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Transition metal dichalcogenides (TMDs) hold relevance for spin-triplet superconducting phases due to their
inherent Ising spin-orbit coupling, but the majority of studies have so far focused on oversimplified models. In
this work, we consider a TMD monolayer using a three-orbital model with anisotropic couplings and investigate
the emergent superconducting properties when it is placed in proximity to a conventional spin-singlet s-wave
superconductor. We find that the multiorbital nature of the TMDs lead to superconducting gaps not only at
zero energy but also at higher energies, so-called hybridization gaps, which exhibit a complex structure due
to the anisotropic couplings, challenging their spectral measurement. Moreover, we find that the inherent Ising
spin-orbit coupling induces a spin splitting and a spin polarization along the z direction, which correlates with
the emergence of mixed spin-triplet superconducting pairs. These spin-triplet pair correlations appear in the
monolayer as a proximity-induced effect due to the impact of the Ising spin-orbit field on conventional spin-
singlet s-wave superconductivity. Taking realistic parameters for a MoS, monolayer, we show that the Ising field
is strong enough to induce spin-triplet pair correlations of the same magnitude as their spin-singlet counterparts.
We also include Rashba spin-orbit coupling, naturally emerging in a heterostructure and find that it induces equal
spin-triplet superconducting pairs that compete with the mixed spin-triplet pairs induced by the Ising spin-orbit
coupling. Our findings help understand the superconducting properties of TMDs in proximity to conventional

superconductors.
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I. INTRODUCTION

The progress made since the discovery of graphene
[1-3] has opened up the possibility of exploring quasi-two-
dimensional properties of layered materials down to single
layers. One interesting example is the family of transition
metal dichalcogenides (TMDs), where monolayers are now
routinely fabricated [4]. TMDs have been the focus of ex-
tensive research because of their unique properties, making
them promising candidates for various applications, such as
in nanoscale electronics [5], optoelectronics [5], valleytronics
[6], and spintronics [7].

In general, TMD monolayers exhibit properties that are
distinct from their bulk versions, including a transition from
an indirect to a direct band gap with reduced layer count
for semiconducting TMDs [5]. Even more interesting, and
unlike their bulk counterparts, the broken inversion symme-
try leads to a strong antisymmetric spin-orbit coupling in
monolayers, mainly originating from the d orbitals of the
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transition metal atoms, known as Ising spin-orbit coupling
(SOC) [8-10]. The corresponding Ising field has opposite
signs in the K and K’ valleys in the Brillouin zone, thus
preserving time-reversal symmetry [11] and leading to valley
Hall effects [12].

Beyond normal state phases, TMD monolayers have also
been studied in the superconducting realm. For instance, both
NbSe, and TaS, have been experimentally verified to host
intrinsic superconductivity down to single layers [13-16],
while MoS, can become superconducting under ionic gating
[17]. In these monolayers, the large Ising SOC polarizes the
spins out of plane, supporting the presence of unconven-
tional Ising pairing [15], which results in high critical fields
[15-18] well above the Pauli paramagnetic limit [19,20]. Such
unconventional pairing states are generally known to exist
in noncentrosymmetric superconductors, where the inherent
absence of inversion symmetry leads them to host, for ex-
ample, spin-triplet correlations [21,22]. Specifically for TMD
monolayers, this has led to a plethora of studies investigat-
ing intrinsic superconductivity [23-28]. These studies have
shown through symmetry analysis of the gap function that
the presence of Ising SOC and inversion symmetry breaking
results in the emergence of mixed spin-triplet superconducting
correlations in TMD monolayers [29,30], as well as that the
possibility of equal spin-triplet correlations is necessitated
on the presence of Rashba SOC or magnetic fields [30,31].
However, the exact pairing mechanism has not yet been con-
clusively determined [32-34].
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Superconductivity can be induced in an even wider
range of TMD monolayers, including those that are not
intrinsically superconducting, via the superconducting prox-
imity effect when placed in contact with a superconductor
[35-40], as already reported for MoS, [41]. Building upon
the well-established theoretical description of the conven-
tional superconductors with which the TMD monolayer is
in contact with, this allows for a more controlled way to
exploit the potential of TMDs for realizing exotic super-
conducting phases [42—44]. Since for a minimal model of
proximity-induced superconductivity in a TMD monolayer
the underlying symmetry group is the same as for the in-
trinsic case, the conclusions drawn from the classification of
the gap function in intrinsic superconductivity [27,29-31,34]
are also transferable to the proximity-induced case. There-
fore, also proximity to a conventional spin-singlet s-wave
superconductor is expected to offer unprecedented oppor-
tunities because TMDs are both multiorbital systems and
possess intrinsic Ising SOC, which are expected to favor both
spin-triplet [21,22,45-50] and odd-frequency superconduct-
ing pairing [37-39,51-54]. This suggests that proximitized
monolayer TMDs are a promising platform for the realiza-
tion of spin-triplet superconductivity as an alternative to the
more commonly used superconductor-ferromagnet interfaces
[36,55]. While these ideas have motivated some studies, pre-
vious work on proximity-induced superconductivity in TMDs
has focused on low-energy k - p models that approximate the
bands only around the K and K’ valleys. Since such models
are only approximate around these valleys, it is natural to
wonder about the implications of a more realistic description
of TMD monolayers when proximitized with a conventional
superconductor.

In this work, we consider a TMD monolayer proxim-
itized with a spin-singlet s-wave superconductor (SC) in
a heterostructure, see Fig. 1(a), and investigate the emer-
gent superconducting properties. In particular, we model the
TMD monolayer based on a three-orbital model having both
anisotropic couplings and Ising SOC, which reproduces well
the band structure of TMD monolayers obtained from first-
principles calculations [56] and allows us to characterize the
superconducting correlations over the whole Brillouin zone.
We first demonstrate that the heterostructure develops a two-
gap structure around zero, including a larger gap due to the
native SC and a smaller one induced in the TMD. Addition-
ally, the multiorbital structure of TMD monolayers gives rise
to gaps due to hybridization at band crossings between elec-
tron (hole) superconducting and hole (electron) TMD bands
at higher energies, which are distinguishable in the spectral
function. In contrast to the naively expected clean hybridiza-
tion gaps in simpler multiband models [11,52,57-65], we
show that more realistic modeling makes these hybridization
gaps rather difficult to identify in the density of states due to
the anisotropic couplings between orbitals. Nevertheless, the
opening of hybridization gaps is a result of proximity-induced
superconductivity in the TMD.

Next, to unveil the nature of the induced superconductivity,
we carry out a full symmetry classification of the supercon-
ducting correlations and identify that the combined action of
the multiorbital nature and the Ising SOC enables the for-
mation of eight different classes of proximity-induced pairs.
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FIG. 1. (a) Schematic picture of a monolayer of a TMD proxim-
itized by a spin-singlet s-wave SC in a heterostructure. (b) Top-down
view of the hexagonal TMD lattice structure with large blue transi-
tion metal and small orange chalcogen atoms. The TMD is modeled
using a three-band tight-binding model including the d, d,,, and
dxz,yz orbitals of the blue transition metal atoms, where the black
arrows and R; indicate the nearest-neighbor atoms. (c) Band structure
for the monolayer TMD MoS,; and for a conventional s-wave super-
conductor on a triangular lattice (electron bands shown for TMD,
both electron and hole bands shown for the superconductor).

In particular, we find the emergence in the TMD of mixed
spin-triplet superconducting correlations in agreement with
previous studies [27,29-31,34,66], which are present as long
as there exists a finite spin-polarization along z due to the
Ising SOC. These induced mixed spin-triplet pair correlations
are often comparable in magnitude to the spin-singlet pair
components and can even become larger than the spin-singlet
pairing, especially in the energy regions between spin-split
hybridization gaps. To account for possible breaking of the
out-of-plane mirror symmetry in proximitized TMD mono-
layers [67-69], we also include Rashba SOC and show the
appearance of equal spin-triplet superconducting pairs, fol-
lowed by a discussion of the competing influences when
determining the strength of the two types of spin-triplet pair-
ings when both Ising and Rashba SOC are present in the
system.

