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To fulfill the security requirements of quantum cryptography, photon number coherence (PNC) of single-
photon sources has recently become an important figure of merit. Quantum dots (QDs) embedded in photonic
microcavities offer a mature source of single photons, of which many properties can be tuned by the use of
different excitation protocols or parameters. We show that the “Swing-UP of quantum EmitteR population”
(SUPER) scheme can significantly decrease the PNC of the emitted photon, compared to resonant excitation.
The reason for this is a laser-induced Stark shift, which effectively decouples the QD from the cavity during the
SUPER excitation. Our calculations account for environmental effects such as phonons and radiative losses.
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I. INTRODUCTION

Single-photon sources play a key role in the implementa-
tion of quantum communications [1,2]. Besides the typical
figures of merit—single-photon purity [3-8], indistinguisha-
bility [8-10], and brightness [4-6,10]—the photon number
coherence (PNC) has emerged as a crucial quantity for
quantum cryptographic protocols [5,11]. PNC refers to the
coherences between photonic Fock states. In the case of
single-photon sources, PNC is dominated by the coherence
between vacuum and single-photon Fock state [12]. Typically,
protocols such as BB84 and decoy-state quantum key dis-
tribution (QKD) require low PNC for their security proofs
to hold [5,11,13], and our paper focuses on those. For the
interested Reader, however, we note that other protocols such
as twin-field QKD [5] or weak coin flipping [14] demand a
fixed phase reference and thus benefit from large PNC.

Most investigations of PNC have so far been focused on
sources with Poissonian photon statistics [13,15] and only
recently has this been expanded to more general sources
[5,11,12]. It is important to note that, even in the absence
of a two-photon component, PNC-based attacks can affect
the security of practical quantum cryptography. It was
indeed shown in [13] for Poisson-distributed sources and
later in [5] for high-quality single-photon sources that the
fixed phase relationship between vacuum and single-photon
components is sufficient to compromise the security of
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practical implementations, even in the complete absence of a
two-photon component.

Like other figures of merit, the PNC can strongly depend
on the protocol used to excite the single-photon source. For
example, in the case of resonant excitation, the PNC can be
tuned by varying the pulse area, which has been shown both
theoretically [12] and experimentally [16]. However, resonant
excitation is not always optimal for practical applications,
e.g., because the emitted photons have the same energy as
scattered photons from the excitation beam, requiring chal-
lenging cross-polarization filtering [17,18]. On the other hand,
spectral separation between excitation and emission can be
realized using different driving schemes, such as phonon-
assisted state preparation [4,19] or off-resonant two-color
schemes [20,21]. One of these is the “Swing-up of quantum
EmitteR population” (SUPER) scheme [22,23], which real-
izes population inversion using two red-detuned laser pulses.
Intuitively, one laser can be understood to dress the system,
while the other laser drives resonant transitions between the
laser dressed states [23].

When SUPER is applied to a quantum dot (QD) in a cavity,
the Stark shift induced by the laser dressing, temporarily
detunes the QD from the cavity during the laser excitation
[24,25]. Hence, photons are effectively only emitted into the
cavity at the end of the laser pulse. Because this suppresses
the emission into the cavity during the excitation, which is
known to be the reason for sizable PNC under resonant ex-
citation, SUPER can be expected to allow for smaller PNC
than resonant excitation. Indeed, we find that SUPER can
produce much smaller PNC than resonant excitation, while
allowing for similar tunability. This provides an interesting
alternative to standard PNC scrambling methods used in quan-
tum cryptography, such as discrete phase modulation [26]
and laser gain switching [27], which present known security
loopholes [28].

Published by the American Physical Society
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In this paper, we therefore explore the impact of the SU-
PER excitation scheme on PNC. To this end, we employ a
model consisting of a QD, a quantized microcavity, phonons,
and radiative as well as cavity losses.

II. PHOTON NUMBER COHERENCE

We begin by formulating the density matrix for a photonic
state consisting of zero or one photons:

£00 | por |el?
p= s , (D
lpo1le P11

where poo and py; are the vacuum and single-photon popula-
tions, respectively, and po; = |po1]e'? is the PNC between the
zero- and one-photon states, fulfilling

lpo11* < poopii- ()

In the case of equality, the state is pure, otherwise it is mixed.

