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Evolution of flat bands in a two-dimensional fused pentagon network
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The theoretical quest for flat-band tight-binding models usually relies on lattice structures on which electrons
reside. Typical examples of candidate lattice structures include the Lieb-type lattices and the line graphs.
Meanwhile, there can be accidental flat-band systems that belong to neither of such typical classes and deriving
flat-band energies and wave functions for such systems is not straightforward. In this work, we investigate
the characteristic band structure for the tight-binding model on a network composed of pentagonal rings,
which is inspired by the theoretically predicted carbon-based material. Although the lattice does not belong
to conventional classes of flat-band models, the exact flat bands appear only for fine-tuned parameters. We
analytically derive the exact eigenenergies and eigenstates of the flat bands. By using the analytic form of the
Bloch wave function, we construct the corresponding Wannier function and reveal its characteristic real-space
profile. We also find that, even away from the exact-flat-band limits, the nearly flat band exists near the Fermi
level for the half-filled systems, which indicates that the present system will be a suitable platform for the quest
for flat-band-induced correlated electron physics if it is realized in a real material. This is supported by the
density functional theory calculations for the carbon-based materials where we find the ferromagnetic state.

DOI: 10.1103/2wy3-hgqn

I. INTRODUCTION

Flat bands are one of the characteristic dispersions in
crystalline systems, where the energy eigenvalue is con-
stant in the entire Brillouin zone. In flat-band systems,
the diverging density of states makes the electron-electron
correlation prominent. Indeed, exotic correlation-induced
phenomena, such as ferromagnetism [1–4], superconductivity
[5–12], Bose-Einstein condensation [13,14], and the zero-
field fractional quantum Hall effect (i.e., the fractional Chern
insulators) [15–17], have been pursued in flat-band systems.
From a more fundamental point of view, flat-band models
also serve as exactly solvable quantum many-body systems
[18–20], as well as the platform of the exotic disorder-induced
phenomena [21–32]. Recently, from the experimental side,
many flat-band systems have been found or artificially fabri-
cated. Examples include the twisted bilayer graphene [33–36],
the kagome metals [37–41], the molecular-based materials
[42–44], the cold atoms [45–48], and the photonic systems
[49–54].

From the viewpoint of the fundamental theory, two typical
lattice structures for constructing tight-binding Hamiltonians
hosting flat bands are known. One is the sublattice-number-
imbalanced bipartite (i.e., the Lieb-type) lattices [55–57], and
the other is the line graphs [1] and their variants [58–61]. In
both of these two types of lattices, the formation of localized
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states due to the destructive interference mechanism plays
an essential role; such localized states turn to the flat bands
in the momentum-space representation, and they are dubbed
as the compact localized states (CLSs) [62,63]. Additionally,
for these classes of models and their extensions, analytical
solutions of the flat-band states can be obtained in a systematic
manner [59,64–67] even when there are multiple flat bands
with different energies.

Meanwhile, not all the flat-band models belong to the
above two classes [68–71]. In some cases, flat bands can ap-
pear accidentally for the fine-tuned parameters. In such cases,
in general, there is no systematic method to obtain analytic
solutions of the flat bands. Here we consider one such exam-
ple. The lattice structure we study in this paper is depicted in
Fig. 1, which is a tight-binding model for the carbon allotrope
proposed by two of the authors [72–74]. The proposed ma-
terial is of interest in terms of various applications such as
H2 separation [75], the anode for Li ion batteries [76], and
desalination [77]. The lattice geometry of Fig. 1 is charac-
teristic in that it consists of a network of fused pentagons.
By investigating the evolution of the band structures upon
changing the parameters, we find that there are two limiting
cases that have exact flat bands. Interestingly, the origins of
the flat band in these two cases are quite different; namely,
one is due to the destructive interference effect and the other is
attributed to an accidental reason. For both of these two limits,
we derive the exact-flat-band solutions, and elucidate that the
flat-band wave functions are completely different from each
other. We also find that the nearly flat bands survive even
away from the exact-flat-band limits, which indicates that the
strongly correlated physics will be feasible in the real mate-
rials hosting this network of fused pentagons even though the
transfer integrals of the real materials is away from the ideal
flat-band limit. Additionally, based on the density functional

