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Krylov space dynamics of ergodic and dynamically frozen Floquet systems
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In isolated quantum many-body systems periodically driven in time, the asymptotic dynamics at late times
can exhibit distinct behavior such as thermalization or dynamical freezing. Understanding the properties of and
the convergence towards infinite-time (nonequilibrium) steady states, however, remains a challenging endeavor.
We propose a physically motivated Krylov space perspective on Floquet thermalization which offers a natural
framework to study rates of convergence towards steady states and, simultaneously, an efficient numerical
algorithm to evaluate infinite-time averages of observables within the diagonal ensemble. The effectiveness
of our algorithm is demonstrated by applying it to the periodically driven mixed-field Ising model, reaching
system sizes of up to 30 spins. Our method successfully resolves the transition between the ergodic and
dynamically frozen phases and provides insight into the nature of the Floquet eigenstates across the phase
diagram. Furthermore, we show that the long-time behavior is encoded within the localization properties of
the Ritz vectors under the Floquet evolution, providing an accurate diagnostic of ergodicity.
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I. INTRODUCTION

Understanding the late-time dynamics of isolated quan-
tum systems remains a central problem at the forefront of
modern physics. In periodically driven systems, such dy-
namics are generally expected to follow the prescriptions
of the Floquet eigenstate thermalization hypothesis (Floquet
ETH) [1–4], describing the drive-induced heating towards an
infinite-temperature state [5–9]. Identifying regimes where
such ergodicity is avoided opens access to rich and uncon-
ventional physics [10–16]. However, numerically probing and
characterizing these regimes remains a formidable challenge.
Distinguishing true ergodicity breaking from prethermaliza-
tion, where ergodicity may only set in at large but finite time
scales that mimic genuinely diverging ones, requires both
large system sizes and late times (as exemplified in strongly
disordered systems [17]).

In isolated, periodically driven systems, the time evolution
over a single period is described by the unitary Floquet oper-
ator U . Its eigendecomposition,

U |μi〉 = ξi |μi〉 , (1)

defines the Floquet eigenstates |μi〉 and eigenvalues ξi ∈ S1.
These eigenstates play a central role in diagnosing ergodicity
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breaking in larger systems within feasible computational ef-
fort. Ergodicity breaking manifests as freezing or localization
around low-entanglement initial states, such as quantum scars
[18–27], Hilbert-space fragmentation [16,28,29], many-body
localization [30,31], or dynamically frozen (DF) [32–49] sys-
tems stabilized by emergent conserved quantities.

Given an initial state |ψ0〉, the late-time nonoscillatory
dynamics of an observable O with respect to the Floquet time
evolution Um |ψ0〉 for m→∞ is captured by the diagonal
ensemble average (DEA) [4,50,51],

〈O〉DEA =
D∑

i=1

|〈μi|ψ0〉|2 〈μi|O|μi〉 , (2)

where D denotes the Hilbert space dimension. Deviations of
this DEA from the ergodic value, Tr[O]/D, directly indicate
the breaking of ergodicity. For local operators O, the DEA
reveals the system’s fate in the long-time limit, enabling con-
clusive statements about its ergodicity, thermalization, and
final ensemble description, bridging quantum dynamics with
statistical mechanics [2,4,52–54]. A direct computation of the
DEA, however, requires all eigenstates of the relevant Hamil-
tonian, making it exponentially costly and limiting analyses to
small systems. This bottleneck similarly appears in full time-
evolution simulations, where capturing late-time quantities or
linear entanglement growth rapidly becomes intractable.

