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Why finite-size non-Hermitian eigenvalues can miss asymptotic eigenstates
in topological physics
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Non-Hermitian systems exhibit a fundamental spectral dichotomy absent in Hermitian physics: the eigenvalue
spectrum and the eigenstate spectrum can deviate significantly in the thermodynamic limit. We explain how
extrapolating finite-size eigenvalues can miss important asymptotic eigenstates, with the unidirectional Hatano-
Nelson model serving as a minimal realization of this phenomenon. Through exact analytical solutions, we
show that this model contains not only hidden asymptotic modes but also quasi-Jordan structures that become
macroscopic in the thermodynamic limit and appear more generally in systems with nontrivial bulk winding.
Our framework explains how the apparent failure of the bulk-edge correspondence in models such as the non-
Hermitian Su-Schrieffer-Heeger (SSH) chain can reflect the failure of finite-size eigenvalue extrapolation to
detect asymptotic edge states in systems with a skin effect. These results clarify the limitations of using finite-size
eigenvalues alone to infer thermodynamic-limit topology.
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I. INTRODUCTION

Non-Hermitian quantum mechanics has emerged as a pow-
erful framework for describing open dissipative quantum
systems, where effective Hamiltonians incorporate gain, loss
[1,2], and nonreciprocal couplings [3–5]. While such de-
scriptions are severe approximations for weakly dissipative
systems [6], recent advances have revealed that non-Hermitian
physics hosts genuinely new phenomena without Hermitian
counterparts. Unlike Hermitian operators, whose eigenvalues
are real and whose eigenstates form a complete orthogonal
basis, non-Hermitian Hamiltonians exhibit a richer spectral
structure, including complex eigenvalues [7–9], exceptional
points [10–16], and spectral singularities [17–21]. These fea-
tures enable diverse novel phenomena, such as enhanced
sensing [22–27], unidirectional invisibility [28–30], and non-
Hermitian topological phases [13,31–34].

A prominent manifestation of the anomalous non-
Hermitian spectral properties is the non-Hermitian skin
effect, where all eigenstates become exponentially local-
ized at system boundaries under open boundary conditions
[35–39]. Although the effect was initially discovered in one-
dimensional models, it is more universal and extends to both
higher dimensions [40–43] and interacting systems [44–46].
In particular, with the skin effect there is an important dif-
ference between periodic and open boundary spectra: their
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band gaps may close at different parameter values, and a naive
eigenvalue-based bulk-boundary correspondence appears to
fail [47–49]. Several approaches to reconcile these concepts
have been discussed, such as the introduction of the gen-
eralized Brillouin zone [36,50,51], biorthogonal approaches
[52], or proposals to focus on the stability of singular values
[53–56].

In this work, we show that one source of the appar-
ent failure of the bulk-edge correspondence is the use of
finite-size eigenvalue spectra to extrapolate the behavior of
the thermodynamic limit. For non-normal Hamiltonians, this
extrapolation can fail because the finite-size eigenvalue spec-
trum and the asymptotic eigenstate spectrum may not coincide
[56,57]. This is different from Hermitian physics, where
approximate eigenstates remain uniformly tied to nearby
eigenvalues uniformly in system size. Using the Hatano-
Nelson model as a building block, and the non-Hermitian
Su-Schrieffer-Heeger (SSH) chain as an illustration, we iden-
tify asymptotic modes and quasi-Jordan structures that are
not captured by the extrapolation of finite-size eigenvalues
in many skin-effect systems. This explains how finite-size
eigenvalue-based diagnostics can fail to detect asymptotic
topological edge states in models like the non-Hermitian SSH
chain.

II. FORMAL DEFINITIONS

The spectrum of a matrix or an operator H can be defined
in two different ways:

(1) Eigenvalue spectrum. The set σeig(H ) of all eigenval-
ues of the operator H , which are the roots of the characteristic
polynomial det(H − λ1).

(2) Eigenstate spectrum. The set σstates(H ) of energies E
for which there exists a state |ψ〉 such that (H − E )|ψ〉 = 0.
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For a finite matrix, these definitions coincide, σeig(H ) =
σstates(H ): a nonzero solution of (H − E )|ψ〉 = 0 exists if and
only if E is an eigenvalue, including at degeneracies. They
also coincide for any Hermitian operator, finite or infinite, due
to the stability relation

