PHYSICAL REVIEW B 113, 115413 (2026)

Impact of the valence band on Rydberg excitons in cuprous oxide quantum wells
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The complex valence band structure of bulk cuprous oxide necessitates going beyond the parabolic approxi-
mation to precisely estimate exciton binding energies. The same is true for excitons in cuprous oxide quantum
wells, for which many effects have been obtained so far only qualitatively within a hydrogenlike two-band
model. Here, we derive the complete Hamiltonian for excitons in cuprous oxide quantum wells based on the
Luttinger-Kohn model, taking into account the full complex valence band structure. Symmetry properties of the
system are discussed. Numerical results based on the diagonalization of the Hamiltonian using B-spline functions

reveal the energy shifts and the lifting of degeneracies due to the nondiagonal coupling terms of the complex
valence band. The relative oscillator strengths of the excitonic transitions induced by circularly polarized light

are also calculated.
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I. INTRODUCTION

Electron-hole bound states in bulk cuprous oxide are
characterized by large binding energies, allowing for high-
resolution measurements of the excitonic transitions of yellow
and green Rydberg series [1-3]. This paves the way for
excitonic devices [4], sensors [5,6], and, potentially, room-
temperature applications [4,7,8]. Due to strong spin-orbit
coupling, an accurate theoretical description of exciton spec-
tra in bulk Cu,0O requires taking into account the complex
valence band structure that goes beyond the simple parabolic
band approximation. Effects of the band structure on exciton
energies have been investigated recently both theoretically
and experimentally [9-15]. These works have significantly
advanced our understanding of the exciton properties in bulk
Cu,0, in comparison to the pioneering studies of exciton
energies and absorption [16—18].

Similar to other types of semiconductors such as GaAs
[19,20] or CdSe [21,22], a greater tunability of electronic and
optical properties of quasiparticles in Cu,O can be achieved
by fabrication of heterostructures [23,24]. The first films of
cuprous oxide sandwiched between sapphire substrates and
thus realizing the weak quantum confinement of lower exciton
states have already been obtained [25,26]. When the size of
a particular exciton state is comparable to the thickness of the
film, the confinement effect dominates. Therefore, for very
thin Cu,0 films or for Rydberg exciton states, the regime of
strong confinement is reached, and the details of the complex
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band structure play the role of a small perturbation. As a
result, the parabolic approximation of the bands in the vicinity
of the I' point is a reasonable choice. However, for weak
confinement the effects due to features of the band structure
are comparable to the quantum-confinement effects. Thus,
the full Cu,O band structure has to be explicitly taken into
account.

The quantum confinement appearing due to the band off-
sets at the heterojunction can, in its simplest form, be modeled
by the quantum well (QW) potential [27]. Excitons in QWs
exhibit a large variety of interesting phenomena and effects
[28,29]. The theory of excitons and their radiative properties
in GaAs-based QWs is well developed [19,30], though for
cuprous oxide finite-sized crystals the energy spectrum as well
as the relative oscillator strengths have been obtained only
very recently [31,32]. These works significantly differ from
a simplified consideration in Refs. [33,34] by studying the
spectrum as a function of the QW width. A dependence of
the exciton energy levels on the width of a QW allows one
to study a crossover from weak confinement in the bulk to
nearly two-dimensional excitons in case of strong confine-
ment. Besides bound states, above the scattering threshold
electron-hole resonances occur. Their spectral lines are usu-
ally additionally broadened due to coupling to the continuum.
For GaAs-based QWs, the energies and linewidths of the
electron-hole resonances have been estimated using Feshbach
theory [35] in Refs. [36,37]. The resonant broadenings can
also be computed by both the stabilization and the complex-
coordinate-rotation method, as done for GaAs-based [38]
and Cu,O-based QWs [39]. When varying the confinement
strength, so-called bound states in the continuum (BICs), i.e.,
long-lived Rydberg states of the confined electron-hole pairs,
appear in the continuum background [40]. The BICs are un-
coupled from the continuum of lower quantum-confinement
subbands and thus have zero linewidths [41,42]. All these
effects can be successfully studied numerically by expanding
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the electron-hole wave function over a basis of B splines
[43,44]. The wave functions in coordinate space, computed
using a B-spline representation, clearly illustrate, e.g., the
quenching of states in the strong confinement regime, the
localized nature of BICs and, furthermore, allow for the es-
timation of oscillator strengths.

In Refs. [31,32,39], the energy levels of excitons and
electron-hole resonances in finite-sized cuprous oxide
crystals have been calculated using the two-band model with
simple parabolic dispersions of the bands. Although these
works shed light on the crossover from the weak to the strong
confinement regime as well as on the radiative properties
of exciton states of different symmetries, the exciton states
were studied within the hydrogenlike model, confined over
one dimension. The complex structure of the Cu,O valence
subbands near the I point has not been considered so far.
Taking into account the complex valence band dispersion
leads to an increase in the number of coupled differential
equations corresponding to different projections of the orbital
momemtum and spin. This makes the numerical treatment of
the problem much more difficult.