Yet, the dynamics of local observables are often far simpler
than this exponential complexity suggests. In ergodic systems,
〈O(t )〉 typically relaxes to its thermal value after only modest
evolution times. In nonergodic systems, emergent conserva-
tion laws can cause observables to remain effectively frozen
[40–42,44,45,48,55]. In both limits, full diagonalization ap-
pears excessive. Motivated by these observations, we propose
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FIG. 1. We introduce a Krylov space approximation for com-
puting the infinite-time average, specifically the diagonal ensemble
average (DEA) of observables in periodically driven systems. The
figure illustrates two contrasting scenarios: (left) an ergodic regime,
where observables rapidly relax to equilibrium, and (right) a dy-
namically frozen regime, where emergent conservation laws keep
observables locked near their initial values for long times. Our
Krylov subspace approach yields accurate infinite-time averages in
both cases.

a framework for tackling ergodicity breaking and the approach
to the DEA in terms of a Krylov space approximation. Us-
ing this approach we introduce an efficient Arnoldi-based
algorithm for evaluating the DEA. We demonstrate its effec-
tiveness using a driven transverse field Ising model, exhibiting
a transition from an ergodic to a dynamically frozen regime,
depicted in Fig. 1. Finally, we demonstrate how Ritz vec-
tor localization can serve as a reliable method for studying
ergodicity.

II. KRYLOV APPROXIMATION OF THE DEA

Within the first m − 1 cycles (discrete time steps) of the
Floquet evolution, the system explores the space spanned by
the states Un |ψ0〉 , n = 0, . . . , m − 1. These states define the
mth Krylov space,

Km(U , |ψ0〉) = span{|ψ0〉 ,U |ψ0〉 , . . . ,U (m−1) |ψ0〉}. (3)

In the following, we abbreviate Km ≡ Km(U , |ψ0〉). We de-
note by Pm = VmV †

m the projector onto Km, where Vm denotes
a matrix whose columns form an orthonormal basis of Km.
Moreover, we define the projected Floquet operator as,

Ũm = P†
mUPm. (4)

We now introduce the Krylov-space projected DEA as

〈O〉DEA,m =
m∑

i=1

|〈μ̃i|ψ0〉|2 〈μ̃i|O|μ̃i〉 /N . (5)

Here the |μ̃i〉 denote the eigenvectors of the projected Floquet
operator (also referred to as Ritz vectors),

Ũm |μ̃i〉 = ξ̃i |μ̃i〉 , (6)

for which Pm |μ̃i〉 �= 0. While the diagonalization of a unitary
matrix gives rise to an orthonormal basis, the projected Flo-
quet operator is not necessarily unitary, which can lead to a

loss of orthogonality of the generated Ritz vectors. We include
a normalization factor given by

N =
m∑

i=1

|〈μ̃i|ψ0〉|2 (7)

in Eq. (5) to remedy this loss of orthogonality. We discuss
other options such as the use of left and right eigenvectors
or the isometric Arnoldi routine [56] in the Appendix. The
projected DEA 〈O〉DEA,m in Eq. (5) describes the long-time
limit of the Floquet dynamics restricted to the mth Krylov
space Km. Thus, 〈O〉DEA,m is independent of the choice of
basis of Km. The deviation from the exact result,

εm = | 〈O〉DEA − 〈O〉DEA,m |, (8)

is a natural measure of the proximity of the system to the
infinite-time (nonequilibrium) steady state after m − 1 Flo-
quet cycles. In other words, εm determines the accuracy to
which the Krylov space Km captures the infinite-time dynam-
ics of the operator O as illustrated in Fig. 1, where typically
m 	 D. We propose an iterative Arnoldi-based algorithm for
evaluating 〈O〉DEA,m in the appendix. Throughout the text, we
refer to the first m iterations of the algorithm as corresponding
to the Krylov subspace of dimension m.

III. NUMERICAL RESULTS

We demonstrate the effectiveness of the algorithm in the
context of DF [32,39,57]. Dynamical freezing is a phe-
nomenon where a periodically driven quantum many-body
system evades ergodicity due to the emergence of conserved
local operators under strong driving. These conservation
laws are approximate, yet perpetual. DF has been studied
in systems mappable to free fermions and hard-core bosons
[32–38], as well as in interacting systems [39–48,58]. How-
ever, studies of DEAs for the latter have remained restricted
to small system sizes.

