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We present a theoretical study of the spin-resolved Josephson diode effect in junctions comprising strongly
spin-polarized conical magnets (FM) coupled to singlet superconductors (SC). The system is treated by
making use of the Gor’kov and quasiclassical Green’s function methods. Modeling the SC/FM interfaces as
spin-dependent δ potentials, we apply our model to an SC/FM/SC junction and account for the Josephson
current-phase relation (CPR). The nontrivial coupling between the spin bands in the conical magnet gives rise
to a strong Josephson diode effect with an efficiency greater than 40%. The effect essentially depends on the
quantum spin-geometric phase that enters the Josephson CPR in a very similar manner to the superconducting
phase difference. The former is generated nonlocally by the intrinsically noncoplanar spin arrangement of the
conical magnet, which breaks the time-reversal and inversion symmetries. Strong spin polarization and a helical
pitch of the conical magnet comparable to the superconducting coherence length are essential for the effect.
We perform a harmonic analysis of the Josephson CPR and interpret the effect in terms of coherent transfer of
multiple equal-spin triplet Cooper pairs across the conical magnet.

DOI: 10.1103/35ss-brd7

I. INTRODUCTION

The creation and control of long-range equal-spin triplet
currents are of essential importance both for fundamen-
tal understanding and for application in superconducting
spintronics [1–10]. Typical examples of the systems featur-
ing such correlations are superconductor (SC)-ferromagnet
(FM) hybrids, among which strongly spin-polarized itinerant
ferromagnets sandwiched between two spin-singlet super-
conductors are of particular interest. Due to the strong spin
polarization in such devices, the phase-coherence over meso-
scopic distances is maintained only within each spin band,
however, not between them [5,11–19]. As it is known, SC/FM
systems with a conventional superconducting order parameter
can host pair amplitudes, which are classified into singlet
and triplet spin correlations [20–24]. Due to the proximity
effect, spin-singlet correlations from the superconductor can
penetrate the ferromagnet, converting into triplet pair cor-
relations, which are now inequivalent and can be classified
into short-range and long-range correlations [22]. Considering
the exchange field vector in the ferromagnet as a spin-
quantization axis allows for identifying the equal-spin ↑↑ and
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↓↓ pairs as long-ranged within a respective spin band, and the
third, mixed-spin, triplet as short-ranged, just like the singlet
amplitude. The short-range nature of the latter two is due to
the decoherence induced by the exchange splitting between
the bands.

The creation and control of equal-spin correlations is al-
lowed due to two fundamental processes occurring in the
vicinity of an SC/FM interface [4]. First, the spin-mixing (or
spin-dependent-phase-shift) effect due to the spin polariza-
tion of the interface converts spin-singlet pairs from the SC
into mixed-spin triplet correlations in the FM. Second, if a
noncollinear spin arrangement is present in the FM, the spin-
rotation mechanism turns the short-range mixed-spin pairs
into the long-range equal-spin pairs. These two mechanisms
of production and control of spin-triplet supercurrents have
been proven experimentally [25–31].

According to the mechanism outlined above, a non-
collinear exchange field profile gives rise to long-range triplet
supercurrents that are essential for superconducting spintron-
ics. However, new functionalities appear when the spin texture
is not only noncollinear, but in fact noncoplanar. Specifically,
such a spin profile, combined with a strong spin polariza-
tion of the material, leads to an effective decoupling of the
Josephson phases in the two spin bands. This decoupling,
in turn, opens a new channel of control through geometric
phases [12,23], which are coupled to the Josephson phases
with opposite signs in the two spin bands [13]. Previous
works, Refs. [32,33], have reported on the essential role of
nonlocal geometric phases, determined by a noncoplanar ex-
change field profile in strongly-spin-polarized ferromagnetic
trilayers, in the Josephson diode effect. In this article, we
further exploit this important concept, proposing an alter-
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native platform based on intrinsically noncoplanar magnetic
materials, such as conical magnets. Similar systems have been
discussed in the context of helical superconductivity [34,35],
spin-triplet generation [22,36–39], Josephson effect [40–43],
or spin-valve effects [44,45], just to mention a few. However,
most of these works assumed weak spin polarization of the
ferromagnet, which reflects itself in the equal normal density
of states of the two spin bands. In contrast, in this article, we
emphasize the crucial role of the different densities of states
in the anomalous and the Josephson diode effect.

If the Josephson junction is invariant under time reversal
and inversion, the current-phase relation (CPR) exhibits an
odd symmetry with respect to reversal of the superconduct-
ing phase difference, I (−�χ ) = −I (�χ ) ⇒ I (�χ = 0) =
0, and this effect is known as the normal Josephson effect [46].
However, if time-reversal and inversion symmetries are bro-
ken, the anomalous Josephson effect may appear, I (−�χ ) �=
I (�χ ) ⇒ −I (�χ = 0) �= 0 [47–50]. Furthermore, if higher
harmonics in the CPR are present, the critical current in one
direction (+) may differ from that in the opposite direction
(−) [51]. This effect is known as the Josephson diode effect
(JDE), and recently it has attracted considerable attention as
the subject of intense experimental [51–59] and theoretical
investigations [13,32,33,54,60–81]. It is customarily charac-
terized by the so-called diode efficiency defined as ηe = (I+ −
|I−|)/(I+ + |I−|), where I± refers to the critical current in the
corresponding direction.

In this article, we discuss the appearance of the Josephson
diode effect in junctions involving strongly spin-polarized
magnetic materials featuring inhomogeneous noncoplanar
spin textures. We first consider the general theory in the so-
called adiabatic regime discussed below, then we apply it to
a conical magnet placed between two BCS superconductors.
The anomalous and the Josephson diode effects have already
been studied in similar systems utilizing the Bogoliubov–
de Gennes formalism [35,82,83]. The quasiclassical Green’s
function treatment of such a system was reported in Ref. [17];
however, due to the absence of higher harmonics in CPR,
only the anomalous Josephson effect ("ϕ0-junction”) was ob-
served. In this paper, we apply the appropriate boundary
conditions, which allow us to account for higher harmonics in
the CPR, yielding a significant JDE with an efficiency of up
to ≈41%.

To qualitatively illustrate the adiabatic approximation that
is crucial for the JDE in inhomogeneous magnets, let us con-
sider a single electron interacting with a localized spin via
exchange interaction

Ĥ = p̂2

2m
− Jm(r) · σ̂, (1)

where m(r)= [sin α(r) cos φ(r), sin α(r) sin φ(r), cos α(r)] is
the spin texture of the material. The spin eigenstates of the
Hamiltonian above are

|m,+〉 = cos
(α

2

)
|↑〉 + sin

(α

2

)
eiφ |↓〉 ,

|m,−〉 = − sin
(α

2

)
e−iφ |↑〉 + cos

(α

2

)
|↓〉 . (2)

(a) (b)

FIG. 1. (a) A representation of |m, +〉 state [see Eq. (2)] on the
Bloch sphere, where the north and the south pole denote the |↑〉 and
|↓〉 spin states, respectively. (b) An illustration of the adiabatic ap-
proximation used throughout: an inhomogeneous ferromagnet with
a slowly varying exchange field can be locally represented as a
homogeneous state with different U(1) gauge phases acquired by the
spin-↑ and spin-↓ states.

They can be obtained as spin rotations on the Bloch sphere
[see Fig. 1(a)], |m,±〉 = Û †(r) |↑ / ↓〉, where

Û (r) = exp

[
−i

α(r)

2
n(r) · σ̂

]
, (3)

with n = (m × e3)/|m × e3| = sin [φ(r)]e1 − cos [φ(r)]e2.
The overlap between two states on the Bloch sphere
〈m′,±| m,±〉 = 〈↑/↓|Û (r′)Û †(r)|↑/↓〉 can be evaluated,
using Eq. (3), explicitly as

〈m′,±| m,±〉 = cos
α

2
cos

α′

2
+ sin

α

2
sin

α′

2
e±i(φ−φ′ ), (4)

where we use the abbreviation α ≡ α(r) and α′ ≡ α(r′), and
analogously for φ. Assuming slow spatial variations of the
spin texture (adiabatic condition), we obtain

〈m′,±| m,±〉 ≈ 1 ± iδϕ ≈ e±iδϕ, (5)

where

δϕ = sin2
(α

2

)
[φ(r) − φ(r′)] ≈ sin2

(α

2

)
(δr · ∇φ) (6)

is the so-called (adiabatic) spin gauge phase with δr = r − r′
being the relative coordinate. For a conical magnet, where
α = const, the adiabatic spin gauge phase can be integrated
between two spatial points r1 and r2, leading to a spin geo-
metric phase

�ϕs = sin2
(α

2

)
[φ(r2) − φ(r1)]. (7)

We make a few observations here. First, it is important to
stress that in mesoscopic superconductors, due to the nonlo-
cality of Cooper pairs that extend over the superconducting
coherence length, the spin geometric phase �ϕs introduced
above is nonlocal on atomic length scales. Second, we note
that in strongly spin-polarized materials, the equal-spin pair-
ing correlations of the two spin bands acquire the opposite
spin geometric phases. As we show in Sec. IV, the differ-
ence between these phases enters the Josephson CPR very
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similarly to the superconducting phase difference, proving to
be crucial for the Josephson diode effect and confirming the
mechanism introduced in Refs. [32,33]. Finally, integrating
the spin gauge phase δφ from φ(r1) = 0 to φ(r2) = 2π yields
the spin geometric phase of �ϕs = 2π sin2(α/2). This value
corresponds to one-half of the solid angle of the corresponding
cone, namely, �ϕs = 
/2, where 
 = 4π sin2(α/2), leading
to a geometric interpretation of the quantity �ϕs. A schematic
view of the adiabatic approximation is shown in Fig. 1(b).

The paper is organized as follows: In Sec. II, we present
the theoretical framework suited for strongly spin-polarized
inhomogeneous spin textures, which is based on the Gor’kov
and quasiclassical Green’s function techniques. In Sec. III,
we describe the system under study and apply the previously
developed formalism to a conical magnet coupled to two
superconductors via spin-polarized interfaces. In Sec. IV, we
present the results of our numerical calculations and detailed
analysis of the Josephson current-phase relation. Finally, we
give the concluding remarks in Sec. V.

