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The Berry curvature (BC)—a quantity encoding the geometry of electronic wavefunctions—governs various
electronic transport effects in quantum materials. In magnetic systems, the BC is reponsible for the intrinsic
part of the anomalous Hall conductivity. Local concentrations of BC in noncentrosymmetric materials can
lead instead to the quantum nonlinear Hall effect. Here, we argue that the bulk of nonmagnetic metals with
inversion symmetry—systems where the BC is forced to vanish at any momentum—can be endowed with
substantial concentrations of BC even with an infinitesimally small Zeeman coupling. This Zeeman-activated
BC, independent of the magnetic field strength and instead related to the degree of nonparabolicity of the
electronic bands, couples to the electronic orbital motion to generate a negative longitudinal magnetoresistance
that scales with the relaxation time as the Drude resistivity. We show that the Zeeman-actived BC and the related
intrinsic negative magnetoresistivity are generic: they appear in all centrosymmetric point groups and can occur
both in topological and conventional conductors.

DOI: 10.1103/2j93-3w5n

I. INTRODUCTION

The electronic Bloch waves of a solid define a mapping
from the Brillouin zone to a complex space equipped with a
geometric structure that is encoded in a quantum geometric
tensor [1]. The imaginary part of this tensor corresponds to
an emergent field in momentum space called Berry curvature
(BC). In metallic magnets, the flux of the BC through the
Fermi surface is finite and regulates the intrinsic part of the
anomalous Hall conductivity [2,3]. Anomalous Hall effect
measurements thus provide an electronic transport footprint of
the electrons quantum geometry. In nonmagnetic metals, the
flux of the BC is forced to vanish by time-reversal symmetry.
However, a segregation of positive and negative regions of BC
is allowed in materials with noncentrosymmetric crystalline
arrangements [4]. These local concentrations of BC can re-
sult in a BC dipole that governs the so-called nonlinear Hall
effect with time-reversal symmetry [5–7]. A closely related
disorder-induced nonlinear Hall effect [8], which has been
shown to appear at the surfaces of nonmagnetic materials with
trigonal symmetry, stems from a higher order moment of the
Berry curvature dubbed BC triple [9,10].

In nonmagnetic metals with centrosymmetric crystalline
arrangements the electronic BC is forced to vanish at any
momentum. Nevertheless, externally applied electromagnetic
fields can be used to break either inversion or time-reversal
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symmetry and thus generate substantial BC concentrations.
This typically occurs in two-dimensional materials with valley
degrees of freedom where a protected level crossing is trans-
muted into an avoided level crossing by the external field, and
BC hot-spots—regions in close proximity to near degenera-
cies where the Bloch waves are rapidly changing—appear.
In bilayer graphene, for instance, an external electric field
perpendicular to the layers generates a spectral gap reducing
the point group symmetry from D3d to C3v , and endows the
materials with a BC leading to high-frequency rectification
[11], and a BC dipole if an additional uniaxial strain field is
present [12]. In single-valley bulk three-dimensional solids,
a similar generation of substantial BC concentrations is not
predicted, at least in the weak-field limit.

In this paper, we will demonstrate that contrary to these
expectations, substantial BC concentrations arise in strongly
spin-orbit coupled three-dimensional materials in the pres-
ence of an even infinitesimally small Zeeman coupling.
This Zeeman-activated BC is independent of the magnetic
field strength and Landé g-factor, with its strength that is
only related to the degree of nonparabolicity of the elec-
tronic bands. Additionally, it appears in all centrosymmetric
point groups both for topological and conventional electronic
bands. We will further show that the Zeeman-activated BC
couples via the anomalous velocity [13–15] to the orbital
motion of Bloch electrons, and generate a weak-field nega-
tive longitudinal magnetoresistance (NLMR): a decrease in
the electrical resistance when the driving electric field E is
parallel to the externally applied magnetic field B. Contrary
to the NLMR observed in materials with strongly anisotropic
dispersions [16] or due to extrinsic mechanisms, including
anisotropic scattering [17–20] and inhomogeneous boundary
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effects [21,22], the NLMR we predict here violates the so-
called Kohler relation [23,24], indicating that the details of
scattering are irrelevant for this mechanism. Violation of the
Kohler relation in the semiclassical regime has been discussed
so far only in inversion symmetry broken systems or in in-
version symmetric systems with well-formed Landau levels
[24,25], including massive Dirac fermion systems [26,27]. We
find in fact that the ratio between the finite field resistivity
ρ(B) and the Drude resistivity ρ0 is independent of ωcτ , with
ωc indicating the cyclotron frequency and τ the relaxation
time. Put differently, the predicted negative magnetoresistivity
[ρ(B) − ρ(0)]/ρ(0) is an intrinsic quantity independent of
disorder.

The weak-field NLMR due to the Zeeman-activated BC
we put forward here, provides an explanation for the NLMR
experimentally observed in Bi2Se3 thin films [28], and gener-
ally represents an analog for centrosymmetric materials of the
weak-field NLMR appearing in a number of noncentrosym-
metric systems, such as Dirac and Weyl semimetals [29–33],
which possess nontrivial quantum geometric properties al-
ready in the complete absence of external fields [34–40]. We
note that recent studies consider NLMR in Dirac semimetals
[41] as well as in massive Dirac fermions systems with he-
lical and chiral symmetry breaking [26,27] starting out from
well-defined Landau levels. These studies differ qualitatively
with the mechanism we will discuss below where Landau
level formation is not required and the NLMR is given by an
activated Berry curvature.