The remainder of this work is organized as follows. In
Sec. II we present an accurate three-orbital model of a TMD
monolayer in proximity to a conventional superconductor.
Here we also discuss how we obtain the spectral signatures
and superconducting pair amplitudes. In Sec. III we inves-
tigate the signatures of the Ising SOC in both the spectral
function and the density of states, while in Sec. IV we present
the induced superconducting correlations. In Sec. V, we study
the additional effect of Rashba SOC. Finally, in Sec. VI
we present our conclusions. For completeness, Appendix A
shows the TMD model details, Appendix B discusses minimal
models for the induced superconducting gaps, Appendix C
assesses the effect of the tunneling between TMD and SC,
Appendix D shows equal spin-triplet pairs under Rashba SOC,
and Appendix E analyzes the formation of pair amplitudes in
the SC.
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II. MODEL AND METHODS

We here present the model of a TMD monolayer in prox-
imity to a conventional spin-singlet s-wave superconductor
and then discuss the methodology for obtaining the spectral
signatures and superconducting correlations.

A. Model Hamiltonians

We consider a TMD monolayer coupled to a conventional
superconductor, as sketched in Fig. 1(a). This heterostructure
is modeled by the Hamiltonian

H = Hywmp + Hse + Hr, (1)

where Hpyvp and Hse describe the TMD monolayer and SC,
respectively, while Hr models the tunneling coupling between
the SC and TMD. All elements are treated within a tight-
binding description, as explained below.

1. TMD monolayer

The TMD monolayer exhibits a hexagonal lattice structure
with a two-atom basis, as shown in the top-down view of the
TMD monolayer in Fig. 1(b). We describe the monolayer with
a three-band tight-binding model that reproduces the band
structure obtained from first principles [56] and includes the
three orbitals d 2, dy, and d,>_,» of the transition metal atoms
(blue). To simplify our notation, we denote these orbitals with
integers a = 1,2,3. An analysis of the crystal symmetries
shows that the orbital d,> transforms under the trivial represen-
tation A, while the orbitals d, and dxz,yz transform under the
two-dimensional irreducible representation E’, respectively,
of the D3, point group of the lattice [56,70]. In the basis
spin ® orbital, the TMD Hamiltonian Hryp in Eq. (1) is given
by

Hrvip = H]('g/)[]) + HIsing + HRashbas (2)

where HT(?V)[D describes the kinetic term, Higne is the Ising

SOC, and Hgashha the Rashba SOC. To be more precise, HT(?V)[D
up to third-nearest neighbor hoppings is given by [56]

Hi\ip =00 ® < > EPc eni— u), 3)
a,bk

where cZ «(cpx) creates (annihilates) an electron with mo-
mentum K in orbital a(b) and u is the chemical potential
measuring the bands’ filling. The exact form of the coeffi-
cients E{? is detailed in Appendix A, including the numerical
constants used to specifically model monolayer MoS,.

The generic form of the intrinsic on-site Ising SOC Higing
is given by [56,71]

HIsing =AS-L, (4)

where A is the strength of Ising SOC and S(L) is the
spin(angular)-momentum operator. Since the three d orbitals
we are considering have m, = —2, 0, 2 as their eigenvalues
of the L, operator, only the z component of the angular-
momentum operator is nonzero [56]. Using the explicit form

of the d orbitals, we find

0 0 0
HIsing =A Sz ® Lz =X Sz ® 0 0 2i . (5)
0 -2i O

Considering both the kinetic term and the Ising SOC results
in the band structure shown by solid blue lines in Fig. 1(c).

Furthermore, the interface in the z direction breaks the
out-of-plane mirror symmetry, which induces Rashba SOC
in each of the orbitals of the TMD [68,72]. The real-
space Hamiltonian describing this SOC for an orbital [ is
given by [71]

HRashba (¥) = iy Zézm(s X dmn)zél,na (6)

with strength y; and the nearest-neighbor lattice vectors d,,,
in units of the lattice constant a. Here the creation operator
6;}” creates an electron in the orbital / at site m. The elements
are explicitly given by

(S X dmn)z = %(demn.y - Uydmn,x)a (7)

with the spin Pauli matrices defined by o,|%) = £|%). The
Rashba SOC strength can be estimated from conduction band
measurements around the K points [10,17] and we assume it
to be constant over the Brillouin zone and for both irreducible
representations A} and E’. Thus, we introduce the Rashba
SOC strength y and transforming into reciprocal space, we
arrive at

HRashba = (fx(k)ay - f;(k)gx) ® (y 13), (®

with the momentum-dependent coefficients given by [10]
fx(K) = sin(2e) + sin(a) cos(B), ©)]
£, (k) = /3sin(B) cos(a), (10)

where & = k,a/2 and B = +/3k,a/2.

2. Superconductor and its coupling to the TMD

We consider the superconductor to be a single-band spin-
singlet s-wave superconductor. To keep our notation unified,
we label this additional band with the index a = 4. The Hamil-
tonian of the superconductor is expressed as the sum of the
normal state part Hsc and the superconducting pairing term
A, given by

Hgc = ZEkCik,U&t,k,a, (11)
k,o
A=3"Acs xpcany +He, (12)
K

where c]; ko creates an electron with momentum k and spin

o in the superconductor and A is the superconducting order
parameter. Moreover, & is the kinetic superconducting term,
which we obtain by assuming for simplicity a triangular lattice
with matching lattice constant a as the TMD, given by

&k = 2tsc(cos2a + 2 cosa cos B) — Usc, (13)

with #gc being the nearest-neighbor hopping in the supercon-
ductor, and ugc the chemical potential. This results in the
superconducting band structure shown by red dashed lines
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in Fig. 1(c), which is symmetric around zero energy due to
particle-hole symmetry.

Last, in order to induce superconductivity in the TMD via
the proximity effect, we allow the electrons to tunnel between
both systems, modeled by the tunneling Hamiltonian,

Hy =) tc]y ,Caxo +He., (14)
k,o

with tunneling strength 7. In order to not break the inherent
(5 symmetry of the crystal lattice underlying the model and
because the orbital overlap between the s-wave orbital of the
superconductor and the d,, and d,»_,> orbitals of the TMD
is zero due to symmetry, we only consider tunneling from
the band of the superconductor to the d,. orbital in the TMD

monolayer.

3. Bogoliubov-de Gennes Hamiltonian

To solve the full Hamiltonian, we express it within the
Bogoliubov—de Gennes (BdG) formalism. We start by rewrit-
ing the Hamiltonian given by Eq. (1) in Nambu space as

1
Heao = 5 ; W, Hyac (K) W, (15)

where \Illi = ((b*, dﬂk), with d)IK forming the basis of our
normal-state Hamiltonian, and

it = ("0 ) (16)

being the BAG Hamiltonian. This Hamiltonian is the central
object for investigating the spectral signatures and supercon-
ducting correlations.

For the numerical calculations, we consider parameters
for the TMD monolayer consistent with realistic modeling
[56], and unless otherwise stated we choose t = 0.2 eV, A =
0.073 eV, a=3.19 A, u = —0.4 eV. The additional param-
eters needed to model monolayer MoS, are presented in
Appendix A. We further discuss the influence of the tunneling
strength ¢ on the results in Appendix C. For the supercon-
ductor, we considertsc = 1 eV, usc =2 eV,and A = 0.1 eV
for a large band width and generic filling. We choose a large
value for the superconducting gap A to make the numerical
computations feasible, but which does not affect our main
results.