2469-9950/2025/112(8)/085421(10) 085421-1 Published by the American Physical Society

https://orcid.org/0000-0003-4986-7177
https://orcid.org/0000-0002-2872-5543
https://orcid.org/0000-0001-6933-5552
https://orcid.org/0000-0002-0783-3596
https://ror.org/02956yf07
https://ror.org/02956yf07
https://crossmark.crossref.org/dialog/?doi=10.1103/2wy3-hgqn&domain=pdf&date_stamp=2025-08-25
https://doi.org/10.1103/2wy3-hgqn
https://creativecommons.org/licenses/by/4.0/


MIZOGUCHI, MARUYAMA, HATSUGAI, AND OKADA PHYSICAL REVIEW B 112, 085421 (2025)

1

2

1413 5

10 11
12
478

9

6
3

FIG. 1. Lattice structure considered in this paper. Black, red, and
green bonds correspond to the transfer integrals t1, t2, and t3, respec-
tively. The lattice vectors are a1 = (

√
3

2 , 1
2 ) and a2 = (−

√
3

2 , 1
2 ).

theory calculations, we show that the above band structures
are indeed realized in the carbon-based materials of the 2D
fused pentagon network and those with H adsorbates at the
vertex of three pentagons. Both of two materials exhibit the
ferromagnetic state which results from the nearly flat bands
around the Fermi level.

The rest of this paper is structured as follows. In Sec. II, we
introduce our tight-binding model, which is inspired by the
carbon-network material [72]. Our main results are presented
in Sec. III, where we show the band-structure evolution upon
changing the hopping parameters. The real-space pictures for
two exact-flat-band limits are also presented. In Sec. IV, we
show the band structures and the spin density distribution of
the carbon-based materials having the fused pentagon network
and those with the hydrogen adsorption, obtained by the den-
sity functional theory calculations. We compare the results
with those for the tight-binding model. The summary of this
paper is presented in Sec. V. In Appendix A, we address the
flat band due to the chiral symmetry realized at t2 = 0 (see
Fig. 1 for its definition). In Appendix B, we provide a detailed
explanation about the flat band for t3 = 0. In Appendix C, we
explain the derivation of the analytic solution of the flat bands
for t1 = t2 = t3. Finally, in Appendix D, we show that we can
construct the topological flat-band model by introducing the
complex next-nearest-neighbor hoppings.

II. MODEL

We consider the tight-binding model defined on a lattice in
Fig. 1 for spinless, single-orbital fermions. There are 14 sites
per unit cell. We point out two characteristics of this lattice.
First, all sites are tricoordinate as is the case of honeycomb,
square-octagon, and star lattices. Second, the lattice is com-
posed of larger loops with an even number of sites (i.e., the
loops composed of the sublattices 1–12 at the center of each
unit cell) and the smaller loops with an odd number of sites
(i.e., the pentagons). The second feature is in common with
the kagome [2], star [78–80], and stagome [71] lattices, all of
which host the flat band.

In the real space, the Hamiltonian reads H =∑
〈i, j〉 ti, jc

†
i c j + (H.c.), where c j represents the annihilation

operator of the fermion at the site j and ti, j represents the
transfer integral between the sites i and j. There are three
types of bonds, which we denote by black, red, and green
bonds in Fig. 1. Performing the Fourier transform, we obtain
the momentum-space representation of the Hamiltonian
H = ∑

k c†
kHkck where ck = (ck,1, . . . , ck,14)T and Hk is the

Bloch Hamiltonian in the form of a 14 × 14 matrix:

