting of the Boltzmann weight from
Eq. (3) as follows:

e−2mU =
N∏

i=1

p(ri − Xi )
∏
j<k

(1 + f jk ), (11)

where p(r) = e−2mχ (r)/w, w = ∫
d2r e−2mχ (r) � O(σ 2) is

the probability density of a single electron and a single ion
(i.e., as if no other ions or electrons were present), and the
Mayer factors are f jk := exp[−2m δU jk] − 1, with the resid-
ual potential defined as δU jk = − ln(|r j − rk|/σ ) − χ (X j −
Xk ) + χ (r j − Xk ) + χ (rk − X j ). We have introduced a few
innocuous constants in the definition of U to facilitate its nor-
malization [38]. The cluster expansion is a perturbation series
in f jk , justified from the smallness of the residual potential,
δU jk , when particles and ions are tightly bound. To leading
order ( f jk ≈ 0) one gets S(r, r′) ≈ ∑

i p(r − Xi )(δ(r − r′) −
p(r′ − Xi )), whose cell average decays at long distances, as
follows [38]:

Sca(r) ≈ − 2

Auc
p(r) = − 2

Aucw

σ 2m

|r|2m
, |r| � σ. (12)

The above proves Eq. (10) in the dilute limit (σ/a → 1) where
one expects ε−1 → 1, and is consistent with a BKT transition
into the plasma state at β = 2m = 4 [30]. Within this leading
order, one finds N〈r2

CM〉 = ∫
d2rr2 p(r), and from Eq. (8), ε

is estimated to be

ε−1 = 1 − (m − 1)(m − 2 + (m + 2)e−m)

(m − 2)(m − 1 + e−m)

2πσ 2

Auc
. (13)

Notice that ε−1 remains finite as the temperature approaches
zero (m → ∞) and one recovers the polarizability of a Thom-
son atom from Ref. [31] (Ref. [30] considered the ions to
be impenetrable, which leads to a low temperature instability
as m → ∞ [38]). Interestingly, to order σ 2/Auc, ε−1 depends
only on the detailed magnetic field distribution within a sin-
gle solenoid, but it is independent of the global arrangement
of solenoids and thus is the same regardless of the type
of solenoid lattice (i.e., triangular vs square, or even a dis-
ordered arrangement). An interesting implication of this is
that in the dilute limit (σ → 0), the BKT transition is ex-
pected to occur at ν = 1

2 regardless of how the solenoids are
arranged in space [see Fig. 1(c)]. The first order in f jk cor-
rections to Sca(r) leads to the following modifications at large
distances [38]:

Sca(r) ∼ σ 2m

|r|2m

[
1 + 2m(1 − ε−1) ln

|r|
σ

]
, (14)

where ε−1 is given by Eq. (13). By noting that 1 − ε−1

is of order σ 2/a2, Eq. (14) can be re-exponentiated in the
small σ/a limit to read Sca(r) � (σ/|r|)2mε−1

[30]. This decay
of density-density correlations also implies that the density
of the screening cloud surrounding the quasihole decays as
δn(r) ∼ A/|r|2(mε−1−1), and therefore this is sufficiently fast
to make the quasihole charge from Eq. (9) well defined in the
dielectric state since mε−1 > 2 (except at the BKT line where
mε−1 → 2).

Discussion. We have used a Coulomb gas mapping to in-
vestigate the nature of the Laughlin wave function in ideal
Chern bands which can be viewed as generalized zero Lan-
dau levels with nonuniform magnetic fields. By taking a
model of a field generated by a lattice of solenoids carry-
ing m fluxes, we have demonstrated that the Laughlin wave
function is not always in its celebrated plasma state with
topological order, but can transition into a new dielectric state
where electrons tend to localize and bind to these solenoids.
This dielectric Laughlin state displays power law decaying
correlations with continuous exponents, which implies that
the quantum state must be gapless, but this gaplessness ap-
pears to be beyond the standard Goldstone mode paradigm,
since there is no continuous translational symmetry in the
model.

Quantum ground states with continuously varying expo-
nents in two space dimensions are quite rare. However, similar
behavior has been reported in a supersymmetric XY model
[51], and in quantum-dimer and related models [52–56],
which have been argued to be critical states with continuously
varying exponents captured by a 2D quantum Lifshitz field
theory [52,54,55,57]. Continuously changing exponents were
also argued to be realized at a multicritical line of the Toric-
code model with Zeeman fields [58]. Thus, it is possible that
the dielectric Laughlin states in ICBs might form a similar
type of critical states. We hope future studies can clarify this
interesting possibility, the connection to the criticality driven
by periodic potentials [59], and the mechanisms underlying
their gaplessness which appears to be beyond the Goldstone
mode paradigm.

An important open question concerns ICBs relevant to
moiré materials, where B(r) carries one flux quantum per unit
cell rather than the m�0 flux considered in our model. In this
case, the corresponding wave functions map onto a classical
crystal with a fractional background charge per unit cell, a
regime that, to our knowledge, has not been studied previ-
ously. One possibility is that a CDW-like Laughlin dielectric
state with true spontaneous symmetry breaking of discrete
translations occurs in these settings. This possibility in ICBs
and its implications for realistic moiré materials are important
open problems for future investigations.
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