II. ZEEMAN-ACTIVATED BERRY CURVATURE

We first discuss the generic appearance of a Zeeman-
activated BC that is independent of the magnetic field
strength. To make things concrete, let us consider a crystalline
system with the maximally symmetric point group equipped
with inversion symmetry: the cubic Oh group. Additionally,
we will consider that in our single valley system the low
energy bands are centered around the � point of the Bril-
louin zone. Due to the concomitant presence of time-reversal
symmetry � and inversion symmetry I, all the electronic
states are guaranteed to be twofold degenerate, with each
pair of bands that are Kramers’ related. The effective long
wavelength Hamiltonian for a single Kramers’ pair can be
written as

H(k) = d0(k)σ0 + �d(k) · �σ, (1)

with the Pauli matrices �σ = (σx, σy, σz ) acting in spin space
and the crystalline momentum polynomials �d(k) constrained
by point group symmetries. Inversion symmetry, for instance,
requires that only terms quadratic in momentum k are al-
lowed. Together with the fact that the Pauli matrices transform
in the T1u three-dimensional irreducible representation of the
Oh group, we then obtain the effective Hamiltonian H0(k) =
h̄2(k2

x + k2
y + k2

z )σ0/(2m�) which implies that the two degen-
erate bands are perfectly parabolic and isotropic with effective
mass m�.

Let us now add a Zeeman coupling, which, without loss
of generality, we take due to a magnetic field along a princi-
pal crystallographic direction, which we dub ŷ. This Zeeman
coupling should be encoded in the usual term Hz = Byσy,

TABLE I. Mirror and M′ symmetry constraints on the bilinear
crystalline momentum terms appearing in the low-energy two-band
Hamiltonian H(k) = �d(k) · �σ assuming a magnetic field in the ŷ
direction. The last column indicates the bilinears compatible with
the three symmetries. Additional rotational symmetries impose con-
straints on coefficients. For instance the C4y symmetries implies that
a = c and also ax = az.

d/M M′
x = Mx� My M′

z = Mz� Allowed

dx kxky, kxkz kxky, kzky kxky, k2
i akxky

dy b, k2
i , kykz b, k2

i , kxkz b, k2
i , kxky

(
b + aik2

i

)
dz a0, k2

i , kykz kykx, kykz kzkx, kzky ckykz

which breaks the twofold degeneracy of the bands but does
not yield band geometric properties. The crux of the story is
that additional momentum-dependent terms can be activated
by the Zeeman coupling. To show this, it is enough to note
that with an external magnetic field along a principal crystal-
lographic direction, the magnetic point group of the system
is the centrosymmetric 4/mm′m′. This group is generated
by a residual mirror symmetry My, a fourfold rotation with
the rotation axis along the applied field, and two combined
antiunitary symmetries Mx,z� squaring to one. Using the
transformation properties of Pauli matrices and momentum
bilinears under the mirror and the antiunitary M′ symmetries
listed in Table I, we find that the breaking of time-reversal and
point-group symmetries due to the application of the external
magnetic field yields a generalized Zeeman Hamiltonian with
momentum dependent terms

Hz = akxkyσx + bσy + akykzσz, (2)

where we have neglected the subleading terms (see Table I)
of the form k2

x,y,zσy. The coupling constants a, b must be odd
functions of the magnetic field strength, which implies that at
weak fields they will grow linearly with By. In Eq. (9) we will
derive the explicit form of these two parameters for the model
we describe below.

Although in this work we focus on the magnetic point
group 4/mm′m′, in this section we demonstrate how the
p-wave Zeeman coupling generically arises in all centrosym-
metric magnetic point groups compatible with ferromag-
netism. To establish the emergence of a Berry curvature and to
determine the structure of the generalized Zeeman coupling,
we first note that inversion symmetry requires the coupling
to be even in the crystalline momentum. In the absence of
additional symmetry constraints, the most general Zeeman
interaction up to second order in momentum can therefore be
written as

HZ = d(k) · σ, (3)

where the vector d takes the general form

d = (
a0 + aik

2
i + ai jkik j

)
x̂ + (

b0 + bik
2
i + bi jkik j

)
ŷ

+ (
c0 + cik

2
i + ci jkik j

)
ẑ, (4)

with i �= j. Residual (magnetic) point-group symmetries im-
pose strong constraints on the allowed coefficients of these
momentum-dependent terms. To demonstrate the generic
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TABLE II. Effective Zeeman coupling allowed in centrosymmetric magnetic groups compatible with ferromagnetism.

Magnetic group dx dy dz

6/mm′m′ axykxky b0 + bx

(
k2

x + k2
z

) + byk2
y axykxkz

6/m axykxky b0 + bx

(
k2

x + k2
z

) + byk2
y axykxkz

−3m′ axykxky b0 + bx

(
k2

x + k2
z

) + byk2
y axykxkz

−3 axzkxkz − ayzkykz + ax

(
k2

x − k2
y

)−2axykxky axzkykz + ayzkxkz − 2axkxky −axy

(
k2

x − k2
y

)
c0 + cx

(
k2

x + k2
y

) + czk2
z

4/mm′m′ akxky b0 + bx

(
k2

x + k2
z

) + byk2
y akzky

4/m axykxky + ayzkykz b0 + bx

(
k2

x + k2
z

) + byk2
y −ayzkxky + axykykz

m′m′m axykxky b0 + bik2
i cxzkykz

2′/m′ a0 + aik2
i + azxkzkx bxykxky + bzykzky c0 + cik2

i + czxkzkx

2/m axykxky + azykzky b0 + bik2
i + bxzkxkz cxykxky + czykzky

−1 a0 + aik2
i + ai jkik j b0 + bik2

i + bi jkik j c0 + cik2
i + ci jkik j

appearance of a Zeeman-induced Berry curvature in cen-
trosymmetric ferromagnets, we therefore systematically de-
rive the form of the generalized Zeeman coupling for all mag-
netic point groups compatible with ferromagnetism, which
in our case is stabilized by the presence of a homogeneous
external magnetic field. The resulting symmetry-allowed cou-
plings are summarized in Table II. The orientation of the
magnetic field is identified by the nonvanishing momentum-
independent term, corresponding to the conventional Zeeman
coupling.