‖(H − E )|ψ〉‖ = ε ⇒ Dist(E , σeig(H )) � ε, (1)

where Dist(E , σeig(H )) is the distance of E to the closest
eigenvalue of the spectrum. This follows from the spectral
theorem: in the eigenbasis |ψk〉 where H |ψk〉 = Ek|ψk〉, with
energies Ek , an arbitrary state |ψ〉 = ∑

k ak|ψk〉 satisfies

‖(H − E )|ψ〉‖2 =
∑

k

|Ek − E |2|ak|2

� Dist(E , σeig(H ))2‖ψ‖2, (2)

and therefore Dist(E , σeig(H )) � ε. Importantly, in the above
we used the orthonormality of the eigenbasis: 〈ψk|ψk′ 〉 =
δk,k′ , a property of Hermitian systems. Conversely, if E is an
energy with Dist(E , σeig(H )) = ε, then by definition there ex-
ists an eigenstate |ψ ′〉 with energy E ′ such that |E − E ′| = ε

and

‖(H − E )|ψ ′〉‖ = |E ′ − E | = ε. (3)

The set of energies E for which there exists a state |ψ〉 such
that ‖(H − E )|ψ〉‖ � ε‖ψ‖ is called the ε-pseudospectrum
[58,59] of H ; we denote this set as σε (H ).

For Hermitian operators, the constraints (2) and (3) ensure
that the ε-pseudospectrum always lies within a distance ε

of the eigenvalue spectrum. This result is no longer true for
non-Hermitian operators, where non-normality can make the
pseudospectrum much larger than an ε-neighborhood of the
eigenvalue spectrum. This has important consequences for ex-
trapolating finite systems to the thermodynamic limit. Indeed,
for a system of size L with Hamiltonian HL, in the thermody-
namic limit L → ∞ there are two different ways to generalize
the notion of the spectrum. The eigenvalue spectrum can be
defined as the limit of the roots of the characteristic polyno-
mial, which is formally expressed as

σeig(H∞) = lim
L−→∞

lim
ε−→0

σε (HL ). (4)

Meanwhile, the eigenstate spectrum can be defined as the
set of energies E for which there exist normalized states

|ψL〉 such that ‖(HL − E )|ψL〉‖ L→∞−−−→ 0, which is formally
expressed as

σstates(H∞) = lim
ε−→0

lim
L−→∞

σε (HL ). (5)

The fact that these two limits may not coincide is a physically
important feature of non-Hermitian operators with strong non-
normality [59,60]. It is the starting point for the discussion
below.

III. THE HATANO-NELSON CHAIN, A MINIMAL MODEL

A simple model for which the thermodynamic eigenstate
spectrum and the finite-size eigenvalue spectrum differ is the

FIG. 1. (a) Bulk spectrum of the leftward-hopping Hatano-
Nelson model (6) for L = 30 sites, showing periodic (red) and open
boundary (blue) eigenvalue spectra. The yellow background denotes
the ε-pseudospectrum of the open system with ε = 10−3. The green
cross is an element of the pseudospectrum, which is not part of the
eigenvalue spectrum; it marks the value of E used in panel (b). (b)
Temporal stability of the normalized state error (8) for the almost
eigenstate |ψE 〉 in Eq. (7), evaluated at the green marker in panel
(a). The vertical lines indicate the time until which the error remains
below 1%, showing the growth of the lifetime with system size.

leftward-hopping Hatano-Nelson model [7,33,34,36,61–63],

HL =

⎛
⎜⎜⎜⎝

0 1
. . .

. . .

. . . 1
0

⎞
⎟⎟⎟⎠

L×L

, (6)

with L sites. This model is both a physical system (a chain
with hopping amplitudes) and a mathematical archetype: an
order-L Jordan block exceptional point. It is the minimal
setting in which the order-of-limits distinction can be seen
explicitly and tied to the dynamics of asymptotic states. While
its eigenvalue spectrum is a single point [σeig(HL ) = {0} for all
L], it supports almost eigenstates for any |E | < 1:

|ψE 〉 =
L−1∑
n=0

En|n〉, ‖(HL − E )|ψE 〉‖ = |E |L L→∞−−−→ 0, (7)

where |n〉 are the canonical basis vectors of (6). In the thermo-

dynamic (semi-infinite) limit HL
L−→∞−−−→ H∞, where the order

of the exceptional point goes to infinity, σstates(H∞) therefore
contains the entire unit disk |E | < 1, which is much larger
than the corresponding thermodynamic limit of the eigenvalue

spectrum σeig(HL )
L−→∞−−−→ {0} [see Fig. 1(a)].

In the thermodynamic limit (L → ∞), as explicitly shown
in Eq. (7), a sequence of states |ψL〉 may converge to an ex-
act eigenstate of energy E [satisfying ‖(HL − E )|ψL〉‖ → 0]
while the energy E may never come close to the eigenvalue
spectrum σeig(HL ) at any finite system size.