II. QUASICLASSICAL THEORY

A. Gor’kov equations

Mesoscopic superconductivity is successfully described by
the many-body Green’s function method. The corner-stone
of this formalism is the so-called Gor’kov Green’s function
theory, formulated in Gor’kov-Nambu (particle-hole) space. If
one has to deal with an additional spin degree of freedom (e.g.,
due to spin-dependent interactions), this formalism invokes
the larger Gor’kov-Nambu ⊗ spin space. In this case, the
equation of motion (EOM) for the Gor’kov Green’s function
in equilibrium reads [5,84]

[iωnτ̌3 − ξ (p̂) + J(r) · σ̄ − �̌(r)]τ̌3Ǧ(r, r′) = δ(r − r′),
(8)

where ωn = (2n + 1)πkBT are the Matsubara energies with
n = 0,±1,±2, . . . and temperature T , ξ (p̂) = E (p̂) − μ

with p̂ = −ih̄∇ − eAτ̌3 denoting the kinetic momentum (in-
cluding the vector potential A) and μ the chemical potential.
Here, we do not restrict ourselves to the parabolic disper-
sion, but consider a general energy dispersion relation E (p̂).
Finally, J = J[sin α(r) cos φ(r), sin α(r) sin φ(r), cos α(r)] is
the exchange field characterizing the spin texture of the mate-
rial. In addition, the BCS self-energy (gap matrix) �̌ and the
spin matrix σ̄ have the forms

�̌ =
(

0 �̂

�̃ 0

)
and σ̄ =

(
σ̂ 0
0 σ̂∗

)
. (9)

We consider spin-singlet BCS superconductors for which
�̃ = �̂∗ and �̂ = �iσ̂2. In the expressions above τ̂i and σ̂i are
the Pauli matrices in Gor’kov-Nambu and spin space, respec-
tively, and the check symbol (̌) denotes a matrix in combined
space, i.e., τ̌i = τ̂i ⊗ σ̂0 and σ̌i = τ̂0 ⊗ σ̂i. Finally, the Green’s
function is built from a basis �̌ = (ψ̂↑, ψ̂↓, ψ̂

†
↑, ψ̂

†
↓ ) having a

4 × 4 matrix structure in combined space

Ǧ =
(

Ĝ F̂
ˆ̃F ˆ̃G

)
with F̂ =

(
F↑↑ F↑↓
F↓↑ F↓↓

)
. (10)

Our main objective in this section is to formulate the qua-
siclassical theory applicable to mesoscopic hybrid structures

involving strongly spin-polarized magnetic materials (FM) for
which the exchange field is comparable to the Fermi energy,
J ∼ EF . For this purpose, we follow Refs. [13,17,85]. The
developed theory relies on the assumptions that (i) FM is
strongly spin-polarized and (ii) the spatial variations of the
spin texture are slow, i.e., J(r) is nonlocal on the atomic
length scales comparable to the Fermi wavelength λF . As we
show below, these assumptions allow for neglecting mixed-
spin correlations due to the decoherence between the two spin
bands over mesoscopic distances, keeping only the equal-spin
correlations ↑↑ and ↓↓.

Henceforth, we focus on the EOM in the FM layer and set
� ≡ 0 since there is no BCS coupling. To derive the effective
equations, as a first step, we locally pass to the frame of ref-
erence in which J(r) is aligned with the z axis by performing
the following SU(2) gauge transformation:

Ǔ (r)(J · σ̄ )Ǔ †(r) = Jσ̌3. (11)

The introduced spin rotation operator Ǔ has a 4 × 4 matrix
structure in Gor’kov-Nambu ⊗ spin space:

Ǔ =
(

Û 0
0 Û ∗

)
with Û = e−iα(r)n·σ̂/2, (12)

where α is the polar angle and n is the rotation axis. The latter
depends on the spin texture of the material J(r) as

n = J × e3

|J × e3| = sin φ(r)e1 − cos φ(r)e2. (13)

Accordingly, the basis transforms as �̄ = Ǔ �̌ and the
Gor’kov equations (8) in the FM layer adopt the form[

iωnτ̌3 − ξ (p̂) + i
Ǎ j v̂ j

2
+ Jσ̌3

]
τ̌3Ḡ(r, r′) = δ(r − r′),

(14)
where h̄v̂ = ∂ξ/∂p̂ is the group velocity and a new SU(2) field
is introduced, Ǎi = h̄Ǔ∇iǓ †. Here, we apply the adiabatic
approximation for the first time. Namely, assuming that J(r)
is slowly varying over mesoscopic length scales, we only
keep terms linear in the gradients of Ǔ . As shown below,
the adiabatic condition will be employed several times, and in
the subsequent subsection, we will quantify it by considering
relevant length scales.

Equation (14) is the so-called left Gor’kov-Dyson equa-
tion. Analogously, we can write down the right Gor’kov-
Dyson equation, namely the one acting on the second
argument of the Gor’kov Green’s function, r′. Repeating the
same procedure as above, we can introduce an analogous
gauge transformation, arriving at the following equation:

τ̌3Ḡ(r,r′)

(
iωnτ̌3 − ξ (p̂′) − i

Ǎ′
j v̂ j

2
+ Jσ̌3

)
= δ(r − r′),

(15)
with the same notation as before. Note that here all operators
act on the left, e.g., p̂′ = −ih̄

←−∇ ′ − eAτ̂3.

B. Eilenberger equation

The Gor’kov formalism presented above is fully mi-
croscopic; however, not very practical for treating inho-
mogeneous mesoscopic problems. Instead, we formulate a
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quasiclassical theory which is typically more suitable in such
situations [86–88]. Prior to the quasiclassical approximation,
we once more apply the adiabatic condition by keeping only
the adiabatic gauge field, which enters Eqs. (14) and (15)
[89–91]:

Ǎ j v̂ j ≈ h̄

2
(τ̂3 ⊗ σ̂3)M3 jv j with M3 j = Tr[σ̂3Û∇ jÛ

†]. (16)

To derive the EOM for the quasiclassical propagator, we
first parametrize the Gor’kov Green’s function [see Eq. (10)]
in a standard manner [5,92]

Ḡ =
(

G0σ̂0 + G · σ̂ (F0 + F · σ̂ )iσ̂2

(F̃0 + F̃ · σ̂∗)iσ̂2 G̃0σ̂0 + G̃ · σ̂∗

)
, (17)

and identify the mixed- and the equal-spin contributions to it,
respectively,

ḠMS =
(

G1σ̂1 + G2σ̂2 (F0σ̂0 + F3σ̂3)iσ̂2

(F̃0σ̂0 + F̃3σ̂3)iσ̂2 G̃1σ̂1 − G̃2σ̂2

)
, (18)

ḠES =
(

G0σ̂0 + G3σ̂3 (F1σ̂1 + F2σ̂2)iσ̂2

(F̃1σ̂1 − F̃2σ̂2)iσ̂2 G̃0σ̂0 + G̃3σ̂3

)
. (19)

As a second step, we employ the Wigner (mixed) repre-
sentation, where the Green’s function’s spatial dependence
is decomposed into the center-of-mass, R = (r + r′)/2, and
relative coordinate, x = r − r′, contributions. Subtracting
Eqs. (14) and (15) and applying a gradient expansion [92] to
linear order in gradients with respect to R yields the left-right-
subtracted Gor’kov-Dyson equation:

ih̄v ∇R τ̌3Ḡ +
[

iωnτ̌3 + i
h̄

4
(τ̂3 ⊗ σ̂3)M3 jv j + Jσ̌3, τ̌3Ḡ

]
= 0,

(20)
with the same notation as before with [•, •] denoting the
commutator.

The equation above can be used to mathematically quantify
the adiabatic condition used throughout. Inserting Eqs. (18)
and (19) into Eq. (20) and assuming that the main contribution
to the Green’s function comes from the excitations residing
in the vicinity of the Fermi surface, it can be shown that the
relevant length scales for the mixed-spin and equal-spin triplet
amplitudes are ξMS ∼ h̄vF /J and ξES ∼ |M3 j |−1, respectively.
Therefore, the adiabatic condition is quantified by the relation
|h̄vF M3 j/J| � 1, and it is fulfilled in the case of strongly
spin-polarized, J ∼ EF , and/or slowly varying spin textures,
|λF ∂RÛ/Û | � 1 in the FM region. Here, vF denotes the
Fermi velocity.

Now we proceed with the derivation of an effective
quasiclassical theory. As pointed out above, the adiabatic
approximation allows for neglecting mixed-spin correlations.
Namely, in the case of a strongly spin-polarized ferromagnet,
the phase coherence of pair correlations is maintained only
within each spin band but not between them. In other words,
the ḠMS contribution to Eq. (20) can be neglected, and the
remaining, ḠES, part can be projected onto the respective spin
band, arriving at

ih̄vσ · ∇R τ̂3Ĝσ +
[

iωnτ̂3 + iζσ

h̄

4
M3 jvσ j, τ̂3Ĝσ

]
= 0. (21)

Here, σ =↑↓ (ζσ = ±1) denotes the spin band and Ĝσ is a
matrix in Gor’kov-Nambu space only:

Ĝσ (R, pσ ) =
(
Gσ (R, pσ) Fσ (R, pσ)

F̃σ (R, pσ) G̃σ (R, pσ)

)
. (22)

Note that the two spin bands in general have different densities
of states, which will prove crucial for the anomalous and
Josephson diode effects presented in Sec. IV. Additionally,
various interacting terms can be included by appropriate self-
energy functions, as we discuss in more detail below.

Now, we apply the quasiclassical approximation. Set-
ting the momentum equal to the Fermi momentum of the
respective spin band, pσ → pFσ , multiplying the entire ex-
pression by i/π , and integrating over the energy close to
the corresponding Fermi surface brings us to the spin-scalar
Eilenberger equation [87]:

ih̄vσ · ∇ĝσ (R) + [iωnτ̂3 + ζσ h̄vσ · Z(R)τ̂3 − �̂σ , ĝσ (R)].
(23)

Here,

ĝσ (iωn, pσ , R) = i

π

∮
dξσ τ̂3Ĝσ (ξσ ; iωn, pσ , R) (24)

is the quasiclassical Gor’kov Green’s function for local spin
projection σ , vσ is the Fermi velocity associated with the
respective spin band σ =↑↓ (for compactness we omit “F” in
the subscript), and Z(R) = (i/4)Tr[σ̂3Û (R)∇RÛ †(R)] is an
effective U(1) field which coincides up to a prefactor with the
adiabatic spin gauge field introduced in Sec. I. An important
observation is that this term enters the Eilenberger equa-
tion similarly to the standard U(1) orbital field, with the key
distinction that it is now coupled to the spin, not the charge.
The aforementioned interacting terms (e.g., electron-impurity
scattering) can be introduced via self-energy functions �̂σ .
Note that depending on the nature of the interaction, the
self-energy can involve only one spin band, �̂σ = �̂σ (ĝσ ),
or mixing between the two spin bands, �̂σ = �̂σ (ĝσ , ĝσ̄ ),
where σ̄ is the opposite of σ =↑ / ↓. The results in this paper
are obtained for a ballistic system with no other interactions
besides the exchange field in the conical magnet, therefore,
�̂σ = 0̂.

