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‘We show that a small charged probe near a spherical topological insulator causes the latter to rotate around a
symmetry axis defined by the center of the sphere and the position of the charge outside the latter. The rotation
occurs when the distance from the charge to the center of the sphere is changed. This phenomenon occurs due to
induced static fields and is a consequence of the axion electrodynamics underlying the electromagnetic response
of a topological insulator. Assuming a regime where the charged probe can be regarded as a point charge ¢ = Ne,
where N is a positive integer and e is the elementary electric charge, we obtain that the rotation frequency is given
by w = (Na)*Y(e, d/a)/I, where I is the moment of inertia, « is the fine-structure constant, and the function
Y depends on the dielectric constant € and the relative distance d/a of the charge from the center of the sphere
of radius a. Since the point charge also induces Hall currents on the surface, we also compute their associated
angular momentum. This allows us to derive an exact expression for the electronic velocity on the surface as a

function of a/d.

DOI: 10.1103/1zq6-w193

I. INTRODUCTION

During the first years of activity in the field of topological
insulators (TIs), it was predicted [1-3] that three-dimensional
TIs feature an electromagnetic response described by axion
electrodynamics [4], whose Lagrangian in the absence of
sources is given by

1 1 0
L= —(eE?- 2B) - Y E.B, (1)
8 m 472

where o = 2 /(Jic) is the fine structure constant and @ is the
axion, which is generally a field, but here is assumed uniform
inside the insulator, vanishing otherwise [1,3]. The parameter
0 is given by the flux of the Berry curvature associated with
the band structure in momentum space [1]. For topologically
nontrivial systems preserving either time-reversal (TR) or in-
version symmetry, =  [3]. Within the effective theory (1),
a topologically trivial insulator has 8 = 0, thus corresponding
to a classical dielectric.

There is a large number of works dedicated to explore the
consequences of the electromagnetic response described by
Eq. (1). One salient prediction refers to changes in the Faraday
and Kerr rotation experiments [1,5]. This is an important ex-
perimental probe of the so called topological magnetoelectric
effect, because results of order O(«) can be obtained, which
is under experimental reach [5]. However, having 6 = 7 is
an experimental challenge, as it requires samples where the
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Fermi energy nearly vanishes, being precisely at the Dirac
point. The topological magneotoelectric effect has been fi-
nally probed in Refs. [6] (BiySes) and [7] (strained HgTe),
thus confirming the theoretical prediction.

The solution of the problem for a point charge g in the
presence of a topological (i.e., 8 # 0) dielectric sphere was
previously discussed in the Supplemental Material of Ref. [§],
and in Ref. [9]. Here we show that an important physical
effect arises in this situation that was not considered so far:
we demonstrate that the presence of a point charge imparts an
electromagnetic angular momentum on the sphere, ultimately
causing it to rotate as the position of the point charge is varied.
Physically, the origin of the effect is simple: Due to the axion
term, the electric field generated by the point charge in the
presence of the topological dielectric sphere induces a mag-
netic field and therefore the momentum of the electromagnetic
field is nonzero [10,11]. As a consequence,an angular mo-
mentum is also induced by the electromagnetic field. In view
of the conservation of the total angular momentum, this in
turn generates a mechanical angular momentum on the sphere,
which starts to rotate. The situation here is reminiscent of
one of the versions of the so called “Feynman paradox” (see
page 175 in Feynman’s book [12]), which is the statement that
static electromagnetic fields may carry angular momentum. A
related incarnation was discussed in Refs. [13,14] (see also
Example 15.4 in the textbook [15]) and considers a ferromag-
netic charged conducting sphere. The electromagnetic field of
such a system carries an angular momentum. Above the Curie
temperature, the sphere demagnetizes and the initial angular
momentum is converted to a mechanical one, and the sphere
starts to rotate [14].