This phenomenon, where the thermodynamic limit sup-
ports asymptotic eigenstates at energies that remain far from
the finite-size eigenvalue spectrum [53,56,57], illustrates why
extrapolating finite-size eigenvalues can give an incomplete
picture of large non-normal systems. It is closely related to
other familiar anomalous behavior of non-Hermitian matri-
ces, like the extreme sensitivity to boundary conditions near
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high-order exceptional points. In the example of Eq. (7),
a perturbation of order |E |L is sufficient to make |ψE 〉 an
actual eigenvector of the finite Hamiltonian. Equivalently,
the eigenvalue spectrum σeig(HL ), which without perturbation
only contains E = 0, can move throughout |E | < 1 under
exponentially small perturbations. This issue typically appears
in numerical algorithms where rounding errors due to the
floating point precision play the role of a random perturba-
tion [51,58,63,64]. For instance, in the Hatano-Nelson model,
a numerical diagonalization with 64-bit floats produces a
spectrum that qualitatively deviates from the analytical result
for even moderately sized chains with L ≈ 100. Evaluating
the eigenvalue spectrum numerically is therefore, as is well
known, inherently unstable for large systems close to an infi-
nite order exceptional point.

The existence of almost eigenstates, like |ψE 〉 in (7), has
concrete physical implications. To quantify the stability of the
almost eigenstate, we define the normalized state error

Eψ (t ) = ‖eiHt |ψ〉 − eiEt |ψ〉‖
‖eiEt |ψ〉‖ , (8)

which quantifies the temporal stability of an almost eigenstate
|ψ〉 with complex energy E under time evolution. For exact
eigenstates, it remains 0 at all times. For the states |ψE 〉 in (7),
the time over which the approximation error remains small
grows linearly with system size, as shown in Fig. 1(b). This
scaling provides a direct dynamical signature that these states
behave as eigenstates on time scales that grow with system
size and become exact eigenstates in the thermodynamic limit.

IV. RELATIONSHIP BETWEEN THE EIGENSTATE
SPECTRUM AND ALTERNATIVE APPROACHES

TO A NON-HERMITIAN SPECTRUM

The eigenstate spectrum can be directly connected to two
alternative notions of a spectrum in the literature. The first is
the singular value spectrum, derived from the decomposition
H = USV †, where U and V are unitary matrices and S is
a diagonal matrix of real non-negative singular values. This
spectrum is stable under perturbations and has been shown to
underpin conventional topological classifications in both Her-
mitian and non-Hermitian models [7,33,53,65]. The second is
the notion of a spectrum used in the mathematics literature,
defined as the set of energies E for which (H − E ) is not
invertible, meaning that the Green’s function (H − E )−1 is
not a bounded operator [58,66]. These three approaches lead
to equivalent definitions (see Appendix A for proof) of the
spectral gap �, which are

Eigenstate criterion : ∀|ψ〉, ‖(H − E )|ψ〉‖ � �,

Singular value criterion : σmin[(H − E )†(H − E )] � �2,

Bounded inverse criterion : ∀|ψ〉, ‖(H − E )−1|ψ〉‖ � �−1.

They therefore characterize the same spectrum defined as the
set of energies E where such a gap � closes.

Here we only considered the action of H on right states;
similar definitions can be obtained for left states 〈ψ | by
replacing H − E by (H − E )† in the above expressions. If
there is a gap for both right and left states, the singular value

criterion implies that the singular value spectrum of H − E
has a gap of size �, which motivates the name of the criterion.

The fact that the eigenstate gap can be expressed as a Her-
mitian gap of (H − E )†(H − E ) or (H − E )(H − E )† implies
that it is stable under small perturbations in operator norm.
This should be contrasted with the different notion of an
eigenvalue gap around an energy E , �′ = Dist(E , σeig(H )),
which can be highly sensitive in non-normal systems.
Moreover, the eigenstate spectrum shares a key property with
Hermitian systems: in the thermodynamic limit, the spectrum
under open boundary conditions contains the bulk bands of
the periodic boundary spectrum (see Appendix B). This is not
generally true for non-Hermitian eigenvalue spectra because
of the skin effect. Therefore, the eigenstate spectrum offers a
much stronger theoretical stability guarantee. The only draw-
back of the eigenstate spectrum is computational: determining
the eigenstate spectrum requires us to find the smallest sin-
gular value of H − E for each energy E of interest, while
the eigenvalue spectrum only requires us to solve one linear
algebra problem. However, the additional computational cost
is compensated by the increased robustness of the eigenstate
spectrum.

V. INDEX THEOREM AND QUASI-JORDAN STRUCTURE

We next explain how the Jordan-chain structure visible in
the Hatano-Nelson model is connected to point-gap topology
more generally. To this end, we start from the well-known
index theorem that relates the winding number W of a bulk
non-Hermitian Hamiltonian to the number of right and left
edge states at the boundary [67,68]. Taking Hbulk to be the
periodic Hamiltonian and H the corresponding one with open
boundary conditions, the index theorem states that as long as
Hbulk has a (point) gap at E , we have

Ind(H − E ) ≡ dim[ker(H − E )] − dim[ker(H† − Ē )]

= W (Hbulk − E ) ≡
∫

dkTr
[
(Hbulk − E )−1∂kHbulk (k)

]
.