The quasiclassical Green’s function is normalized, and
here we take the convention ĝ2

σ = τ̂0. In addition, the tilde
symbol (̃) refers to the particle-hole conjugation operation,
which in imaginary-time (Matsubara) formalism takes the
form

q̃(iωn, pσ , R) = q∗(iωn,−pσ , R). (25)

Once known, the quasiclassical Gor’kov Green’s function
allows us to express observables in a compact manner. For
instance, the Josephson current is calculated as

j(R) = −ieπkBT

2

∑
σ,n

Nσ Tr〈vσ τ̂3ĝσ (iωn, pσ , R)〉σ , (26)

where Nσ is the spin-resolved normal density of states at the
corresponding Fermi level and 〈•〉σ stands for the averaging
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over the respective Fermi surface, FSσ ,

〈•〉σ = 1

Nσ

∫
FSσ

d2 pσ

(2π h̄)3|vσ (pσ)| (•), (27)

Nσ =
∫

FSσ

d2 pσ

(2π h̄)3|vσ (pσ)| . (28)

For definiteness, the results presented in Sec. IV are obtained
for spherical FSσ , which corresponds to the standard parabolic
dispersion relation.

C. Riccati amplitudes and boundary conditions

The normalization condition ĝ2 = τ̂0 (for compactness,
here we omit the spin index σ ) allows us to choose an appro-
priate parametrization for the Green’s function. In this paper,
we write

ĝ = 2

(
g f

− f̃ −g̃

)
− τ̂3, (29)

where g = (1 − γ γ̃ )−1 and f = (1 − γ γ̃ )−1γ with γ and γ̃

being so-called coherence functions [14,93,94], which fulfill
Riccati differential equations [95].

In accordance with the general theory, the γ and γ̃

are related via the particle-hole conjugation operation (25).
Therefore, it is sufficient to consider only, e.g., the γ function,
which satisfies the following linear differential equation:

ih̄vσ · (∇ − 2iζσ Z)γσ + 2iωnγσ = 0, (30)

with the formal solution

γσ (iωn, z) = Aσ e2iζσ

∫ z
0 Z (λ)dλe−2ωnz/h̄vσ . (31)

Note that the coordinate system is chosen such that vσ = vσ ez

and Aσ is the integration constant to be determined from
the boundary conditions. In the superconducting state, the
γs coherence function is a matrix in spin space obeying the
following Riccati differential equation:

(ih̄vF · ∇ + 2iωn)γ̂s + �̂ − γ̂s�̃γ̂s = 0, (32)

whose solution for a homogeneous BCS (spin-singlet) state,
∇γ̂s = 0̂, reads

γ̂s(iωn) = −�σ̂2

ωn +√ω2
n + |�|2 . (33)

As indicated above, the γ̃ functions can be deduced from the
corresponding γ amplitudes arriving at

γ̃σ (iωn, z) = Ãσ e−2iζσ

∫ z
a Z (λ)dλe2ωnz/h̄vσ , (34)

˜̂γs(iωn) = �∗σ̂2

ωn +√ω2
n + |�|2 . (35)

This parametrization is suitable for applying boundary condi-
tions formulated in terms of the normal-state S matrix, which
connects the incoming and outgoing Bloch waves on the two
sides of the SC/FM interface. To implement such boundary
conditions for our model, we follow Refs [13,14], and for
details, we refer to Appendix A.

FIG. 2. (a) A scheme of the system under study where a strongly
spin-polarized conical magnet (FM; orange) of length d character-
ized by the exchange field profile J(z) in the adiabatic approximation
(see the text below) is sandwiched between two identical BCS su-
perconductors (SC; blue). The SF interfaces (shaded orange) are
modeled by δ potentials allowing for nonvanishing exchange fields
pointing in an arbitrary direction. For clarity, and without loss of
generality, we assume that the exchange field of the left interface
is along the y direction in the lab coordinate system (z direction is
the system’s axis). The exchange fields of the right interface lies in
the x-y plane and is characterized only by the azimuthal angle �ϕ.
(b) Scheme of the SC/FM interface considered in this work. Thick
lines show the corresponding Fermi surfaces on each side, which
are assumed to be spherical. (c) Possible Fermi-surface geometries
and allowed scattering processes (dotted, dashed, and dash-dotted
lines) imposed by the conservation of the parallel component of
momentum k‖.

III. SYSTEM UNDER STUDY

We apply the model described above to a superconduc-
tor (SC)–conical magnet (FM)–superconductor system (SC)
sketched in Fig. 2(a). The FM layer is depicted in the spirit
of the adiabatic approximation, where the conical state can
be locally viewed as an effective ferromagnetic state with
the spin-↑ and the spin-↓ bands acquiring different spin ge-
ometric phases described above. The conical spin texture is
given by

J(z) = J[sin α cos φ(z), sin α sin φ(z), cos α], (36)

where the spatial profile of the helix is determined by the
φ(z) function. For simplicity, we assume a linear modulation,
i.e., φ(z) = qz. This leads to Z = −(1/4)(1 − cos α)∂zφez =
−(1/4)(1 − cos α)qez [see Eq. (23)] and consequently the
solutions for the coherence functions [see Eqs. (31) and (34)]
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read

γσ (z) = Aσ eiζσ δϕs (α,z)e−2ωnz/h̄vσ , (37)

γ̃σ (z) = Ãσ e−iζσ δϕs (α,z)e2ωnz/h̄vσ , (38)

where δϕs(α, z) = −(1/2)(1 − cos α)qz. The modulation
vector q is related to the pitch of the helix, λ, as q = 2π/λ.
Therefore, the adiabatic spin gauge phase δϕs reads

δϕs = −(1 − cos α)
( z

λ

)
π = −2π

( z

λ

)
sin2
(α

2

)
. (39)

The results presented in Sec. IV are obtained for a particular
case of λ being equal to the length of the junction d . However,
since λ (and equivalently q) enters the theory only through the
spin geometric phase (see Sec. IV), this choice does not affect
the main conclusions of this work. The quasiparticle spec-
trum of a conical magnetic state was obtained in Ref. [35].
In Appendix C 1, we provide more details on this subject,
showing that the strong spin polarization leads to the different
band-specific Fermi velocities and the density of states, which
proves to be crucial for the effects presented in this paper.
Furthermore, in Appendix C 2, we comment on the adiabatic
approximation applied to the conical magnet. Finally, time-
reversal and inversion symmetries of the conical state are
examined in Appendix C 3. As anticipated in the previous
section, the SC leads are assumed to be bulk homogeneous
BCS superconductors described by Eqs. (33) and (35).

The remaining ingredient for obtaining a full description
of the system is the information about the spin-polarized
SC/FM interfaces, which are modeled by spin-dependent
δ potentials, U (z) = (Vi − Jini · σ̂ )δ(z − zi ). Here, i = L, R
refers to the left and right interface (zi = 0, d ), Vi is the
strength of the potential, Ji is the spin splitting, and ni =
(sin αi cos ϕi, sin αi sin ϕi, cos αi ) is a unit vector referring to
the direction of the exchange field vector in the respective
barrier. For our model, it is crucial to have spin-polarized bar-
riers that generate long-range equal-spin triplet correlations
[5]. Namely, the existence of equal-spin triplets is demanded
by the presence of mixed-spin triplets, which are neglected
inside the FM, but not at the SC/FM interfaces. However,
unlike the case of a homogeneous FM [13,32,33], the mis-
alignment between nL and nR is not demanded due to the
intrinsic noncoplanarity of a conical spin texture. In our cal-
culations, we set αL = αR = π/2, and ϕL = 0 and ϕR = �ϕ

[see Fig. 2(a)]. Since the boundary conditions are evaluated
at z = 0 and z = d , and we assume λ = d , the following spin
geometric phase sets in:

�ϕs(α) = −(1 − cos α)π. (40)

As already mentioned, the SC/FM interfaces are charac-
terized by the S matrix, which, in general, has the following
4 × 4 matrix form:

S =

⎛
⎜⎜⎝

R̂1 T12 T13

TT
21 r22 r23

TT
31 r32 r33

⎞
⎟⎟⎠. (41)

This structure of the S matrix follows from the fact that the
FM is characterized by two spin channels, whereas the SC by
one doubly spin-degenerate channel. The R̂1 block describes

the reflection (normal and spin-flip) in the superconducting
side, while ri j amplitudes correspond to reflections in the
ferromagnetic lead. Finally, Ti j = (ti j, t ′

i j )
T denotes the trans-

mission amplitudes. The calculation of the S matrix in the
case of a spin-dependent δ potential introduced previously is
straightforward, and we do not show the details here. We just
stress that spin-flip transmission amplitudes (t ′

12, t ′
21, t13, t31)

scale as ∝ sin α, where α is the misalignment polar angle
between the exchange fields of the interface barrier and the
conical magnet. We follow the notation in which the scattering
channel of SC is labeled by η = 1 and the two channels of
FM by η = 2, 3 (corresponding to σ = ↑↓ respectively) [see
Figs. 2(b) and 2(c)]. In the context of spin-resolved currents
in the FM layer, η and σ are used interchangeably.