In the case considered here, the magnetization is not spon-
taneous, but induced by the electric field originating from the
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point charge via the axion term in Eq. (1). Changes in the
magnetization occur by varying the electric field,

oL 1 b
+—E=B—47M, 2)
oB pu b4

achieved by changing the position of the point charge outside
the spherical TI. In view of the above equation, we therefore
expect that also in the TI case the variation of the magneti-
zation would cause the TI body to rotate. More specifically,
since there are no external current sources, the induced current
at the surface due to the axion term is derived directly from
Eq. (2) as

oac

3 VO < E. A3)

j:

which has the typical form of a Hall current. For a spherical
TI of radius a in vacuum, 0(R) = 6H(a — R), where H(x) is
the Heaviside function, so the surface current becomes

. afc N
Jj= m&(R—a)RxE. @)

Thus, an external point charge g placed at a distance d > a
induces an electric field profile that in turn causes the Hall
current (4) on the surface of this sphere. Consequently, a
magnetic field is generated.

In the present context, the reader might collate this work
and the well-known Einstein-de Haas (EdH) effect, but we
should emphasize the difference. In Ref. [13], the sphere
rotates regardless of the intrinsic structure of the constituents.
Moreover, there are two ways to induce the rotation: either by
demagnetization or by discharging the body. This is similar to
the present work’s setup.

In this paper we solve the problem of a point charge in the
presence of a spherical TI, which here is viewed as a dielectric
sphere with axion electrodynamics and an induced surface
Hall current. As usual, the main role played by the axion
term in this case is affecting the boundary conditions of the
problem [8,11]. Since 6(R) = 6 = const inside the dielectric
sphere while vanishing outside, the Maxwell equations do not
modify, since the axion term in the Lagrangian (1) can actually
be shown to be a total derivative [1]. The unusual result fol-
lowing from these considerations is that electric fields induce
magnetic fields and vice versa, even in an inherently static
situation. For this reason, there must be an angular momentum
being generated as well within the static framework, in some
sense is a more extreme realization of the scenario underly-
ing the Feynman paradox. After solving the static Maxwell
equations in detail in Sec. II, we proceed with the calculation
of the angular momentum for this spherical TI in Sec. III,
where we also argue that varying the distance d of the charge
q transfers the angular momentum of the electromagnetic
field to the sphere in the form of a mechanical one, causing
it to rotate. In Sec. III we also derive an exact expression
for the induced angular momentum due to the Hall current

(a) (b)

FIG. 1. (a) Schematic representation of the problem of a spheri-
cal TI of radius R = a in the presence of a point charge ¢ located at
Ry, = (0,0, d). (b) Due to the axion term, the point charge induces
both electric and magnetic fields which can be thought to be gen-
erated by pairs of electric and magnetic point charges (¢_, g_) and
(g+, g+) located at z = d (the so called Kelvin point) and z = dx =
a*/d, respectively, and magnetic line charge densities 11+ (z) (shown
in blue) in the intervals 0 < z < dx and z > d.

of electrons moving on the surface. This allows to derive
the expression of the electronic velocity as a function of 6
and a/d.

II. POINT CHARGE IN THE PRESENCE
OF A DIELECTRIC SPHERE

In the problem for a point charge in the presence of a
dielectric sphere, the image electric charges are not given
solely by point charges. Besides the usual reflected image
charge at the so called Kelvin point dx = a?/d (a is the radius
of the sphere and d > a is the position of the point charge ¢
along the z axis), there is also a line charge density extending
from the center of the sphere to dx [16—18]. Likewise, the
usual transmitted image charge given by a point charge at
Ry = (0, 0, d) has to be supplemented by a line charge density
extending from Ry to infinity along the z axis. This solution
has been first obtained by Neumann [19] in the late nineteenth
century and rediscovered by Lindell [16,20,21]. The solution
for a TI sphere is obtained by accounting for the modified
boundary conditions implied by the axion term. This leads us
to consider magnetic image charges as well, since the axion
term induces a magnetic field in view of the magnetoelectric
coupling it entails. The situation is illustrated in Fig. 1.