(9)

We used Ē to denote the complex conjugate of E . This relation
ensures the existence of topologically protected eigenstates
when W (Hbulk − E ) �= 0 (which is only possible for non-
Hermitian operators). In fact, such nontrivial winding has
additional consequences due to the identity W [(H − E )n] =
nW (H − E ) for any integer n, which means that Ind[(H −
E )n] = nInd[H − E ]. Therefore, (H − E )n must have n-times
more eigenstates than H − E . Such additional states are called
generalized eigenstates of H as they verify (H − E )n|ψ〉 = 0
but not (H − E )|ψ〉 = 0 [31]. This leads to an important
implication: a nonzero winding number, W (H − E ) �= 0, is
associated with a proliferation of generalized eigenmodes.
Specifically, if |ψ〉 is one of these new generalized eigen-
modes satisfying (H − E )n|ψ〉 = 0 but (H − E )n−1|ψ〉 �= 0,
one can verify that the states {(H − E )k|ψ〉, 0 � k � n − 1}
form a basis on which H − E acts as a Jordan block of size
n, as in Eq. (6). This important result holds for any integer
n as long as Hn is sufficiently short-range compared to the
lattice size when n 
 L. Consequently, when H − E has non-
trivial winding, the large open system supports a hierarchy of
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generalized modes and is asymptotically close to high-order
Jordan-chain structures that can be hidden from the finite-size
eigenvalue spectrum. Note that this proliferation is directly
related to the so-called non-Hermitian skin effect, which states
that a macroscopic number of boundary states exist as long as
the index of the Hamiltonian is nontrivial [37,69].

We already discussed that the minimal model in Eq. (6)
has asymptotic eigenstates for E �= 0 that are not visible from
the finite-size eigenvalue spectrum σeig(H ) = {0}. One can
similarly construct asymptotic Jordan chains in the thermody-
namic limit centered at such energies. Indeed, one can verify
that for |E | < 1, the Hamiltonian (6) acts (up to exponentially
small corrections) on the states

|ψE ;k〉 =
∑

n

Pk (n)En−k|n〉, (10)

where Pk are the polynomials defined recursively by P0(n) =
1 and

Pk (n + 1) − Pk (n) = Pk−1(n), (11)

and k = 1, . . . , m, as a single macroscopic Jordan block of
order m. This approximate Jordan-block structure holds as
long as the states |ψE ;1,...,m〉 have a negligible amplitude at
the right boundary, which is satisfied whenever m 
 L. These
new Jordan blocks are, by definition, exceptional points, and
this therefore illustrates how high-order exceptional points
emerge generically in any non-Hermitian system with topo-
logical winding, while often being hidden from the finite-size
eigenvalue spectrum σeig(H ).

VI. A CASE STUDY: THE NON-HERMITIAN SSH MODEL

As a more complex example of eigenstates and exceptional
points being hidden from the finite-size eigenvalue spectrum,
we study the non-Hermitian SSH model and reinterpret its
anomalous behavior. This model is widely discussed in the
non-Hermitian literature [13,36,50,53,70,71], and its Hamil-
tonian is given by

HnH−SSH =
∑

n

(t1 − γ /2)|n, 2〉〈n, 1| + (t1 + γ /2)|n, 1〉〈n, 2|

+ t2(|n + 1, 1〉〈n, 2| + |n, 2〉〈n + 1, 1|), (12)

where |n, α〉 describes the orbital α at position n, and all
coefficients are taken positive for simplicity. The eigenvalues
Ek of the bulk periodic Hamiltonian at momentum k satisfy

E2
k = (t1 + t2 cos k)2 −

(γ

2
− it2 sin k

)2
, (13)

and the standard bulk gap closes for γ 2 = 4(t1 ± t2)2. With
open boundary conditions, the eigenvalue phase diagram ap-
pears significantly different, with an apparent transition at
γ 2 = 4(t2

1 ± t2
2 ) with an intermediate phase hosting topolog-

ical modes at zero energy (the gap closing point is obtained
analytically using a nonunitary gauge transformation that ab-
sorbs the difference between left and right hopping) [36,71].
In fact, the eigenstate spectrum of the model with open
boundary conditions differs significantly from its eigenvalue
spectrum [see Figs. 2(a) and 2(b)]. For simplicity, we focus
on the zero-energy eigenstates even if a similar analysis could

(a) (b)

(c) (d)