IV. RESULTS

In the following, we present the analytic and numerical
results for the spin-resolved Josephson current phase-relations
(CPR). All superconducting energy scales are expressed in
the units of the superconducting gap at zero temperature, �0,
length scales in the units of the superconducting coherence
length, ξ = h̄vF /(2�0), and temperature in the units of the
superconducting transition temperature, Tc. In contrast, the en-
ergies of spin bands in the FM layer, Eη, are expressed in units
of the Fermi energy in the SC leads, EF . Finally, given the fact
that we model the interfaces as spin-dependent δ potentials,
we characterize them by the dimensionless BTK-like param-
eters [96], Vi = 2mVi/(h̄2kF ) and Ji = 2mJi/(h̄2kF ), where
kF denotes the Fermi wave vector in the SC. The supercon-
ductors are assumed to be identical up to the superconducting
phase, and most of the results are obtained for T/Tc = 0.1,
d/ξ = 0.4, and αL = αR = π/2 if not stated otherwise.

A. Tunneling limit: "ϕ0 junction”

The tunneling limit is realized in the case of strong
interfacial barriers between the SC and the FM regions, char-
acterized by Vi � 1. For simplicity, the analytic consideration
below will be given for the perpendicular (single-trajectory)
impact on the SC/FM interfaces. The full numerical result that
confirms our conclusions will be given afterward.

The main assumption is that the tunnel barriers imply small
coherence amplitudes, allowing us to linearize the boundary
conditions in γη and γ̃η and the transmission coefficient and
treat the problem analytically. As shown in Appendix B, the
outgoing amplitudes at the two SC/FM interfaces, �η j and
�̃η j ( j = L, R), can be calculated from the following linear
system of equations [13]:

�L = M̂Lβ̂∗�R + AL,

�R = M̂Rβ̂�L + AR, (42)

where

� j =
(

�2

�3

) j

, A j =
(

A2

A3

) j

,

M̂ j =
(

|r22|2 r23r∗
32

r32r∗
23 |r33|2

) j

, β̂ =
(

β2 0

0 β3

)
. (43)
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Here, rηη′ are introduced above [see Eq. (41)], βη =
eiζη�ϕs e−2|ωn|d/h̄vη with ζη = ±1 for η = 2, 3, and

Aη = TT
η1[γ̂1 + γ̂1R̂∗

1(1 − ˜̂γ1R̂1γ̂1R̂∗
1 )−1 ˜̂γ1R̂1γ̂1]T∗

1η. (44)

Taking the above details into account, Eqs. (42) can be easily
inverted, arriving at the following solutions:

�L = (1 − M̂Lβ̂∗M̂Rβ̂ )−1(M̂Lβ̂∗AR + AL ), (45)

�R = (1 − M̂Rβ̂M̂Lβ̂∗)−1(M̂Rβ̂AL + AR). (46)

To obtain the Josephson current in this regime, one should
linearize Eq. (26) as well:

j(r) = −ieπkBT

2

∑
η

Nη

∑
n

〈
vη

1 + γη(iωn)γ̃η(iωn)

1 − γη(iωn)γ̃η(iωn)

〉
η

= −ieπkBT
∑

η

Nη

∑
n

∑
m

〈vη[γη(iωn)γ̃η(iωn)]m〉η

≈ −iekBπT
∑

η

Nη

∑
n

〈vηγη(iωn)γ̃η(iωn)〉η. (47)

In the last step, we have employed the fact that γ and γ̃ are
small in the FM due to the weak proximity effect (strong
barriers at the interfaces). The above formula can be used to
calculate the Josephson CPR in the SC/FM/SC system under
consideration

j(z = 0) = − ieπkBT (48)

×
∑

η

Nη

∑
n

〈vη[�ηLβη�
∗
ηR − �∗

ηLβ∗
η�ηR]〉η+.

Note that due to the current conservation, we evaluate it at
the left SC/FM interface, which is at z = 0, and that the
averaging is performed only over the positive directions of
the momentum, i.e., pz > 0, for each spin band. The same
expression would appear if we considered the right SC/FM
interface at z = d , instead.

From Eq. (44) it can be shown that Aη j ∝ sin α j ei(χ j−ζηϕ j ),
( j = L, R). Evaluating the current (48) to the leading order
and restricting ourselves to the single trajectory case, p = pez,
we obtain

jη ∝ Im[βηAηLA∗
ηR] ∝ Im[eiζη�ϕs ei(χL−ζηϕL )e−i(χR−ζηϕR )] (49)

= Ime−i(�χ−ζη�ϕs−ζη�ϕ) = − sin(�χ − ζη�ϕs − ζη�ϕ),

where �χ = χR − χL and �ϕ = ϕR − ϕL. In other words,

Iη = −I0η sin(�χ − ζη�ϕs − ζη�ϕ), (50)

and the equilibrium phase shift is present as long as I02 �=
I03. Although sinusoidal, the Josephson CPR is shifted by
two contributions: (i) geometric phase shift �ϕ due to the
noncoplanar configuration of the exchange fields in the fer-
romagnetic trilayer and (ii) the spin geometric phase shift
�ϕs = −(1 − cos α)π due to the intrinsic noncoplanarity of
the conical state in the FM region. Consequently, here we
draw three important conclusions. First, a homogeneous state
obtained for α = 0 displays no anomalous Josephson effect,
�ϕs(α = 0) = 0, as long as �ϕ = nπ , n ∈ Z and the junction
is in the π state. Second, in-plane helical ordering, α = π/2,
leads to a π − 0 transition, �ϕs(α = π/2) = −π ⇒ Iη →

I  /
I 0↑

Δχ/π

I  /
I 0↑

Δχ/π

I↑ I↓ I = I↑ + I↓

(a) Δφ = 0
 α = 0

−1.5

−1

−0.5

0

0.5

1

1.5

 α = π/2
(b) Δφ = 0

 Δφ = 0
(c) α = π/3

−1.5

−1

−0.5

0

0.5

1

1.5

0.1 0.5 1 1.5 2

 Δφ = π/2
(d) α = π/3

0.1 0.5 1 1.5 2

FIG. 3. The Josephson CPR in an SC/FM/SC junction for differ-
ent α and �ϕ angles in the tunneling limit calculated from Eq. (48).
The junction’s parameters are E2 = 1.9EF , E3 = 1.2EF , VL = VR =
50, JL = JR = 1, d = 0.4ξ , and T = 0.1Tc. The dashed and dotted
lines represent the spin-resolved supercurrents, while the solid green
lines correspond to the total charge Josephson current. The black
circles denote the full numerical solution based on the iteration
procedure [see Sec. IV B].

−Iη. Third, the effect vanishes in the case of �ϕ + �ϕs =
nπ, n ∈ Z. The above discussion can be used to justify why
the spin-active SC/FM interfaces are favorable for the ef-
fects described in this paper. From Eq. (49), it is evident
that jη ∝ sin αL sin αR. If the SC/FM interfaces were directly
between the SC and conical FM, this misalignment would be
determined by the modulation vector q and the penetration
length of the mixed-spin correlations into the FM, which
is set by the exchange field, ≈h̄vF /J . In other words, the
role of the misalignment angle αi is played by the quantity
h̄qvF /J , which is exactly the adiabatic parameter discussed
previously [see also Appendix C 2] and is constrained by the
adiabatic condition to be small. Consequently, the current is
significantly suppressed since it is at least of second order in
the adiabatic parameter, jη ∝ (h̄qvF /J )2.

As indicated, the analytic discussion above was done for a
single-trajectory case. To consider all trajectories, one numer-
ically evaluates Eq. (48), and the resulting Josephson CPRs
are shown in Fig. 3. The dashed and dotted curves represent
the spin-resolved Josephson currents, while the solid green
line corresponds to the total charge current. The CPRs are
presented for various values α and �ϕ, and the tunneling
limit is realized by setting Vi = 50 with other parameters
indicated in the caption. Panel (a) shows the CPRs for a
homogeneous FM, α = 0, and the parallel interface magne-
tizations, �ϕ = 0. The normal Josephson effect is observed,
and the junction is in the π state. Examining the in-plane
helical state in the FM, α = π/2, leads to the 0-junction, as
shown in Fig. 3(b). It is important to note that, in both cases,
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the junction is inversion symmetric, and the normal Josephson
effect is implied. In contrast, a conical state of the FM results
in the anomalous Josephson effect or ϕ0 junction, as seen in
Fig. 3(c), which displays the CPRs for α = π/3 and parallel
interface exchange fields, �ϕ = 0. The phase shift of the
charge Josephson current (green line) is entirely determined
by α and amounts to ϕ0 = −(1 − cos α)π = −π/2. Finally,
the normal junction can be realized by �ϕ − (1 − cos α)π =
nπ, n ∈ Z. This situation is presented in Fig. 3(d), where the
CPRs are calculated for α = π/3 and �ϕ = π/2. In all panels
of Fig. 3, the black circles indicate the full numerical solution
based on the iteration procedure outlined in the following sub-
section, justifying the approximations from Eqs. (42)–(47).
Note that all conclusions we have drawn from the single-
trajectory case remain valid here.

B. Josephson diode effect

As anticipated in the previous section, to have a JDE, we
need to go beyond the tunneling limit. To account for higher
harmonics in the CPR, the boundary-condition problem [see
Appendix A] should be solved iteratively at the two SC/FM
interfaces. Namely, the outgoing amplitudes at one interface
propagate throughout the FM and approach the other interface
as the incoming amplitudes. The convergence is ensured by
the fact that each next iteration is suppressed by a factor of
βη = eiζη�ϕs e−2|ωn|d/h̄vη as compared with the previous one.

As already mentioned, the figure of merit in this effect is
the so-called diode efficiency, defined as

ηe(α,�ϕ) = |I+| − |I−|
|I+| + |I−| , (51)

where I± ≡ I (�χ±) with �χ± being the superconducting
phase differences at which the positive (+) or negative (−)
critical charge current is reached for fixed α and �ϕ, i.e.,
�χ+ = argmax�χ (I ) and �χ− = argmin�χ (I ). The role of
�ϕ has been thoroughly examined in Refs. [32,33]. There-
fore, here we mainly focus on the spin geometric phase �ϕs.
We show that intrinsically noncoplanar spin textures can yield
a prominent JDE even in the case of parallel exchange fields in
the barriers, �ϕ = 0. Note that the spin-polarized interfaces
are needed to generate equal-spin triplet correlations neces-
sary for the effect in question. Therefore, in this section, we
mainly focus on the role of α while the other parameters are
E2 = 1.2EF , E3 = 0.4EF , Vi = 0.2, and Ji = 0.1 (i = L, R).
The current is normalized to �0π/(eRN ) where RN is the
resistance of the junction in the normal state with collinear
exchange fields of the three magnetic layers (αL = αR = 0)

1

RNA
= e2

∑
η

Nη

〈
vηz(p)

T L
η (p)T R

η (p)

1 + RL
η (p)RR

η (p)

〉
η+

. (52)

Here, T L/R
η = |tL/R

1η |2 (R j
η = 1 − T j

η ) is the transmission prob-
ability for an electron from band η in the FM into the left or
right normal lead [see Eq. (41)] and A is the cross section of
the junction. Note that the above formula is valid only in
the case that excludes spin-flip processes; for this reason, we
demand αL = αR = 0.