B. Superconducting correlations

To characterize the emergent superconducting correlations,
we use the anomalous electron-hole Green’s functions [73,74]
for the BAG Hamiltonian in Eq. (16). We calculate the total
Green’s function as

Gk, z) = (z — Hpag(k)) ™

_ (Go(k,z) F(k,z2)
_<F(k,z) Go(k,z)>’ a7

where z represents complex frequencies, Go(Gy) is the normal
electron-electron (hole-hole) Green’s function, and F(F) is
the anomalous electron-hole (hole-electron) Green’s function.
The normal component allows us to calculate the spec-
tral function and density of states (see below), while the

anomalous Green’s function gives us the superconducting cor-
relations. Since Eq. (17) includes spin, orbital, and Nambu
subspaces, both normal and anomalous parts are matrices. In
particular, the elements of the anomalous Green’s functions F
can be denoted as [73]

F’ (K, 2) = (Tcak o (), k.00(0)), (18)

where T is the time-ordering operator, o, o’ label the spin, and
a,be{l,2,3,4} label the orbital degree of freedom. Here
Fa‘Z"/(k, 7) is often also called superconducting pair ampli-
tude or just pair amplitude. These pair amplitudes have a
clear physical meaning: They represent the wave functions of
Cooper pairs and therefore offer direct access to their symme-
tries [38,39,51].

As a consequence of Fermi-Dirac statistics, the supercon-
ducting correlations are antisymmetric under the exchange of
all degrees of freedom [37-39,51-54],

E5’ (K, 2) = —FZ° (=K, —2), (19)

which involves spins, momentum, orbitals, and frequency.
This leads to the so-called SPOT classification [51]

SXPxOxT=-1, (20)

where S exchanges the spin, P the momentum, O the orbital,
and T the time (frequency) degrees of freedom between the
two electrons constituting a Cooper pair or equivalently the
superconducting pair amplitude. Thus, the superconducting
correlations are either symmetric (+1) or antisymmetric (—1)
under the exchange of these individual degrees of freedom,
but the product of all four symmetries has to be —1. In this
regard, conventional spin-singlet s-wave superconductivity is
odd in spin (S = —1) and even in momentum (P = +1),
orbital (O = +1), and time (T = +1). However, the anti-
symmetry condition via the SPOT classification allows for
many more possibilities, including so-called odd-frequency
superconductivity [37-39,51-54], which is odd in the relative
time of the paired electrons (7 = —1) or, equivalently, in
frequency. The pair amplitudes can also be parametrized for
specified band indices F (K, z) in terms of Pauli matrices as

Fu(k, 2) = (FS (K, 2)00 + dup(K, 2) - 0)ioy,  (21)

where F a(}?) describes the spin-singlet part, while the vector
d,, = (Fa(;f), Fa(bY), F a(}f)) characterizes both the equal-spin (x
and y) and mixed spin-triplet (z) correlations. Taking this
into account, we find the degrees of freedom present in
the TMD-SC heterostructure allow four symmetry classes
of spin-singlet superconducting pair amplitudes and four of
spin-triplet type. All these pair symmetry classes are listed
in Table I. Here the presence of spin-triplet pair amplitudes
is in agreement with previous works that have studied the
classification of the gap function in TMD monolayers accord-
ing to the corresponding irreducible representations, see for
example Refs. [27,29-31,34,66]. It is further possible to find
superconducting pair amplitudes due to electron pairs only
within the TMD (SC), which we refer to as local, but also
pairs forming between electrons in the TMD and SC, which
we refer to as nonlocal. Because we consider a spin-singlet
s-wave superconductor, a priori only the local spin-singlet
part F4(f ) in the SC is nonzero. Thus, all other pair amplitudes
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TABLE I. All possible pair symmetries in the TMD-SC het-
erostructure. Correlations can be (E)ven or (O)dd, with the constraint
that the product equals —1 according to Eq. (20).

Spin Parity (k) Orbital Time (w)
EY Singlet E E E
E 0 0
0 E 0
o) 0 E
Ei Triplet E E 0
E 0 E
0 E E
o) o) 0

are emergent phenomena due to the interplay between Ising
SOC, multiorbital nature of TMDs, and conventional super-
conductivity.

It is also worth noting that spin-triplet pair amplitudes
might induce a nonzero Cooper pair polarization defined
as [75]

Py = i(dap x d). (22)

Here P,;, becomes nonzero if time-reversal symmetry is bro-
ken [76], but systems with additional internal degrees of
freedom, such as multiple orbitals, can also host a finite
Cooper pair polarization. Thus, Cooper pair polarization can
be seen as a signal of emergent physics. Since the TMD and
SC form a heterostructure, superconducting correlations along
with their Cooper pair polarization are expected to be induced
into the TMD by the proximity effect, while the TMD is also
expected to affect the SC by means of the inverse proximity
effect.

C. Spectral signatures and density of states

The normal parts of the Green’s function given by Eq. (17)
allows us to calculate the spectral function and density of
states. We calculate the spectral function of the total system
as

1
AK, w) = ——ImTr GR (K, w), (23)
T

where GR(Kk, w) is the retarded Green’s function of the to-
tal system, obtained by taking the analytic continuation of
the complex frequencies z to the real axis, i.e., z = @+ in
with a small damping factor n > 0 [73,74]. Unless otherwise
specified, we use 7 = 1 meV and the exact result is obtained
in the limit n — 0. The spectral function can be accessed
by ARPES measurements [77-80]. For presentation purposes
and to quantify the size of certain quantities, we define

X(w) = 1 IX (K, w)| d*k,

Qpz Jpz

X = /da)X(a)). (24)

Here X' (w) represents the Brillouin zone average of the abso-
lute value of a momentum-dependent quantity X (k, w), while
X is its integration over frequency, and Qpz = 872/(~/3a?)
is the area of the Brillouin zone. In an experimental setting,

the density of states (DOS) is often more accessible than the
spectral function, which can be obtained from the spectral
function following Eq. (24) via integration over the Brillouin
zone,

D(w) = Alw) = QL Ak, w)d’k, (25)

BZ JBZ

where the absolute value is not needed since the spectral
function is always positive. The division by the area of the
Brillouin zone ensures that we fulfill the normalization con-
dition that the integral over frequency of the DOS is equal to
the number of bands in the Hamiltonian, which is 16 for our
system when we take both spin and orbital degrees of freedom
into account, as well as electron and hole bands in the Nambu
basis.

In the following, we use the methodology discussed in this
section to explore the impact of multiple orbitals, together
with first Ising SOC and then also Rashba SOC, on the super-
conducting properties of the TMD-SC heterostructure system.

III. EFFECT OF ISING SOC ON SPECTRAL FUNCTION
AND DENSITY OF STATES

In order to understand how the multiorbital structure and
Ising SOC interplay in the TMD-SC heterostructure, we start
by inspecting the impact of the Ising SOC on the spectral func-
tion and DOS in the absence of any Rashba SOC, thus setting
y = 0 in Eq. (8). Following Sec. II C, we obtain the spectral
function in Figs. 2(a), 2(b), 2(d), and 2(e) as a function of
frequency w and along a high-symmetry momentum-path for
two distinct values of the Ising SOC strength A. The corre-
sponding DOS as a function of w is shown in Figs. 2(c) and
2(f) and the figure is organized such that we present in the first
row the nonsuperconducting state A = 0, while the lower row
shows results for finite superconductivity A # 0. Note that
the spectral functions and DOS are symmetric around zero
frequency w = 0 due to particle-hole symmetry in the BdG
formalism.

