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Exact steady state of a one-end driven XXZ spin chain with boundary field
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We find an exact nonequilibrium steady state of an open dissipatively driven XXZ spin-% chain with source
or sink spin bath at one end and an arbitrarily oriented boundary field at the other end.
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One of the fascinating discoveries in the field of integrable
quantum systems exposed to locally acting dissipation at the
boundaries is that many properties of their nonequilibrium
steady state (NESS), including the complete NESS density
operator itself, can be expressed in matrix product ansatz
(MPA) form with an infinite-dimensional auxiliary space [1].
This MPA construction led to further discoveries, even in the
field of fully coherent quantum systems (i.e., without dissipa-
tion), e.g., of quasilocal charges [2,3]. These complemented
the set of strictly local symmetries, previously known from the
quantum inverse scattering method [4] and were instrumental
in explaining high-temperature spin ballistic transport [2]. The
MPA-NESS formalism was originally formulated for a one-
dimensional setup which describes a coherent evolution in the
bulk and dissipative coupling at both boundaries [3]. However
the MPA appears to have a rather straightforward generaliza-
tion to a mixed, or hybrid, case, where the dissipation acts at
one boundary only, and at the other boundary it is substituted
with a coherent external field term.

The goal of our short communication is a simple algebraic
derivation of the MPA of NESS for a hybrid scenario, where
the underlying coherent model is a paradigmatic XXZ spin-%
Heisenberg Hamiltonian (see below). Our method is straight-
forwardly generalizable to other Yang-Baxter integrable spin
chains with hybrid driving.

We aim at finding a unique NESS of a quantum spin chain
with a dissipator at the left end and arbitrary coherent driving
(a boundary field) at the other end, described by the Lindblad
master equation as follows:
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We use 0,F = (o) +io;)/2. Here gy = g - Gy is an arbitrary
field, locally acting at the rightmost spin N of a chain. A simi-
lar scenario for the special choice g = (g, 0, 0) was considered
in a recent paper [5] and treated via a quite technical “isolated
defect operator” method of Ref. [1], resting upon the validity
of cubic algebraic relations for the Lax operator components.
As a result, the origin of some main results of Ref. [5], e.g., of
a fundamental recurrence (S.14) in the Supplemental Material
of Ref. [5], is difficult to trace, without resorting to symbolic
computer-assisted calculus. Within our algebraic approach,
the same recurrence, and, in addition, for completely general
field g, appears as a consequence of the fundamental relations
for U,[SU (2)] quantum group generators S; and S, .

The Lax operator of the XXZ spin-chain with dissipation
[3,6], in terms of SU,(2) generators S; and S, reads
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where s € C is a representation parameter (will be specified
later), and q is related to the XXZ anisotropy parameter A by

3

and is real or unimodular in the easy-axis |A| > 1 regime or
the easy-plane |A| < 1 regime, respectively. S, and S satisfy
canonical commutation relations of U,[SU(2)], while (0] is
the lowest weight vector of the irrep (0|S_ = 0.
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It follows that L, satisfies a divergence relation [6]:
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where hy, np1 = 0,0, +o0p0,  +5—050,,, is the den-

sity of the XXZ Hamiltonian with the uniaxial anisotropy A
[see Eq. (3)]. The unique time-independent solution of Eq. (1),
L[ pness] = 0, the so-called dark state, or NESS, is postulated
as [1]

PnEss ~ Qv R, @ = WILiLy ... Lylu).  (6)

Writing ), = (u}|[M\M, ... My|u¥), where M,, = 3", M%®
and M“ = (L“)*, we rewrite the above as
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where ®, denotes the tensor product in the auxiliary space
while the usual matrix product is taken in the physical space.
From Eq. (4), we obtain a divergence condition for M,,,
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which leads to a divergence condition for L,,,
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and consequently to
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The dark state condition L[pngss] =0 for open XXZ
Hamiltonian with the arbitrary right boundary field gy is sat-
isfied via imposing two local conditions, for the left boundary
and for the right boundary:

(w| ® (u|(—iAs + yD,+[L1]) =0, (10)

(Ay — [gn, Ly Dlur) ® [uy) = 0. (1)

Equation (10) is satisfied by setting (u;| = (0| (the lowest
weight state in the auxiliary space) and an appropriate choice
of the representation parameter s in Eq. (2) tuned to dissipa-
tion strength y via

_ata”
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(see Refs. [3,6]). For the isotropic limit A =1, or g =1,
Eq. (12) reduces to y = i/s. For treating Eq. (11), we first
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calculate, summing over repeated indices a, b, ¢, d, and e,
[g. L1 = [8.0“, L"6"M ‘] = g,L"M [0, i€peac”]
= —28,L"M  €pca€4ae0 =28,L"M* (880 — 8peSea)®
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(a crucial point in the calculation is L, being traceless in the
physical space). Accounting for Egs. (8) and (9), and using
the Hermiticity of the field term gy, Eq. (11) reduces to

A=2 )7 gl |lu) =0, (13)
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which is a three-point recurrence relation for the coefficients
of |u;) = Z;io uj|j). However, since (w| = (0|, only the
coefficients u; with j < N give nonzero contribution to NESS
(6). Explicitly, denoting g4 = g, = ig, and a; = %(qs_j +
q’~*), the recurrence relation (13) for the components reads
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The condition u_; = 0 is needed for a formal validity of
Eq. (14) for j = 0 and up = 1 can be chosen without losing
generality.

The recurrence (14) is always well defined, except for the
zero field g = 0 or the field along the z axis, g = (0,0, g.).
In the latter case the assumption uy = 1 becomes invalid, and
the u, components should be chosen as u; = §; y: the corre-
sponding Ry ~ (6 )®V and the unique solution of Eq. (1)
is the vacuum pure state pxgss = [P -+ 1) {11 -+ 1. The
bracketed expression in Eq. (13) for this special case becomes
a diagonal operator, while the pure NESS follows from the
Yamamoto criterion [7]: the state |11 --- 1) is an eigenstate
of both the Hamiltonian and of the quantum jump operator o;"
in Eq. (1).

We conclude by summarizing our main result.

The unique NESS of Eq. (1), L[pngss] = 0 with gy =
g+oy +g-oxn + g.0%, is given by

o9
PNESS = tr(SZN SZ;V)’
Qy = (0|L1Ly . .. Ly|uy),
o0
) =Y ujlj), (15)
Jj=0

with L, from Eq. (2), s from Eq. (12), ¢ from Eq. (3), and
coefficients u; given by the linear recurrence (14).

Remark 1. The NESS of a modified Liouvillian (1) with
boundary field gy removed and another boundary dissipator
added, L[p] — L[p] + )/D[,,; [p], is given by the same ex-
pression (15) with |u;) = |0).
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Remark 2. Replacing the left dissipator Daf in Eq. (1) by
Da( , one should transpose the Lax operator in Eq. (2). All the
calculations are then performed in full analogy. In that case,
and for a special choice of the boundary field, {g., g, g:} =
{€2/2, 0, 0}, one recovers Eq. (S.14) from the Supplemental
Material of Ref. [5], and Eq. (6) is equivalent to Eq. (4) of
Ref. [5]. It would be interesting to investigate how a dis-
sipative phase transition, proposed in Ref. [5], and derived
there for weak dissipation, is affected by the inclusion of a
longitudinal z component in the boundary field. This study is
out of our present scope.
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