The generalized Zeeman Hamiltonian written above for
magnetic point group 4/mm′m′ leads to an anisotropy in the
energy spectrum that is directly proportional to the magnetic
field strength. More importantly, the electronic states are now
equipped with a d-wave BC [see Fig. 1], which can be explic-
itly written as

��±
(k) = ∓ a2b

2
[
b2 + a2k2

y

(
k2

x + k2
z

)]3/2

{
kxky,−k2

y , kykz
}
. (5)

In the equation above, the ± sign distinguishes the two spin-
split bands forming the Kramers’ pair. A few remarks are in
order here. First, the BC written above scales as By/|By| =
sign(By) in the weak-field limit. The BC of a single band
displays a discontinuity as By → 0, which guarantees that
precisely at By ≡ 0, i.e., in presence of time-reversal and

FIG. 1. Density plots of the d-wave Berry curvature 	+
x (k) in-

duced by the generalized Zeeman coupling in the kx, ky and ky, kz

planes. In both cases we have chosen b = a = 1.

inversion symmetries, the BC vanishes. Second, the fact that
the BC of the two bands is opposite implies that any net
anomalous Hall contribution, if existing, can only come from
the difference in the shape of the Fermi surfaces that instead
scales linearly with By. Third, in spin-orbit free systems, any
BC is precluded: the SU (2) spin symmetry at By ≡ 0 im-
plies that the generalized Zeeman coupling of Eq. (2) can
be expressed using a single Pauli matrix even if momen-
tum dependent terms are allowed. Finally, the momentum
dependent terms in the generalized Zeeman coupling also
yield a finite orbital magnetic moment with the simple form

�m± ∝ ±|�d(k)|�̃±
(k). A direct consequence is that the orbital

magnetic moment grows linearly with both the magnetic field
strength By and the Landé g-factor. This also implies that the
contributions to transport mediated by the orbital magnetic
moment are expected to be smaller than the BC contributions,
at least in materials with small g-factors.

Before discussing the consequences that Eq. (5) entails
in magnetotransport, we show how the generalized Zeeman
coupling of Eq. (2) can arise in a cubic system. Consider a
time-reversal symmetric four-band model for two Kramers
doublets of bands (one conduction and one valence) of op-
posite parity—for instance deriving from an atomic s orbital
and a p1/2 atomic orbital. The criterion derived by Fu and
Kane [42] asserts that the level ordering between the two pairs
of bands distinguishes a normal from a nontrivial topological
class. Crucially, the occurrence of the Zeeman-activated BC
and its consequences on magnetotransport are independent
of whether the two pairs undergo level crossing and hence
on the topology of the electronic states. The effective k · p
Hamiltonian away from the � point can be obtained in a
straightforward manner. Since all the states have definite par-
ity eigenvalues and the momentum p has odd parity, only
matrix elements between states of opposite parity are nonvan-
ishing. This also implies that the effective Hamiltonian to the
linear order in k corresponds to a three-dimensional Dirac the-
ory similar to the one [43,44] governing the electronic states in
the bulk of Bi2Se3. By considering additional quadratic terms
in k, we obtain an effective Dirac Hamiltonian that can be
written as

Heff = ε0(k)τ0σ0 + M(k)τz ⊗ σ0 − P√
3
τx ⊗ σ · k, (6)

where the σ and τ matrices act in spin and orbital space, re-
spectively, ε0(k) = M̄k2 is a particle-hole symmetry breaking
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FIG. 2. Top pannel: Sketch of a device for longitudinal magne-
toresistance measurement with the direction of the driving electric
field and the applied in-plane magnetic field. The right panel shows
an ensuing negative longitudinal magnetoresistance quadratic in the
magnetic field. Bottom pannel: Behavior of the negative magne-
toresistance �ρ(By )/ρ(0) obtained using the generalized Zeeman
coupling Eq. (2) as a function of the Fermi wavevector kF measured
in units of the inverse of the characteristic material dependent length
scale l0 = √|a|/|b|. The magnetoconductivity is rescaled by the fac-
tor (l0/lB )4 with lB = √

h̄/(eBy ) the Landau magnetic length.

term, and M(k) = M0 + M1k2. The relative sign between M0

and M1 governs the band ordering [44] and thus distinguishes
a normal insulator from a strong three-dimensional topologi-
cal insulator. The parameter P instead regulates the degree of
nonparabolicity of the twofold degenerate electronic bands

ε(k) = ε0(k) ± [M(k)2 + P2k2/3]1/2. (7)

We emphasize that in the normal band ordering, the model
written above describes the �6 s bands and the spin-orbit split-
off �7 bands in cubic semiconductors. We next add a Zeeman
coupling with orbital dependent Landé g-factors [44] due to a
By magnetic field, which can be thus cast as

�Heff = ḡ μB Byτ0 ⊗ σy + δg μB Byτz ⊗ σy, (8)

where ḡ and δg are the average and the difference between the
two orbital Landé g-factor, respectively, and μB is the Bohr
magneton. By performing a Löwdin partioning [45] we find
(see the Supplemental Material [46]) that in, for instance, the
conventional band ordering and for the pair of conduction
bands, the projected two-band Hamiltonian has a generalized
Zeeman coupling precisely of the Eq. (2) form with the two
couplings

a = (ḡ − δg)μBP2By/
(
6M2

0

)
,

b = (ḡ + δg)μBBy. (9)

The linear By dependence of these couplings guarantees
that the ensuing BC is independent of the magnetic field
strength. Furthermore, the BC is only dependent on the ratio
between the two orbital dependent Landé g-factors and not on
their absolute values. We have also computed the BC of the
four-band model Hamiltonian Heff + �Heff using the method
outlined in Ref. [47]. In perfect agreement with our foregoing
analysis, we find (see the Supplmental Material [46]) the exis-
tence of weak field contributions, opposite for the two bands,
scaling as By/|By| and with the same crystalline momentum
dependence of Eq. (5), with one notable exception. The 	y(k)
component displays a momentum-independent contribution
that is completely allowed, but it is not predicted by our
symmetry-based theory. We will now show that remarkably
the weak-field 	y(k) BC does not contribute to the NLMR:
the transport properties derived by the symmetry-based and
the model Hamiltonian approaches are equivalent.