We start by analyzing the nonsuperconducting state A = 0
in Figs. 2(a) and 2(b) where the three bands of the TMD and
the band of the SC can easily be identified by a comparison
with the individual band structures in Fig. 1(c). The TMD
bands are spin-split due to the Ising SOC for finite A # O,
while the SC bands are spin degenerate, compare Figs. 2(a)
and 2(b). The spin splitting is particularly pronounced at the
K and K’ points and results from the TMD monolayer lack-
ing inversion symmetry. Due to the presence of time-reversal
symmetry, the spin-1 state at K corresponds to the spin-|,
state at K’, which results in spin-valley locking. Moreover,
the TMD and SC bands exhibit crossings at both low and
high frequencies, which are shifted in both frequency and
momentum at nonzero Ising SOC, compare insets in Figs. 2(a)
and 2(b). Note that even with Ising SOC included, the spin
degeneracy is protected along M. This is due to the com-
bination of this line segment coinciding with a mirror plane
of the underlying point group D3, of the monolayer and the
Hamiltonian being diagonal in spin space when only Ising
SOC is considered. This results in both spin blocks being
related by a unitary transformation and thus having the same
eigenvalues, protecting the spin degeneracy along T M.
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FIG. 2. [(a) and (b)] Spectral function of the TMD-SC heterostructure as a function of frequency @ and momentum-path along high-
symmetry lines for distinct values of the Ising SOC A without superconductivity A = 0. Insets in (a) and (b) show a close-up of a crossing
between electron (esc) and hole bands (Amyp) in the SC and TMD. (c) DOS as a function of w for distinct A. Inset shows a detailed view
of the DOS around zero frequency. [(d)—(f)] The same as in (a)—(c) for finite superconductivity A # 0. Inset in (f) reveals the induced
superconducting gaps 28 and 28. Gray horizontal area indicates an energy window where Ising SOC results in spin-splitting of peaks from Van
Hove singularities. All plots are symmetric around zero frequency w = 0 due to particle-hole symmetry of Hgys. The parameters used are as
follows:t =0.2eV, A =0.073eV,a =3.19 A, n=—-04eV,tsc =1eV, usc =2 eV and A = 0.1 eV unless otherwise specified.

Adding superconductivity with a finite A # 0, we find a
small finite gap around zero energy w = 0, which we an-
alyze in more detail below when discussing the DOS. The
coupling between the TMD and the SC also results in hy-
bridization gaps at finite energies, indicated with orange boxes
in Fig. 2(d), one of which is shown in detail in the insets
of Figs. 2(d) and 2(e). In particular, these highlighted gaps
occur at the band crossing between the electron SC and hole
TMD bands, labeled as esc and hrvp in Fig. 2(a). Due to
particle-hole symmetry, similar hybridization gaps occur at
negative energies, with the difference that electron and hole
characters of the bands are interchanged. Without Ising SOC
A =0 the hybridized bands are doubly degenerate, while
without superconductivity A = 0 no hybridization gap opens.
The hybridization occurs between one of the spin degenerate
bands in the SC separately with one of the two TMD bands
in the inset, a consequence of the Hamiltonian with Ising
SOC being block-diagonal in spin space. This results in the
two highlighted hybridization gaps for A # 0 in Fig. 2(e) not
interacting with each other. The Ising field has the effect that
the hybridization gaps for the two different spin states are
shifted both in energy and momentum with respect to each
other. This shift represents a signature of proximity-induced
superconductivity in TMD monolayers that specifically re-
lates to the appearance of spin-triplet correlations as we see
later.

Further insights into the impact of the Ising field on the
superconducting properties of proximitized TMD monolayers

is obtained from the DOS D(w), presented in Figs. 2(c) and
2(f). The biggest influence of the Ising SOC is the lifting
of the spin degeneracy of the TMD bands, which shifts the
respective peaks resulting from Van Hove singularities in the
band structure, highlighted by the gray horizontal area in
Fig. 2(f). In addition, comparing the insets of Figs. 2(c) and
2(f) shows that the superconducting gap is opened around
zero frequency when A # 0, as expected. The size of this
gap is 26 ~ 0.174 eV, which is smaller than the gap size for
the isolated SC given by 2A = 0.2 eV. This is a result of the
hybridization between the TMD and SC bands and not the
usual proximity effect observed at the boundary of a super-
conducting junction, since our calculation only considers a
single layer in the z direction. We find that the decrease in
gap size can be understood by employing a minimal two-band
model detailed in Appendix B, which also reveals that the
superconducting gap is shifted to larger momentum. The inset
in Fig. 2(f) shows also a second smaller gap 25, which is the
induced superconducting gap in the TMD bands. The size of
this gap can be understood from the same minimal model in
Appendix B and is well approximated by the expression

(26)

where Egc = 2.07 eV is the energy of the superconducting
band at the specific momentum where the TMD conduction
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FIG. 3. (a) Normalized spin density along z of the TMD-SC
heterostructure as a function of frequency and momenta along high-
symmetry lines. (b) Absolute value of the spin density along z
integrated over the first Brillouin zone for different values of the Ising
SOC strength . Parameters are the same as in Fig. 2.

band crosses zero energy along TM and v = 0.89 is the
weight of the TMD band on the d,» orbital at this momentum.

Last, we note that there are no clear signatures of the
hybridization gaps in the DOS. This is explained by a detailed
look at the spectral functions in Fig. 2, which shows that the
hybridization gap does not lie at isotropic values of frequency
around the I' point. Therefore, the hybridization gaps are
smeared out in the DOS which integrates over the whole Bril-
louin zone, making them hard to observe in an experimental
setting. This indicates that similar hybridization gaps, that
have been put forward to be an experimentally measurable
signature of odd-frequency superconductivity on the basis of
simpler models [11,57,62], may be harder to observe than
previously proposed.

Besides the spectral function and the DOS, we analyze the
spin polarization of the heterostructure, by calculating the spin
density

Si(k, @) = —%ImTr [GR(k, w)o;], 27)

with Sy giving the spectral function in Eq. (23). Since the Ising
SOC is along z, only the spin-triplet polarization along z is
finite, namely S,(k, w) # 0. In Fig. 3(a), we present the nor-
malized spin density along z as a function of w and momenta
along high-symmetry lines. As seen, it is strongest where
the bands are spin split, including for example around the K
points, signaling its origin due to the Ising SOC. Since spin
degeneracy is protected along T M, the spin-z density along
this high-symmetry line is zero.

To further characterize the spin density along z, we calcu-
late the absolute value of the spin density integrated over the
first Brillouin zone following Eq. (24) and denoted by S;. The
absolute value is motivated by the fact that due to the pres-
ence of time-reversal symmetry, a integration without absolute
value yields zero. Figure 3(b) shows S, for distinct values
of the Ising SOC A. Without Ising SOC A = 0, there is zero

spin-z density and increasing the Ising SOC strength leads
to a higher spin polarization. Since the integrated curves for
the realistic value 1 = 0.073 eV of the MoS, monolayer [56]
is not proportionally larger than a much smaller intermediate
value, we conclude that the strength of Ising SOC in MoS; is
sufficiently large to saturate how much spin polarization may
be achieved in TMDs.

IV. EFFECT OF ISING SOC ON INDUCED
PAIR AMPLITUDES

Having established the presence of a finite spin polariza-
tion, we now explore how it relates to the emergence of
triplet superconducting correlations. Following the symmetry
classification scheme introduced in Sec. II B, the anomalous
correlations can be even or odd in all the four degrees of
freedom spin, parity, orbital, and frequency. Table I summa-
rizes the allowed symmetry classes, which fulfill Fermi-Dirac
statistics, as discussed in regards to Eq. (20). The combination
of the four degrees of freedom allows for in total four spin-
singlet and four spin-triplet pair symmetries. While multiple
classes of these also emerge in TMD-SC heterostructures, in
order to understand the roles of the Ising field and multiple
orbitals, we concentrate our analysis on the induced local su-
perconducting correlations in the d,» band (@ = b = 1) of the
TMD. Since this band is directly coupled to the superconduc-
tor via the tunnel amplitude ¢, it can reasonably be expected
to host the strongest induced superconducting correlations in
the TMD. By looking at Table I and keeping in mind that the
pair amplitude Fl(l’ ) is necessarily even in the orbital degree of
freedom, the spin-singlet part of the correlations can be either
even in momentum and frequency or odd in both, while the
spin-triplet components are even in spin and therefore either
momentum or frequency has to be odd while the other one is
even.