Since in the static problem the fields £ and H = B +
(x6/m)E have vanishing curls, it is better to consider the
static Maxwell equations in the form

2
V~{[e+(ﬁ> ]E—ﬂH}=4np, &)
T T

V-(H—ﬁE>=o, (6)
4
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where p(R) = g8°>(R — Ry). Since VX E =0and V x H =
0, we can introduce the scalar potentials ¢ and x such that
E =—-V¢ and H = —V x. The symmetry of the problem
implies that all potentials depend only on R = |R| and ® in
spherical coordinates (R, ®, ¢) (we are using ® instead of 0
to avoid confusion with the axion field). Defining ¢+ and x4
as the potentials outside (+) and inside (—) the sphere, the
boundary conditions are simply given by

$p+(R=a,0)=¢ (R=a,0), N
X+(R =da, ®) = X—(R =a, ®)a (8)
0\* | a¢_ ) 0 dx_
et (Y0) (2= ) _@00x-| g
b4 OR |p_, OR |p_, 7™ OR |p_,
dx_ 9 0 dgp_
x| _ O+ _ @094 ) (10)
OR |p_, OR |pe, T IR |p,

In the Supplemental Material of Ref. [8] it was assumed that
B, rather than H, is given by the gradient of a potential,
which led additionally to a boundary condition stating the
discontinuity of the tangential components of B due to the
axion term. This does not happen in our case because we have
V x H = 0, leading naturally to the choice H = —V x. As a
consequence,

af af
B=H—- —E=-Vy+—V¢, (11)
T T

implying obviously that B =H = —V x for R > a, but not
inside the sphere. Thus, if we introduce a magnetic scalar
potential A such that B = —VA, we have

Ay = X4s (12)

0
A=y — "‘;¢,, (13)

outside and inside the spherical TI, respectively. The electric
and magnetic potentials are given by the standard expansions
in terms of Legendre polynomials [22]. The electric potential
outside the sphere has the standard form

For a < R < d we expand the contribution from the point
charge alone to obtain

[ 2 (R)" | b
¢+ (R, ©) = 2:; [5<2> + W}&(cos ®), (15
while for R > d we have
Il P,(cos ®)
$+(R,0) =2 (qd" +b)——"—.  (16)
n=0
Furthermore, the following expansions hold:
$—(R,©) = ) auR"P,(cos ©), (a7
n=0
(R @)—iﬁP( ®) (18)
xX+(R,©) = et cos ®),
n=0
[o.¢]
X-(R,®) =" a,R"P,(cos ®). (19)
n=0

Using the boundary conditions, we easily obtain
_ Qn+ 1)2q/d"™!
- Cn+ Dn(1+¢e)+ 11 +nm+ ) (abd/m)*’
nga®+! Qun+1)(1—¢€)— (n+ 1)(ab/7)
d™t Qn+ Dn(1 +e)+ 11 +nn+ (@b /n)?’
(21
_ n(2n+ 1)(af/m) q
T @n+ D +€)+ 11+ n(n + 1)(ab/7)? d+1°
(22)

(20)

an

b, =

Ay

B, = a*"a,. (23)

As in the problem with a plane geometry [11], the
smallness of («f/m)* causes electric potentials to not dif-
fer appreciably from the ones for a dielectric sphere in the
presence of a point charge for & = 0. The magnetic scalar
potentials, on the other hand, are proportional to «f/m in
leading order.

o0
b
¢+ (R,0) = 9 — + Z % _P,(cos ®). (14) Given the above coefficients of the Legendre polynomial
IR — di| Rl . . . :
n=0 expansion of the potentials, we obtain the magnetic scalar
potentials
J
6 — 2n+1 21+1 P, (cos ©
A (R, ®)=£Z n2n+1) 2a 1 n(cos1 )’ 24)
T = Cn+ Dn(1+¢€)+ 11+ nn+ 1)(ab/m)> d"+ R+
o0
qo n+1)Q2n+1) R"
AR, O)= ——ro P, ). 25
(&, ©) - ; @t Din(+ &)+ 1]+ 101+ D@8/ 2 gt 705 ©) 25

The above result for AL agrees with the one obtained in the
Supplemental Material of Ref. [8] in the special case where
the permeabilities u; = uy = 1, €y = 1, and €, = €. Later,
during the discussion of the image charges Ref. [8] assumes
in addition that € = 1. For the problem with 8 = 0, this was
called the regime of a “vanishing sphere” by Lindell [16],
since this leads to a vanishing of the reflection image electric