We consider an interacting Floquet system with the follow-
ing time-dependent Hamiltonian, describing a uniform chain
of interacting Ising spins where the longitudinal field is peri-
odically switched:

H (t ) = −
L∑

i=1

(
Jσ z

i σ z
i+1 + κσ z

i σ z
i+2 + hzσ z

i + hxσ x
i

)

+ Hd sgn(sin ωt )

(
L∑

i=1

σ z
i

)
, (9)

where σ
x,y,z
i are Pauli matrices. Following Ref. [49], we

set κ = −0.25J , hz = −0.075J , hx = 0.577J , use periodic
boundaries and fix the drive period T = 4π/J . Varying the
drive amplitude Hd/J tunes the system between ergodic and
dynamically frozen regimes. We take a fully polarized initial
state |ψ0〉 = |↑ · · · ↑〉z and compute the long-time average
of the total magnetization density, mz = 1

L

∑
i σ

z
i . A van-

ishing DEA, 〈mz〉DEA ≈ 0, indicates ergodicity, whereas a
nonzero DEA close to the initial (maximal) expectation value,
〈mz〉DEA ≈ 1, is a signature of dynamical freezing.

Figure 2 shows the results of our Krylov algorithm for
system sizes up to L = 30, exceeding the reach of exact
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FIG. 2. Infinite-time average of the total magnetization density,
mz, showing the transition to a dynamically frozen regime at large
Hd/J . The solid line shows the exact long-time average for a 20-site
chain computed with exact diagonalization. Pluses and circles show
where the algorithm has converged for 20 and 30 sites, respectively.
The inset shows the error ε150 after 150 iterations of our Krylov
algorithm with lighter to darker showing increasing system sizes.
Dashed lines show a suggestive scaling of the error in the ergodic
regime.

diagonalization, along with comparisons to exact results for
L = 20. We use a convergence criterea where the absolute
difference between the last few iterations is less than 10−4 and
only show those data points which have converged within a
computationally feasible time limit. We note the poor conver-
gence near the transition. The inset shows how the exact error
behaves after a fixed number of iterations (150) for several
system sizes.

We analyze the DEA error εm at each iteration m in Fig. 3.
In the frozen regime εm quickly achieves a small value, εm <

10−6 within a few iterations, and decreases exponentially with
increasing drive strength. Deep in the frozen regime, the Flo-
quet eigenstates are close to product states. As a result, the
overlap between these eigenstates and the fully polarized ini-
tial state receives only exponentially small corrections and is
quickly accounted for by diagonalizing the projected unitary
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FIG. 3. The error εm of the DEA at each step during the first
150 iterations of the algorithm. Simulations were performed on a
20-site spin-chain, with red and blue lines indicating ergodic and
dynamically frozen model parameters, respectively. The dashed line
shows a suggestive scaling for the error in the ergodic regime.

after just a few iterations. This contrasts to the ergodic phase,
where the error rapidly decays to a scaling εm ∼ (mD)−1/2.
This scaling arises due to the fact that the initial state be-
comes delocalized over the Ritz vectors (which we later show
explicitly) and the DEA approximation becomes an average
over m matrix elements each expected to obey ETH, which
predicts fluctuations scaling as D1/2 for each matrix element
[4]. Remarkably, this indicates that the Ritz vectors obtained
by diagonalizing the m × m projected Floquet unitary repro-
duce the fluctuations expected from the Floquet eigenstates
obtained by diagonalizing the exact D × D Floquet unitary.
We show in the Appendix that this behavior is specific to
the presented algorithm and cannot be expected generically.
Namely, alternative diagonalization procedures such as an
isometric Arnoldi iteration lead to long tails and poor conver-
gence in the ergodic phase. In the frozen regime, these results
indicate that the dynamics explores an effective Hilbert space
which does not grow with system size, and can be spanned to
a very good approximation by the Ritz vectors. Note that irre-
spective of the regime, the Ritz vectors accurately describe the
short-time dynamics by construction: the Ritz vectors in the
Krylov subspace of dimension m span the time-evolved states
for the first m cycles by definition, since they are iteratively
generated from the initial state. As such, the first m values of
〈O(t )〉, t = 0 . . . m − 1, are accurately described within this
Krylov space, with the only error appearing due to the loss of
orthogonalization. We here establish that the Ritz vectors also
accurately capture the late-time behavior.