III. SEMICLASSICAL TRANSPORT THEORY

The semiclassical equation of motion of charge carriers
incorporating the BC of Bloch electrons [4,13,48] are given
by

ṙ = (1/h̄)∇kεk − k̇ × �, (10)

k̇ = (−e/h̄)(E + ṙ × B). (11)

These coupled equations can be solved for ṙ and k̇ to obtain

ṙ = D(k)

[
1

h̄

∂εk

∂k
+ e

h̄
E × � + e

h̄

(
1

h̄

∂εk

∂k
· �

)
B

]
, (12)

k̇ = D(k)

[
− e

h̄
E − e

h̄2

∂εk

∂k
× B − e2

h̄2 (B · E )�

]
, (13)

with the factor D(k) = (1 + e
h̄ B · �)−1. The first and second

terms in the r.h.s. of Eq. (13) are the classical electric and
Lorentz force, respectively. The last term instead is caused
by the BC of Bloch electrons and represents a force that is
nonvanishing even for collinear E and B.

To proceed further, we use that the electronic distribution
function fk obeys the Boltzmann equation

∂t fk + ṙ · ∇r fk + k̇ · ∇k fk = Icoll[ fk], (14)

which we solve (see the Supplemental Material [46]) in the
relaxation time approximation where the collision integral
Icoll[ f ] = −gk/τ , and gk is the deviation of the electronic
distribution function from the equilibrium feq Fermi-Dirac
distribution. The out of equilibrium distribution takes the sim-
ple form

gk = −eτ

h̄
D� ·

(
∂ f0

∂k

)
, (15)

where � = � + ϒ is the driving field. The first term � =
e
h̄ M	E with M	 = � ⊗ B, while the field ϒ reads

ϒ =
(

I − τ
e

h̄
ML

)−1[
E + τ

e2

h̄2 (B · E )B × C
]

(16)

235134-4



ZEEMAN-ACTIVATED BERRY-CURVATURE … PHYSICAL REVIEW B 113, 235134 (2026)

with C = ∇k(� · Dv) and

ML =

⎛
⎜⎜⎝

By
∂Dvx
∂kz

− Bz
∂Dvx
∂ky

By
∂Dvy

∂kz
− Bz

∂Dvy

∂ky
By

∂Dvz

∂kz
− Bz

∂Dvz

∂ky

Bz
∂Dvx
∂kx

− Bx
∂Dvx
∂kz

Bz
∂Dvy

∂kx
− Bx

∂Dvy

∂kz
Bz

∂Dvz

∂kx
− Bx

∂Dvz

∂kz

Bx
∂Dvx
∂ky

− By
∂Dvx
∂kx

Bx
∂Dvy

∂ky
− By

∂Dvy

∂kx
Bx

∂Dvz

∂ky
− By

∂Dvz

∂kx

⎞
⎟⎟⎠. (17)

In the present work, it is enough to take ϒ = E, since the other
terms give transversal contribution related to Lorentz force.

By computing the electric current j = −e tr(ṙ fk), we
subsequently obtain (see the Supplemental Material [46])
the conductivity σii = ∂ ji/∂Ei. This can be written in a
classical Drude form σii(B) = e2τ

∑
k ṙi ṙi(−∂ feq /∂εk)

with a BC-induced renormalization of the density of
states [49]

∑
k = ∫

(dd k/(2π )d )(1 + e
h̄ B · �), and the

velocity components given by Eq. (12) apart from
the anomalous velocity term governing the anomalous
Hall conductivity [2,3,50–56]. Explicitly, we have

σii(B) = e2τ

∫
d3k

(2π )3

[
vi + e

h̄ (v · �)Bi
]2(

1 + e
h̄ B · �

) (
−∂ feq

∂εk

)
, (18)

where we introduced the group velocity v = h̄−1∇kεk. In
the zero temperature limit −∂ feq /∂εk ≈ δ(εF − ε0k), the
zero-field conductivity corresponds to the usual Drude term
σii(0) = e2τk3

F /(3m�π2). At finite B, there are two field-
induced corrections to the conductivity that must be taken into
account. The first correction is due to the Zeeman-induced
correction to the carrier group velocity whereas the second
one is due to Zeeman-activated BC. Crucially, while the for-
mer is proportional to the Zeeman coupling strength (via the
Bohr magneton μB) the latter can only depend on the ratio

between orbital-dependent effective Landé g-factors, and will
thus yield the largest correction to the conductivity. Addi-
tionally, all corrections linear in magnetic fields vanish in
agreement with the Onsager’s relation σ (B) = σ (−B). The
leading correction to the Drude conductivity (see the Supple-
mental Materal [46]) can be finally written as