FIG. 2. (a) Spectrum of the non-Hermitian SSH model defined
in Eq. (12) for (t1, t2, γ ) = (0.2, 1, 4/3) and L = 100. The dots cor-
respond to the eigenvalue spectrum for periodic and open boundary
conditions, while the yellow background is the eigenstate spectrum
of the open system. It is the full area enclosed by the periodic
spectrum. (b) Similar spectrum for (t1, t2, γ ) = (1.4, 1, 4/3). Note
that now eigenstates with zero energy are present despite the absence
of topological modes in the eigenvalue spectrum. (c) Eigenvalue
spectrum and (d) singular value spectrum for (t2, γ ) = (1, 4/3) and
L = 20 sites with open boundary conditions, reproducing the config-
uration of Ref. [36]. Parameters for which topological edge modes at
zero energy exist are denoted in green. The eigenvalue spectrum is
deficient in the red regions with either a gap while there is one mode
at zero energy (1.2 � |t1| � 5/3), or a single zero eigenvalue where
there are two modes at zero energy (|t1| � 1/3). The singular-value
spectrum, therefore, detects these zero-energy modes in the regions
where the eigenvalue criterion alone gives an incomplete diagnosis.

be done at any energy. We place ourselves in the semi-infinite
limit. Let an and bn be the wave-function amplitudes on the
|n, 1〉 and |n, 2〉 sites, respectively. The modes at zero energy
are known [36,52] to exhibit exponential localization at the
left edge with

an =
(−t1 + γ /2

t2

)n

, bn = 0, (14)

when |−t1 + γ /2| < |t2|, and at the right edge with

an = 0, bn =
(

− t2
t1 + γ /2

)n−L

, (15)

when |t1 + γ /2| < |t2|. For finite systems, these become ex-
ponentially precise approximate modes at zero energy with
errors of order ( −t1±γ /2

t2
)L. This is different from conven-

tional eigenvalue analysis, as there is a vanishing eigenvalue

E
L−→∞−−−→ 0 only when 4(t2

1 − t2
2 ) � γ 2 � 4(t2

1 + t2
2 ). This is

different from the condition |t1 ± γ /2| � t2 for the existence
of an exponentially precise eigenstate [see the red regions in
Fig. 2(c)]. Therefore, we see that the closing of the bulk gap
for values |t1 ± γ /2| = t2 corresponds to the appearance or
disappearance of an exponentially precise edge eigenstate but
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not to the appearance or disappearance of a vanishing eigen-
value. This discrepancy between the closing of the bulk gap
and the point where an asymptotic eigenstate appears at E = 0
for open boundary conditions is one standard manifestation of
the modified bulk-boundary correspondence in non-Hermitian
systems [36,47]. Such a discrepancy can be interpreted as a
regime where extrapolating the finite-size eigenvalue spec-
trum does not faithfully track the asymptotic zero-energy edge
states, while the singular-value/eigenstate spectrum does. This
is the same order-of-limits phenomenon already visible in the
simpler Hatano-Nelson model, now appearing in a topolog-
ical setting where it changes the thermodynamic edge-state
diagnosis.

Finally, we show that the non-Hermitian SSH model, like
the Hatano-Nelson model, hosts an asymptotic family of states
|ψk〉 forming a quasi-Jordan chain with H |ψk〉 = |ψk−1〉 up to
finite-size corrections. The coefficients a(k)

n and b(k)
n of those

states take the form

a(k)
n = Pk (n)rnbn = 0 if k is odd,

a(k)
n = 0bn = Pk (n)rn if k is even, (16)

with r = −t1+γ /2
t2

and r′ = −t2
t1+γ /2 , and Pk (n) are polynomi-

als generated recursively with P0(n) = 1 and the recursive
relation

Pk+1(n + 1) − r′/rPk+1(n) = Pk (n) if k is odd,

Pk+1(n + 1) − Pk+1(n) = Pk (n) if k is even. (17)

For finite systems, the block survives up to exponential correc-
tions as long as the modes have small amplitudes on the right
edge, which is true as long as n 
 L. This example illustrates
how open non-Hermitian systems with the skin effect can be
close to macroscopic-order Jordan structures, despite having
an apparently well-defined finite-size eigenvalue spectrum.

VII. CONCLUSIONS AND DISCUSSIONS

In this work, we have shown that some of the discrepancies
arising in the study of strongly non-normal non-Hermitian
systems originate from using finite-size eigenvalue spectra
to extrapolate the existence of asymptotic eigenstates in the
large-size limit. The eigenstate spectrum is stable and well-
defined through its relation to pseudospectra, singular values,
and bounded Green’s functions, and it provides a direct way
to characterize this thermodynamic-limit behavior.

This mechanism is explicit in the Hatano-Nelson chain:
finite-size eigenvalues collapse to a single point, while asymp-
totic eigenstates fill the disk |E | � 1 and behave dynamically
as eigenstates for times that grow with system size. We
have further shown that the same instability can be under-
stood through the proximity to quasi-Jordan structures that
become macroscopic in the thermodynamic limit. This shows
that exceptional-point physics is not restricted to isolated
finite-size degeneracies, rather it appears as an asymptotic
organizing structure over broad spectral regions in all sys-
tems with nontrivial winding. This leads to hidden asymptotic
eigenstates with physical consequences: during time evo-
lution, they behave like eigenstates for macroscopic times
before finite-size effects become important.