(

charge. This is readily seen from Eq. (21), which vanishes
when € = 1 and 8 = 0. However, the transmission image elec-
tric charge does not vanish in this regime, a result at odds with
the one in Ref. [8]. Thus, although the magnetic potentials
above agree with the result of Ref. [8], the electric potentials
disagree. This error ended, affecting the result of the main text
in a planar geometry, which was obtained as the limit case
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of a very large radius a of the sphere, keeping the distance
|d — a| <« a between the charge and the surface of the sphere
constant. This discrepancy has also been noted by Karch [5].
Indeed, it is easy to see that the result in Ref. [8] for the case
of a planar geometry leads to a vanishing of both transmission
and reflection image electric charges when €; = €, = 1 and
6 =0.

We also note that the expressions for the scalar potentials
in Sec. IV D of Ref. [9] are fully consistent with our analysis.

J

However, the authors use the method of Green’s functions
and treat the region a < r < d implicitly, providing the cal-
culation for only two regions, a <d <R and R <a < d.
Applying an appropriate Legendre polynomial expansion to
the Coulomb potential allows to show that it agrees with our
work.

The reflection and transmission image magnetic line den-
sity charges ,u?:(z) can be determined by comparing the
expansions (24) and (25) with

’i (R, ©) = Z/ 1, R +1 (26)
A_(R, ©®) = Z / dz’,u;(z’)(z/)—nHPn(cos 0), 27)
n=0 4%
respectively. Therefore, u[i(z) are determined by the integral equations,
“ Z\" aqab n2n +1)
diuf@|— ) =-— , 28
/0 “H (Z)<d,<) d 7 i+ Dn(l+e)+ 1+ nn+ D@d/n)> 28)
L fd\"! 6 +1)2n+1
/ dz uj (z )(—) =1 (et D@2n+1) - (29)
a 7 7 Cn+Dr(d+¢e)+1]1+nn+ 1)(ab/7)

where dx = a?/d is the Kelvin image point.

It is possible to determine analytically the image magnetic charge line densities to leading order in «f /7, since in this case

we have simply,

a Z/ n
d7 f(z’)(—) =
/o e\ a

For § = m we have that (@6 /7)* ~ 3.9 x 1077, so the analyt-
ical result is essentially exact.
For the reflection image we can use the identity [20]

a g z\™ " n
[ e () mar=o)(3) =i o

where H(z) denotes the Heaviside step function. Thus, to
leading order,

a quf d z\ "
it (5) o],

and therefore,

wi(2) =

qaf

+iy= 2 9%Y
Mi(Z)_dT[(l—i-E)

8(z — dg)

a que <i> 1+€ H(dK _Z)‘ (34)
dg

ddg (1 +€)?
Thus, the reflection image magnetic density charge consists
of a point image magnetic charge aqaf/[mwd(1 + €)] at the
Kelvin point z = dg plus an image magnetic charge line den-
sity along the interval 0 < z < dg. Note that,

f dzuf(z) = 0. (35)
0

a qob

n ab\’
dx ndretl “9[(7) ] GO
00 n+1
[anoft) =
a z

7 n(l+e)+1 +

n+1

()]

For the transmission image magnetic charge density, we
have to use the identity [20]

00 no n+1
/ dz[AS(z—d)—i—B(%) H(z—d)](%l)

Bd

(

=A . 36
+n+n0 (36)
This yields
_ qub
-— I 5—d
Hi i)
l
€ qub(d
- H(z—d 37
(1+e)2nd<> @=dy BN

corresponding to an image magnetic point charge at z = d
plus an image magnetic line charge density extending over
the line z > d.