Reference [16] has shown how PNC can be measured: A
photon emitted from the single-photon source is interfered in
a Hong-Ou-Mandel setup [29] with a delayed photon from the
same source, triggered by an earlier pulse. Then the intensity
at the output ports ¢ and d of the HOM beam splitter is
predicted to be [16]
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Using Eq. (3), it is possible to measure the magnitude
of the PNC |pp;|, if the single-photon population p;; is
known [11,16].

Concretely, as a figure of merit, we use the time-integrated
absolute value

Po1 :/ lpor (¢)]de “

o0

and indicate time integration by the tilde symbol.

III. QD-CAVITY SYSTEM

The QD-cavity system is schematically displayed in Fig. 1.
It consists of the ground state |G) and an excited state |X)
of the QD, which couples to a cavity, that is represented by
Fock states |n) of a single cavity mode with n € Ny. In our
numerical calculations, we include n < 2. This is justified
since under our excitation conditions, already the n = 2 Fock
state is less occupied than the n = 1 Fock state by at least
2 orders of magnitude for all times. As a consequence, the
single-photon purity of the emitted photon as shown in Fig. 2
isP =99.2%.

The SUPER scheme makes use of two lasers, which are
red-detuned from the resonance frequency of the two-level
system. Their instantaneous Rabi frequencies are displayed in
Fig. 1 as 1, and their detunings to the exciton are fiw;,x.
The sign convention is such that /iw;,,x < 0 meV refers to
red-detuned lasers. We will refer to the higher-energy laser as
the “first” laser, and the lower-energy one will be the “second”
laser.

We choose SUPER parameters that produce simul-
taneously high brightness p;; and low PNC pp;. In
particular, we used hwixy = —2.06 meV, ©; = 15957,

QD Cavity

A .
— = x) —_—
|ﬁw1x\{
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FIG. 1. Level scheme of the QD-cavity system that is excited
using the SUPER scheme and couples to longitudinal acoustic
phonons. The lasers €2;/,(¢) are both red-detuned from the exciton
transition by fiw;,»x. The QD couples to the cavity through the
coupling strength g and can decay with a rate y, while the cavity
decay rate is «. The exciton also couples to the environment of
longitudinal acoustic (LA) phonons.

hwyx = —5.08 meV, and ®, = 15.78m. Both laser envelopes
are Gaussian
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and their durations o are chosen to be identical. ®; are the
respective pulse areas with i € {1, 2}.

For self-assembled InGaAs/GaAs QDs it is important to
include the influence of longitudinal acoustic phonons, which
are the main source of dephasing [30]. Their influence is
included through the use of a pure-dephasing Hamiltonian
[31]. The QD can spontaneously decay back into the ground
state, which we include using a decay rate y. Similarly, the
emission out of the cavity is described using a rate k. We use
numerically exact methods to solve the von Neumann equa-
tion [32]. More details about the system and the numerical
methods used for solving it can be found in Appendix A.

Q;(t) =

IV. DYNAMICS DURING THE EXCITATION

The QD population and electronic coherence of the cal-
culations done for resonant excitation (RE) and SUPER are
displayed in Figs. 2(a) and 2(b). All pulses have the same
duration o = 2 ps and the delay between the SUPER pulses
is zero, to allow for easier comparison. This relatively short
pulse duration was chosen because it ensures that RE performs
relatively well, since it produces smaller PNC for shorter
pulses [12].

For both excitation schemes, the occupation increases dur-
ing the pulse until it reaches a maximum at the end of the pulse
and then decreases due to radiative decay and the coupling
to the cavity. The most notable difference between RE and
SUPER is that SUPER additionally to the above trends also
displays quick oscillations due to its off-resonant nature.

In Fig. 2(b) we see that the electronic coherence also shows
similar trend behavior for RE and SUPER. Both initially
increase until halfway through the pulse and then decrease
again. This decrease can easily be understood by recalling that
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FIG. 2. (a) Shows the QD occupation for resonant excitation (red) and SUPER (blue) in dependence on time. (b) shows the respective
absolute electronic coherences. The cavity occupations and coherences between O and 1 photons in the cavity are shown in (c), together with
schematics illustrating the physical processes occurring for RE and SUPER, respectively. Both SUPER pulses and the RE pulse have identical
durations with o = 2 ps. The RE pulse area was chosen by minimizing py; — p1; to make sure low coherence and high occupation is achieved.