To visualize the behavior of the induced pair amplitudes in
the TMD, we show in Figs. 4(a)—4(d) the real and imaginary
parts of the spin-singlet Fl(lo) and mixed spin-triplet Fl(f) pair
amplitudes as a function of momentum in the BZ at a pro-
totypical value of frequency @ = 0.5 eV. The equal in spin
triplets Fl(lx’y ) are zero when only Ising SOC is present, as
there is a U (1)-symmetry resulting from [H, o,] = 0, forbid-
ding equal spin-triplet pairing. This also immediately implies
that the spin polarization Pj; of the Cooper pair, as defined
in Eq. (22), has to be zero as well. A closer inspection of
the results shows that the spin-singlet (mixed spin-triplet)
pair amplitudes are only even (odd) in momentum. This is
more constrained than the restrictions imposed by the SPOT
classification as detailed in Table I, which allows also for
odd (even) in momentum spin-singlet (mixed spin-triplet) pair
amplitudes and therefore unveils that the pair amplitudes in
Fig. 4 are specifically not odd in frequency. We note here
that this result is specific to the Fj; and also the Fy4 pair
amglitudes. In contrast, the singlet even in orbital amplitudes
F2(2933 are the sum of one part that is even in both momentum
and frequency and one that is odd in both. Furthermore, we
verify that these numerical results also hold true via a di-
rect analytical calculation, showing that there are additional
constraints resulting from the structure of the Hamiltonian,
which forbids odd-frequency pairing in certain cases. An
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FIG. 4. [(a)-(d)] Real and imaginary part of the spin-singlet Fl(lo > and mixed spin-triplet Fl(f) pair amplitudes, respectively, in the d_> orbital
as a function of momentum at w = 0.5 eV. Black hexagon indicates the first Brillouin zone. [(¢) and (g)] Absolute value of the pair amplitudes
|F1(10)| and |Fl(1‘7 )|, respectively, as a function of frequency and momenta along high-symmetry lines. [(f) and (h)] Pair amplitudes integrated
over momentum F.? and F?, respectively, for different values of the Ising SOC strength A as well as the rescaled DOS 0.05 - D(w) in gray
for reference. Gray horizontal area indicates an energy window where hybridization gaps form that we analyze in further detail in Fig. 5. All
colored plots share the same color scaling. Parameters are the same as in Fig. 2.

intriguing feature of the induced spin-singlet and spin-triplet
pair amplitudes in the TMD is that they host direct infor-
mation of the TMD Brillouin zone, with clear sign changes
in the spin-triplet component when moving in momentum
space, alike the normal state Berry curvature discussed
in Ref. [56].

We obtain further details of the pair amplitudes from
Figs. 4(e) and 4(g), where we show the absolute value of
the spin-singlet and mixed spin-triplet amplitudes |F 09 a5
a function of frequency w along high-symmetry hnes in the
BZ. In general, the induced superconducting correlations are
the strongest closest to the hybridization gaps between TMD
and SC and also near zero energy, which is directly tied to the
proximity-induced superconductivity. Because we consider a
spin-singlet s-wave superconductor, we expect the induced
singlet correlations in the TMD orbital d,> to dominate over
the triplet correlations. While the absolute value of the mixed
spin-triplet correlations are in general smaller than the in-
duced singlet correlations, they are actually of comparable
size close to the hybridization gaps. In addition, no spin-triplet
pairing is induced on the line TM, see Fig. 4(g), which is
understood by the associated protection of the spin degener-
acy, which was also reported in Ref. [29]. This highlights the
connection between mixed spin-triplet correlations and spin-
triplet density along z as shown in Fig. 3. In fact, contrasting
Fig. 4 with the spin-triplet density in Fig. 3, we see that both
finite spin polarization and how close the TMD and SC bands
are in energy are essential factors in determining the strength
of induced triplet correlations.

To further establish a connection with experimentally rel-
evant quantities, we finally look at the momentum integrated
spin-singlet and spin-triplet pair amplitudes ff?’Z) following
Eq. (24). Notably, the magnitude square of the pair amplitudes
determines the probability of Andreev reflections through
which it directly determines the current in NS junctions or
the Josephson current [63,74,81,82], currents that are rele-
vant for superconducting spintronics [83—86]. Besides these
experimentally relevant observables, the pair amplitude also
directly affects response functions, such as in the Meissner
effect and spin susceptibility; see Refs. [39,51,52] for an
extensive discussion on the importance of the pair amplitude
in experimental observables. In Figs. 4(f) and 4(h) we show
fl(?’Z) for different Ising SOC strengths A in addition to the
DOS, which is rescaled to 0.05 - D(w) to fit into the same
plot for a comparison. The spin-singlet pair amplitudes show
far less dependence on the strength of the Ising SOC, while
the mixed spin-triplet correlations vanish for A = 0 and in-
crease with A, thus pointing to a connection between Ising
SOC and mixed spin-triplet correlations that we explore in
further detail below. Peaks in the strength of the induced pair
amplitudes proliferate at zero and finite frequencies where the
hybridization gaps occur. The thin area highlighted in gray
in both Figs. 4(f) and 4(h) indicates a frequency range where
the spin-split TMD bands intersect with the superconducting
bands and form hybridization gaps as indicated with orange
boxes in Fig. 2(d). Since the peaks in the DOS (from the Van
Hove singularities) of the TMD bands lie just outside of this
gray area, the increased superconducting correlations are not

194510-8



SUPERCONDUCTING PROPERTIES OF TRANSITION ...

PHYSICAL REVIEW B 114, 194510 (2026)

(0) (2)
-2 -- — F
15 ><10I : 11 . 11 ,
:(a) A (eV) (b)
.~ —0
10k ) 0w — 0.035
Fame s '.‘ 0.073
0.5F ~
00 1 1 1 o | 7
2.90 2.94 298 0 0.05
w (eV) A (eV)

FIG. 5. (a) Spin-singlet F, f?) and mixed spin-triplet F, 1(1) pair
amplitudes in the d_> orbital as a function of frequency w for different
values of the Ising SOC strength A. (b) Pair amplitude strengths at
fixed frequency w = 2.94 eV [vertical gray line in (a)] as a function
of Ising SOC strength A. The inset in (b) shows the ratio between
mixed spin-triplets and singlet 7 /F\". Parameters are the same as
in Fig. 2.

simply a result of a higher density of states but rather due to
the hybridization between TMD and SC bands.

Linking Ising SOC and mixed spin-triplet pair amplitudes

In order to deepen the link between the spin splitting in-
duced by Ising SOC and the emergence of mixed spin-triplet
superconducting correlations, we show in Fig. 5(a) the total
spin-singlet and mixed spin-triplet pair amplitudes within the
frequency range indicated by the horizontal shaded gray re-
gion in Figs. 4(f) and 4(h). Within this frequency window,
the spin-split electron TMD bands intersect with the super-
conducting hole bands, forming a hybridization gap. In the
absence of Ising SOC, no mixed spin-triplet pairing forms
(solid lines), as expected, and the spin-singlet pairing (dashed
lines) form a single peak. By increasing A, the spin degeneracy
is lifted, which results in the splitting of the singlet peak into
two peaks. Interestingly, the position of the large singlet peak
for L = 0, as well as any of the obtained peaks, corresponds
to the frequency values where the hybridization gaps between
the TMD and the superconductor arise; see Fig. 2(d).

The spin-singlet pairing is in general dominant over the
mixed spin-triplet component, but the triplet pairing can ac-
tually achieve larger values at frequencies between the two
peaks. To understand this, we look at the real part of FITﬁ

and FlilT, since the imaginary part only contributes at the
hybridization gaps for n — 0F. For frequencies far from the
hybridization gaps, FITI¢ A —FﬁlT, which is exact at zero Ising
SOC A = 0. As established above, the hybridization gaps oc-
cur at different frequencies w; # w, for the two spin states
when A # 0, see Fig. 2(e), where the separation of the values
of w; results from the Ising SOC splitting the TMD bands
and thus the separation between w; and w, increases with
A. Due to the denominator of the Green’s function, both pair
correlations follow the general form o< (w — w;)~', leading to

them diverging at different frequencies. In both cases, the real
parts of the pair correlations switches sign at w;, implying that
the real part of FlTli and FlﬁT between the two peaks have the
same sign, one of them increasing with w while the other one
decreases. As a consequence, the mixed spin-triplet pairing
Fl(f) x FITI¢ + F1¢1¢ is finite in the whole interval between the
two peaks, while the singlet component Fl(lo) x FITIL - F1L1T
switches sign and therefore crosses zero at some in-between
frequency. This illustrates that it is not surprising to find dom-
inating mixed spin-triplet correlations within the frequency
interval between w; and w,. Importantly, since the dominating
spin-triplet pairing is only due to the spin splitting of the hy-
bridization gaps, we can directly link spin polarization along
z with the emergence of large mixed spin-triplet correlations.
In addition, when measuring momentum-resolved supercon-
ducting correlations, missing a zero point between the two
peaks due to spin split bands is evidence of the presence of
mixed spin-triplet correlations. It is, however, important to
stress that the spin-singlet pair amplitude in Fig. 5(a) does not
vanish as we are extracting the superconducting correlations
integrated over the full BZ, although it will be zero for specific
momenta between the spin-split w;. The resulting finite value
can again be attributed to the fact that the dispersion is not
isotropic in momentum, which shifts both the values of w; and
the frequency at which the singlet component is zero and then
results in a finite value after momentum integration.