The transition from bulk to a monolayer affects exciton
states in many ways. Apart from restricting the motion
of electron and hole along one dimension, it also leads
to a suppression of the exciton kinetic energy, a change
of the band structure, and a distortion of the Coulomb
interaction. The reduction of the spatial dimension from
three to two dimensions reduces the kinetic energy, thereby
increasing the exciton binding energy from ESD = Ry/n?
to E?P = Ry/(n — 1/2)*, where Ry is the Rydberg energy
and n=1,2,... is the principal quantum number [28,45].
The band structure also depends on the geometry of the
crystal structure: the effective mass parameters in the kinetic
terms are modified during a crossover from bulk to a
monolayer. Moreover, this crossover affects the potential
energy of the electron-hole interaction. The dielectric contrast
between the thin film and the environment (vacuum or a
substrate) distorts the pure Coulomb interaction. For thin
films, the resulting screening effect can be described by the
Rytova-Keldysh potential [46,47]. Its impact on exciton states
is well-known for transition metal dichalcogenide monolayers
[48-50] and phosphorene monolayers [51], and has been
studied for Dirac materials [52] and cuprous oxide thin
films [31].

The aim of this article is to study the impact of the
complex valence band on excitons in cuprous oxide QWs.
Besides the quantization over the confinement direction, we
consider the Luttinger Hamiltonian [53] or, equivalently,
the Suzuki-Hensel Hamiltonian [54] for the hole dispersion
in the QW together with a purely parabolic dispersion for
the electron. Such a hole dispersion significantly compli-
cates the Schrodinger equation for excitons in cuprous oxide
QWs [31,32]. Moreover, it breaks some exact symmetries
of the pure parabolic dispersion, in particular, the rotational
invariance around the axis normal to the QW plane, caus-
ing the angular momentum quantum number m to be only
an approximate quantum number. Nevertheless, using the
B-spline representation of the wave function, we can cal-
culate the matrix elements of all involved operators and
solve the eigenvalue problem to obtain the energy levels as
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FIG. 1. Sketch of the general setup for the creation of excitons
in a cuprous oxide QW. The [001] axis of the crystal is aligned
perpendicular to the QW plane. Excitons are excited by circularly
polarized light along this axis.

a function of the QW width. We study effects of the com-
plex valence band, originating from coupling of states with
different values of m. We also derive expressions for the rel-
ative oscillator strengths of the excitonic transitions induced
by circularly polarized light. We show that the oscillator
strengths are related to derivatives of certain projections of
the exciton wave function at zero separation between electron
and hole.

The article is organized as follows. In Sec. II, we derive the
theory for excitons in cuprous oxide QWs taking into account
the complex valence band structure. We obtain the Hamilto-
nian, expressions for relative oscillator strengths, and provide
a numerical algorithm for the computation of exciton spectra
and wavefunctions. Results are presented and discussed in
Sec. III. Concluding remarks are given in Sec. IV.

II. THEORY AND METHODS

In this section, we describe excitons in cuprous oxide
QWs by taking into account the complex structure of the
valence band. The general setup of our system is illustrated
in Fig. 1. Let L be the width of a thin layer of cuprous oxide
sandwiched between another material with larger band gap.
Due to band offsets at the heterojunction, this system can
be regarded as a QW. Excitons in the QW are created by

TABLE I. Material parameters of Cu,O used in the calculations.

Energy gap E, =2.17208 eV [1]
Spin-orbit coupling A =0.131eV [10]
Effective electron mass me = 0.99my [55]
Dielectric constant e="17.5 [56]
Valence band parameters y1 = 1.76 [10]
y, = 0.7532 [10]
y; = —0.3668 [10]
n = —0.020 [10]
n, = —0.0037 [10]
n; = —0.0337 [10]
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E

FIG. 2. Sketch of the band structure of the 'y conduction bands,
as well as the '] and I'y” valence bands near the I" point.

circularly polarized laser light propagating perpendicularly
to the QW plane. In general, the exciton spectra depend
on the orientation of the crystal relative to the QW. In
this article, we consider a geometry in which the principal
axis [001] of the crystal is aligned along the z direction
perpendicular to the QW plane. The Hamiltonian includ-
ing the impact of the valence band is derived in Sec. I A
and its symmetry properties are discussed in Sec. II B. The
computation of the oscillator strengths and the numerical
algorithm for the diagonalization of the Hamiltonian using
an appropriate basis set are explained in Secs. IIC and IID,
respectively.

A. Hamiltonian
The Hamiltonian for electron and hole in the QW is given
by
e 1

H = H.(p,) + H -
e(pe) + Hn(py) dreoe Ire — |

+ Ve(ze) + Va(zn),

ey

where

p?