A similar analysis can be easily made for the electric po-
tential. However, at leading order in o6 /7 it does not differ
appreciably from the well known result for an ordinary di-
electric sphere [16,19,20].
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III. ANGULAR MOMENTUM

A. The angular momentum from Hall currents

Let us calculate the angular momentum solely due to the
mechanical motion of charge carriers on the surface of the
spherical TI, which is encoded in the Hall current of Eq. (4).
Since

R x E = Eod, (38)

the current density is along the ¢ direction,

Jo =1 25(R—a)Eo(a 0). (39)

From it we infer the momentum density,

Me J
Py = ——, (40)
e
|

3 abca*m, ~~[ g
LMech,z = d RlMech,z = 7 Z d

n=0

6Nabcm, a® 1

where m, is the mass of the electrons of charge e moving
on the surface. Hence, the angular momentum density is
given by

me .
lMech = _(R X .])

mec o6
=— 4—6(R — a)aEg(a, ©)0. 41
e
Only the z component of the above expression will contribute
to the angular momentum when integrated over the whole

space,

mecafa

i, SR~ @Eo(a, ©)sin ©. (42)

lMech,z =

Next, we need,

1 oo
Eoa.©) = —Z[
n=0

and therefore,

q /a\" b, |10
E(E) +a”+1] —P,(cos ®), (43)

Q

n bn i .2 el
) + d®sin“ ® —P,(cos ©)
0 00

an+l

2a6ca’ qa b1
= — + = —
3me \d? b

where I, = Nm,a? is the moment of inertia, and we have used

33(1 —€) — 2(ab/m)?
- (1 —e€)—2ab/m)" 45)
d? 32+ €)+2(ab/m)?
Equation (44) defines the angular velocity

6abac 1

,d,0)=— . 46
@e(€,d,6) 7d? 32 +€) + 2ab/n) (46)
We can express Eq. (44) in the form

LMech,z = _Nmevea’ (47)

where m, is the mass of the electron, and v, is the velocity of
the surface electrons, which is given explicitly by

_ab 6¢ (a)Z 48
T T 32t e+ 2/nr\d) @)

Electron states on the TI surface are topologically protected,
ensuring no back scattering [23]. Thus, it is useful to com-
pare the numerical value of the above velocity to its typical
values on the surface of actual materials. Inserting, for in-
stance, 0 = ,a = 50 nm, d = 51 nm, and € = 20, we obtain,

J

P30+ )+ 2atmy el d.0). )

v, ~ 1.91 x 107 cm - s~!. This value is quite reasonable and
well in the range of expected values for the electron velocities
on TI surfaces (for example, Bi;Se; has v, ~ 5 x 107 cm - s~!
[24]). The 1 nm separation between the point charge and the
surface of the sphere is consistent with the continuum descrip-
tion of axion electrodynamics, within which the boundary
conditions arise naturally and are applied infinitesimally close
to the surface.

B. Angular momentum of the electromagnetic field

We now turn on to the calculation of the angular momen-
tum of the electromagnetic field for such a system. In contrast
to (44), the latter cannot be calculated in closed form analyt-
ically, since the result will be an infinite series that cannot be
cast into an easy functional form.

Since electromagnetic momentum density is given by
the well known textbook formula, I = (E x B)/(4nc), the
angular momentum carried by the electromagnetic field is
obtained by integrating over all space the angular momentum
density, (r 4 zZ) x II. The components L, and L, vanish due
to rotational invariance. Hence, we have

1 A A
L.=— dR/ dOR? sin 2®<8¢+8 + _%a_+>

2¢ AR 90 9O IR
1 Ap_ Ir_  dp_ IA_

+— dR/ dOR?sin’> © 99_0h_ 9991 ) (49)
2c dR 90 9O IR

The integral corresponding to the potentials outside the sphere has to be split into two contributions, one for the region
a < R < d and another one for the region R > a, due to the expansions (15) and (16). Similarly to the planar case [11], it is easy
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to show that the second integral in Eq. (49) corresponding to the interior of the TI vanishes and thus we actually have

1 ¢y O 0y OA
L=— dR/ dOR sin? @ x99+ 00r ) (50)
2¢ 9R 00O 00 0R
More explicitly,
L, = qu / dR/ d® sin® OR" " [nP,(cos O)P, (cos ®) + (m + 1)P,,(cos O)P,(cos O)]

c

q n m " i3 *3Y24

2— + D)(Bnd" — Bnd )f Rm+"+1/0 d® sin” ©P,(cos ©)P, (cos ©)