�σyy(By) = 2e4τ

h̄2 B2
y

∫
d3k

(2π )3
(vx0	x + vz0	z )2

(
−∂ feq

∂ε0k

)
,

(19)

where v0x/0z and ε0k indicate the bare group velocities and
the band energy in the absence of the generalized Zeeman
coupling. In deriving the equation above, we also used that
the contributions of the two conduction bands sum up due to
the fact that only bilinears of the (opposite in sign) BC com-
ponents appear. Equation (19) is the second main result of this
study: it provides the expression for a magnetic field-induced
increase of conductivity in a spin-orbit coupled material with
a centrosymmetric cubic crystalline arrangement. Explicitly,
the longitudinal conductivity reads

�σyy,2(By)

σyy(0)
=

(
l0
lB

)4 3

16π
(kF l0)4I (kF l0), (20)

where σyy(0) is the Drude conductivity defined above and the
integral is

I (kF l0) =
∫ 2π

0
dφ

∫ π

0
sin(θ )dθ

sin2(θ ) sin2(φ)(sin2(θ ) cos2(φ) + cos2(θ ))2

[1 + (kF l0)4 sin2(θ ) sin2(φ)(sin2(θ ) cos2(φ) + cos2(θ ))]3
. (21)

The ensuing NLMR �ρyy(By)/ρ(0) 
 −�σyy(By)/σ (0)
grows quadratically with the externally applied magnetic field
strength [see Fig. 2] while being independent of the relaxation
time and thus intrinsic.

Discussion

A direct computation of Eq. (19) for the generalized Zee-
man coupling in Eq. (2) leads to the NLMR shown in Fig. 2.
It scales as (l0/lB)4 f (kF l0) (see the Supplemental Material
[46]) where lB = √

h̄/eBy is the magnetic length while l0 =√|a|/|b| is a material-dependent characteristic length. As dis-
cussed before, the latter can be also expressed in terms of the
linear in k coupling P between Kramers’ pairs of opposite
parity, directly controlling the nonparabolicity of the bands,
and the direct gap between conduction and valence bands M0.
Specifically, l0 = [P2|ḡ − δg|/(6|ḡ + δg|M2

0 )]1/2. The Fermi
momentum function f (kF l0) is instead independent of specific
material properties and hence universal. The ensuing NLMR

displays a nonmonotonous behavior that is a characteristic
fingerprint of BC-mediated transport effects, with a maximum
value �ρyy(By)/ρ(0) 
 0.1(l0/lB)4.

For materials such as Bi2Se3 with a linear coupling P 

3.5eVÅ [44] and a gap M0 
 0.1eV [57], we can estimate
l0 
 2 nm assuming the g-factors of electrons and holes are
comparable [57], i.e., δg = 0. This leads to a characteristic
NLMR of the order of 0.5% at a few Teslas which is close
to the values experimentally observed [28]. We note that
this NLMR value is independent of the g-factor, in marked
contrast with a previous theoretical estimate [58] where a
large Landé g-factor of 30 has been used, and the appear-
ance of the NLMR was strictly tied to the Zeeman splitting
between the conduction bands. The NLMR we predict is
completely independent of this splitting since it only relies on
the presence of time-reversal symmetry breaking. As a result,
it remains sizable even in materials with very small Landé
g-factors. Additionally, the magnetoresistance in the direction
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orthogonal to the magnetization takes a different form given by

σxx,2(By)

σxx(0)
=

(
l0
lB

)4 3

16π

(
k4

F l0
)4

δIxx(kF l0) (22)

with the angular integral

δIxx(kF l0) =
∫

dφ

∫
sin θdθ

(
sin6(θ ) sin4(φ) cos2(φ)[

1 + k4
F l4

0 sin2(θ ) sin2(φ)(sin2(θ ) cos2(φ) + cos2(θ ))
]3

)
. (23)

This anisotropy of the magnetoresistance implies the occur-
rence of a complementary π -periodic planar Hall effect whose
angular dependence will have a π/4 shift with respect to the
magnetoresistance angular dependence, similar to the situa-
tion encountered in, for instance, Weyl semimetals.

IV. CONCLUSIONS

Thus far, NLMR in centrosymmetric and time-reversal
invariant conductors has been shown to occur either in the
ωcτ � 1 regime with well-formed Landau levels [59,60] or
considering very large Landé g-factors as a result of the
orbital magnetic moment of Zeeman-split electronic bands
[58]. We have instead identified a previously unknown mech-
anism of NLMR at weak fields in centrosymmetric and
time-reversal invariant materials. We have shown that the
nonparabolicity of spin-orbit coupled bands leads to a gen-
eralized Zeeman coupling in the projected doublet of bands
participating in transport. This generalized Zeeman coupling
contains momentum dependent terms that lead to a d-wave
Berry curvature independent of the magnetic field strength,
which directly couples to the orbital motion of Bloch elec-
trons. In contrast to the mechanism based on Zeeman-split
bands [58], our theory is independent of the Landé g-factor
and the orbital magnetic moment. The NLMR mechanism
individuated in this study can appear in all centrosymmetric
point groups (see [46]). Additionally, it is independent of
the topology of the electronic bands and can appear both in

doped topological insulators and in conventional conductors.
We therefore expect the weak-field NLMR to act full force
in a vast class of nonmagnetic spin-orbit coupled materials,
including, for instance, Bi1−xSbx. In this compound, the elec-
tronic pockets at the L point of the Brillouin zone have a small
direct energy gap and a strongly nonparabolic, nearly linear
dispersion [61] for small x. This can lead to strongly enhanced
values of the characteristic length l0 and consequently of its
intrinsic weak-field NLMR. The intrinsic weak-field NLMR
can be parsed using the explicit scattering time dependence of
other contributions due to, e.g., orbital magnetoresistance ef-
fects, sample inhomogeneities, and anisotropies, which obey
Kohler’s rule [23,24]. Magnetoresistance experiments at vary-
ing temperature can be therefore used to clearly identify the
BC-induced NLMR unveiled in our study.