2me’
[2(y1 + 4y2)p}

He(p.) = Ey + 2

1
Hy(py) = Hso +
h(Ph) =Hso e

+ 2001 + 2n2)pid - Su) — 62 (P17 + c.p.)
— 12m2(p1uli S + c.p.)

12y3[{pin, pu}{h, b} +c.p.]

1203[{pin. p2n}(iSt2 + LSh1) +cp.d],  (3)

2 1
Hso=§A<1+%I'Sh>, 4)

0 if|zen] < L/2

Ve,h(ze,h) = . . (5)
{m if enl > L/2

Here, Eg is the gap energy, mg is the free electron mass,
and y;, n; are the Luttinger parameters. The material pa-
rameters of cuprous oxide are given in Table I. I and
Sh are the quasispin with / =1 and the hole spin with
Sh = 1/2, whose components /; and Sy; with i = 1, 2, 3 sat-
isfy the commutation relations of an angular momentum or
spin, A is the spin-orbit coupling parameter, {a, b} = (ab +
ba)/2 is the symmetrized product, and c.p. denotes cyclic
permutation.

The potentials V; 1(ze.n) confine the motion of electron and
hole across the QW along the z direction. For a finite-sized
crystal surrounded by vacuum or air, the confinement potential
of the QW can be well approximated by an infinite potential
well, given in Eq. (5). The energies of electron and hole states
in such a QW,

WPr? (N2 N2
E, L) = — 4 ) 6
Ne Ny ( ) 2L2 < e + my, > ( )

can be described by two quantum numbers N, N, =
1,2,3,.... Here, m. =0.99m is the electron mass in
the crystal and my =mgy/y; is the hole mass. The
quantum-confinement energies (6) play the role of scat-
tering thresholds, where bound states or resonances can
accumulate [39].

The inclusion of the full set of Luttinger parameters leads
to the nontrivial band structure shown in Fig. 2. Using the
notation for the symmetry group Oy [57], we can classify
the bands as in the bulk crystal. The lowest conduction band
has the symmetry I';, whereas the uppermost valence bands
are split into the uppermost I'J band associated with the
yellow exciton Rydberg series, and the lower F; bands as-
sociated with the green series. Note that for excitons in the
QW we use the same values of the Luttinger parameters as in
the bulk.

We use the same dielectric constant & = 7.5 for the crystal
and the substrate and thus do not consider the dielectric con-
trast described by the Rytova-Keldysh potential [46,47] for
the interaction between electron and hole as discussed, e.g.,
in Ref. [31]. We also do not consider central-cell corrections,
which can affect even-parity excitons [58].

In contrast to the bulk with its translational invari-
ance in three dimensions, for excitons in QWs there
is a translational invariance only in the two-dimensional
(x,y) QW plane. We introduce relative and center-of-mass
coordinates

X =2Xe—Xn, ¥ =DYe — Yhs (7a)
MeX, Mp X m m,

_ e e+ h: h’ Y = eye"l‘ hYh (7b)
Mme + my me + my

in this plane. Using relative and center-of-mass momenta,
Pepy = (p1, p2) and Pp) = (P, P2), respectively, and ad-
ditionally setting the conserved center-of-mass momenta to
zero, P = P, = 0, we obtain
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2 1 2
H(x,y, 26, 20, 1, Sp) = Eq + Hso — + Ve(ze) + Valan) + 22
4meoe \/x2 + 32 + (ze — z)? 2m,
i 2y om + 2m,
R4 mromg.g
+ |:2m0 + — o + ( h) P(zl))
i 2y m+ 2772 3y 612 } )

T A N 1 LS | P2,
[Zmo o T g O T g BT g | P
3y

- hznj (P + p35) — ——I{p1, P2}, L}] Hb, B} + {Phe, piilz, 1]

0 0
6772

(Plll Shi + P3bSk) —

+
hmo

with y| = y1 + mp/me. When comparing the Hamiltonian (8)
with the two-band model for excitons in a QW [31,32,39],
it is important to note that not only the dimension of the
Hamiltonian is increased by the additional spin degrees of
freedom, i.e., the quasispin I and hole spin S}y, describing the
valence band, but also the coordinate space is increased from
three degrees of freedom (p, ze, zy) in the two-band model
to four degrees of freedom (x, y, ze, zn) When considering the
complete structure of the valence band. This is a consequence
of the reduced symmetry of the Hamiltonian (8) as discussed
in Sec. II B.