0
Zn
Jm=
0
Zn
Jm=

*® dR
+ )by — bmﬂ,,)f —/ d® sin’® OP,(cos O)P, (cos O),
p Rmtn+l1 0

where the prime denotes a derivative with respect to cos ®. The above expression can be simplified further by using the

orthogonality of Legendre polynomials along with the identities

sin® G)P,;l(cos ®) = m[P,_1(cos ®) — cos OP,,(cos ®)],

cos OP,(cos®) =

Therefore, we get

where N = g/e € N and

(SD
(n+ 1)P,41(cos ®) + nP,_;(cos @). (52)
2n+1
= (Na)*hY (e, d/a), (53)
Bn)<8n+1 (n+1)(n+2) B,y n(n+1)>]
On . (54)
n J\dH Qn+1)Q2n+3)  dl 1 —4n?

> [ B,._i a? n?
Y(e,d/a) = Z [F(l - E)1_—4112 + <1 +

n=0

with B, = B,/qa and B, = b, /q. We will use the latter con-
stants to leading order in «, since there is already a prefactor
«? in Eq. (53). We have

a2n+l né 5
n — s 55
b= i amaro+n 0@ (55)
2n+1 1—
B, =2 =6 L owd) (56)

A n(1+e)+ 1

Note that the angular momentum (via the function Y') is
only a function of d/a, although this is not immediately obvi-
ous from the series of Eq. (54). The angular momentum as a
function of d/a and 0 = m is shown in Fig. 2. It is interesting
to observe that L, can be sizable via e.g., N. Unlike Eq. (44),
the dependence on N is not linear, but quadratic. Thus, in
a typical STM tip, one usually has N ~ 10? [25], implying
that actually measuring the angular momentum should not
represent a major technical challenge. For d > a, when the
charge is very far away from the TI, Eq. (54) turns into

e~ AR (02 57)

© U 32+e\d
Varying the position of the point charge immediately
causes a variation in L,, which in view of the conservation of
angular momentum should be compensated by a mechanical
rotation of the spherical TI.
We can compare the numerical values of electromagnetic
L, and Lyjecp ; due to the azimuthal Hall current, which are op-
posite in sign. Rewriting Lytech.. = —N?a?AA, with A being a

(

dimensionless quantity comparable to Y, and using N = 10?
as a typical STM value, we calculate T &~ 1.14 x 10~2 and
A ~ 1.56 x 107!, which yields one order of magnitude dif-
ference.

In Fig. 3 we show the d dependence of the ratio of the
electromagnetic angular momentum in Eq. (57) to the one
in Eq. (44). Though the analytical expressions in the above
mentioned equations are not identical, we can determine a
regime where the ratio is equal to unity numerically. In the
first order of «, this ratio depends only on N and d, and does

d/a

FIG. 2. Result of the summation in Eq. (54) for the L./(Na)*h
dependence on d/a in log-log scale for € = 1 and 20. N is taken to
be 1.
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— N=10°
10%4 — N =10°
$ 10
=
~
~
EN 100_
1071_
109 104
d,cm

FIG. 3. The d dependence of the ratio of the electromagnetic
angular momentum LZ° when d > a, to the angular momentum of
the Hall current Lyecn ;. With different values of N. The gray dashed
line crosses points, where the ratio is equal to unity.

not on either € or a. Varying the former ones, we get the family
of points corresponding to the transfer of angular momentum
to the surface Hall current.

Finally, it is worth it to mention that Eq. (57) includes only
odd powers of the fine-structure constant, while Eq. (44) only
even powers of «.

We may wonder what happens in the so called ‘infinite
sphere” limit, where the radius a of the sphere is much larger
than d, as discussed in Ref. [20]. This case would correspond
to the one of a semi-infinite TI, whose angular momentum due
to the electromagnetic field was calculated in Ref. [11]. The
result turns out to be independent of the distance of the charge
q to the surface, in a situation reminiscent of the angular
momentum of a dyon (a dipole consisting of an electric charge
and a magnetic monopole). Indeed, the angular momentum of
a dyon is independent of its size. However, for a slab of finite
thickness, the dependence on the distance of the charge to the
surface arises in the angular momentum. An example of such
a calculation is found in the Appendix.