ACKNOWLEDGMENTS

We acknowledge support by the Italian Ministry of Foreign
Affairs and International Cooperation, Grant No. PGR12351
“ULTRAQMAT,” the PNRR MUR Project No. PE0000023-
NQSTI, and the European Union ERC grant 3D multiFerro
(Project No. 101141331).

DATA AVAILABILITY

There are no publicly available research data or software
supporting this manuscript. Requests for further information
or data should be sent to the authors.

[1] J. P. Provost and G. Vallee, Riemannian structure on man-
ifolds of quantum states, Commun. Math. Phys. 76, 289
(1980).

[2] F. D. M. Haldane, Berry curvature on the Fermi surface:
Anomalous Hall effect as a topological Fermi-liquid property,
Phys. Rev. Lett. 93, 206602 (2004).

[3] N. Nagaosa, J. Sinova, S. Onoda, A. H. MacDonald, and
N. P. Ong, Anomalous Hall effect, Rev. Mod. Phys. 82, 1539
(2010).

[4] D. Xiao, M.-C. Chang, and Q. Niu, Berry phase effects on
electronic properties, Rev. Mod. Phys. 82, 1959 (2010).

[5] I. Sodemann and L. Fu, Quantum nonlinear Hall effect induced
by Berry curvature dipole in time-reversal invariant materials,
Phys. Rev. Lett. 115, 216806 (2015).

[6] C. Ortix, Nonlinear Hall effect with time-reversal symmetry:
Theory and material realizations, Adv. Quantum Technol. 4,
2100056 (2021).

[7] Z. Z. Du, H.-Z. Lu, and X. C. Xie, Nonlinear Hall effects, Nat.
Rev. Phys. 3, 744 (2021).

[8] Z. Z. Du, C. M. Wang, S. Li, H.-Z. Lu, and X. C. Xie, Disorder-
induced nonlinear Hall effect with time-reversal symmetry, Nat.
Commun. 10, 3047 (2019).

[9] P. He, H. Isobe, D. Zhu, C.-H. Hsu, L. Fu, and H. Yang, Quan-
tum frequency doubling in the topological insulator Bi2Se3,
Nat. Commun. 12, 698 (2021).

[10] P. Makushko, S. Kovalev, Y. Zabila, I. Ilyakov, A. Ponomaryov,
A. Arshad, G. L. Prajapati, T. V. A. G. de Oliveira, J.-C. Deinert,
P. Chekhonin, I. Veremchuk, T. Kosub, Y. Skourski, F. Ganss, D.
Makarov, and C. Ortix, A tunable room-temperature nonlinear
Hall effect in elemental bismuth thin films, Nat. Electron. 7, 207
(2024).

[11] H. Isobe, S.-Y. Xu, and L. Fu, High-frequency rectifi-
cation via chiral Bloch electrons, Sci. Adv. 6, eaay2497
(2020).

235134-6

https://doi.org/10.1007/BF02193559
https://doi.org/10.1103/PhysRevLett.93.206602
https://doi.org/10.1103/RevModPhys.82.1539
https://doi.org/10.1103/RevModPhys.82.1959
https://doi.org/10.1103/PhysRevLett.115.216806
https://doi.org/10.1002/qute.202100056
https://doi.org/10.1038/s42254-021-00359-6
https://doi.org/10.1038/s41467-019-10941-3
https://doi.org/10.1038/s41467-021-20983-1
https://doi.org/10.1038/s41928-024-01118-y
https://doi.org/10.1126/sciadv.aay2497


ZEEMAN-ACTIVATED BERRY-CURVATURE … PHYSICAL REVIEW B 113, 235134 (2026)

[12] R. Battilomo, N. Scopigno, and C. Ortix, Berry curvature dipole
in strained graphene: A Fermi surface warping effect, Phys.
Rev. Lett. 123, 196403 (2019).

[13] G. Sundaram and Q. Niu, Wave-packet dynamics in slowly per-
turbed crystals: Gradient corrections and Berry-phase effects,
Phys. Rev. B 59, 14915 (1999).

[14] Y. Gao, S. A. Yang, and Q. Niu, Field induced positional shift
of Bloch electrons and its dynamical implications, Phys. Rev.
Lett. 112, 166601 (2014).

[15] Y. Gao, S. A. Yang, and Q. Niu, Geometrical effects in
orbital magnetic susceptibility, Phys. Rev. B 91, 214405
(2015).

[16] A. B. Pippard, Longitudinal magnetoresistance, Proc. R. Soc.
London A 282, 464 (1964).

[17] P. N. Argyres and E. N. Adams, Longitudinal magnetoresis-
tance in the quantum limit, Phys. Rev. 104, 900 (1956).

[18] E. H. Sondheimer and A. B. Pippard, The Boltzmann equation
for anisotropic metals, Proc. R. Soc. London A 268, 100 (1962).

[19] M. C. Jones and E. H. Sondheimer, Magnetoresistance
anisotropy in metals due to anisotropic scattering of electrons,
Phys. Rev. 155, 567 (1967).

[20] D. Stroud and F. P. Pan, Effect of isolated inhomogeneities on
the galvanomagnetic properties of solids, Phys. Rev. B 13, 1434
(1976).

[21] M. Lee, N. S. Wingreen, S. Solin, and P. Wolff, Giant growth
axis longitudinal magnetoresistance from in-plane conduction
in semiconductor superlattices, Solid State Commun. 89, 687
(1994).

[22] D. L. Miller and B. Laikhtman, Longitudinal magnetoresistance
of superlattices caused by barrier inhomogeneity, Phys. Rev. B
54, 10669 (1996).