The non-Hermitian SSH model illustrates how the dis-
tinction between eigenvalue and eigenstate spectra affects
the topology. The appearance or disappearance of asymp-
totic zero-energy edge states is detected by the eigenstate or
singular-value spectrum, even in regimes where extrapolating
the finite-size eigenvalues alone can give an incomplete pic-
ture of the dynamic of large non-Hermitian systems. Thus,
while eigenvalue methods need not be abandoned, their finite-
size extrapolation must be treated with care in skin-effect
systems. Extensions to weakly interacting bosonic systems
and to fermionic many-body settings, where Pauli effects can
produce additional localization phenomena [46,72–75], are
natural directions for future work.
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APPENDIX A: EQUIVALENCE BETWEEN
THE DIFFERENT NOTIONS OF SPECTRUM

In this Appendix, we demonstrate that the eigenstate ap-
proach, the singular value spectrum, and the bounded inverse
spectrum discussed in the main text provide equivalent char-
acterizations of a spectral gap. We focus exclusively on the
right gap case; the proof for the left gap follows identically
upon taking H ′ = H†.

Let A = H − E . For � > 0, we want to show that the
following three criteria are equivalent:

Pseudospectrum criteria : ∀|ψ〉, ‖A|ψ〉‖ � �‖|ψ〉‖.
(A1)

Singular value criteria : σmin(A†A) � �2. (A2)

Bounded inverse criteria : ∀|φ〉, ‖A−1|φ〉‖ � �−1‖|φ〉‖.
(A3)

Equivalence between (A1) and (A2). Squaring the inequal-
ity in (A1) gives

‖Aψ‖2 = 〈ψ |A†A|ψ〉 � �2〈ψ |ψ〉 ∀|ψ〉. (A4)

This inequality means that the operator A†A has all eigen-
values greater than or equal to �2, which in turn implies
that its smallest eigenvalue satisfies σmin(A†A) � �2. Since
the smallest singular value squared of A equals the smallest
eigenvalue of A†A, that is, σmin(A†A), we recover (A2). Con-
versely if σmin(A†A) � �2, we have the inequality (A4) and
therefore (A1).
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Equivalence between (A1) and (A3). Suppose (A1) holds.
For any state |φ〉, define |ψ〉 = A−1|φ〉. Substituting into (A1)
yields

‖φ‖ = ‖Aψ‖ � �‖ψ‖ = �‖A−1φ‖, (A5)

which implies ‖A−1φ‖ � �−1‖φ‖, and therefore (B3). Con-
versely, if (A3) holds, set |φ〉 = A|ψ〉. Then (A3) gives
‖ψ‖ � �−1‖Aψ‖, which is exactly (A1).

Since (A1) is equivalent to both (A2) and (A3), all three
criteria are mathematically equivalent.

APPENDIX B: EIGENSTATE SPECTRUM AND OPEN
BOUNDARY CONDITIONS

In this Appendix, we show that for any local non-Hermitian
Hamiltonian, the eigenstate spectrum has the same property as
the Hermitian spectrum in that the open boundary condition
spectrum includes, in the thermodynamic limit, the bulk bands
of the periodic boundary condition spectrum, For the periodic
Hamiltonian HPBC we can make the distinction between the
unit cell number n and internal degrees of freedom α of the
unit cell where the Hamiltonian is periodic.

The eigenstate of the periodic Hamiltonian will then take
the form of a Bloch state with

|ψ〉 =
∑

x

eikxcα|x, α〉 (B1)

with quasimomentum k and energy E .
If we then consider the same Hamiltonian but with open-

boundary condition HOBC, we can construct from this Bloch
state a state |ψ ′〉 that is an eigenstate of HOBC up to an
error that vanishes in the large length limit. This state is the
following:

|ψ ′〉 =
∑
x,α

eikxg(x/L)cα|x, α〉 = g(x̂/L)|ψ〉, (B2)

where g(x/L) is a smooth envelope function vanishing at
the boundaries. The slow variation of g(x/L) on the scale of
the lattice constant ensures that ‖[HOBC, g(x̂/L)]‖ = O(1/L).
This, together with the vanishing of g(x/L) at the bound-
aries, ensures that the amplitude of |ψ ′〉 is negligible near
the boundary, which suppresses boundary-related errors by a
factor O(1/L). This implies that the resulting state has a small
energy variance:

‖(HOBC − E )g(x̂/L)|ψ〉‖ = ‖(HPBC − E )g(x̂/L)|ψ〉‖ + O(1/L)

= ‖g(x̂/L)(HPBC − E )|ψ〉‖ + ‖[HPBC, g(x̂/L)]|ψ〉‖ + O(1/L) = O(1/L)
(B3)

where we used (HPBC − E )|ψ〉 = 0 as |ψ〉 is an eigenstate of
the periodic Hamiltonian. This proves that all periodic bulk

eigenstates have open-boundary counterparts in the eigenstate
spectrum for large enough systems.
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Fate of the non-Hermitian skin effect in many-body fermionic
systems, Phys. Rev. Res. 4, 033122 (2022).