The role of the Ising SOC is further evidenced in Fig. 5(b),
where we plot the integrated spin-singlet and spin-triplet pair
amplitudes as a function of the Ising SOC strength A at
w = 2.94 eV, roughly in between the two spin-split peaks in
Fig. 5(a), see vertical gray line. The amount of spin-singlet
correlations between the spin split peaks becomes weaker
with increasing A, while the mixed spin-triplet pairing be-
comes finite and even stronger than its singlet counterpart for
a Ising SOC strength above A =~ 0.05 eV. The inset shows
the ratio of integrated mixed spin-triplet correlations to sin-
glet correlations, which is greater than one for sufficiently
large values of A and in particular also for the realistic value
A = 0.073 eV of the MoS, monolayer [56]. Therefore, mixed
spin-triplet superconducting pair correlations represent an im-
portant part of the proximity-induced superconductivity in
TMD monolayers. It may be identified by Andreev conduc-
tance [63,82].

V. EFFECT OF RASHBA SOC

In order to complete the picture of the emergence of
spin-triplet superconducting correlations in the TMD-SC het-
erostructure, we next analyze the pair amplitudes in the
presence of both Ising and Rashba SOC. As explained in
Sec. 11, the interface in the z direction between TMD and SC,
see Fig. 1(a), breaks the out-of-plane mirror symmetry with
respect to the xy plane, which induces Rashba SOC in the
system. Thus, the presence of Rashba SOC is an unavoidable
effect in TMD-SC heterostructures. Given its form in Eq. (8),
Rashba SOC takes a manifestly off-diagonal form in spin
space, expressed through the Pauli matrices o, and oy. This is
in contrast to the Hamiltonian of the heterostructure with only
Ising SOC included, which is diagonal in spin space. Rashba
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FIG. 6. (a) Strength of mixed spin-triplet .7-'1(? and equal spin-
triplet 7 amplitudes relative to the singlet amplitudes )’ as a
function of Rashba SOC strength y at w = 2.94 eV. [(b) and (c)]
Spin-triplet pair amplitudes as a function of both Ising SOC A and
Rashba SOC y obtained by integrating over both momentum and
frequency, normalized by the spin-singlet pair amplitude. Parameters
are the same as in Fig. 2.

0

SOC thus induces finite spin densities along x and y, as it
breaks the U (1)-symmetry resulting from [H, o,] = O for the
Hamiltonian of the system without Rashba SOC. In addition,
since the spin states being degenerate along T'M requires the
Hamiltonian to be diagonal in spin space, a finite Rashba SOC
lifts this spin degeneracy, such that the z spin density becomes
nonzero also along this high-symmetry line.

From the connection between spin polarization and super-
conducting correlations established in sub-Sec. IV as an effect
of Ising SOC, it is natural to expect that Rashba SOC leads
to equal spin-triplet pairing, as well as affected mixed spin-
triplet pairing [39,45,47,49,58,87,88], which has already been
discussed for intrinsic superconductivity in TMD monolayers
in previous works [30,31]. Since both the x and y components
of the spin Pauli matrices are included in the same manner
in the Rashba SOC Hamiltonian, see Eq. (8), both equal spin-
triplet pair amplitudes £ and £ are induced with the same
strength, making it sufficient to focus on only one of them.

Figure 6(a) shows the absolute value of the mixed .7-"1(? and
equal spin-triplet .7-'1(’1‘) pair amplitudes integrated in momen-
tum as a function of the Rashba SOC strength y for distinct
values of the Ising SOC strength A at w = 2.94 eV. In all
cases, we normalize the spin-triplet components by the cor-
responding spin-singlet strength .7-'1((1)) . We observe that equal
spin-triplets emerge in the system as soon as the Rashba SOC
strength y is finite and that they undergo a fast increase at low
y and then saturate, while the mixed spin-triplet pairing tends
to slowly decrease with y. Note that at the crossing point,
where the equal spin-triplet correlations become stronger than
the mixed spin-triplet correlations, the value of Rashba SOC y
is smaller than the respective value of Ising SOC A. Thus, even
for relatively small values of Rashba SOC, as can be expected
to be induced at the interface, equal spin-triplet correlations
are significant. Interestingly, the line with A = 0 in Fig. 6(a)
even shows that without Ising SOC, Rashba SOC induces

equal spin-triplet pairs but the mixed spin-triplet pairs are
absent. More details on the effect of Rashba SOC is presented
in Appendix D.

To further characterize the size of induced spin-triplet
correlations in the TMD, we obtain the spin-triplet pair ampli-
tudes integrated in momentum and frequency Ff’l) according
to Eq. (24). In Figs. 6(b) and 6(c) we show the spin-triplet pair
amplitudes F & /]Fl((l)), normalized by the spin-singlet pair
amplitude. With this, we corroborate the behavior of the spin-
triplet amplitudes in Fig. 6(a), showing that finite Rashba SOC
induces only equal spin-triplet correlations, while Ising SOC
induces only mixed spin-triplet correlations. Furthermore,
there is a trade-off between both types of triplet correlations,
such that increasing one type suppresses the other one. The
relative strength of both types of spin-triplet correlations re-
mains below one, which shows that the spin-singlet nature of
the superconductor cannot be completely overcome. However,
using realistic values of both Ising and Rashba SOC, we find
that both types of triplet correlations are still of comparable
strength to the singlet correlations. It is important to note here
that the spin-triplet correlations being comparable to the spin-
singlet ones is an observation specific to proximity-induced
superconductivity in the TMD. In contrast, the formation of
spin-triplet pair correlations in the superconductor, as a result
of the inverse proximity effect, is much smaller than the spin-
singlet component; see Appendix E for a detailed discussion.

VI. CONCLUSIONS

Using a realistic three-orbital tight-binding model with
anisotropic couplings to model a TMD monolayer, we inves-
tigate the superconducting properties that emerge when the
TMD monolayer is proximitized with a spin-singlet s-wave
superconductor. In particular, we demonstrate that the multi-
orbital nature of the TMD monolayer leads to hybridization
gaps that form at band crossings between electron (hole)
superconducting and hole (electron) TMD bands at higher
energies that are readily identified in the spectral function.
However, in contrast to previously considered simplified mod-
els, we find that the anisotropic couplings between bands
within a more realistic model of the TMD monolayer make
it difficult to identify the hybridization gaps in the density
of states. Nonetheless, such hybridization gaps represent an
exotic signature of proximity-induced superconductivity in
the TMD monolayer. Moreover, we analyze the effect of
the characteristically large inherent Ising SOC of the TMD
monolayer and show that it induces a spin splitting and spin
polarization along z. Having performed a symmetry classifi-
cation of the induced superconducting correlations, we find
that the presence of mixed spin-triplet pair amplitudes is di-
rectly linked to the presence of the finite spin polarization
along z and thus to the Ising SOC. Using realistic values
to model a monolayer of MoS,, we show that the induced
mixed spin-triplet correlations are of the same magnitude as
their spin-singlet counterparts. Furthermore, we demonstrate
that these mixed spin-triplet correlations can even become
larger between hybridization gaps coming from spin-split
TMD bands, where the spin-singlet correlations instead cross
zero. This leads to a characteristic signature: the presence
of mixed spin-triplet correlations can be inferred from the
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absence of a zero crossing of the singlet correlations between
spin-split peaks. Finally, since Rashba SOC may naturally
emerge at the interface between the TMD monolayer and the
superconductor, we study its effect on the induced supercon-
ducting correlations. We show that it leads to the emergence of
equal spin-triplet superconducting pairs. We further uncover
a competing interplay between mixed and equal spin-triplet
superconducting correlations, driven by the Ising and Rashba
SOC, respectively.