Let us first examine the case of junctions with coplanar
spin textures that possess inversion symmetry. Figure 4 dis-

Δχ/π

eR
N

I/Δ
0
π

Δχ/π

(a) α = 0 × 102

−1.5

−1

−0.5

0

0.5

1

1.5

0 0.5 1 1.5 2

(b) α = π/2

I↑ I↓ I = I↑ + I↓

0 0.5 1 1.5 2

FIG. 4. The spin-resolved Josephson CPR across the FM layer
of length d = 0.4ξ , energies of the spin bands E2 = 1.2EF and E3 =
0.4EF , and (a) α = 0 (homogeneous ferromagnet) and (b) α = π/2
(in-plane helical state). Other parameters are VL = VR = 0.2, JL =
JR = 0.1, αL = αR = π/2, �ϕ = 0, and T = 0.1Tc.

plays the Josephson CPR for the parameters mentioned above,
considering a homogeneous ferromagnet [α = 0; Fig. 4(a)]
and an in-plane helical magnet [α = π/2; Fig. 4(b)]. As be-
fore, the dashed and dotted lines represent the spin-resolved
Josephson currents, while the solid green line corresponds
to the total charge current. Due to the inversion symmetry,
both cases display the normal Josephson effect, Iη(−�χ ) =
−Iη(�χ ). However, we note that, similarly to the tunneling
case, the homogeneous ferromagnetic state features the π

phase, while the helical state features the 0 phase.
Let us now consider a noncoplanar spin texture. While

this state is expected to exhibit a JDE, we first demonstrate
that this is not always true. As discussed in the previous sub-
section, the condition �ϕ + �ϕs = 0 ⇒ �ϕ = (1 − cos α)π
yields no anomalous Josephson effect in the tunneling
limit [see Fig. 3(d)]. Here, we establish that a similar
scenario applies in the case of arbitrary transparency.
Figure 5(a) displays the spin-resolved Josephson CPR
for α = π/3 and �ϕ = π/2, with all other parameters being
the same as in Fig. 4. We note that both the spin-resolved
(dashed and dotted lines) and the total charge CPR (solid
green line) demonstrate a normal Josephson effect since
�ϕ = (1 − cos α)π . To understand why this condition
results in a normal Josephson effect, we introduce an
effective phase �ϕ′ = �ϕ + �ϕs = �ϕ − (1 − cos α)π
which, henceforth, we term as the total spin geometric
phase. Keeping in mind that α and �ϕ under the inversion
operation transform as α → π − α and �ϕ → 2π − �ϕ,
this phase transforms as �ϕ′ = �ϕ − (1 − cos α)π → 2π −
�ϕ − [1 − cos(π − α)]π = 2π − �ϕ − (1 + cos α)π =
−�ϕ + (1 − cos α)π = −�ϕ′. Consequently, only the
scenario of �ϕ′ = 0 ⇔ �ϕ = �ϕs = (1 − cos α)π
possesses inversion symmetry, which leads to the normal
Josephson effect. As will be demonstrated below, this result
leads to the necessary conditions for the occurrence of the
JDE: (i) a noncoplanar spin texture of the ferromagnetic
trilayer, (ii) different density of states for the two spin bands
in the FM layer, and (iii) �ϕ′ �= kπ/2, where k is an integer.
The latter condition can be understood by the fact that
±�ϕ′ is the total phase acquired by ↑↑ and ↓↓ correlations,
respectively. Therefore, these phase factors either coincide for
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FIG. 5. The spin-resolved Josephson CPR in a ferromagnetic tri-
layer for (a) α = π/3 and �ϕ = π/2 and (b) α = π/4 and �ϕ = 0.
Other parameters are as in Fig. 4. (c) Absolute value of the total
Josephson current from panel (b), showing the Josephson diode
effect explicitly. The red and blue areas display the negative and the
positive currents, respectively. Panel (d): The diode efficiency ηe as
a function of α for �ϕ = 0 (red dashed line) and �ϕ for α = π/4
(blue dashed-dotted line).

�ϕ′ = kπ or differ by multiples of π for �ϕ′ = π/2 + kπ .
Note that in the case of a homogeneous state, α = 0, this
condition reduces to �ϕ �= kπ/2, as discussed in detail in
Refs. [32,33]. On the other hand, if �ϕ = 0, the condition
simplifies to (1 − cos α) �= k/2 ⇒ α �= 0, π/3, and π/2.

Figure 5(b) shows the spin-resolved Josephson CPR for
α = π/4 and �ϕ = 0, other parameters are the same as in
Fig. 5(a). Due to the noncoplanarity and (1 − cos α) �= k/2,
the strong asymmetries between the positive and negative
critical currents in all CPRs emerge. For better visibility, the
absolute value of the total charge current (solid green line)
is presented in Fig. 5(c), where the red and blue areas show
the negative and the positive currents, respectively. The ap-
pearance of the JDE is evident. To quantify it, in Fig. 5(d) we
present the diode efficiency as a function of α for �ϕ = 0
(dashed red line) and �ϕ for α = π/4 (dash-dotted blue
line). In both cases, the function displays a nonmonotonic
behavior exceeding the value of ηe ≈ 41%. Let us discuss
first the role of α. Since �ϕ = 0 we immediately notice the
absence of the JDE for α0 = 0, π/3, and π/2, which is in
accordance with the discussion above. The maximum values
of ηe ≈ ±41% are achieved for α ≈ 0.25π and α ≈ 0.4π ,
respectively. The role of �ϕ is similar. The JDE is absent
for �ϕ′

0 = �ϕ0 − π/
√

2 = kπ/2 ⇒ �ϕ0 = 1
2 (

√
2 + k)π ≈

0.21π, 0.71π, 1.21π , and 1.71π . On the other hand, the max-
imum values of ηe ≈ ±41% are achieved for �ϕ ≈ 0.57π +
kπ and �ϕ ≈ kπ , respectively.

C. Harmonic analysis

As already indicated, higher harmonics in the Josephson
current-phase relation are crucial for the Josephson diode

effect. In addition, we stress the importance of two quantum
phases that add to the superconducting phase difference �χ :
(i) the adiabatic spin geometric phase �ϕs = −(1 − cos α)π
and (ii) the quantum-geometric phase difference �ϕ. As dis-
cussed above, and as we show in Appendix D, these two
can be joined into the total spin geometric phase defined as
�ϕ′ = �ϕ + �ϕs = �ϕ − (1 − cos α)π . Under the time re-
versal, this phase transforms as �ϕ′ → −�ϕ′ laying the basis
for the harmonic analysis presented in the following. Namely,
under time reversal, the equal-spin currents transform as

Iη(�χ,�ϕ′) = −Iη(−�χ,−�ϕ′). (53)

As we show below, this relation leads to the following har-
monic decomposition of the CPRs:

I↑ = 1

2

∞∑
μ,ν=−∞

(−1)μ+νμIμ,ν sin ψμ,ν, (54)

I↓ = 1

2

∞∑
μ,ν=−∞

(−1)μ+ννIμ,ν sin ψμ,ν, (55)

where I−μ,−ν = Iμ,ν , and

ψμ,ν = (μ + ν)�χ − (μ − ν)�ϕ′ (56)

is an effective Josephson phase. A similar form has been
suggested in Ref. [5] for ballistic systems featuring quantum-
geometric phases �ϕ. However, Eq. (56) is modified due to
the spin geometric phase �ϕs. A similar expansion for in
diffusive systems has been proposed in Refs. [32,33] accom-
panied by a physically intuitive picture, which we here just
briefly outline. Namely, Eqs. (54) and (55) can be understood
as the CPRs mediated by a coherent transfer of μ ↑↑ and
ν ↓↓ equal-spin pairs. Noting that the ground state for �ϕ′ =
0 is a π junction [see Figs. 4(a) and 5(a)] and the Joseph-
son phase acquired during a coherent transport of a single
↑↑ / ↓↓ pair is �χ ∓ �ϕ′ + π , we end up with Eq. (56),
which is a Josephson phase corresponding to the process that
involves μ ↑↑ pairs and ν ↓↓ pairs.

As mentioned above, the Fourier analysis mainly relies on
Eq. (53), which allows for performing the following harmonic
expansion:

Iη(�χ,�ϕ′) =
∞∑

m=1

Aη

m,0 sin (m�χ ) +
∞∑

n=1

Bη

0,n sin(n�ϕ′)

+
∞∑

m,n=1

[
Aη

m,n sin(m�χ ) cos(n�ϕ′)

+ Bη
m,n cos(m�χ ) sin(n�ϕ′)

]
. (57)

Here,

Aη
m,n =

∫ 2π

0

dχ

π

∫ 2π

0

dϕ′

π
Iη(χ, ϕ′) sin(mχ ) cos(nϕ′), (58)

Bη
m,n =

∫ 2π

0

dχ

π

∫ 2π

0

dϕ′

π
Iη(χ, ϕ′) cos(mχ ) sin(nϕ′), (59)
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for m, n �= 0, and

Aη

m,0 =
∫ 2π

0

dχ

π

∫ 2π

0

dϕ′

2π
Iη(χ, ϕ′) sin(mχ ), (60)

Bη

0,n =
∫ 2π

0

dχ

2π

∫ 2π

0

dϕ′

π
Iη(χ, ϕ′) sin(nϕ′). (61)