Both the phenomena of dynamical freezing and its more
generic counterpart, thermalization, are not restricted to a par-
ticular initial state or choice of observable. In the Appendix,
we demonstrate that our algorithm can accurately reproduce
the long-time averages for other observables of interest, such
as nearest-neighbor spin correlations, and for different initial
states, including mid-spectrum and Néel type states.

IV. LOCALIZATION OF RITZ VECTORS

We can make these statements more quantitative by analyz-
ing the Ritz vectors and the corresponding Krylov subspace.
To this end, we compute the inverse participation ratio (IPR)
[59–63] in two complementary ways. The first is the IPR of
the initial state with respect to the Ritz vectors for a Krylov
subspace of dimension m. We define,

IPR(kry) =
m∑

i=0

|〈μ̃i|ψ0〉|4/N 2, (10)

which is inversely proportional to the number of Ritz vectors
over which the initial state is delocalized. A value close to
one indicates a localized initial state in the Krylov subspace,
whereas a value of 1/m indicates complete delocalization.
IPR(kry) is shown in Fig. 4(a) for different drive strengths as
the Krylov space dimension increases. The two dynamical
regimes are clearly distinguished by their scaling behaviors: in
the ergodic phase, the initial state is delocalized over the basis
of Ritz vectors, whereas in the dynamically frozen regime,
only a small subset contributes significantly.

We also examine the localization of the individual Ritz
vectors in the computational basis, i.e., the product basis of

165144-3



STASZEWSKI, HALDAR, CLAEYS, AND WIETEK PHYSICAL REVIEW B 113, 165144 (2026)

Hd/J = 0.4

Hd/J = 1.0

Hd/J = 3.1

Hd/J = 6.1

Hd/J = 10.0

O(1/x)

100 101 102

m

10−2

10−1

100

IP
R

(k
ry

)

(a)

102 104 106

D

10−5

10−3

10−1

IP
R

(l
oc

)

(b)

0 2 4 6 8 10
Hd/J

0.0

0.2

0.4

0.6

0.8

1.0

α

(c)

m = 30

m = 40

m = 50

3.0 3.1 3.2
Hd/J

0.25

0.50

0.75

α

m = 30

m = 40

m = 50

FIG. 4. Inverse participation ratios. (a) The inverse participation ratio of the initial state in the basis of Ritz vectors (approximate Floquet
eigenvectors) for different Krylov space dimensions. Blue and red lines show frozen and ergodic model parameters, respectively; the initial
state can be seen to go between localized to delocalized in the Krylov subspace as the drive strength is increased. (b) The inverse participation
ratio of the Ritz vectors in the computational basis, averaged over all Ritz vectors in a Krylov subspace of dimension 50. The dashed lines
correspond to 1/m and 1/D in (a) and (b), respectively. (c) We fit the lines from (b) to the form ∼D−α and show the scaling exponent, with error
bars, for different drive strengths Hd/J . Different lines correspond to different Krylov subspace dimensions, m. A sharp transition between
localized and delocalized Ritz vectors in the full Hilbert space can be seen. The inset shows a more fine-grained parameter scan nearer the
transition (purple shaded region of the main plot).

local σ z eigenstates (the standard spin-configuration basis in
which all σ z

i are diagonal),

IPR(loc)
j =

D∑
i=1

|〈ci|μ̃ j〉|4, (11)

where {|ci〉} denotes the set of computational basis vectors.
This quantity measures how localized each Ritz vector is in
the computational basis. Averaging this IPR across all of the
Ritz vectors for a given Km,

IPR(loc) = 1

m

m∑
j=1

IPR(loc)
j (12)

gives us a measure of how localized or delocalized the
Krylov subspace is as a whole. Figure 4(b) shows this av-
erage for increasing Hilbert space dimension with red and
blue lines corresponding to ergodic and DF drive strength
parameters, respectively. Again, the two phases demonstrate
differing localization properties. We observe a delocalized
nature with O(1/D) scaling of IPR(loc) in the ergodic regime
and a localized nature in the dynamically frozen regime. The
delocalization in the ergodic regime corresponds to the scaling
expected from exact Floquet eigenstates.