We emphasize that the analysis performed here gener-
alizes to other TMDs, such that our findings apply quite
generally and suggest that proximitized monolayer TMDs
are a promising platform for the realization of spin-triplet
superconductivity as an alternative to the more commonly
used superconductor-ferromagnet interfaces or TMDs with
intrinsic superconductivity. In contrast to intrinsic super-
conductivity, studying TMD monolayers in proximity to
conventional superconductors permits us to understand the
mechanism behind the emergence of spin-triplet pairs. Also,
our considered multiband model with anisotropic couplings
between bands specifically allows us to assess higher energy
gap structures as well as spin-triplet and spin-singlet pairs
under realistic conditions, something that is beyond simplified
models. Therefore, our findings provide a deeper under-
standing of proximity-induced superconductivity in TMD
monolayers, which can be relevant for assessing the interplay
between strong SOC and superconductivity and also for su-
perconducting spintronics [36,37,83,84,86].
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APPENDIX A: TMD MODEL DETAILS

In order to reproduce the low-energy band structure of the
TMD monolayer, we use the three-band tight-binding model
introduced in Ref. [56], which includes the d 2, d.y, and d,>_
orbitals of the transition metal atoms. Figure 7 illustrates the
hopping amplitudes between the orbitals on the central site Ry
and the neighboring atom at R, with the hopping matrix given
by

Iy 3] 1)
ER)=|-t th to (A1)
15} =t In

Here the number of free parameters has already been con-
strained by the underlying symmetries. Hopping amplitudes
to the other neighbors can be obtained from symmetry con-
siderations as well, and we label the second- and third-nearest

l=d. — — d.»

2=dy, — B(R)— dyp_,

3=dye_ypo— dy
Ro Rl

FIG. 7. Sketch illustrating the nearest-neighbor hopping ampli-
tudes between central site Ry and nearest-neighbor site R, with the
labeling of the TMD orbitals with indices a = 1, 2, 3.

neighbor hoppings as r; and u;, respectively. Including on-
site energies ¢; and transforming to momentum space, the
matrix elements of the Hamiltonian as given in Eq. (3) are
given by [56]

Elil = g + 2t9(cos 2« + 2 cos e cos B)

+ 2rp(cos 28 + 2 cos 3a cos B)

+ 2up(cos4a + 2 cos 2a cos 23)
E\? = 2it)(sin 2« + sin & cos B) — 24/31, sin a sin B

+ 2sin3a((ry + r2)sin B + i(r; — rz)cos )

+ 2iuy (sin 4o + sin 2 cos 28) — 2+/3u, sin 2a sin 28
EE = 2t)(cos2a — cos cos B) + 2i\/§t1 cosa sin 8

2
3

2 .
+ ﬁi(h — ry) sin B(cos 3a + 2 cos B)

~+ 2uy(cos 4o —cos 2« cos 2ﬂ)+2i\/§u1 cos 2a sin 28

(r; + r2)(cos3a cos B — cos2B)

EP = &) + 2111 cos 20 + (t;; + 3t) cos a cos B
+ 4ryy cos3acos B+ 2(ry1 + \/grlg) cos2p
+ 2uy; cosda + (u1y + 3uyy) cos2a cos 28
EP = 4ityp sina(cosa — cos B)
+/3(tyr — t11) sina sin B
~+ 4ry; sin 3« sin 8
~+ 4iuy; sin 2a(cos 2o — cos 28)
+ ~/3(u2n — uyy) sin 2« sin 28
EIES = &y + 2ty cos2a + (3t;] + 1) cosw cos B
+ 2r11(cos 2B + 2 cos 3a cos B)

2
+ —=ri2(4 cos3a cos B — cos2p)

V3
+ 2uy cosda + (Buyy + upy) cos 2 cos 2.
The remaining matrix elements are easily obtained through
hermiticity E,’ = (E/")*. In these equations, the momentum
dependence is expressed by o = k,a/2 and B = «/gkya/ 2, as
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FIG. 8. (a) Spin-singlet .Fl(?) and mixed spin-triplet ]-'ﬁ) pair
amplitudes in the d_> orbital as a function of frequency w for different
values of the tunneling strength 7. Inset shows the pair amplitudes
divided by #2. (b) Pair amplitude strengths at fixed frequency @ =
2.94 eV [vertical gray line in (a)] as a function of Ising SOC strength
A. Inset in (b) shows the ratio between mixed spin-triplet and singlet
F/FY. Parameters are the same as in Fig. 2 and this figure is also
similar to Fig. 5, but here we instead plot the pair amplitudes for
different values of tunneling strength 7.

in the main text. We use the following values for the parame-
ters [56]:

to = —0.146 ro = 0.06 uy = —0.038
n =-0.114 r = —0.236 u; = 0.046
1, = 0.506 r, = 0.067 u; = 0.001

f1; = 0.085 rip = 0.016 up = 0.266

f, = 0.162 r12 = 0.087 up = —0.176

f = 0.073 up = —0.15
g1 = 0.683 a=3.19A
& = 1.707 n=—0.4,

which are all in units of eV if not specified otherwise. With
the chosen values, the model reproduces the band structure of
monolayer MoS, as obtained from first principles [56]. This
allows us to use the model to characterize the superconducting
correlations over the whole Brillouin zone.

APPENDIX B: MINIMAL MODEL FOR THE SIZES
OF THE SUPERCONDUCTING GAPS

As detailed in Sec. III in the main text, the hybridization
between the TMD monolayer and the superconductor not only
affects the size of the superconducting gap observed in the
DOS but also results in an even smaller gap in the TMD
conduction band at zero energy. To understand both of these
effects, we consider a minimal model that captures the essen-
tial physics of the hybridization between the TMD and the
superconductor.

1. Superconducting gap

We start by explaining the change in size of the normal
superconducting gap. Since superconductivity is a low-energy
phenomenon, we can approximate the band structure with its
linear behavior close to the Fermi level, such that for the
superconductor the electron and hole band together form a
Dirac cone with Fermi velocity vg, placed for simplicity at
momentum k = 0. For the TMD we consider only the single
low-energy band, which hybridizes the strongest with the
superconducting band, approximated as a flat band at energy
—erMp at the same momentum & = 0. With this, we can write
the Hamiltonian of the minimal model as

—ETMD 0 t 0

o 0 ETMD 0 —t

Haw=| o " 0. A | e
0 —t A +UFk

with 7 controlling the coupling strength between the TMD
and the superconductor, A being the superconducting or-
der parameter, and the electron and hole bands ordered as
{ermp, ATMD, €sc, hsc} in the basis. From this, it is straight-
forward to calculate the superconducting gap as a difference
of eigenvalues, resulting in

§ =2 x —Vx2 —4v,
X = &hp + 217 + A + k7,

v = (t' — 2ermpkt®vr + efyp (A + K707)). (B2)

Analyzing this expression, we find that for zero coupling
t =0 we recover the prototypical BCS gap of the form
2./ A% + (kvgp)2. In the case of finite coupling we find that
dé/dk < 0, which has two important consequences. First, the
position of the gap is moved to larger values of momentum k
and, second, the size of the gap is decreased compared to the
uncoupled case. This is because, of the two band crossings
of the electron TMD band at —eyp with the Dirac cone,
the one at k > 0 is mediated directly through the coupling ¢,
since here it crosses the electron band of the superconductor.
On the other hand, at £ < O this band crosses the hole band
of the superconductor, which requires a higher-order process
involving the superconducting pairing A to open the avoided
level crossing. As such, the hybridization gap opening is larger
for the band crossing at k > 0, which pushes the upper band
further up, resulting in the shift of the minimum supercon-
ducting gap to larger values of k and a decrease in gap size.