Hk =

⎛
⎜⎜⎜⎜⎝
O3,3 Sk T1 O3,2

S†
k O3,3 T2 O3,2

T †
1 T †

2 O6,6 Tk,3

O2,3 O2,3 T †
k,3 O2,2

⎞
⎟⎟⎟⎟⎠, (1)

where

Sk =

⎛
⎜⎝

0 0 t2ei(θk,1+θk,2 )

t2e−iθk,1 0 0

0 t2e−iθk,2 0

⎞
⎟⎠, (2)

T1 =

⎛
⎜⎝

t1 t1 0 0 0 0

0 0 t1 t1 0 0

0 0 0 0 t1 t1

⎞
⎟⎠, (3)

T2 =

⎛
⎜⎝

t1 0 0 0 0 t1
0 t1 t1 0 0 0

0 0 0 t1 t1 0

⎞
⎟⎠, (4)

and

Tk,3 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

t3eiθk,1 0

0 t3eiθk,2

t3 0

0 t3e−iθk,1

t3e−iθk,2 0

0 t3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (5)

Here we have used a shorthand notation, θk,i := k · ai (i =
1, 2). We also note that On,m stands for the n × m zero
matrix. The band structure of this model is obtained by
solving the eigenvalue problem Hkψk = Ekψk, where Ek is
the eigenvalue and ψk is the eigenvector in the form of the
14-component column vector. Although we can solve the
eigenvalue problem numerically, obtaining the analytic so-
lutions is not easy because the matrix size of Hk is rather
large. Nevertheless, we can obtain the exact solutions of the
flat bands for special cases.

III. RESULTS

In this section, we argue the characteristic band structures
of the present model. Specifically, we focus on the case where
t1 = t2 = −1 and t3/t1 ∈ [0, 1] is the varying parameter. In
Fig. 2, we plot the band structures for several values of t3/t1.
We see the exact flat bands in two panels, namely, Fig. 2(a)
(i.e., t3/t1 = 0) and Fig. 2(f) (i.e., t3/t1 = 1). In the following,
we will explain two flat-band limits in detail. We also note,
however, that exact flat band also appears for t2 = 0, since the
chiral symmetry is preserved in this case; see Appendix A for
details.
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FIG. 2. Band structures of the model of Eq. (1). We fix t1 = t2 = −1, and vary t3/t1 as indicated in each panel. The high-symmetry points
in the Brillouin zone are � = (0, 0), K = ( 2π√

3
, 2π

3 ), and M = ( π√
3
, π ). Red arrows in panels (a) and (f) point to the exact flat bands.

A. Flat-band solutions for two flat band limits

For t3/t1 = 0 [Fig. 2(a)], the zero-energy flat band is three-
fold degenerate. In fact, two of these states are trivial, since
sublattices 13 and 14 become isolated sites for t3 = 0. The re-
maining zero-energy flat band can be obtained analytically. A
key finding is that T1 and T2 of Eqs. (3) and (4) have a common
kernel, u = (1,−1, 1,−1, 1,−1)T. Namely, T1u = T2u = 0
holds. Having this at hand, we find that the following vector,

ψk = 1√
6

(0, 0, 0, 0, 0, 0, 1,−1, 1,−1, 1,−1, 0, 0)T, (6)

satisfies Hkψk = 0 for t3 = 0. This wave function has finite
amplitudes on the sites at the edges of the hexagon (sublattices
7–12), and has vanishing amplitudes the sites on the vertices
of the hexagon (1–6), which clearly indicates that the flat
band arises from the destructive interference effect. It is also
worth noting that this zero-energy flat band is robust against
changing t2/t1, as far as t3 = 0 is satisfied. Note also that
the zero-energy flat band can be understood in terms of the
molecular-orbital representation [81–83]. See Appendix B for
details.