This scaling was obtained by diagonalizing a smaller m ×
m matrix in a Krylov basis that contains highly nonthermal
states (i.e., the time-evolved state at short times). On the level
of the IPR, the Ritz vectors are statistically indistinguishable
from exact Floquet eigenstates. Fitting IPR(loc) to a power law
reveals a sharp crossover between the delocalized and local-
ized regimes, as shown in Fig. 4(c). Near the transition (inset),
the scaling deviates from the simple localized/delocalized
limits, indicating multifractality, and this behavior appears to
be sensitive to the Krylov subspace dimension m; we leave a
detailed study of this dependence for future work.

This analysis confirms that in the ergodic regime, the initial
state explores a large part of the Krylov subspace, whilst in

the case of DF it remains frozen and explores little of the
generated subspace. The former is consistent with the in-
terpretation of ergodicity as delocalization in Krylov space
[64,65].

V. DISCUSSION AND CONCLUSION

We here illustrated the efficiency of the Krylov approach
to the DEA in the ergodic and dynamically frozen regime of a
driven mixed-field Ising model.

Beyond this specific application, we additionally show in
the Appendix that our algorithm can be used to efficiently
compute the DEA for a Floquet system in the many-body
localized (MBL ) regime, where the usual analysis with exact
diagonalization again severely limits the size of the systems
that can be studied. Taken together, these findings suggest
the Ritz vectors constitute a powerful diagnostic for charac-
terizing ergodicity-breaking transitions, while also providing
a compact, reduced Hilbert space within which the system
dynamics can be accurately described across all time scales.
Our focus has been on the application to periodically driven
systems, but the underlying Krylov-space projection scheme
proposed here is not Floquetspecific. In particular, analo-
gous constructions can be applied to time-independent (static)
Hamiltonians.

The efficiency of the Krylov approach can be directly
related to the physics of the different regimes. In the dynam-
ically frozen regime, where one may expect the time-evolved
state to remain close to the initial state, it is natural to expect
that Krylov methods perform well. By applying the unitary
Floquet operator to the initial state, one quickly finds the
relevant few eigenstates accounting for a correction in the
DEA on the trivial value given by the initial state. Here, we
essentially build a subspace that is highly nonthermal and find
that our initial state remains tightly localized within a small
part of this subspace. In the ergodic regime, however, one may
expect that the infinite-time average requires knowledge of all
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the Floquet eigenstates of the system to accurately compute
the DEA. Here, the Krylov subspace algorithm still performs
well, but for different reasons. In this regime, ergodicity ac-
tually plays to our advantage. While the initial state indeed
has overlap with many of the Floquet eigenstates, the ETH
dictates that these eigenstates are themselves thermal, and
quantum typicality implies that one can compute observables
using a small subset of (approximate) eigenstates. We find that
our algorithm is capable of accurately generating representa-
tive thermal states of the system within a number of iterations,
and once the Krylov space becomes large enough to reflect
these states, the DEA essentially averages over the expectation
values of these thermal states; the Krylov subspace is highly
thermal and the initial state rapidly explores this subspace, as
seen by the respective IPRs.