[23] M. Kohler, Zur magnetischen Widerstandsänderung reiner Met-
alle, Ann. Phys. 424, 211 (1938).

[24] H. K. Pal and D. L. Maslov, Necessary and sufficient condition
for longitudinal magnetoresistance, Phys. Rev. B 81, 214438
(2010).

[25] H. K. Pal, Quantum contribution to magnetotransport in weak
magnetic fields and negative longitudinal magnetoresistance,
Phys. Rev. B 105, 075419 (2022).

[26] B. Fu, H.-W. Wang, and S.-Q. Shen, Quantum magnetotransport
in massive Dirac materials, Phys. Rev. B 101, 125203 (2020).

[27] H.-W. Wang, B. Fu, and S.-Q. Shen, Helical symmetry breaking
and quantum anomaly in massive Dirac fermions, Phys. Rev. B
104, L241111 (2021).

[28] S. Wiedmann, A. Jost, B. Fauqué, J. van Dijk, M. J. Meijer,
T. Khouri, S. Pezzini, S. Grauer, S. Schreyeck, C. Brüne, H.
Buhmann, L. W. Molenkamp, and N. E. Hussey, Anisotropic
and strong negative magnetoresistance in the three-dimensional
topological insulator Bi2Se3, Phys. Rev. B 94, 081302(R)
(2016).

[29] X. Huang, L. Zhao, Y. Long, P. Wang, D. Chen, Z. Yang,
H. Liang, M. Xue, H. Weng, Z. Fang, X. Dai, and G. Chen,
Observation of the chiral-anomaly-induced negative magne-
toresistance in 3D Weyl semimetal TaAs, Phys. Rev. X 5,
031023 (2015).

[30] F. Arnold, C. Shekhar, S.-C. Wu, Y. Sun, R. D. dos
Reis, N. Kumar, M. Naumann, M. O. Ajeesh, M. Schmidt,
A. G. Grushin, J. H. Bardarson, M. Baenitz, D. Sokolov,
H. Borrmann, M. Nicklas, C. Felser, E. Hassinger, and B.
Yan, Negative magnetoresistance without well-defined chi-

rality in the Weyl semimetal TaP, Nat. Commun. 7, 11615
(2016).

[31] B. Yan and C. Felser, Topological materials: Weyl semimetals,
Annu. Rev. Condens. Matter Phys. 8, 337 (2017).

[32] N. P. Armitage, E. J. Mele, and A. Vishwanath, Weyl and Dirac
semimetals in three-dimensional solids, Rev. Mod. Phys. 90,
015001 (2018).

[33] G. Varma K., A. Ahmad, S. Tewari, and G. Sharma, Magneto-
transport in spin-orbit coupled noncentrosymmetric and Weyl
metals, Phys. Rev. B 109, 165114 (2024).

[34] D. T. Son and B. Z. Spivak, Chiral anomaly and classical nega-
tive magnetoresistance of Weyl metals, Phys. Rev. B 88, 104412
(2013).

[35] B. Z. Spivak and A. V. Andreev, Magnetotransport phenomena
related to the chiral anomaly in Weyl semimetals, Phys. Rev. B
93, 085107 (2016).

[36] A. Sekine, D. Culcer, and A. H. MacDonald, Quantum ki-
netic theory of the chiral anomaly, Phys. Rev. B 96, 235134
(2017).

[37] S. Nandy, G. Sharma, A. Taraphder, and S. Tewari, Chiral
anomaly as the origin of the planar Hall effect in Weyl semimet-
als, Phys. Rev. Lett. 119, 176804 (2017).

[38] G. Sharma, P. Goswami, and S. Tewari, Chiral anomaly and lon-
gitudinal magnetotransport in type-II Weyl semimetals, Phys.
Rev. B 96, 045112 (2017).

[39] Y. Gao, S. A. Yang, and Q. Niu, Intrinsic relative magneto-
conductivity of nonmagnetic metals, Phys. Rev. B 95, 165135
(2017).

[40] A. Johansson, J. Henk, and I. Mertig, Chiral anomaly in type-I
Weyl semimetals: Comprehensive analysis within a semiclassi-
cal Fermi surface harmonics approach, Phys. Rev. B 99, 075114
(2019).

[41] H.-W. Wang, B. Fu, and S.-Q. Shen, Intrinsic magnetoresistance
in three-dimensional Dirac materials with low carrier density,
Phys. Rev. B 98, 081202(R) (2018).

[42] L. Fu and C. L. Kane, Topological insulators with inversion
symmetry, Phys. Rev. B 76, 045302 (2007).

[43] H. Zhang, C.-X. Liu, X.-L. Qi, X. Dai, Z. Fang, and S.-C.
Zhang, Topological insulators in Bi2Se3, Bi2Te3 and Sb2Te3

with a single Dirac cone on the surface, Nat. Phys. 5, 438
(2009).

[44] C.-X. Liu, X.-L. Qi, H. J. Zhang, X. Dai, Z. Fang, and S.-C.
Zhang, Model Hamiltonian for topological insulators, Phys.
Rev. B 82, 045122 (2010).

[45] R. Winkler, Spin-Orbit Coupling Effects in Two-Dimensional
Electron and Hole Systems, Springer Tracts in Modern Physics
(Springer, Berlin, 2003).

[46] See Supplemental Material at http://link.aps.org/supplemental/
10.1103/2j93-3w5n for the derivation of the effective two-band
model Hamiltonian, and more details on the semiclassical trans-
port analysis.

[47] A. Graf and F. Piéchon, Berry curvature and quantum metric in
n-band systems: An eigenprojector approach, Phys. Rev. B 104,
085114 (2021).