All calculations were done at 4.2 K.

electronic coherences in general have to fulfill
(6)

where the right-hand side is maximal for equal ground-state
and excited-state populations pgg and pxy, i.e., for pgc =
pxx = 0.5. As a consequence, coherent excitation schemes,
like RE and SUPER, have their highest electronic coherences
at the time of half-excitation, which occurs halfway through
the pulse. Afterwards, as a high population of the exciton is
reached, the coherence gets more restrained by Eq. (6) and
therefore decreases as the QD gets closer to the exciton state.

In Ref. [12] it was found that the electronic coherence, and
with it PNC, is increased for RE, if phonons are present. This
coherence-boosting mechanism does not exist for SUPER
anymore and they instead decrease both, the occupation and
the coherence, which is shown in Appendix B. In Figs. 2(a)
and 2(b), this can be seen in the SUPER results simultaneously
showing lower pxyx and |pgx| than RE for ¢ > 5 ps.

The respective occupations and coherences of the cavity
Fock states are displayed in Fig. 2(c) for RE and SUPER. Note
that under the given excitation conditions only the states |0)
and |1) acquire notably nonzero occupations. Considering the
cavity occupation, one observes that the emission from the QD
into the cavity occurs later for SUPER than it does for RE. For
RE, emission into the cavity occurs during the excitation. In
contrast, the emission for SUPER takes place just after the
excitation has ended. Consequently, the photonic coherence
is much larger during the pulse for RE than it is for SUPER.
In the latter case, the build up of photonic coherence is not
shifted to times after the pulse has passed. In contrast to RE,
there is never a large amount of coherence within the cavity if
the SUPER is used.

We attribute both of these phenomena to the Stark shift,
which SUPER exerts on the QD [24,25]. It is schematically
displayed by the drawings at the top and bottom of Fig. 2(c).

lpex|* < poGPxx,

For both excitation schemes, the QD and the cavity are ini-
tially in resonance. When one shines resonant light at this
system, there is no Stark shift and therefore both the occupa-
tion and the coherence can simply be emitted into the cavity
(see top, central schematic) and is afterwards outcoupled from
the cavity. For SUPER, however, the Stark Shift induced by
this excitation scheme, effectively detunes the QD from the
cavity, prohibiting emission. As a consequence, neither the
cavity occupation, nor its coherence rise as the pulses are
active. Consequently, the QD is still very highly excited after
the laser pulses passed and little occupation has been emitted
into the cavity. Because at this point, the QD is so close to the
excited state for either excitation protocol, Eq. (6) states that
the electronic coherence must be quite small as well, as we
have elaborated earlier. In the following, we investigate what
consequences this has for the photonic coherence.

For all excitation protocols, for which the QD-cavity sys-
tem behaves as a single-photon source, pg; originates the same
way [12]. In this case, the photonic coherence py; and the
electronic coherence pgx are connected via [12]

por(t) = —i8/

where we assumed to be in a frame rotating with the excitonic
frequency wy. As we can see, the photonic coherence is influ-
enced by all past electronic coherences, which are convoluted
with a memory kernel. This kernel, the exponential function
within the integral, constitutes a Lorentzian filter, which only
transmits if the coherence pgyx oscillates with a frequency
that matches wcy. Transfer into the cavity is expected for
hwcex ~ 0 meV, i.e., the cavity should be resonant to the QD
transition. Also, the occupations pxy or p;; do not enter the
behavior of the coherence. Because of this, one finds that a
perfectly excited QD, which according to Eq. (6) has pgx = 0,
would not produce any PNC whatsoever.

06X (t/)e[—iwcx—(K/Z)](t—t')dl/, (7
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For SUPER, the emission into the cavity cannot take place
while the lasers are active, because the QD is Stark shifted
out of resonance with the cavity by the first laser. The QD is
almost fully excited by the time the lasers have passed. The
electronic coherence is small by the time the QD and cavity
can couple effectively. This little residual coherence is then
converted into PNC and can be seen in Fig. 2(c) as the very
slight increase in | pg; | after the pulse.

Resulting from those different excitation dynamics, we find
the following PNC for SUPER and RE: p5"PER = 0.10 ps and
PEE = 1.14 ps. This shows that, in this case, simply using
SUPER instead of RE decreases PNC by about 90% when
the pulse durations of all lasers are identical.

V. CONTROLLING PNC WITH SUPER

Reference [23] found that SUPER can be understood as
the second laser producing resonant excitation between the
first laser’s dressed states. Because of this, we vary only the
second pulse area ®,, leaving all other parameters the same
as before. This results in only partial excitation in the system,
which has a significant effect on the coherences. The resulting
integrated occupations pyx and [ (a%a)dr are displayed in
Fig. 3(a), where Rabi-like behavior is clearly visible.