Next, let us consider t3/t1 = 1 [Fig. 2(f)]. In this case, we
see two exact flat bands, both of which have nonzero eigenen-
ergy. Clearly, these flat bands do not belong to conventional
classes arising from the bipartite or line-graph-type lattice
structures. Rather, the flat bands in this case are realized acci-
dentally, meaning that the clear guiding principle for deriving
flat bands is lacking. Nevertheless, we find the exact-flat-
band solutions in this case, whose derivation is elaborated in
Appendix C. We find that the flat-band energies are given as

E± = 1 ±
√

2, (7)

and the corresponding wave functions are

ψk,± = 1

Nk,±

(
ξk,±, ηk,±, ζk,±, η∗

k,±, ζ ∗
k,±, ξ ∗

k,±, 1, 1, 1, 1, 1, 1,

− Xk

E±
,− X ∗

k

E±

)T

, (8)

where

ξk,± = −2(E± − ei(θ1,k+θ2,k ) )

E2± − 1
, (9a)

ηk,± = −2(E± − e−iθ1,k )

E2± − 1
, (9b)

ζk,± = −2(E± − e−iθ2,k )

E2± − 1
, (9c)

and

Xk = 1 + e−iθk,1 + eiθk,2 . (9d)

Nk,± is the normalization constant. Clearly, these wave func-
tions are completely different from that of Eq. (6). Most
remarkably, there is no sublattice that has vanishing am-
plitude, meaning that the origin of the flat band cannot be
attributed to the destructive interference mechanism.

We note that the flat-band eigenenergies can be tuned with
keeping the flat-band wave functions unchanged by adding a
special form of the second-neighbor hoppings corresponding
to H2 [84]. Further, as a by-product of the exact wave func-
tions in Eq. (8), we can also construct the topological model
with keeping the exact flat bands by introducing the specific
form of the imaginary next-nearest-neighbor hoppings. The
result is presented in Appendix D.
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FIG. 3. Real-space distribution of (a) the CLS for t3/t1 = 0, (b) wR0,−(R, α) for t3/t1 = 1, and (c) wR0,+(R, α) for t3/t1 = 1. The red and
blue circles indicate that the signs of the wave function are + and −, respectively, and the radii of the circles are proportional to |w|2.

B. Real-space picture of the exact flat bands

We further address the real-space pictures of the two exact-
flat-band limits. To this end, we derive the Wannier function.
In general, computing the Wannier function solely by the
numerical diagonalization of the Bloch Hamiltonian requires
caution in the gauge fixing of the wave function at each mo-
mentum. In contrast, having the analytical solution at hand,
we can straightforwardly calculate the Wannier function. To
be concrete, the Wannier function for the flat-band states
centered at the unit cell R0 is given as

wR0 (R, α) = 1

Nu.c.

∑
k

eik·(R−R0 )[ψk]α, (10)

with Nu.c. being the number of unit cells in the system and α

being the sublattice index.
We first consider t3/t1 = 0. As we have mentioned, two

of the flat bands are obtained by the isolated sites 13 and
14, so we consider the Wannier function corresponding to the
Bloch wave function of Eq. (6). As the Bloch wave function of
Eq. (6) is k independent, k summation in Eq. (10) can be taken
trivially. We find that the Wannier function is equal to the
CLS that has finite amplitudes on a finite number of sites and
zero amplitude on the remaining sites. This CLS is depicted
in Fig. 3(a).

We next consider the case of t3/t1 = 1. In Figs. 3(b) and
3(c), we depict the real-space profile of the Wannier functions
w± of several unit cells around the center. We take the sum-
mation over k in Eq. (10) numerically with 72 × 72 meshes.
Note that the Wannier function is real due to the symmetry,
ψ−k,± = ψ∗

k,±. We see that both of the flat bands have finite
amplitudes on all sublattices, which again provides the evi-
dence that the simple interference mechanism does not apply
to these flat bands. We also see a characteristic real-space
profile of w− [Fig. 3(b)]; namely, the inner small hexagonal
plaquette measured from the Wannier center has the small
amplitudes whereas the second hexagonal plaquette has the
largest amplitudes.

C. Robust nearly flat bands

Turing to Fig. 2, we find another important fea-
ture. Namely, even away from the exact-flat-band limits
[Figs. 2(b)–2(e)], there is a reasonably flat band near the Fermi
energy of the half-filled case. This indicates that strongly
correlated physics survives even away from the exact-flat-
band limits. Hence, the fused pentagon network is a suitable
platform for searching for flat-band-induced exotic physics.