IV. CONCLUSION

Using the effective axion field theory approach and method
of image charges, in this work, we solve a problem for static
fields induced by a point charge near a spherical TI. As a
result, the static field profiles have been found as well as
the expression for the electromagnetic angular momentum
and its power law dependence on the distance d of the point
charge from the center of the spherical TI body. As elucidated
along the way, changing d converts the angular momentum
stored in the electromagnetic field into a mechanical one, as
required by its fundamental law of conservation. In addition,
the external point charge induces azimuthal Hall currents on
the surface, which also carry angular momentum, so varying d
also changes its value. From the latter we derive an expression
for the induced velocity of an electron on the surface of the
spherical TI as a function of 6 and a/d.

We also point out the difference between responses to the
presence of the point charge of a trivial insulator and the TI
in the same geometry. In this paper, the response features
the reflection and transmission magnetic line charge densities

z
-
e=1
d 0=0
0
e>1
L 0#0

FIG. 4. Infinite magnetoelectric slab of thickness L discussed in
the Appendix.

w*(z), in addition to the electric line charge densities extend-
ing throughout the same regions.
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APPENDIX: INFINITE SLAB OF THICKNESS L

For semi-infinite magnetoelectrics discussed in detail in
Ref. [11], the z component of electromagnetic angular mo-
mentum turns out to not depend on the distance d from the
magnetoelectric surface to the point-charge placed above:

L N? ©h (A1)
© dy 2’
where the flux
20
d = #, (A2)
7(l+€e+«)

and ®y = hc/e is the flux quantum, x = (1/2)(019/71)2. Now,
to investigate the origin of the d dependence of the angular
momentum, we turn to an intermediate example of an infinite
slab of thickness L, Fig. 4, since such geometry can be viewed
as stereographic projection of the sphere onto the plane. In this
case, the north and south poles become the upper and lower
parts of the slab, respectively.
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The system of equations in part IV of Ref. [11] is extended by one region z < —L,

d*¢ .
—d—;f +p*¢(p,2) =4n8(z—d), z>0 (A3)
d*¢ 5 a
—€— +epPp(p,2) =0, —-L<z<0
dz?
d*p .
——‘f +pd(p.2) =0, z<-L,
dz
and we get two additional boundary conditions:
i) ¢p,z=-n) =P z=+n),
.. d dé .
_— -_ —_— = N = O N
(i1) iz €Iz x|plg(p,z=0)
=+n =-1
(i) ¢(p,z=d—n) =P, z=d+n),
do d¢ A4
(@iv) d_¢ — d_¢ =4ngq, (A
< z=d—n < z=d+n
V) ¢p.z=—-L—n)=¢(p.z2=—-L+n),
. do dé R
i) =~ —€— = —«|plp(p,z=—L).
b4 dz
z=—L—p z=—L+n
Hence, the ansatz
De™IPlz z>d
5. ) BelPlz 4 Ce™ P2, 0 <z <d AS)
7Z =
o@ FelP? + Ge P, [ <7<0
AelPlz z<—L
Using Eqgs. (A4) and (AS5), we solve for the coefficients,
B— Z’T_qe—lmd, _4ng (1 4k — e)e P
p Ip| (1 4+ —€)?— (14K +¢€)2e2lplL’
_ 81¢g eelPl2L=d) _dmg e[ 1+k—e—(04x+e)et 1
Pl (T4 —€)?* = (1 +xk + €)e?PIL’ ~ ¢ (A4+k—€P—(1+k+e2e2rll 2]
_ 4mg (1 + k + €)elPlZL=D D— 4 g l4+k—€—(+k+e)?rl

T Ip| (1 4+, —€)? — (14K +e€)e2lplL’

{sinh(|p|d) + e_|p|d|:
Pl

It

(A6)

(1+x—€)?—(1+k+e€)?e?plL

From the form of the above coefficients we see that the angular momentum will be d dependent as a result of the finite

thickness L.
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