Derivation of Eqs. (57)–(61) is given in Appendix D.
Based on the numerical treatment of the problem, we find

that the spin-resolved currents depend only on �χ and �ϕ′
leading to Eq. (57). This fact was already indicated in the
analytic treatment of the tunneling limit [see Eq. (50)]. It
can be shown that under the assumptions discussed below,
Eq. (57) leads to Eqs. (53)–(56) (see, also, Refs. [32,33]). In
addition, we find that the Am,n and Bm,n coefficients do not
depend on �ϕs, i.e., on the conical angle α. On the other
hand, they do depend on the polar angles characterizing the
direction of barriers’ exchange fields αL and αR. However,
since the case of αL = αR = π/2 maximizes the effect, we
limit our discussion to this case and do not scrutinize the effect
of different values of αL and αR here. Finally, Am,n and Bm,n

are not completely independent, as we discuss below. For a
more detailed derivation of the relations between them, see
Ref. [33]. Particularly, we find that Am,n and Bm,n are nonzero
only when m ± n is even, leading to the following relation
between the coefficients in Eqs. (54) and (55) and (57):

(−1)μ+ν |μ|Iμ,ν = A↑
|μ+ν|,|μ−ν| − B↑

|μ+ν|,|μ−ν|
2

, (62)

(−1)μ+ν |ν|Iμ,ν = A↓
|μ+ν|,|μ−ν| − B↓

|μ+ν|,|μ−ν|
2

. (63)

Let us first consider the Aη

m,0 and Bη

0,n coefficients, whose
absolute values are shown in Figs. 6(a) and 6(b), respectively.
Apparently, both coefficients coincide for spin-↑ (purple bars)
and spin-↓ (orange bars) channels. We present the abso-
lute values to make the following symmetry relations better
visible:

A↑
m,0 = A↓

m,0 and B↑
0,n = −B↓

0,n. (64)

In addition, we note that only the even coefficients are
nonvanishing, which corresponds to the so-called crossed-
pair transmission processes. Namely, inserting Eq. (64) into
Eq. (62), we obtain μIμ,μ = 1

2 Aη

2μ,0, which corresponds to the
coherent transport of μ equal-spin pairs in both spin bands in
the same direction. In contrast, inserting Eq. (64) into Eq. (63)
leads to νIν,−ν = 1

2 B↑
0,2ν , corresponding to the coherent trans-

port of ν equal-spin pairs in both spin bands in the opposite
directions. Note that such processes do not contribute to the
charge current.

Let us now consider the Aη
n,n and Bη

n,n coefficients whose
absolute values are shown in Fig. 6(c) (spin-↑ channel) and
Fig. 6(d) (spin-↓ channel). Similarly to before, we present
the absolute values corresponding to the following symmetry
relations:

A↑
n,n = −B↑

n,n and A↓
n,n = B↓

n,n. (65)

n n

μ = m /2
2μ|Iμ,μ| 

1

m

↑ ↓

(a) |Aη
m,0|

10−3

10−2

10−1

0 2 4 6 8 10

μ = n /2
2μ|Iμ,-μ| 

1

n

(b) |Bη
0,n|

10−8

10−6

10−4

10−2

0 2 4 6

μ|Iμ,0| 
μ = n

|Aη
n,n| |Bη

n,n|

(c) η = ↑

10−6

10−4

10−2

100

0 1 2 3

1

ν|I0,ν| 
ν = n

(d) η = ↓

10−6

10−4

10−2

100

0 1 2 3

1

FIG. 6. Fourier coefficients obtained from Eqs. (57)–(59). (a)
The Aη

m,0 Fourier coefficients that determine the crossed-pair trans-
mission processes, Iμ,μ (μ = m/2) which turn out to be crucial for
the JDE. (b) The Bη

0,n coefficients that determine the processes of
equal-spin pairs transmitted in the opposite directions, Iμ,−μ (μ =
n/2). In both panels, the purple (orange) bars denote the ↑ (↓)
transmission channel. (c), (d) The Aη

nn (blue bars) and Bη
nn (red bars)

coefficients that determine the transmission of n pairs in only one
spin channel [panel (c) for ↑ and panel (d) for ↓]. In all panels, the
coefficients are scaled with |A↑

1,1|. The analysis is performed for the
parameters as in Fig. 4

Comparing these equations with Eqs. (62) and (63) brings us
to the conclusion that Aη

n,n describes the coherent transport of
n equal-spin pairs in only one spin band, while zero in the
other. Namely, (−1)μμIμ,0 = A↑

μ,μ is the contribution from
μ pairs transferred via the spin-↑ channel, and (−1)ννI0,ν =
A↓

ν,ν is the contribution from ν pairs transferred via the spin-↓
channel.

D. Harmonic approximation

The above analysis can be utilized for describing the
Josephson current-phase relation in terms of transferred pairs
across the junction. As we show, it turns out that, typically,
just certain processes significantly contribute to the CPR.
Namely, in highly transmissive symmetric junctions, the main
contributions to the supercurrent come from the crossed-pair
transport (transport of an equal number of pairs in both spin
channels) and processes involving the transport of 2m + 1
pairs, where one spin channel mediates m and the other m + 1
pairs. This situation means that we keep only the first mo-
ments in �ϕ′ in the harmonic expansion (57). Furthermore,
noting that the B0,2n coefficients are small [see Fig. 6(b)]
and taking into account symmetries from Eq. (65), we can

224507-10



SPIN-RESOLVED JOSEPHSON DIODE EFFECT THROUGH … PHYSICAL REVIEW B 112, 224507 (2025)

write

Iη ≈ Aη

1,1 sin(�χ − ζη�ϕ′) + 1

2

∑
m∈2N

Aη

m,0 sin(m�χ )

+ 1

2

∑
m∈2N+1

(
Aη

m,1 + Bη

m,1

)
sin(m�χ + �ϕ′)

+ 1

2

∑
m∈2N+1

(
Aη

m,1 − Bη

m,1

)
sin(m�χ − �ϕ′). (66)

The first term corresponds to the transfer of one pair in only
one spin channel, the second term describes the crossed-pair
processes where an even number of pairs are transferred with
equal contribution from both spin channels, and the third
(fourth) term corresponds to an odd number of pairs transmit-
ted, such that spin-↑ (spin-↓) channel carries one pair more.
Translated into the language of the number of transmitted
pairs [see Eqs. (62) and (63)], the above relation reads

I↑ ≈ Icp(2�χ ) −
∞∑

m=0

mIm,m+1 sin[(2m + 1)�χ + �ϕ′]

−
∞∑

m=0

(m + 1)Im+1,m sin[(2m + 1)�χ − �ϕ′], (67)

I↓ ≈ Icp(2�χ ) −
∞∑

m=0

mIm+1,m sin[(2m + 1)�χ − �ϕ′]

−
∞∑

m=0

(m + 1)Im,m+1 sin[(2m + 1)�χ + �ϕ′], (68)

where Icp denotes the crossed-pair current, which is the same
for both spin channels and contains only even harmonics

Icp(2�χ ) =
∑

m

mIm,m sin (2m�χ ). (69)

As we show immediately, keeping just a few terms in Eqs. (67)
and (68) is sufficient for quantitative recover of the full CPR.
Figure 7(a) shows the absolute value of the coefficients in
the expansion for several m’s. It is supplemented by the inset
showing the crossed-pair current Icp as a function of the super-
conducting phase difference. We notice that the coefficients
are roughly exponentially suppressed with increasing m.
Figure 7(b) shows the validity of the approximation. Namely,
we explicitly see that keeping only one coefficient in the
expansion is sufficient for a qualitative description (blue line),
while the third-order expansion yields a quantitative match
(orange line). Note that in the crossed-pair current, it is nec-
essary to include higher harmonics as well, which is the main
difference from the diffusive limit [32,33], where it is suffi-
cient to keep only the lowest, sin(2�χ ), contribution. This,
however, does not alter the main conclusions.

V. CONCLUSIONS

In summary, we have presented a theoretical study
of the spin-resolved Josephson diode effect in strongly
spin-polarized magnetic materials with inhomogeneous spin
textures coupled to two BCS superconductors. The theory
has been formulated in the framework of quantum Gor’kov

|I m
,n
|/
I c 

Δχ/π

I  /
I c 

m

(a)
1

(m+1)|Im+1,m| (m+1)|Im,m+1|

10−3

10−2

10−1

0 1 2 3 4

(b) CPR
m = 0
m = 1
m = 2

−0.5

0

0.5

1

0 0.5 1 1.5 2

I cp
 /I

c

Δχ/π
−0.2

−0.1

0

0.1

0.2

0 0.25 0.5 0.75 1

FIG. 7. (a) The Im,m+1 (purple bars) and Im+1,m (orange bars)
coefficients from the harmonic expansion of Eqs. (67) and (68). The
inset shows the crossed-pair current [see Eq. (69)]. (b) The Josephson
CPR (green circles) approximated by Eqs. (67) and (68) up to the first
(blue line), the second (red line), and the third order (orange line).
Parameters are the same as in Fig. 6.

and quasiclassical Eilenberger Green’s function formalism,
adapted to strongly-spin-polarized materials in the adiabatic
limit. The former allows neglecting the spin-mixed correla-
tions (spin singlets and spin triplets with sz = 0), while the
latter gives rise to the adiabatic spin geometric phase �ϕs. Ap-
plying our model to a Josephson junction involving a conical
magnet, we have shown that this phase enters the Josephson
CPR in a very similar manner to the superconducting phase
difference, �χ , resulting in the anomalous and the Josephson
diode effects. Our model predicts a significant JDE with a
diode efficiency larger than 40%. To get a better insight, we
have performed a harmonic analysis of the CPR. We have
shown that the spin geometric phase plays an equivalent role
as the quantum geometric phase, �ϕ, that sets in as a conse-
quence of the noncoplanar arrangement between the exchange
field of the FM and the exchange fields of the spin-active
SC/FM interfaces. These two phases we have joined and
called the total spin geometric phase. Finally, we have pro-
vided a physically appealing and intuitive picture of the effect
in terms of the number of coherently transferred Cooper pairs
across the junction. Based on our previous work on homoge-
neous ferromagnetic systems [32,33], we expect the effect to
be robust against impurities in the system. In addition, we do
not expect the self-consistent treatment of the superconductors
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to qualitatively alter the main conclusions. Our theory can
be tested in experimental setups involving conical magnetic
materials such as Ho [37] and tilted Cr1/3NbS2 [97].
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APPENDIX A: BOUNDARY CONDITIONS
FOR COHERENCE FUNCTIONS

The boundary conditions used throughout are based on the
quantum S-matrix approach developed in Refs. [13,14,85]. In
this approach, the central role is played by the renormalized
Green’s function defined in channel space and incorporating
elementary processes that occur between two regions,