IV. MATERIAL REALIZATIONS IN CARBON-BASED
MATERIALS

In this section, we address the materialization of the fused
pentagon network based on the density functional theory
calculation, by which the electron-electron interaction is in-
corporated. Figure 4(a) shows the electronic structure for
the 2D networks of fused pentagons with flat conformation.
The electronic structures are investigated using the density
functional theory with the generalized gradient approximation
and ultrasoft pseudopotentials. We see that the spin splitting
between the majority and the minority spins occurs; namely,
the ferromagnetic state is realized. This results from the nearly
flat band around the Fermi level. We also see that the band
structure around the Fermi level resembles Fig. 2(d) rather
than the exact-flat-band limit in Fig. 2(f). This is because
the lengths of the bonds in the actual structure are not equal
to each other. Nevertheless, the robustness of the nearly flat
bands causes the aforementioned ferromagnetic state. Fig-
ure 4(b) shows the spin density distribution in the real space.
We see that the amplitude is large on the sublattices 1–6,
13, and 14, which agrees with the flat-band Wannier func-
tions in Fig. 3(b). This indicates that the nearly flat band of
Fig. 4(a) has a similar wave function to the exact flat band of
Fig. 2(f).

Figure 5(a) shows the electronic structure for the 2D
networks of fused pentagons with H adsorbates at the

FIG. 4. (a) Electronic structure and (b) spin density of 2D net-
works of fused pentagons with flat conformation. Gray balls denote
C atoms. In panel (a), black solid and blue dotted curves denote the
energy bands of majority and minority spin states, respectively, and
energy is measured from that of the Fermi level. In panel (b), blue
and purple isosurfaces indicate the electron density of majority and
minority spin states, respectively.
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FIG. 5. (a) Electronic structure and (b) spin density of 2D net-
works of fused pentagons with H adsorbates at the vertex of three
pentagons. Gray and pink balls denote C and H atoms, respectively.
In panel (a), black solid and blue dotted curves denote the energy
bands of majority and minority spin states, respectively, and energy
is measured from that of the Fermi level. In panel (b), blue and purple
isosurfaces indicate the electron density of majority and minority
spin states, respectively.

vertex of three pentagons. In fact, π electrons do not live
on the H-adsorbed sites; thus H adsorption on the vertex of
three pentagons corresponds to the removal of sites 13 and 14
in the tight-binding model. We again see the spin splitting,
and the flatness of the band near the Fermi level increases
compared with Fig. 4(a). As expected, comparing to the tight-
binding model, we find that the band structure is similar to
Fig. 2(a). Figure 5(b) shows the spin density distribution in
the real space. We see that the spin density is small on the
sublattices 1–6, which is in contrast to Fig. 4(b). This profile
agrees with the CLS in Fig. 3(a).

V. SUMMARY

We have studied the band structure of the tight-binding
model of the two-dimensional fused pentagon network. The
model is remarkable in that there are two flat-band limits upon
changing the hopping parameters. For one limit (t3/t1 = 0),
the flat band is at zero-energy and its real-space picture is
given by the CLS. For another limit (t3/t1 = 1), the flat bands,
appearing in two different energies, are realized rather ac-
cidentally. The resulting Wannier functions are completely
different from the CLS of t3/t1 = 0. Additionally, upon in-
terpolating these two limits, the bands near the Fermi energy
of the half-filled case remain reasonably flat (though it is
not exactly flat), which indicates that the strongly correlated
physics due to the nearly-flat bands, such as the emergence of
the spin-polarized state, is expected throughout the parameter
region investigated in this paper.