[47] T. E. Lee, Anomalous edge state in a non-Hermitian lattice,
Phys. Rev. Lett. 116, 133903 (2016).

[48] Y. Xiong, Why does bulk boundary correspondence fail in
some non-Hermitian topological models, J. Phys. Commun. 2,
035043 (2018).

[49] H. Spring, V. Könye, A. R. Akhmerov, and I. C. Fulga, Lack of
near-sightedness principle in non-Hermitian systems, SciPost
Phys. 17, 153 (2024).

[50] F. Song, S. Yao, and Z. Wang, Non-Hermitian topological in-
variants in real space, Phys. Rev. Lett. 123, 246801 (2019).

[51] Z. Yang, K. Zhang, C. Fang, and J. Hu, Non-Hermitian bulk-
boundary correspondence and auxiliary generalized Brillouin
zone theory, Phys. Rev. Lett. 125, 226402 (2020).

[52] F. K. Kunst, E. Edvardsson, J. C. Budich, and E. J. Bergholtz,
Biorthogonal bulk-boundary correspondence in non-Hermitian
systems, Phys. Rev. Lett. 121, 026808 (2018).

[53] L. Herviou, J. H. Bardarson, and N. Regnault, Defining
a bulk-edge correspondence for non-Hermitian Hamiltonians
via singular-value decomposition, Phys. Rev. A 99, 052118
(2019).

[54] D. Porras and S. Fernández-Lorenzo, Topological amplification
in photonic lattices, Phys. Rev. Lett. 122, 143901 (2019).

[55] M. Brunelli, C. C. Wanjura, and A. Nunnenkamp, Restoration
of the non-Hermitian bulk-boundary correspondence via topo-
logical amplification, SciPost Phys. 15, 173 (2023).

[56] K. Monkman and J. Sirker, Hidden zero modes and topology of
multiband non-Hermitian systems, Phys. Rev. Lett. 134, 056601
(2025).

[57] Y. Mardani, R. A. Pimenta, and J. Sirker, Exceptional points,
bulk-boundary correspondence, and entanglement properties
for a dimerized Hatano-Nelson model with staggered potentials
Phys. Rev. B 112, 165133 (2025).

[58] L. N. Trefethen and M. Embree, Spectra and Pseudospectra:
The Behavior of Nonnormal Matrices and Operators (Princeton
University Press, Princeton, 2020).

[59] V. P. Flynn, E. Cobanera, and L. Viola, Topology by dissipation:
Majorana bosons in metastable quadratic Markovian dynamics,
Phys. Rev. Lett. 127, 245701 (2021).

[60] N. Okuma and M. Sato, Quantum anomaly, non-Hermitian skin
effects, and entanglement entropy in open systems, Phys. Rev.
B 103, 085428 (2021).

204306-7

https://doi.org/10.1103/PhysRevLett.130.066601
https://doi.org/10.1103/PhysRevResearch.6.L012055
https://doi.org/10.1126/sciadv.adr9183
https://doi.org/10.1103/PhysRevLett.112.203901
https://doi.org/10.1038/nature23281
https://doi.org/10.1038/nature23280
https://doi.org/10.1088/1367-2630/ab32ab
https://doi.org/10.1038/s41586-022-04904-w
https://doi.org/10.1038/s41467-020-16373-8
https://doi.org/10.1364/OL.40.005694
https://doi.org/10.1103/PhysRevB.99.115402
https://doi.org/10.1103/PhysRevB.106.094205
https://doi.org/10.1080/00018732.2021.1876991
https://doi.org/10.1103/PhysRevLett.121.136802
https://doi.org/10.1103/PhysRevX.8.031079
https://doi.org/10.1103/PhysRevLett.120.146402
https://doi.org/10.1126/science.aap9859
https://doi.org/10.1103/PhysRevLett.121.086803
https://doi.org/10.1103/PhysRevLett.124.086801
https://doi.org/10.1103/PhysRevLett.124.056802
https://doi.org/10.1080/23746149.2022.2109431
https://doi.org/10.1038/s41467-022-30161-6
https://doi.org/10.1103/PhysRevX.14.021011
https://doi.org/10.1016/j.scib.2024.07.022
https://doi.org/10.1103/PhysRevResearch.7.023233
https://doi.org/10.1038/s42005-022-01015-w
https://doi.org/10.1103/PhysRevResearch.4.023160
https://doi.org/10.1103/PhysRevResearch.4.033122
https://doi.org/10.1103/PhysRevLett.116.133903
https://doi.org/10.1088/2399-6528/aab64a
https://doi.org/10.21468/SciPostPhys.17.6.153
https://doi.org/10.1103/PhysRevLett.123.246801
https://doi.org/10.1103/PhysRevLett.125.226402
https://doi.org/10.1103/PhysRevLett.121.026808
https://doi.org/10.1103/PhysRevA.99.052118
https://doi.org/10.1103/PhysRevLett.122.143901
https://doi.org/10.21468/SciPostPhys.15.4.173
https://doi.org/10.1103/PhysRevLett.134.056601
https://doi.org/10.1103/xfmf-dxdy
https://doi.org/10.1103/PhysRevLett.127.245701
https://doi.org/10.1103/PhysRevB.103.085428