The Hamiltonian in the form of Eq. (8) with Cartesian
coordinates is not well suited for the computation of matrix

6n
2—3[{172, Phz}(LSh3 + BSh2) + {Phz, 13381 + 1115n3)]

P21 Sha + LSl

®

(

and contains angular momentum functions exp(im¢) and spin
states |J, my) for the coupled quasispin and hole spinJ =1 +
Sy. For this basis, it is more convenient to introduce creation
and annihilation operators

L =5L*xih, Swt=358u=%xiSn, p+r=pixips, )

where the operators /. and S+ couple states with Am; = %1
and the operators p. couple states with Am = =£1. Represent-
ing the Hamiltonian (8) in terms of these operators and sorting
terms with respect to their action on the angular momentum
and spin part of the basis states, the complete Hamiltonian
can finally be written as

elements in the basis introduced in Sec. IID, which takes H = Haig + Ham=0 + Ham=1 + Ham=2 + Ham=4, - (10)
advantage of the polar coordinates (p, ¢) in the QW plane where
J
Hgiag = Eg + Hso + Ve + —p2 +y—1/p Pt g+ 2)/2 +u(1 S) [(p+p- + Piz) (11a)
e & 2me T 2myt T 2mpt e A hz/?
3y, 3m 31/2 ) 6m >
Ham=0 = [ o {1} — 2 —— U She +L-Shy) |prp- + _WI3 - Fzz_moI38h3 Dhy» (11b)
3 313
Ham=1 = Lipnp- +He) + 55— e [(135h+ + I Sw3)pn.p— + H.c.], (1)
3 3
Hyp = — (7/224-)/%)(]2 2 L He)— (772+773)(I S p? + He), (11d)
8h ni
30n=13),n 30 — m3) )
Happos = —22 V2 y gy~ 227 g 52 4+ He). 11e
Amp=4 87mo ( ) Py (I-Sh-p ) (I1e)

Here, V¢ is the Coulomb potential and H.c. denotes the
Hermitian conjugate. The operator Hgi,, is diagonal with re-
spect to the angular momentum and spin quantum numbers
m, J, and m; = m; + mg,. For an appropriately chosen ef-
fective hole mass, this part of the Hamiltonian describes the
exciton within a hydrogenlike two-band model as discussed
in Refs. [31,32,39]. The operator Ha,,—o couples basis states
with quantum numbers J = 1/2 and J = 3/2 but the same
angular momentum quantum number m, i.e., this term causes

(

a coupling between the yellow and green exciton series with-
out breaking the continuous rotational symmetry around the
z axis. The operators Ha,—; and Ha,,—» couple states with
different angular momentum quantum numbers m, and thus m
is not a good quantum number when considering the impact
of the valence band. Finally, the operator Ha,,—4 couples
states with Amp = £4, where mp = m + my is the quan-
tum number for the z component of the coupled spin and
angular momenta F = L +J = L + I + S}. Note that when
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using basis states with given quantum numbers my the matrix
representation of the Hamiltonian (10) has a block structure
with four blocks, which can be diagonalized separately. This
block structure is directly related to the symmetry properties
of the Hamiltonian (10) as shown below in Sec. II B. Note
also that Ha;,—4 would vanish in case of equal Luttinger
parameters y, = y3 and 1, = 13, i.e., mp would be an exact
quantum number in that case.

B. Symmetry properties

In comparison to the hydrogenlike model of excitons in a
QW [32], the inclusion of the complex valence band leads to a
further reduction of the symmetry. We consider the situation in
which the [001] axis of the crystal is perpendicular to the QW
plane. In this case, the symmetry of the system is reduced from
Do, and the complete Hamiltonian (10) is now only invariant
under the symmetry operations of the Dy, symmetry group
[57], containing rotations C4 and C, inversion I, improper
rotations S4, and reflections oy, oy, and oy, as illustrated
in Fig. 3. With m; = my + mg, and mp = m + my, the Cy
symmetry implies that the Hamiltonian only couples basis
states with Amp = 0, 4. Note that this symmetry-derived
constraint on matrix elements only applies to the total angular
momentum, i.e., individual angular momenta like m or my
are not restricted in this way in their possible couplings, as
can be seen by the terms in the Hamiltonian (10). Due to
the reduced symmetry of the system, the eigenstates can no
longer be classified according to their angular momentum
quantum numbers but instead by the irreducible representa-
tions of the symmetry group Dy, or, rather, as there are also
spin degrees of freedom, the corresponding double group to
Dyy,. Without consideration of the electron spin S., the total
angular momentum F in the system is half-integer valued, and
only the irreducible representations FZ ,Tg. F;’ ,and I';" are
possible for the eigenstates [57], where the superscript + or
— indicates the total parity of the corresponding eigenstates
under inversion /. The eigenstates are superpositions of states
with mp differing by multiples of 4, and thus can be assigned
to one of the following groups:

B s 3
e R 75725 2
mr = 1 _35 13 (12a)
ter T TR g s
15 719
B 2 2572570
mr = 9 1715 (12b)
e T T 99 e

Here, blocks related by a sign change of my are degenerate
due to time-reversal symmetry. Equations (12a) and (12b)
describe twofold degenerate states in subspaces Fﬁi and 1"7i,
respectively, as can be seen as follows.