We have also investigated the band structures and the
spin density distributions of the fused pentagon networks of
carbon-based materials and those with the H adsorption ob-
tained by the density functional theory calculations. In the
real materials, the fine-tuned conditions for the hopping pa-
rameters are not satisfied in general, as the bond lengths of
the black, red, and green bonds in Fig. 1 are different among
each other. Nevertheless, we see that the nearly flat band

appears around the Fermi level whose band structure resem-
bles Fig. 2(d), and it induces the ferromagnetic state whose
spin density profile agrees with the Wannier function of the
exact flat band. In addition, by the hydrogen adsorption at
the vertex of three pentagons, we can realize the situation of
t3/t1 = 0. The resulting band structure is indeed similar to
Fig. 2(a) and the spin density profile agrees with the CLS
of the flat band at t3/t1 = 0. These results indicate that H
adsorption changes the nature of the flat band drastically.

Finally, we address the implication of the exact flat bands
for t3/t1 = 1 in the completely different physics, namely, the
interacting spin model on the same lattice with the antiferro-
magnetic coupling. Indeed, in the context of the spin model,
the flat band indicates the macroscopically degenerate mag-
netic ground state at the classical level [85–90]. In the present
model, we see the exact flat band at on the top for t1 = t2 =
t3 = −1, meaning that the flat band is on the bottom when
reversing the sign of the hoppings, i.e., for t1 = t2 = t3 =
1. This indicates the macroscopically degenerate magnetic
ground state for the spin model with the antiferromagnetic
coupling, so revealing its ground state will be an interesting
future problem.
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APPENDIX A: FLAT BAND FOR t2 = 0

In this Appendix, we show that the flat band appears at
t2 = 0. In this case, the sublattices are divided into two
classes: (A) the sublattices 1–6, 13, and 14 and (B) the sublat-
tices 7–12. The hopping occurs only between the site of (A)
and that of (B), which manifests that the chiral symmetry is
preserved. Since there are 8 sites (per unit cell) for (A) and
6 sites for (B), the doubly degenerate flat band appears at the
zero energy, for any the values of t1 and t3 [55,56].

Figure 6 shows the band structure for (t1, t2, t3) =
(−1, 0,−1). We see the zero-energy flat band, as explained
above. We also see that the positive and negative energy bands
appear in a pairwise manner, which results from the chiral
symmetry.

APPENDIX B: MOLECULAR-ORBITAL
REPRESENTATION FOR t3 = 0

In this Appendix, we present the insight into the zero-
energy flat band for t3 = 0 from the molecular-orbital
representation [81–83], by which we clarify the origin of the
flat band from the linear-algebraic point of view. The generic
framework of the molecular representation is that the zero-
energy flat band appears when the n × n Bloch Hamiltonian
Hk can be represented as

Hk = 	khk	
†
k, (B1)
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FIG. 6. Band structure for (t1, t2, t3) = (−1, 0, −1). The red ar-
row points to the exact flat band.

where 	k is an n × m (m < n) matrix and hk is an m × m
Hermitian matrix. Note that 	k can be given by m sets of
the column vector, each of which can be regarded as the
(unnormalized) wave function of the molecular orbital:

	k = (φk,1 · · · φk,m). (B2)

The flat band has at least (n − m)-fold degeneracy since there
exist at least (n − m) vectors ϕk,
 satisfying 	

†
kϕk,
 = 0 due

to the fact that 	
†
k is the nonsquare matrix whose number of

rows is smaller than that of the columns.
Let us now consider the case of t3 = 0 of the present

model. We omit the sublattices 13 and 14 since they are the
isolated sites providing trivial zero-energy flat bands. Then the
remaining 12 × 12 block of the Bloch Hamiltonian is given as

H′
k =

⎛
⎜⎝
O3,3 Sk T1

S†
k O3,3 T2

T †
1 T †

2 O6,6

⎞
⎟⎠. (B3)

We now show that H′
k can be expressed in the form of

Eq. (B1). To be more specific, we show the explicit form of
11 molecular orbitals by which we can rewrite the Hamil-
tonian. To this end, we utilize the idea which we have used
in Ref. [83]. Namely, as a first step, we define 12 molecular
orbitals rather than 11, one of which turns out to be redundant.
Specifically, we define

φk, j = e j, (B4)

for j = 1, . . . , 6, and

φk,7 = e7 + e8, (B5a)