JEZEQUEL, HERVIOU, AND BARDARSON PHYSICAL REVIEW B 114, 204306 (2026)

[61] N. Hatano and D. R. Nelson, Localization transitions in
non-Hermitian quantum mechanics, Phys. Rev. Lett. 77, 570
(1996).

[62] N. Hatano and D. R. Nelson, Non-Hermitian delocalization and
eigenfunctions, Phys. Rev. B 58, 8384 (1998).

[63] X. Feng, S. Liu, S.-X. Zhang, and S. Chen, Numerical instabil-
ity of non-Hermitian Hamiltonian evolution, Phys. Rev. B 111,
224310 (2025).

[64] R. D. Soares and M. Schirò, Non-unitary quantum many-body
dynamics using the Faber polynomial method, SciPost Phys. 17,
128 (2024).

[65] C.-H. Liu, H. Jiang, and S. Chen, Topological classification of
non-Hermitian systems with reflection symmetry, Phys. Rev. B
99, 125103 (2019).

[66] H. Schomerus, Fundamental constraints on the observability of
non-Hermitian effects in passive systems, Phys. Rev. A 106,
063509 (2022).

[67] C. L. Kane and T. C. Lubensky, Topological boundary modes
in isostatic lattices, Nat. Phys. 10, 39 (2014).

[68] L. Jezequel and P. Delplace, Mode-shell correspondence, a uni-
fying phase space theory in topological physics - Part I: Chiral
number of zero-modes, SciPost Phys. 17, 060 (2024).

[69] K. Zhang, Z. Yang, and C. Fang, Correspondence between
winding numbers and skin modes in non-Hermitian systems,
Phys. Rev. Lett. 125, 126402 (2020).

[70] C. Yin, H. Jiang, L. Li, R. Lü, and S. Chen, Geometrical mean-
ing of winding number and its characterization of topological
phases in one-dimensional chiral non-Hermitian systems, Phys.
Rev. A 97, 052115 (2018).

[71] R. Lin, T. Tai, L. Li, and C. H. Lee, Topological non-Hermitian
skin effect, Front. Phys. 18, 53605 (2023).

[72] T. Haga, M. Nakagawa, R. Hamazaki, and M. Ueda,
Liouvillian skin effect: Slowing down of relaxation pro-
cesses without gap closing, Phys. Rev. Lett. 127, 070402
(2021).

[73] M. Zheng, Y. Qiao, Y. Wang, J. Cao, and S. Chen, Exact solution
of the Bose-Hubbard model with unidirectional hopping, Phys.
Rev. Lett. 132, 086502 (2024).

[74] S. Hamanaka and K. Kawabata, Multifractality of the many-
body non-Hermitian skin effect, Phys. Rev. B 111, 035144
(2025).

[75] P. Zhong, W. Pan, H. Lin, X. Wang, and S. Hu, Density matrix
renormalization group algorithm for non-Hermitian systems,
Phys. Rev. Lett. 135, 106502 (2025).

204306-8

https://doi.org/10.1103/PhysRevLett.77.570
https://doi.org/10.1103/PhysRevB.58.8384
https://doi.org/10.1103/g1cw-tk7f
https://doi.org/10.21468/SciPostPhys.17.5.128
https://doi.org/10.1103/PhysRevB.99.125103
https://doi.org/10.1103/PhysRevA.106.063509
https://doi.org/10.1038/nphys2835
https://doi.org/10.21468/SciPostPhys.17.2.060
https://doi.org/10.1103/PhysRevLett.125.126402
https://doi.org/10.1103/PhysRevA.97.052115
https://doi.org/10.1007/s11467-023-1309-z
https://doi.org/10.1103/PhysRevLett.127.070402
https://doi.org/10.1103/PhysRevLett.132.086502
https://doi.org/10.1103/PhysRevB.111.035144
https://doi.org/10.1103/5vnl-w9p4