To understand how these blocks relate to the irreducible
representations Fg}, we can look at a state with total angu-
lar momentum F = 1/2. We need to take into account that
the eigenstates of the quasispin I do not behave exactly like
eigenstates of a standard angular momentum. In Dy, the
eigenstates of the quasispin transform like the sum of irre-
ducible representations I'; + 'S = (I'; + I'7) x T'{, while
the eigenstates of a standard spin of 1 behave like 'y + I'J.
Hence, one obtains the total symmetry by the usual addition
of angular momenta, followed by a multiplication with I'J.

o Cy, Cy

-1

oy 7
Cy

FIG. 3. Tllustration of symmetry operations of the group Dy;,. C;
and C4 denote two- and fourfold rotations, respectively, oy, o, and
o, reflections with respect to different kinds of symmetry planes. In
addition to the depicted operations, there is also the inversion / and
the improper rotation Sy = 0;,C;.

With this prescription in mind, we can use that an angular
momentum of 1/2 transforms according to Féi in Dy, [57].
Multiplying by T'Y, we find that a state with total angular
momentum F = 1/2, and thus states with mr = 1/2 and
mp = —1/2 transform according to Ff.

For the computation of oscillator strengths in Sec. IIC,
the electron spin S. must also be taken into account. The
total symmetries of the system including the electron spin are
discussed below in Sec. II C 1.

C. Oscillator strengths

For the computation of oscillator strengths, we generalize
the theory developed in Ref. [32] within a two-band model.
We consider excitons in the many-particle framework. The
ground state |®) of the crystal is the state where all electrons
of the crystal are in the valence bands, while all conduction
bands are empty. An exciton is created when one of these
electrons is lifted from the valence bands into a conduction
band. The resulting state can be written as

|1//5ch> = Z fu?% (qc’ ‘Iu)cz,q,.,rcv,qwaM)O)- (13)

qc:9y

Here, ¢, g, denotes the creation operator for an electron with
crystal momentum ¢, and electron spin 7 in the conduction
band ¢, and c, 4, is the analogous annihilation operator in the
valence band v, which creates a hole with crystal momentum
—¢q, and hole spin —o. The coefficient f;:%,(q.,q,) in the
superposition is the envelope function, which is obtained as
the solution of the exciton Schrodinger equation with Hamil-
tonian (10) transformed into crystal-momentum space. When
considering the complex valence band structure, ¢ and v are
not good quantum numbers, and the correct states are obtained
by forming superpositions. The subscript v denotes further
quantum numbers or indices associated with the state.

Using relative and center-of-mass coordinates in the QW
plane [see Eq. (7)], we can express the x and y components
of g, and g, through the center-of-mass momentum K,p and
the relative in-plane momentum ¢. As K,p is conserved, we
are discussing states |Y,k,,), where the sum in Eq. (13) is
restricted to a fixed value of K,p. Combining the symmetry

115413-5
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considerations and general selection rules in Refs. [32,57], the
transition matrix elements fulfill

Mx X (8y (uxy0| + 82 <sz0|) <S = 0| wUKz[)) |r:0’ (143)
My o< (3 (tyz0] + By (tnyol) (S = Ol Yok )|,_y»  (14D)
M. o (B (uzr0] + By (uyz0]) (S = O] Yukyp) |,y (140)

Here, the application of (S = 0] = (S = 0, My = 0] enforces
the absence of spin flips of the total spin § = S, + Sy, with the
electron spin S, added to the description. The states |u;9) with
i = yz, xz, xy denote the one-particle hole states in the valence
band i at the T" point. In the case of Cu,O, these transform like
the irreducible representation I'J” of the cubic group Oy,. They
are related to the eigenstates of the quasispin I introduced in
Sec. IT A via [59]

I =1,m =+1) = —(|uy0) +iluz0))/v2,  (152)
I =1,m; =0) = uxyo), (15b)
I =1,m =—1) = +(|uyo) — i luzx0))/v'2.  (15¢)

We are specifically interested in the oscillator strengths for
circularly polarized light. We thus need to take suitable linear
combinations of the transition matrix elements in Eq. (14):

My o ((idy, F 8,) (my = 0,8 = 0
+ V20, (mp = £1,8 =0) [Yuks)|,y-  (16)

Other polarizations can be evaluated analogously.
Using these relations and the Clebsch-Gordan coefficients,
the spin and quasispin bra vectors can be rewritten as

IS=0,m)= Y ¢ . Vom,ms),  (17)

J.my,mg,
with the coefficients

= (J,my,mgs,|S =0,Ms =0;1, my). (18)

C
Jmy,ms,

Generalizing the result from Ref. [32] when m is not a
good quantum number, the spatial part of the wave function
|V oe K,y Can be written as