γ ′ = SγS̃, (A1)

γ̃ ′ = S̃γ̃S, (A2)

where S is the S matrix and γ = γkδkk′ with k denoting
the scattering channel. In our particular case, we con-
sider the SC/FM interface with a strongly spin-polarized
ferromagnet. This means that the SC has a single doubly-spin-
degenerate channel and the FM has two distinct channels, i.e.,

γ =
⎛
⎝γ̂1

γ2

γ3

⎞
⎠, (A3)

where index η = 1 corresponds to SC and the indices η = 2, 3
correspond to the ↑ and ↓ spin bands in the FM, respectively.
In total, γ has a 4 × 4 matrix structure. Similarly, the S matrix
has the following form [see Eq. (41)]:

S =

⎛
⎜⎜⎝

R̂1 T12 T13

TT
21 r22 r23

TT
31 r32 r33

⎞
⎟⎟⎠, (A4)

and the corresponding hole-like scattering matrix S̃ is ob-
tained simply by S̃i j = S∗

i j . As mentioned in the main text, the
R̂1 block describes the reflection (normal and spin-flip) in the
SC, ri j amplitudes correspond to reflections in the FM, and
Ti j = (ti j, t ′

i j ) denotes the transmission amplitudes.
Following the notation of Ref. [14], we denote the incom-

ing amplitudes with small letters γ and γ̃ and the outgoing
ones with the capital letters � and �̃. However, since γ and
γ̃ have the opposite group (Fermi) velocities, we should also
distinguish between the incoming and outgoing directions,

denoted p, p′, . . . and k, k′, . . . , respectively. Considering the
outgoing directions, the quasiclassical Green’s function (GF)
is built from γ̃ and �, i.e.,

ĝk = ĝk[�, γ̃ ]. (A5)

To obtain the outgoing � amplitude, we follow Ref. [14] in
introducing the following functions expressed in a compact
matrix form in channel space:

F = γ ′(1 − γ̃γ ′)−1 = Gγ ′, (A6)

G = (1 − γ ′γ̃ ) = 1 + F γ̃. (A7)

The quasiclassical amplitudes are Gk = Gkk and Fk = Fkk and
the outgoing amplitude is calculated as

�k = [Gk]−1Fk. (A8)

A similar consideration can be performed for the incoming
directions, where the quasiclassical GF is

ĝp = ĝp[γ , �̃]. (A9)

The outgoing �̃ amplitude is calculated with the help of

F̃ = γ̃ ′(1 − γγ̃ ′)−1 = G̃γ ′, (A10)

G̃ = (1 − γ̃ ′γ ) = 1 + F̃γ, (A11)

as

�̃p = [G̃p]−1F̃p. (A12)

These boundary conditions are used for calculating the
Josephson current in Sec. IV in the main text.

APPENDIX B: LINEARIZED BOUNDARY CONDITIONS
IN THE TUNNELING LIMIT

Equations (A8) and (A12) can be rewritten as the Dyson-
like equations, respectively [14]:

�k←k′ = γ ′
kk′ +

∑
k1 �=k

�k←k1 γ̃k1γ
′
k1k′ , (B1)

�̃p←p′ = γ̃ ′
pp′ +

∑
p1 �=p

�̃p←p1γp1 γ̃
′
p1 p′ . (B2)

Following the notation in which the scattering channel of SC
is labeled by η = 1 and the two channels of FM by η = 2, 3
(corresponding to σ =↑↓, respectively), the outgoing ampli-
tude into the spin-↑ band of FM is given by

�2 = γ ′
22 + �2←1 γ̃1 γ ′

12 + �2←3 γ̃3 γ ′
32. (B3)

Here,

�2←1 = [γ ′
21 + γ ′

23N3γ̃3γ
′
31]N1N13, (B4)

�2←3 = [γ ′
23 + �2←1γ̃1γ

′
13]N3, (B5)

with

Ni = (1 − γ̃iγ
′
ii )

−1,

Ni j = (1 − γ̃iγ
′
i jNj γ̃ jγ

′
jiNi )

−1. (B6)

An analogous set of equations for the scattering into the spin-
↓ band can be obtained by swapping 2 ↔ 3.
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If we neglect the terms ≈O(t3
i j ), Eq. (B3) significantly

simplifies, adopting the form

�2 = γ ′
22 + γ ′

21(1 − ˜̂γ1γ
′
11)−1 ˜̂γ1γ

′
12. (B7)

Now we keep only terms linear in γ22 and γ33 and quadratic in
ti j , arriving at

�2 = |r22|2γ2 + r23r∗
32γ3 + A2, (B8)

where

A2 = TT
21[γ̂1 + γ̂1R̂∗

1(1 − ˜̂γ1R̂1γ̂1R̂∗
1 )−1 ˜̂γ1R̂1γ̂1]T12. (B9)

The first two terms on the right-hand side of Eq. (B8)
represent the spin-conserving and spin-flip contributions, re-
spectively, whereas A2 can be viewed as a source term due
to the transmission from the SC. We now apply the above
discussion to the case of two SC/FM interfaces labeled by L
and R. Expressing the incoming amplitudes at one interface
by the outgoing ones at the other, we arrive at [13]

�L
2 = ∣∣rL

22

∣∣2β∗
2 �R

2 + rL
23rL∗

32 β∗
3 �R

3 + AL
2 , (B10)

�R
2 = ∣∣rR

22

∣∣2β2�
L
2 + rR

23rR∗
32 β3�

L
3 + AR

2 . (B11)

A similar set of equations can be obtained for the spin-↓ band
of the FM by swapping 2 ↔ 3. Grouping the equations with
respect to the corresponding interface and expressing them in
a matrix form, we arrive at Eqs. (42) of the main text.

APPENDIX C: CONICAL MAGNETIC STATE

In this appendix, we provide a microscopic characteriza-
tion of a conical magnetic state described by the following
since-particle Hamiltonian:

Ĥ = ξ (p̂) − Jm · σ̂. (C1)

Here, ξ (p̂) = p̂ 2/(2m) − μ is the standard parabolic disper-
sion with p̂ = −ih̄∇ denoting the momentum operator and μ

the chemical potential, J is the exchange field’s strength, and

m = [sin α cos φ(z), sin α sin φ(z), cos α] (C2)

is the conical spin texture characterized by the tilt α and
spatially dependent azimuthal angle φ(z). For simplicity, we
assume the linear modulation φ(z) = qz, as in the main text
(see Sec. III). By passing to the rotation frame of reference
performed by the unitary transformation Û = eiqzσ̂z/2, Hamil-
tonian (C1) is brought into a diagonalizable form:

H̃ = ξ

(
p̂ − h̄q

2
σ̂zez

)
− J (σ̂z cos α + σ̂x sin α). (C3)

In what follows, we discuss the quasiparticle spectrum and
the geometry of the Fermi surface determined by the above
Hamiltonian. In addition, we discuss the applicability of the
adiabatic approximation employed throughout the main text
and, finally, we briefly comment on the time reversal and
inversion symmetries of the conical magnetic state.

1. Spectrum and Fermi surface

As shown in Ref. [35], the Gor’kov Green’s function for
Hamiltonian (C3) can be obtained exactly, determining the

kz /kFkz /kF

k ⊥
 /k

F

kz /kF

ε  /
E F

kz /kF
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(c)
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−1.5 −1 −0.5 0 0.5 1 1.5

FIG. 8. The energy spectrum ε±(k) of a conical magnet [see
Eq. (C4)] characterized by J = 0.3μ, α = π/6, and (a) q/kF = 1.5,
(b) q/kF = 0.15. Panels (c) and (d) show the corresponding Fermi
surfaces obtained from the condition ε±(kF ) = 0. The black dot-
ted lines in panels (b) and (d) denote the approximate solutions of
Eqs. (C5) and (C6).

quasiparticle spectrum in the following form:

ε±(k) = h̄2

2m

(
k2

z + k2
⊥
)−
(

μ − h̄2q2

8m

)

∓ 1

2

√√√√( h̄2q

m
kz + 2J cos α

)2

+ 4J2 sin2 α, (C4)

where k⊥ = (k2
x + k2

y )1/2. The quasiparticle spectrum of a
conical magnet characterized by the exchange field J = 0.3μ

and the tilt α = π/6 is illustrated in Figs. 8(a) and 8(b), show-
ing the cases of q/kF = 1.5 and q/kF = 0.15, respectively.
For comparison, the normal state is denoted by the green
dashed line. The corresponding Fermi surfaces are obtained
from the condition ε±(kF ) = 0 and displayed in Figs. 8(c)
and 8(d). Note that, for small q, the Fermi surfaces are nearly
spherical, resembling a ferromagnetic state, and justifying the
picture employed in Sec. III [see, in particular, Figs. 2(b) and
2(c)]. In what follows, we provide a quantitative description
of such a situation. Specifically, for small q it is easy to show
that the dispersion relation (C4) can be approximated by

ε±(k) ≈ h̄2

2m

(
k ∓ q

2
cos αez

)2

−
(

μ ± J − h̄2q2

8m
sin2 α

)
.

(C5)
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Consequently, the z projection of the Fermi wave vector reads

k±
Fz ≈

√
2m

h̄2 (μ ± J ) − k2
F⊥ − q2

4
sin2 α ± q

2
cos α

≈
√

2m

h̄2 (μ ± J ) − k2
F⊥ ± q

2
cos α. (C6)

Equations (C5) and (C6) are shown in Figs. 8(b) and 8(d)
by black dotted lines showing quantitative agreement with
the exact solution of Eq. (C4). Note that the adiabatic limit
discussed in the main text is achieved by ξq ≈ 1 ⇒ q/kF ≈
10−3, allowing us to fully neglect the (q/2) cos α term in
Eq. (C6). We have made such an assumption when calculating
the S matrix introduced in Sec. III.