These results motivate the use of the Ritz vectors as an
appropriate set of dynamical eigenstates in both ergodic and
nonergodic dynamics. Given a set of such states, it is now
possible to apply further probes of quantum chaos through,
e.g., studies of their entanglement [66–71] or fidelity suscep-
tibility [72–75], or study the effect of conservation laws or
kinetic constraints. This approach can also be contrasted with
matrix product state (MPS)-based methods [76–79], which
exhibit entanglement barriers before thermalizing and do not
provide a complete eigenbasis in which the dynamics can be
described. This work fits within the broader topic of study-
ing quantum chaos and ergodicity using Krylov approaches
[64,65,80–91]. Rather than focusing on the growth of and
(de)localization within the Krylov subspace, we here consider
Floquet eigenstates constructed in this Krylov subspace. We
show how these are able to capture early- and late-time dy-
namics in both ergodic and frozen systems, and present a
reduced basis through which quantum many-body dynamics
can be efficiently and systematically studied, here exemplified
through the DEA.

We have put forward an efficient Krylov subspace algo-
rithm for computing the infinite-time average of observables
in periodically driven systems capable of going beyond the
size limitations of exact diagonalization. We have demon-
strated the effectiveness of the algorithm in computing the
DEA of the total magnetization density in a model ex-
hibiting a transition to a dynamically frozen regime. The
nature of the Krylov subspaces has been characterized and
it was shown that in the ergodic phase, our subspace is
highly thermal, while in the dynamically frozen phase it
quickly generates the relevant corrections to the trivial DEA
given by the initial state. Lastly, we have found that the
algorithm succeeds in computing the DEA for a Floquet-
MBL system, and we expect it to prove useful in a variety
of other exciting settings relevant to the study of Floquet
matter.
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APPENDIX: END MATTER

1. Arnoldi iteration algorithm

To evaluate the DEA approximation 〈O〉DEA,m numerically
we propose an algorithm employing the Arnoldi iteration
[94]. Given the initial vector |ψ0〉 we iteratively construct an
orthonormal basis {|vk〉}k=1,...,m of the mth Krylov space Km

using the Arnoldi recursion,

|v1〉 = |ψ0〉 /‖ψ0‖,
|wk〉 = U |vk〉 ,

|v̂k+1〉 = |wk〉 −
∑k

i=1
〈vi|wk〉 |vi〉 ,

|vk+1〉 = |v̂k+1〉 /‖v̂k+1‖, (A1)

which can be understood as the successive Gram-Schmidt
orthogonalization of the spanning vectors U k |ψ0〉. Combining
the Arnoldi vectors |vk〉 as columns of the isometric matrix
Vm = (v1| · · · |vm) we write the recursion Eq. (A1) as,

UVm = Vm+1Ûm+1, (A2)

where we introduce a (m + 1) × m matrix Ûm,

Ûm =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

u1,1 u1,2 u1,3 · · · u1,m

u2,1 u2,2 u2,3 · · · ...

0 u3,2 u3,3
...

0 0 . . .
. . . um−1,m

... 0 um,m−1 um,m

0 · · · 0 0 um+1,m

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (A3)

where ui, j = 〈vi|w j〉. The m × m submatrix Um obtained from
the first m rows of Ûm has zero elements ui, j whenever i >

j + 1, and is commonly referred to as a Hessenberg matrix.
The i-th eigenvalue of Um is given by ξ̃i as in Eq. (6), whereas
the corresponding Ritz vectors are given by |μ̃i〉 = Vmνi,
where νi ∈ Cm denotes the ith eigenvector of Um. Finally,
the approximate DEA 〈O〉DEA,m is computed by evaluating
Eq. (5). Notice that the definition of 〈O〉DEA,m in Eq. (5) is
independent of the choice of orthonormal basis of Km.