(Jsm.lsmS|< p,¢,Z| WVK2D>
% im

0]
UKZD ( Z € —iKZZ
m.Jmyms, P> L ) e dz. (19)
Z/é Jomy,ms, /—2 i

The photon momenta for dipole transitions to yellow excitons
(A &~ 580nm) are negligibly small. We can thus set K, and
K> to zero and ignore it in the following. Common prefactors
can also be dropped in the calculation of relative oscillator
strengths. From the condition of continuity at the origin, we
can deduce for the derivatives that [32]

0 v im¢
a (wm,l,m/,mse (IO’ <, Z)E ) |p=z:0
= 81l 10p Vn.smyms, P+ 2 2| g (20a)
0 .
v im¢
8_)7 (me,mj,mSe ('0’ z,Z)e ) |,o:z:0
= im(S‘leapl//;’J’mJ’mSe (p, z, Z)|p=z=0’ (20b)

0 )
8_Z (Iﬂ']')%«]qmj,mse (,0, Z, Z)elm¢) |

= BYH,OaZWr]:z,J,mJ,mSe (/0, Z, Z)|

To obtain the oscillator strengths for the excitation of the
twofold generate states in the irreducible subspaces with cir-
cularly polarized light, the contributions of both states must
be added. Combining Eqgs. (16), (19), and (20), and using
the time-reversal symmetry between the two degenerate states
discussed in Sec. II B, the desired oscillator strengths can be
evaluated as

p=z=0

(20c)

p=z=0"

2

Jra = ‘ / [MF(2Z)+ MF2)]dz

L 2
+ ' / M@+ M @liz) e
-3
with the transition amplitude densities
ME@) = \/_JZc,m, s 00V gy s, (O z,Z)‘p o
my
(22a)
ME@) = 0y (02 2)|  @20)

p=z=0

Jomy

and the complex conjugate of the coefficients given in
Eq. (18). Note that the oscillator strengths f; in Eq. (21) do
not depend on the handedness of the circularly polarized light.
Details on the numerical evaluation of Egs. (21) and (22) are
presented in Sec. IID.

1. Selection rules for dipole transitions

As the dipole operator has odd parity, and parity is a good
quantum number in the system, we can deduce that only states
with odd total parity belonging to the irreducible representa-
tions I'; and I';” can be optically excited in the setup shown in
Fig. 1. Correspondingly, the integrals in Eq. (21) must vanish
for states with even total parity.

Precise selection rules can be deduced by application of
group theory [57] when considering the symmetry of the
dipole operator and the respective symmetries of the states.
In the context of oscillator strengths, we add the electron spin
symmetry 'y, leading to the total symmetries that decompose
into a sum of subspaces as

IEx Iy =rfF+ 5+ T8,
+ + + +
7 xIg=T5+T; +T%.

(23a)
(23b)

The dipole operator D,_,, on the other hand, decomposes
into the sum I'; 4 'S of irreducible representations. Here,
r;y corresponds to linear polarization along the z direction,
whereas the two-dimensional I'5 corresponds to polarizations
in the QW plane, including the circular polarizations we con-
sider here. From this, it follows that light circularly polarized
in the xy plane can create excitons in the twofold degenerate
I’y spaces. As mg, is a good quantum number, the entire
negative-parity subspaces in Eq. (23) are degenerate. As they
both fully contain I'J" spaces, it follows that they can both be
excited by left- and right-circularly polarized light. In fact,

115413-6



IMPACT OF THE VALENCE BAND ON RYDBERG ...

PHYSICAL REVIEW B 113, 115413 (2026)

from time-reversal symmetry of the system, it follows that
both polarizations lead to identical spectra.

Note that a more restricted selection rule is valid for z-
polarized light. In that case, only I'g states can be excited.
However, this would require light oriented in the QW plane,
and thus a different experimental setup than shown in Fig. 1.

D. Numerical algorithm

To compute the exciton eigenenergies and eigenfunctions
of the Hamiltonian (10), we extend the basis used in the
hydrogenlike model [31,39] for the wave functions in the
three-dimensional coordinate space (p, ze, zn) by the addi-
tional angular momentum and spin degrees of freedom. We
use the ansatz

W) = D Vs (02 2) Im Jomy)  (24)

J,my,m

with the basis states
Im, J,m;) = €™ ], my) (25)

as the product of the eigenstates of the angular momentum
operator L, and the eigenstates of the coupled quasispin and
hole spinJ = I + Sy. The wave functions ¥, s i, (0, Ze, zn) in
Eq. (24) are expanded over a basis of B splines of order n as

1
Vs (e 3) = == ) el Bl p) B(ze) B,
i,j,k

(26)

similar to Refs. [31,39]. For convenience, the definition and
some properties of B splines are collected in Appendix A.
Note that we do not expand the ¢ dependence in Eq. (24)
using B splines but rather use the angular momentum states
exp(img) as basis states.