Having obtained the dispersion relation [see Eq. (C5)] and
the Fermi wave vector [see Eq. (C6)], the Fermi velocity can
be calculated from v±

F = 1
h̄

∂ε±
∂k |k→kF , and its z component is

given by

v±
Fz ≈ h̄

m

√
2m

h̄2 (μ ± J ) − k2
F⊥ − q2

4
sin2 α

≈ v0

√
1 ± J

μ
−
(

kF⊥
kF

)2

, (C7)

where kF = √
2mμ/h̄ and v0 = √

2μ/m are the Fermi wave
vector and the Fermi velocity of a three-dimensional (3D)
electron gas. Finally, the corresponding density of states per
unit volume at the respective Fermi level is given by

N±
F ≈ 1

4π2

(
2m

h̄2

)3/2
√

μ ± J − h̄2q2

8m
sin2 α

≈ 1

4π2

(
2m

h̄2

)3/2√
μ ± J = N0

√
1 ± J

μ
, (C8)

where N0 = ( 2m
h̄2 )3/2

√
μ

4π2 is the standard density of states per
spin projection at the Fermi level of a 3D electron gas.

From Eqs. (C7) and (C8), we explicitly see that a strongly-
spin-polarized conical magnet, J ∼ μ, features significantly
different band-specific Fermi velocities and densities of states,
which are crucial for the effects presented in this work. Note
that we use a different notation in the main text to characterize
the energy splitting between two spin bands. Namely, we use
E2 and E3 which are related to μ and J through μ = (E2 +
E3)/2 and J = (E2 − E3)/2.

2. Adiabatic approximation

The preceding discussion can be extended to quantify the
aforementioned adiabatic condition. In the limit of small q,
the Hamiltonian (C3) can be diagonalized, arriving at the
following eigenstates:

ψ+(z) = |q,+〉 e±ik+
z zei q

2 cos (α)z, (C9)

ψ−(z) = |q,−〉 e±ik−
z ze−i q

2 cos (α)z. (C10)

In the equations above, the |q,±〉 spinors are

|q,+〉 = 1√
1 − λ(2 − λ) sin2 α

2

(
cos α

2

(1 − λ) sin α
2

)
, (C11)

|q,−〉 = 1√
1 + λ(2 + λ) cos2 α

2

(
− sin α

2

(1 + λ) cos α
2

)
, (C12)

where we introduce the abbreviations λ = h̄2qkz/(2mJ ) and
k±

z = [(2m/h̄2)(μ ± J ) − k2
F⊥]1/2 is given by Eq. (C6), since

we consider the contribution from the Fermi surface. To fur-
ther examine the role of q, we solve the eigenproblem of
the corresponding uniform ferromagnetic state, obtained by
setting q = 0 in Eq. (C1) and arriving at

ϕ+(z) = |+〉 e±ik+
z z, (C13)

ϕ−(z) = |−〉 e±ik−
z z, (C14)

where the |±〉 spinors are given by

|+〉 ≡ |q = 0,+〉 =
(

cos α
2

sin α
2

)
, (C15)

|−〉 ≡ |q = 0,−〉 =
(

− sin α
2

cos α
2

)
. (C16)

Therefore, the solutions of Eqs. (C11) and (C12) can
be written as linear combinations of the above solutions,
arriving at

|q,+〉 = α+ |+〉 + β+ |−〉 , (C17)

|q,−〉 = α− |+〉 + β− |−〉 , (C18)

where

α+ = 〈+|q,+〉 = 1 − λ sin2 α
2√

1 − λ(2 − λ) sin2 α
2

, (C19a)

β+ = 〈−|q,+〉 = −1

2

λ sin α√
1 − λ(2 − λ) sin2 α

2

, (C19b)

α− = 〈+|q,−〉 = 1

2

λ sin α√
1 + λ(2 + λ) cos2 α

2

, (C19c)

β− = 〈−|q,−〉 = 1 + λ cos2 α
2√

1 + λ(2 + λ) cos2 α
2

. (C19d)

We immediately notice that, for λ � 1, the above ampli-
tudes have the following asymptotic behavior α+ ≈ β− ≈ 1
and α− ≈ −β+ ≈ (λ/2) sin α � 1, and, consequently,

ψ±(z) ≈ ϕ±(z)e±i q
2 cos (α)z. (C20)

In other words, if the spatial variations of the conical spin
profile are nonlocal on atomic scales, which is achieved by
q/kF � J/μ, the system stays in the spin eigenstate of the
local Hamiltonian accompanied by the spin-geometric phase.
This situation corresponds to the adiabatic condition utilized
several times in the main text.
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3. Time-reversal and inversion symmetries

As stated in the main text, the conical spin texture consid-
ered throughout has the form [see also Eq. (C2)]

J(z) = [sin α cos φ(z), sin α sin φ(z), cos α], (C21)

giving rise to the following adiabatic spin gauge field

Z = − 1
4 (1 − cos α)∂zφ(z)ez. (C22)

Let us now consider how this field transforms under the time
reversal and inversion operations.

The time-reversal operator is antiunitary, acting as

T̂ t �→ −t, (C23)

and has a two-dimensional representation

T̂ = −iσ̂2K, (C24)

where K is the complex conjugation operator. It does not leave
the spin invariant, and the Pauli matrices transform as

T̂ σ̂iT̂ −1 = −σ̂i. (C25)

Consequently, the exchange interaction term transforms as

T̂ (J · σ̂)T̂ −1 = −J · σ̂, (C26)

where J is the exchange field in the original time frame.
Finally, in the reversed time frame both J and the spin quanti-
zation axis are reversed, as the latter is set by the FM exchange
field. For the time reversed frame the following transformation
of the spin gauge field holds:

Z = − 1
4 (1 − cos α)∂zφez → 1

4 (1 − cos α)∂zφez

= −Z ⇒ δϕs(α, z) → −δϕs(α, z). (C27)

By taking the linear modulation of the helix, φ(z) = qz, the
above transformation can be effectively seen as q → −q. A
similar consideration (with the reversed quantization axis in
the reversed time frame) leads to Eq. (53) in the main text.

A similar consideration can be performed for the inversion
(parity) symmetry, defined as

�̂

⎛
⎝x

y
z

⎞
⎠ �→

⎛
⎝−x

−y
−z

⎞
⎠. (C28)

Correspondingly, the spherical coordinates transform as

α �→ π − α and ϕ �→ ϕ + π. (C29)

Casting this transformation into the spin-exchange Hamilto-
nian leads to the following transformation of the exchange
interaction:

�̂(J · σ̂ )�̂−1 = −J · σ̂, (C30)

and, consequently, the unitary transformation reads

Û (z) �→ exp

[
i
π − α

2
n(−z) · σ̂

]
. (C31)

Finally, the adiabatic spin gauge field adopts the form

Z = − 1
4 (1 − cos α)∂zφez → − 1

4 (1 + cos α)∂zφez. (C32)

Note that the spin gauge phase remains invariant for α = π/2
(helical state with zero tilt). In other words, in this case, the
inversion symmetry is not broken, which is obvious since we
do not have an out-of-plane component of the exchange field.

APPENDIX D: FOURIER COEFFICIENTS

The spin-resolved currents transform under time reversal as

Iη(�χ,�ϕ,�ϕs) = −Iη(−�χ,−�ϕ,−�ϕs), (D1)

leading to the Fourier expansion given in the following general form, (we omit η for compactness):

I (�χ,�ϕ,�ϕs) =
∞∑

m,n=0

[A′
m,n(�ϕs) sin (m�χ ) cos (n�ϕ) + B′

m,n(�ϕs) cos (m�χ ) sin (n�ϕ)

+ C′
m,n(�ϕs) sin (m�χ ) sin (n�ϕ) + D′

m,n(�ϕs) cos (m�χ ) cos (n�ϕ)]. (D2)

Note that Eq. (D1) requires A′
m,n and B′

m,n to be even in �ϕs and C′
m,n and D′

m,n to be odd in �ϕs.
To obtain Eq. (57) of the main text, we shift �ϕ by �ϕs, i.e., �ϕ → �ϕ − �ϕs, arriving at

I (�χ,�ϕ − �ϕs,�ϕs) =
∞∑

m,n=0

{[A′
m,n(�ϕs) cos (n�ϕs) − C′

m,n(�ϕs) sin (n�ϕs)] sin (m�χ ) cos (n�ϕ)

+ [B′
m,n(�ϕs) cos (n�ϕs) + D′

m,n(�ϕs) sin(n�ϕs)] cos (m�χ ) sin (n�ϕ)

+ [C′
m,n(�ϕs) cos (n�ϕs) + A′

m,n(�ϕs) sin (n�ϕs)] sin (m�χ ) sin (n�ϕ)

+ [D′
m,n(�ϕs) cos (n�ϕs) − B′

m,n(�ϕs) sin (n�ϕs)] cos (m�χ ) cos (n�ϕ)}. (D3)

We find numerically that the last two terms in the sum in Eq. (D3) vanish identically, leading to the following identities:

0 ≡ C′
m,n(�ϕs) cos (n�ϕs) + A′

m,n(�ϕs) sin (n�ϕs), (D4)

0 ≡ D′
m,n(�ϕs) cos (n�ϕs) − B′

m,n(�ϕs) sin (n�ϕs). (D5)

Furthermore, we find that the coefficients of the first two terms in Eq. (D3),

Am,n = A′
m,n(�ϕs) cos (n�ϕs) − C′

m,n(�ϕs) sin (n�ϕs), Bm,n = B′
m,n(�ϕs) cos (n�ϕs) + D′

m,n(�ϕs) sin (n�ϕs), (D6)
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are independent of the variable �ϕs. Expressing all coefficients by the Am,n and Bm,n,

A′
m,n(�ϕs) = Am,n cos (n�ϕs), (D7)

B′
m,n(�ϕs) = Bm,n cos (n�ϕs), (D8)

C′
m,n(�ϕs) = −Am,n sin (n�ϕs), (D9)

D′
m,n(�ϕs) = Bm,n sin (n�ϕs), (D10)

and introducing these expressions into Eq. (D2), we obtain

I (�χ,�ϕ,�ϕs) =
∞∑

m,n=0

{Am,n sin (m�χ ) cos [n(�ϕ + �ϕs)] + Bm,n cos (m�χ ) sin [n(�ϕ + �ϕs)]}. (D11)

Introducing �ϕ′ = �ϕ + �ϕs, we find that I in fact only depends on �χ and �ϕ′, I (�χ,�ϕ,�ϕs) = I (�χ,�ϕ′, 0), such that

I (�χ,�ϕ′, 0) ≡ I (�χ,�ϕ′) =
∞∑

m,n=0

[Am,n sin(m�χ ) cos(n�ϕ′) + Bm,n cos(m�χ ) sin(n�ϕ′)]. (D12)

This yields Eq. (57) in the main text.
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