The integrated coherences pgx and po; are shown in
Fig. 3(b). The coherences also show the well-known Rabi
rotations [12], with one exception: The fist coherence maxi-
mum lies at roughly the same pulse area as the first occupation
maximum, which is explained by the small occupation equal
to roughly half the other maxima heights. For higher pulse
areas, the occupations and coherences follow the more fa-
miliar pattern, in which the coherence is minimal whenever
the occupation has an extremum. Interestingly, the electronic
coherence is noticeably nonzero for ®, = Ox. This is due to
far off-resonant excitations that the first laser can produce.
Indeed, the integrated QD occupation displayed in Fig. 3(a)
is also slightly nonzero in this case. For comparison, the PNC
created using a RE pulse of identical duration to our SUPER
pulses is displayed in Fig. 3(c).

These results show that the SUPER scheme possesses
the ability to tune the PNC by changing the second pulse
area, while leaving the first laser unchanged. In fact, SU-
PER can achieve significantly lower PNC values (0.10 ps)
than RE (0.71 ps), which is beneficial for many quantum-
cryptographic protocols where the PNC should be erased [5].
On the other hand, the maximal PNC values achievable using
SUPER (6.00 ps) in Fig. 3 are slightly smaller than those of
RE (6.91 ps), while the width of the tunable interval stays
roughly the same.

VI. CONCLUSION

We showed for a QD-cavity model including the effect of
phonons that the SUPER scheme can produce single photons
with significantly smaller PNC than a resonant pulse of equal
duration could, while still allowing a large degree of tunability
by variation of the second pulse area. This large tunability
implies that QDs excited with SUPER are very versatile:
They can be used both in quantum-cryptographic protocols
that require PNC such as twin-field QKD [5] and quantum
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FIG. 3. Integrated values of (a) the occupations and (b) the co-
herences for the QD (orange) and the cavity photons (green) in
dependence on the second SUPER pulse area, while the first pulse
area is kept constant. (c) Shows the PNC, which is obtained for
resonant excitation with a pulse of equal duration o = 2 ps to the
SUPER pulses in (a) and (b).

weak coin flipping [14] or in protocols that require no PNC
such as BB84/decoy QKD and some mistrustful quantum
primitives [5].

The reason for this is the effective decoupling from the
cavity during the excitation, which occurs because of the
Stark shift induced by the first laser. This shift allows for
the excitation to stay in the QD until the end of the laser
driving, such that the electronic coherence decreases as the
QD approaches the excited state. Additionally, if short pulses
are used, SUPER excitation triggers an incoherent phonon-
mediated mechanism, decreasing the PNC even further, at the
cost of some brightness. At the end of the driving, SUPER
leaves only a small electronic coherence in the QD that is con-
verted to only a small PNC. During the pulse, the conversion
is suppressed because of the effective decoupling of the cav-
ity. In contrast, RE continuously builds up PNC, particularly
while the QD is excited halfway and thus while the electronic
coherence is maximal.
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APPENDIX A: THE QD-CAVITY SYSTEM

SUPER can be used to excite any two-level system. For
this publication, we specifically consider a QD consisting of
a ground state |G) and an excited state |X). Transitions be-
tween these states are described by the operators & = |G)(X|
and 67 = |X)(G|. SUPER requires driving the system by two
temporally overlapping pulses, both of which are red-detuned
from the exciton transition.

The Hamiltonian of the two-level system and the higher-
frequency laser, which we refer to as the “first” laser from
here on, is given by

a hQ
g, = 0
2

where the rotating frame was chosen resonant to the |G) <
|X) transition, from which w;x describes the detuning of the
first laser. Similarly, the second laser is described by

a A2 (1)

I_I2 — 2 (eflwlea,T + elwzxta).

76T +eox'6), (A1)

(A2)

woy is the frequency difference between the second laser and
the exciton. €2,(#) is the pulse envelope of the second laser.
Both laser envelopes are Gaussian

@,’ eftz/Zoz
V2o

and their durations o are chosen to be identical. ®; are the
respective pulse areas.