The expansions (24) and (26) lead to a generalized eigen-
value problem

> Hupcy =E Y Oupcp 27)
B B

for the energy eigenvalues of the Hamiltonian (10) and the
expansion coefficients c?}’kj’m-’ of the corresponding eigenfunc-
tions. Here, the indices & and 8 count both the elements of the
total basis set composed of B splines, angular momentum, and
spin states in Eq. (24) and the expansion coefficients c;’j’.‘kj’m’
when arranged as one-dimensional vectors.

The elements of the matrices in Eq. (27) are computed as
follows. The matrix elements of all terms of the Hamiltonian
(10), except for the Coulomb potential V¢, can be factorized
into products of one-dimensional integrals of B splines or their
derivatives along coordinates p, z., and zy,, as well as analyti-
cally precalculated matrix elements of spin operators. Details
of the computation of matrix elements of the momentum oper-
ators and the spin operators are given in Appendixes B and C,
respectively. The matrix elements of the Coulomb potential
V¢ are diagonal with respect to the angular momentum and
spin basis. The nontrivial three-dimensional integrals in the
(0, Ze, zn) coordinate space are computed, using the B-spline
basis, as explained in Ref. [39]. The generalized eigenvalue
problem (27) is solved using ARPACK routines optimized

TABLE II. Selected angular momentum and spin basis states
|m, J, m;) with quantum numbers my = —7/2, 1/2, and 9/2 be-
longing to the irreducible subspaces 1"7i and used for numerical
calculations.

mp = _% mrp = % mrg = E

|=5.5.+3) =15, +3) 3.3.43)
4.3+ +0.3.+1] 834}
4.4+ [+0. 5. +3) b1+
=3.5.=3) [+1.5.=3) 5.3 73)
=3.5.-3) [+1.5.=3) 5.3.73)
2341 +2.3.-1 6.3.-3

for band matrices [60]. The band and sparse structure of the
resulting Hamiltonian matrix Hyg and overlap matrix Ogg
arises naturally from the compact support of the B-spline
functions. We use 15 B-spline functions of order n = 5 for
both the z. and z; directions, defined on equidistant grids, and
26 B-spline functions for the p direction. For the p coordi-
nate, the grid nodes are distributed nonequidistantly with a
decreasing density over the interval [0, 200 nm], providing a
finer resolution near the origin where both the potential and
the wave function vary most rapidly; see Appendix A for
more details. Because only basis states with Amyp = 0, =4 are
coupled, it is sufficient to use one of the sets in Eq. (12) for
the numerical diagonalization of the Hamiltonian.

We are mainly interested in the optically active states with
dominant m = 0 and m = 1 contributions. Convergence of
these states is achieved when restricting the spin and angular
momentum basis to the subset with mp = —7/2,1/2,and 9/2
given in Table II in the irreducible subspace F$ and to the
subset with mp = —5/2, 3/2, and 11/2 in the subspace Fﬁi.
States in the remaining subsets in Eq. (12) do not need to be
computed as they have the same eigenenergies and the twofold
degenerate eigenstates just differ by time-reversal symmetry.
The total number N of basis states and thus the dimension
of the generalized eigenvalue problem (27) is given by the
product of the number of B splines for the p, z., and z; coor-
dinates and the number of angular momentum and spin states
|m,J, my) and was up to N =26 x 15 x 15 x 18 = 105300
in our calculations.

To compute oscillator strengths, we use the eigenstates
obtained by solving the generalized eigenvalue problem. The
solution yields the wave function for each state in the co-
ordinates p, z., and z,. For evaluating Eq. (22), the wave
functions have to be expressed in relative coordinates in the z
direction. As we only need the wave function at z = 0, i.e., at
Ze = zn = Z, the transformation is straightforward and given
by

v (p,2=0,2) = ¥ (p, z2e=Z, 2a=2). (28)

The derivative with respect to z is calculated analytically
by differentiating the B-spline basis functions according to
Eq. (A1). It acts on a product of basis states as

0.B"(ze) By(zn) = 0., B(ze) B (zn) — B(ze) 3, B (zn). (29)
By contrast, the derivative with respect to p at p =
0 is computed using the approximation 9,¥ (o, z=0,Z)
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FIG. 4. Exciton spectra in a cuprous oxide QW. In (a), the QW width is increased from L = 0 to 10 nm for excitons described by the
hydrogenlike part of the Hamiltonian given by the first two terms in Eq. (31). In (b)—(e), the nondiagonal coupling terms are successively
switched on using the parameters 1o ;.3 € [0, 1] in the Hamiltonian (31) (see text). The photoabsorption spectrum for transitions with
circularly polarized light and considering the complete structure of the valence band is given in (f). Some states are labeled by approximate
quantum numbers (n, m, N, Ny). The colors of symbols or lines indicate the expectation value (m) of the angular momentum of the exciton

state.