[48] M.-C. Chang and Q. Niu, Berry curvature, orbital moment, and
effective quantum theory of electrons in electromagnetic fields,
J. Phys.: Condens. Matter 20, 193202 (2008).

[49] D. Xiao, J. Shi, and Q. Niu, Berry phase correction to elec-
tron density of states in solids, Phys. Rev. Lett. 95, 137204
(2005).

235134-7

https://doi.org/10.1103/PhysRevLett.123.196403
https://doi.org/10.1103/PhysRevB.59.14915
https://doi.org/10.1103/PhysRevLett.112.166601
https://doi.org/10.1103/PhysRevB.91.214405
https://doi.org/10.1098/rspa.1964.0246
https://doi.org/10.1103/PhysRev.104.900
https://doi.org/10.1098/rspa.1962.0128
https://doi.org/10.1103/PhysRev.155.567
https://doi.org/10.1103/PhysRevB.13.1434
https://doi.org/10.1016/0038-1098(94)90577-0
https://doi.org/10.1103/PhysRevB.54.10669
https://doi.org/10.1002/andp.19384240124
https://doi.org/10.1103/PhysRevB.81.214438
https://doi.org/10.1103/PhysRevB.105.075419
https://doi.org/10.1103/PhysRevB.101.125203
https://doi.org/10.1103/PhysRevB.104.L241111
https://doi.org/10.1103/PhysRevB.94.081302
https://doi.org/10.1103/PhysRevX.5.031023
https://doi.org/10.1038/ncomms11615
https://doi.org/10.1146/annurev-conmatphys-031016-025458
https://doi.org/10.1103/RevModPhys.90.015001
https://doi.org/10.1103/PhysRevB.109.165114
https://doi.org/10.1103/PhysRevB.88.104412
https://doi.org/10.1103/PhysRevB.93.085107
https://doi.org/10.1103/PhysRevB.96.235134
https://doi.org/10.1103/PhysRevLett.119.176804
https://doi.org/10.1103/PhysRevB.96.045112
https://doi.org/10.1103/PhysRevB.95.165135
https://doi.org/10.1103/PhysRevB.99.075114
https://doi.org/10.1103/PhysRevB.98.081202
https://doi.org/10.1103/PhysRevB.76.045302
https://doi.org/10.1038/nphys1270
https://doi.org/10.1103/PhysRevB.82.045122
http://link.aps.org/supplemental/10.1103/2j93-3w5n
https://doi.org/10.1103/PhysRevB.104.085114
https://doi.org/10.1088/0953-8984/20/19/193202
https://doi.org/10.1103/PhysRevLett.95.137204


ATENCIA, VECCHIONE, MAKAROV, AND ORTIX PHYSICAL REVIEW B 113, 235134 (2026)

[50] T. Jungwirth, Q. Niu, and A. H. MacDonald, Anomalous Hall
effect in ferromagnetic semiconductors, Phys. Rev. Lett. 88,
207208 (2002).

[51] D. Culcer, A. MacDonald, and Q. Niu, Anomalous Hall effect
in paramagnetic two-dimensional systems, Phys. Rev. B 68,
045327 (2003).

[52] N. Nagaosa, Anomalous Hall effect –a new perspective–,
J. Phys. Soc. Jpn. 75, 042001 (2006).

[53] N. A. Sinitsyn, Semiclassical theories of the anomalous Hall
effect, J. Phys.: Condens. Matter 20, 023201 (2008).

[54] H. Chen, Q. Niu, and A. H. MacDonald, Anomalous Hall effect
arising from noncollinear antiferromagnetism, Phys. Rev. Lett.
112, 017205 (2014).

[55] R. Battilomo, N. Scopigno, and C. Ortix, Anomalous planar
Hall effect in two-dimensional trigonal crystals, Phys. Rev. Res.
3, L012006 (2021).

[56] R. B. Atencia, Q. Niu, and D. Culcer, Semiclassical response
of disordered conductors: Extrinsic carrier velocity and spin

and field-corrected collision integral, Phys. Rev. Res. 4, 013001
(2022).

[57] I. A. Nechaev and E. E. Krasovskii, Relativistic k · p
Hamiltonians for centrosymmetric topological insulators from
ab initio wave functions, Phys. Rev. B 94, 201410(R)
(2016).

[58] X. Dai, Z. Z. Du, and H.-Z. Lu, Negative magnetoresistance
without chiral anomaly in topological insulators, Phys. Rev.
Lett. 119, 166601 (2017).

[59] A. V. Andreev and B. Z. Spivak, Longitudinal negative magne-
toresistance and magnetotransport phenomena in conventional
and topological conductors, Phys. Rev. Lett. 120, 026601
(2018).

[60] P. Goswami, J. H. Pixley, and S. Das Sarma, Axial anomaly and
longitudinal magnetoresistance of a generic three-dimensional
metal, Phys. Rev. B 92, 075205 (2015).

[61] M. Z. Hasan and C. L. Kane, Colloquium: Topological insula-
tors, Rev. Mod. Phys. 82, 3045 (2010).

235134-8

https://doi.org/10.1103/PhysRevLett.88.207208
https://doi.org/10.1103/PhysRevB.68.045327
https://doi.org/10.1143/JPSJ.75.042001
https://doi.org/10.1088/0953-8984/20/02/023201
https://doi.org/10.1103/PhysRevLett.112.017205
https://doi.org/10.1103/PhysRevResearch.3.L012006
https://doi.org/10.1103/PhysRevResearch.4.013001
https://doi.org/10.1103/PhysRevB.94.201410
https://doi.org/10.1103/PhysRevLett.119.166601
https://doi.org/10.1103/PhysRevLett.120.026601
https://doi.org/10.1103/PhysRevB.92.075205
https://doi.org/10.1103/RevModPhys.82.3045