φk,8 = e8 + e9, (B5b)

φk,9 = e9 + e10, (B5c)

φk,10 = e10 + e11, (B5d)

φk,11 = e11 + e12, (B5e)

and

φk,12 = e12 + e7. (B5f)

Here, e j is the unit vector whose jth component is
1 and all the other components are zero. Defining 	̃k =
(φk,1 · · · φk,12), we can rewrite H′

k as

H′
k = 	̃kh̃k	̃

†
k, (B6)

where h̃k is the 12 × 12 matrix

h̃k =

⎛
⎜⎝
O3,3 Sk T ′

1

S†
k O3,3 T ′

2

T ′†
1 T ′†

2 O6,6

⎞
⎟⎠, (B7)

with Sk is the same as that of Eq. (2) and

T ′
1 =

⎛
⎜⎝

t1 0 0 0 0 0

0 0 t1 0 0 0

0 0 0 0 t1 0

⎞
⎟⎠, (B8)

T ′
2 =

⎛
⎜⎝

0 0 0 0 0 t1
0 t1 0 0 0 0

0 0 0 t1 0 0

⎞
⎟⎠. (B9)

The key step to obtain the final form of the molecular-orbital
representation is to notice that φk,7–φk,12 are not linearly
independent with each other [83]. Rather, they satisfy

φk,12 = (φk,7 + φk,9 + φk,11) − (φk,8 + φk,10). (B10)

Using this relation we can rewrite H′
k in the form of Eq. (B1).

Specifically, adopting 	k = (φk,1 · · · φk,11), we set hk as

hk =

⎛
⎜⎝
O3,3 Sk T ′′

1

S†
k O3,3 T ′′

2

T ′′†
1 T ′′†

2 O5,5

⎞
⎟⎠, (B11)

where T ′′
1 and T ′′

2 are the 3 × 5 matrices:

T ′′
1 =

⎛
⎜⎝

t1 0 0 0 0

0 0 t1 0 0

0 0 0 0 t1

⎞
⎟⎠, (B12)

T ′′
2 =

⎛
⎜⎝

t1 −t1 t1 −t1 t1
0 t1 0 0 0

0 0 0 t1 0

⎞
⎟⎠. (B13)

It is again worth mentioning that this molecular-orbital repre-
sentation holds for any t1 and t2, meaning that the zero-energy
flat band exists for any t1 and t2.

APPENDIX C: ANALYTIC SOLUTION OF THE FLAT
BAND FOR t1 = t2 = t3

In this Appendix, we derive the analytic solution of the flat-
band states for t1 = t2 = t3 = −1. Unlike the case of t3 = 0, it
is not straightforward to find the molecular-orbital represen-
tation. Hence, we explicitly solve the Schrödinger equation
Hkψk = Eψk where ψk = (ψk,1, . . . , ψk,14)T. Hereafter, we
abbreviate the k dependence of ψk,α . A key assumption for
obtaining the analytic solution is

ψ7 = ψ8 = ψ9 = ψ10 = ψ11 = ψ12. (C1)

We have found this condition by the numerical
diagonalization. Without loss of generality, we set
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ψ7 = ψ8 = · · · = ψ12 = 1; the normalization of the wave
function will be considered afterward.

Under this assumption, we solve the Schrödinger equa-
tion explicitly. We first focus on the sublattices 13 and 14,
since they are connected only to the sublattices 7–12. By sub-
stituting the above assumption into the Schrödinger equation,
we have

−(1 + e−iθ1 + eiθ2 ) = Eψ13,

−(1 + eiθ1 + e−iθ2 ) = Eψ14. (C2)

Then we have ψ13 = −X
E and ψ14 = −X ∗

E [X is defined
in Eq. (9d)]. Here we assume E �= 0, which is indeed the
case.