2. Algorithmic choices

In the above, we outlined an iterative algorithm for com-
puting the DEA of local observables. However, in projecting
the unitary time evolution onto the Krylov subspace, unitarity
is lost. This means the corresponding matrix Um is also no
longer unitary and no longer shares the same eigenvectors as
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riodically driven system. We show the DEA for local magnetization,
both exactly and following 150 iterations of our algorithm on a
chain of 16 sites. The inset shows the corresponding error for several
system sizes.
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FIG. 7. Benchmarks of the DEA approximation for different
initial states and observables. Left: magnetization DEA computed
for a midspectrum product state for representative ergodic, frozen,
and near-transition drive strengths, showing the convergence of the
projected DEA during the first iterations of the algorithm. Right:
nearest-neighbor correlator DEA (e.g., 〈σ z

1σ
z
2 〉) computed for an ini-

tial Néel state for the same drive strengths on a 16-site chain. These
benchmarks demonstrate that the method remains effective across
multiple initial conditions and observables.

lead to long tails and poor convergence for an ergodic choice
of parameters, Hd/J = 0.5. We see a notably faster conver-
gence to the ergodic DEA value (dashed line) when using
the right eigenvectors of Um and using the normalization in
Eq. (7) for the DEA as used in the main text. We note that in
the DF frozen regime there is no loss of orthonormality, the
normalization N is unity and all approaches give consistent
results.

3. Floquet-MBL

In the main text, we employed our Krylov subspace al-
gorithm for a system with dynamical freezing. We now
demonstrate its effectiveness for a periodically driven system
in the presence of disorder and compute the DEA of local ob-
servables across an expected MBL transition. The following
periodic drive is prescribed:

H (t ) =
{

Jx
∑

i σ
x
i σ x

i+1 + σ
y
i σ

y
i+1 for 0 � t � T1.∑

i hi σ z
i + Jz σ z

i σ z
i+1 for T1 < t < (T1 + T0),

(A4)

with period T = T0 + T1. The hi are chosen uniformly from an
interval [−W,W ], Jx = Jz = 1

4 , T0 = 1,W = 2.5, as set out in
[54] with open boundaries. The former and latter parts of the
drive serve delocalizing and localizing purposes, respectively.
Starting from an initial Néel product state |ψ0〉 = |↑↓↑ · · ·〉
we compute the DEA of the local magnetization on a given
site as the delocalizing time T1 is varied. Figure 6 shows the
long-time average of the local magnetization computed both
exactly and after just 150 iterations of our algorithm for a
chain of length 16 sites. The algorithm performs best in the
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two limits of small T1, where the eigenstates are localized,
and large T1, where the phase is ergodic. The inset shows
the corresponding error for several system sizes. Similarly
to the case of DF, we observe a large compression of the
error down to 10−5 in the localized regime and an error that
seems consistent with the scaling

√
mD in the ergodic regime.

While near the transition the convergence suffers, our algo-
rithm is nonetheless able to successfully capture a localized
to delocalized transition and allow for both the study of larger
systems and further diagnostics of the transition based on the
knowledge of the Ritz vectors.

4. Benchmarks: Additional initial states and observables

To further validate the robustness of the Krylov-space pro-
jected diagonal-ensemble approach, we benchmark the DEA
approximation for additional initial states and observables
beyond those shown in the main text, which we show in Fig. 7.
In particular, we consider (i) a generic mid-spectrum product
state and compute the DEA of the magnetization, and (ii) an
initial Néel state and compute nearest-neighbor correlators,
for the same representative drive strengths used in the main
text (ergodic, dynamically frozen, and near the crossover).
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Z. Papić, Quantum scarred eigenstates in a Rydberg atom chain:
Entanglement, breakdown of thermalization, and stability to
perturbations, Phys. Rev. B 98, 155134 (2018).

[22] V. Khemani, C. R. Laumann, and A. Chandran, Signatures
of integrability in the dynamics of Rydberg-blockaded chains,
Phys. Rev. B 99, 161101(R) (2019).

[23] W. W. Ho, S. Choi, H. Pichler, and M. D. Lukin, Periodic orbits,
entanglement, and quantum many-body scars in constrained
models: Matrix product state approach, Phys. Rev. Lett. 122,
040603 (2019).

[24] S. Choi, C. J. Turner, H. Pichler, W. W. Ho, A. A. Michailidis,
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