We place the QD inside of a photonic cavity, which we
model as a single photonic mode. The single photonic mode
is described by the Jaynes-Cummings Hamiltonian [33]

Qi(r) = (A3)

Hic = hocy a'a + hg(as™ 4+ a'6), (A4)

where & (") are the annihilation (creation) operators and
hwcy is the detuning between the cavity and the exciton. We
choose for the coupling constant g = 0.05 meV [34-36] and
include up to two photons in our calculation. In this paper,
we only discuss the case with iwcxy = 0 meV because this
strongly facilitates the conversion of dot excitation into cavity

photons. The coupling of the QD to its longitudinal acoustic
phonon environment is taken into account through the Hamil-
tonian

Hp=h ijéji;j +n6'e Z(yﬂ}j +y7by), (A9
J J

where the sum runs over all phonon modes, which have the
annihilation (creation) operators b I (13;) and energy fiw;. The
coupling of the jth mode to the exciton is determined by y;.
We choose the same phonon spectral density

J@) =) lyil’8(@ - ) (A6)
J

as in Refs. [12,37], which fully characterizes all phononic
influences [37-39]. The radius of the electronic density dis-
tribution in the QD is chosen to be a, = 3 nm.

The full Hamiltonian is thus given by

H =H, + H, + Hyc + Hp. (AT)

Additionally, we take losses into account via the Lindblad
operators [40,41]

Ly5[p] =8(0p0" — 310, 0'01), (A8)
where O is an operator, § is a rate, and [ -, - ]; denotes the
anticommutator. We consider Lindbladians to describe the
radiative decay Ls , and cavity losses £; .. With these contri-
butions, the model is described by a Liouville-von Neumann
equation

d, i . .
Ep(l) = —g[H(l), P+ Loy [pO] + Lax[p@)]. (A9)

The level scheme of the full model is drawn in Fig. 1.

We solve Eq. (A9) using the process tensor matrix product
operators [42] implemented in the Automatic Compression
of Environments (ACE) code [32,43,44], which allows for the
numerically exact inclusion of the phonon environment, while
also being able to resolve very short-time behavior on the
scale of ~10 fs. This is necessary due to the quick oscillations
that occur solving SUPER, because of the large detunings

pxx with phonons ——
|pcx| with phonons —— A

pxx no phonons - - - -

|pax | no phonons - - - -

0.5

_____

QD occ. & coh. at t = 10 ps

2" SUPER pulse area O [r]

FIG. 4. The electronic occupation pyx and the absolute value of
the coherence |pgx | at time 10 ps after the pulse maximum. The solid
(dashed) lines show the results with (without) phonons. Figure 2 uses
®, = 15.78x.
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involved. ACE thus provides us with a reduced density matrix
oS with S, 8" € {G, X} and n, n’ € Ny, describing the QD-
cavity system. The effect of phonons on the QD-cavity system
is fully included, but the phononic degrees of freedom are
removed using the trace over the phononic subspace Trpp.

To obtain the reduced density matrix describing only the
cavity, the QD degrees of freedom are traced out:

Pum(t) 1= Z Tron[p(t) [Sn)(Sm|], n,m e Ny, (A10)
Se{G.X}

where |Sn) = |S) ® |n), and to obtain the reduced density
matrix describing the QD, the cavity is traced out:

pss (1) 1= ) Trnlp(0) Sn)(S'nl], S, € (G. X},
nGN()
(A1)

This gives access to the QD and photon occupations pxy and
pnn» Tespectively, as well as the electronic coherence pgy and
photonic coherences p,,,, n # m.

APPENDIX B: PHONONIC INFLUENCE

We have observed in Figs. 2(a) and 2(b) that the occupa-
tion and the coherence after the excitation finished, are both
smaller for SUPER than they are for RE. If the excitation
was perfectly coherent, this could not occur, because Eq. (6)
would increase the coherence as the occupation runs towards
0.5. This implies that there are additional incoherent effects
that become relevant in our system. The most probable of
these are the phonons, which can have different effects on the
system, depending on the excitation protocol. Figure 4 shows
the electronic occupation pxx and coherence pgx just after
the pulse ended at time ¢ = 10 ps with and without phonons.
The decay rates and the cavity are included. The phonon-free
occupation reaches essentially perfect occupation, when no
decay or cavity is present (not shown), so the apparently small
occupation in the phonon-free case in Fig. 4 is due to those
emissions.

Figure 4 confirms that the decrease in occupation and co-
herence is due to phononic effects. Notice that those effects
occur practically independently from ®,. In particular, this
shows that the coherence-boosting effect phonons can have for
resonant excitation [12], is not universal and does not occur
for SUPER.
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