We next focus on ψ1, . . . , ψ6, i.e., the vertexes of
hexagonal rings. For ψ1 and ψ6, the Schrödinger equation
leads to

(
0 −ei(θ1+θ2 )

−e−i(θ1+θ2 ) 0

)(
ψ1

ψ6

)
−

(
ψ7 + ψ8

ψ10 + ψ11

)
= E

(
ψ1

ψ6

)
.

(C3)

From the assumption ψ7 = · · · = ψ12 = 1, we obtain

ψ1 = ψ∗
6 = −2[E − ei(θ1+θ2 )]

E2 − 1
. (C4)

Note that we additionally assume E �= ±1, which is also the
case. Similarly, for ψ2, ψ3, ψ4, and ψ5, we obtain

ψ2 =ψ∗
4 = −2(E − e−iθ1 )

E2 − 1
,

ψ3 =ψ∗
5 = −2(E − e−iθ2 )

E2 − 1
. (C5)

Lastly, we focus on ψ7, . . . , ψ12, i.e., the sites on the
edges of hexagonal rings. We determine the eigenenergy E so
that the assumption of ψ7 = · · · = ψ12 = 1 is satisfied self-
consistently. For ψ7, the Schrödinger equation leads to

−(ψ1 + ψ4) − eiθ1ψ13 = Eψ7. (C6)

Substituting Eqs. (C2), (C4), and (C5) into Eq. (C6), as well
as ψ7 = 1, we obtain

2

E2 − 1
(2E − α) + 1 + α

E
= E , (C7)

where we have defined α := ei(θ1+θ2 ) + eiθ1 . Equation (C7) can
be rewritten as

(E2 − 2E − 1)(E2 + 2E − 1 − α) = 0. (C8)

FIG. 7. (a) Schematic figure of additional imaginary hoppings
preserving the flat bands. The orange broken lines represent the
hopping −iλ (in the direction of the arrow). (b) Band structure for
(t1, t2, t3, λ) = (−1, −1, −1, 0.3). Red arrows point to the flat bands.

As α is actually the k-dependent quantity, the k-dependent
solutions of the above equation correspond to Eq. (7) [i.e.,
E = 1 ± √

2]. We note that the conditions for ψ8, . . . , ψ12

lead to the same eigenenergies. Once the eigenenergies are
determined, the corresponding wave functions can obtained
from Eqs. (C1), (C2), (C4), (C5), and (C6). The resulting wave
functions are shown in Eq. (8).

APPENDIX D: TOPOLOGICAL FLAT-BAND MODEL
WITH HIGH CHERN NUMBERS

Here we present the construction of the topological flat-
band model based on the present lattice structure, which is
inspired by the analytic wave function for t1 = t2 = t3. In fact,
the flat-band wave function of Eq. (8) tells us what kind of ad-
ditional hopping terms can preserve the exact flat bands. To be
concrete, we introduce the pure-imaginary hoppings among
the sites 7–12, as shown in Fig. 7(a). These types of imaginary
hoppings can be a source of topologically nontrivial states,
as proposed in the seminal work by Haldane [91]. The band
structure is shown in Fig. 7(b). We also compute the Chern
number of each band (or sets of bands if they are degenerate)
numerically [92]. We see the exact flat bands are unchanged.
This is due to the fact that ψ7 = · · · = ψ12 holds for every k
and thus the additional pure-imaginary hoppings vanish when
acting on the flat-band wave function. In the present set of
parameters, the set of bands containing the flat band E− has
the finite Chern number, whereas that containing E+ has the
vanishing Chern number. We also see that some of the bands
have the high Chern number (i.e., the absolute value of the
Chern number is larger than 1), which has been of interest
recently [93–97].

Regarding the topological phase of this model, it is also
interesting to point out that, when the sites 13 and 14 are re-
moved, the model is similar to the Kekulé honeycomb model
that hosts the higher-order topological insulator [98–103]. To
be more specific, the model can be regarded as the “decorated”
Kekulé honeycomb model where additional sites (7–12) are
put on the edge of the intra-unit-cell honeycomb rings. Investi-
gating the possible realization of the higher-order topological
insulator and existence of corner states will be an interesting
future problem.
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