2. Induced gap

Trough the coupling to the superconductor, an additional
smaller gap is induced in the TMD conduction band at zero
energy, as shown in Fig. 2(f) in the main text. To explain
the size of this gap, we can again use the minimal model
given in Eq. (B1), where we now focus on the regime where
ermp 1S small compared to vgk. In order to find a good
numerical approximation of the induced gap size, we also
include the modification ¢+ — 7 - v, where v is the weight of
the conduction band on the d orbital (the one directly cou-
pled to the superconductor). We perform a Schrieffer-Wolff
transformation up to second order in 7 - v to obtain an effective
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FIG. 9. [(a)—(d)] Real and imaginary part of the equal spin-triplet F,

1" pair amplitudes in the d_ orbital as a function of momentum at

o = 0.5 eV. Including Rashba SOC allows the correlations to be odd in frequency, and therefore the correlations are in contrast to Fig. 4
superpositions of both even and odd in momentum contributions. Black hexagon indicates the first Brillouin zone. [(e) and (g)] Absolute value
of the pair amplitudes |Fl(f 2| as a function of frequency and momenta along high-symmetry lines. [(f) and (h)] Pair amplitudes integrated over
momentum ]-'f‘f'y ) for different values of the Ising SOC strength A as well as the rescaled DOS 0.05 - D(w) in gray for reference. All colored
plots share the same color scaling. Parameters are the same as in Fig. 2. Similar to Fig. 4 but here plotting equal spin-triplet pair amplitudes
F for finite Rashba SOC strength y = 0.01 eV instead of singlet £’ and mixed spin-triplet F,¥ pair amplitudes in Fig. 4.

Hamiltonian for the TMD conduction band. From this, we can
approximate the size of the induced gap as

o At -v)?
20 =2————.
(kvp)?

Taking the energy of the superconducting band to be constant
kvp =~ Esc, we arrive at Eq. (26) in the main text.

(B3)

APPENDIX C: EFFECT OF TUNNELING STRENGTH
BETWEEN TMD AND SC

As specified in Sec. II, we have chosen the value ¢t =
0.2 eV for the tunneling strength between the TMD and the
superconductor in the numerical calculations reported in the
main text. This value is similar in size to the other hopping
amplitudes in the TMD, see Appendix A, and a reasonable
assumption albeit at the upper limit of what can be considered
realistic in an experiment. In this appendix, we elaborate on
the effect of varying the tunneling strength ¢ on the main
results of the paper.

First, the discussion of the induced superconducting gap
in Appendix B leads to the approximation given by Eq. (26),
with the size of the induced gap being proportional to 2.
This can intuitively be understood by noting that the induced
superconducting correlations in the TMD are a second-order
effect because the TMD is not intrinsically superconducting,
so the tunneling strength 7 enters twice in the process of

forming a Cooper pair in the TMD. With this, pairing terms
can be seen as a second-order perturbation for small values
of #. In addition to the size of the induced gap, the same
reasoning is valid for the size of the induced pair amplitudes
in the TMD, which has direct consequence for the discussion
of their magnitude. Figure 8(a) confirms this by showing the
spin-singlet .7-'1((1)) and mixed spin-triplet .7-'1(? pair amplitudes
in the d. orbital as a function of frequency w for different
values of the tunneling strength 7, which clearly show that the
size of the pair amplitudes depends on ¢. The inset in Fig. 8(a)
shows the pair amplitudes divided by #2, which confirms that
the size of the pair amplitudes is indeed well approximated by
a t? dependence. Further, Fig. 8(b) shows the pair amplitude
strengths at fixed frequency w = 2.94 eV as a function of
Ising SOC strength A, which also shows a dependence on .
Since the inset in Fig. 8(b) shows the ratio between mixed
spin-triplet and singlet ]-'l(? /]-'l(?), the result becomes largely
independent of 7. This shows that wherever we calculate the
absolute size of the pair amplitudes, see Figs. 4 and 5, the
resulting values are in good approximation proportional to
2, while, wherever we calculate the relative size of the pair
amplitudes, see Figs. 5(b) and inset in Fig. 6, the dependence
of the results on ¢ is negligible. In particular, this establishes
that the comparison of the size of the induced pair amplitudes
in the TMD is independent of the choice of 7. Since we have
demonstrated a clear understanding of the effect of ¢ on the
induced pair amplitude, this justifies our choice of t = 0.2 eV
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FIG. 10. (a) Spin-singlet fﬁ) and mixed spin-triplet ]-'jj) pair
amplitudes in the superconducting band as a function of frequency
o for different values of the Ising SOC strength A. (b) Pair amplitude
strengths at fixed frequency w = 2.94 eV [vertical gray line in (a)] as
a function of Ising SOC strength A. The inset in (b) shows the ratio
between mixed spin-triplets and singlet F; /F1, . Parameters are the
same as in Fig. 2 and this figure is similar to Fig. 5, but here we plot
the pair amplitudes in the superconducting band instead of the d >
orbital.

in the main text, where a smaller value would only increase the
computational cost without providing any additional physical
understanding.

APPENDIX D: EQUAL SPIN-TRIPLET CORRELATIONS
WITH RASHBA SOC

Here we present additional plots that show more details of
the effect of Rashba SOC on the superconducting correlations,
as discussed in Sec. V. In Fig. 9 we plot the equal spin-triplet
pair amplitudes F,” in the d.> orbital for finite Rashba SOC
strength y = 0.01 eV. This figure can be directly compared to
Fig. 4 in the main text, where we instead plot Fl(l0 ) for y =
0. Both figures share similar features, with some important
differences. First, in Sec. IV we established that both Fl(f)’Z)
are specifically not odd in frequency due to the structure of
the Hamiltonian with only Ising SOC included. With Rashba
SOC included, this restriction is lifted such that these pair
amplitudes can also be odd in frequency. Thus F,\ are super-
positions of both even and odd in momentum contributions.
Second, including Rashba SOC lifts the spin degeneracy along

@ — FEY - F R
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FIG. 11. (a) Strength of the mixed spin-triplet }'jj? and equal
spin-triplet ]-'jj) amplitudes relative to the singlet amplitudes ]-'52) as
a function of Rashba SOC strength y at w = 2.94 eV. [(b) and (c)]
Spin-triplet pair amplitudes as a function of both Ising SOC A and
Rashba SOC y obtained by integrating over both momentum and
frequency, normalized by the spin-singlet pair amplitude. Remaining
parameters are the same as in Fig. 2 and this figure is similar to Fig. 6,
but here we plot the pair amplitudes in the superconducting band
instead of the d_> orbital.

TM, which allows for finite equal spin-triplet correlations
along this line as well.

APPENDIX E: ANOMALOUS CORRELATIONS
IN THE SUPERCONDUCTOR

As mentioned in Sec. V, spin-triplet pair amplitudes form
also in the superconductor as a result of the inverse proximity
effect. We illustrate this first in Fig. 10, which shows that
Ising SOC in the TMD also induces mixed spin-triplet pair
amplitudes in the SC bands through the inverse proximity
effect. This figure can directly be compared to Fig. 5 in the
main text, where we instead plot the pair amplitudes in the
d orbital of the TMD. In comparison to the pair amplitudes
for the d orbital, the singlet correlations stay dominant in the
superconductor, with the magnitude of the mixed spin-triplet
correlations only approximately at 10% of the strength of
the singlet correlations at realistic values of the Ising SOC
strength A. Second, in Fig. 11 we analyze the effect of Rashba
SOC, which can be directly compared to Fig. 6 in the main
text. We find that this figure shows qualitatively the same
behavior as seen in Fig. 6. Rashba SOC induces equal spin-
triplet correlations but their magnitude stays similar in size to
the mixed spin-triplet correlations.
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