~ %w(p, z=0,Z), which is extrapolated, analogously to
Ref. [32], to p = 0. In Eq. (21) the contributions of both
twofold degenerate states to the relative oscillator strength fi¢
are considered. The integrands are evaluated at 100 positions
on an equidistant grid, and the integrals are solved numerically
using numpy.trapz [61]. Note that the most time-consuming
part is the diagonalization of the generalized eigenvalue prob-
lem (27).

III. RESULTS AND DISCUSSION

The complex structure of the cuprous oxide valence bands
has a significant effect on excitons in the QW. To observe the
shifts of energy levels due to the impact of the different terms
in the Hamiltonian (10), we apply the following strategy. We
start by taking into account the diagonal part of the Hamilto-
nian,

Hhyg = Hgiag + Ham=098y7, (30)

representing the hydrogenlike two-band model of excitons
in a QW, and then switch on, term by term, the parts in
the Hamiltonian, which are nondiagonal with respect to the
angular momentum and spin quantum numbers of the basis.
To this aim, we modify the Hamiltonian (10) to the form

H = Hgiag + Ham=0877 + AoHam=0(1 — 857)
+ AMHpap=1+ AHam=2 + A3Ham, =4 (3D

by introducing the auxiliary parameters Xg ;23 € [0, 1],
which can be used to successively switch on the individual
nondiagonal terms. Note that Ha,—¢ in Eq. (11b) has both
nonzero diagonal and nondiagonal terms in the angular mo-
mentum and spin basis |m, J, my). In Eq. (31), the nonzero
diagonal terms of Ha,—o are considered in the hydrogen-
like model, described by the first and second terms, and the

nondiagonal terms, which couple J = 1/2 and J = 3/2 states
of the yellow and green exciton series, respectively, are
switched on by increasing A from O to 1.

For an energy range of the lowest, yellow exciton series,
a sequence of spectra obtained by diagonalization of the
Hamiltonian (31) is presented in Fig. 4. The figure allows
for a detailed discussion of the impact of the valence band
on excitons in a cuprous oxide QW of L = 10 nm width. We
go through Fig. 4 from left to right. Figure 4(a) shows spectra
of the hydrogenlike two-band model, Eq. (30), for excitons in
a QW of width L in the range from L = 0 to L = 10nm. The
energies are given with respect to the first scattering threshold
E; 1 (L), given by the sum of the lowest quantum-confinement
energies; see Eq. (6). Note that in the limit L — 0, both the
exciton energies E and the threshold energy E; (L) diverge,
however, the energy differences E — E; (L) remain finite.
This limit refers to the analytically solvable two-dimensional
Coulomb problem [33,34], where states with the same prin-
cipal quantum number n but different angular momentum
quantum numbers m are degenerate, as can be clearly seen
in Fig. 4. The degeneracy is lifted, when L is increased, in the
transition region from strong to weak confinement [31]. Some
of the states in Fig. 4(a) are marked by quantum numbers
(n, m, Ne, Ny), with m being an exact quantum number due
to the rotational symmetry of the hydrogenlike problem. The
colors of the states indicate the expectation values (m) of the
angular momentum operator throughout Fig. 4.

In Figs. 4(b)—4(f), the QW width is fixed to L = 10nm to
study the impact of the complex valence band on the excitons
at such a QW width. In Fig. 4(b), the nondiagonal terms of
Ha -0, coupling the yellow (J = 1/2) and green (J = 3/2)
excitons, are switched on by increasing Ag from O to 1. The
coupling between yellow and green excitons has a strong
impact on states with angular quantum number m = 0 and a
smaller effect on states with m # 0; the energies of those are
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moderately lowered. Note that for the states in this panel, the
rotational symmetry around the z axis is still valid, and thus m
and my, are exact quantum numbers. As the eigenenergies do
not depend on the sign of these quantum numbers, states with
m # 0 are fourfold degenerate.

In Figs. 4(c) and 4(d), the nondiagonal terms H,,—; and
Ha;u—> in the Hamiltonian (31) are successively switched on.
These coupling terms break the rotational symmetry around
the z axis in a way that m is not a good quantum number
any longer, but the quantum number mr = m + my for the z
component of the total angular momentum F = L + J still is.
As an important consequence, the degeneracy of, e.g., some
states with mp = 1/2 and mp = 3/2, marked by solid and
open symbols, respectively, is reduced in Figs. 4(c) and 4(d)
from fourfold to twofold degeneracy.

Finally, in Fig. 4(e) the nondiagonal terms Ha,.—4 in the
Hamiltonian (31), which couple basis states with Am = £2
and Amp = £4, are switched on. In this panel, mp is not
a good quantum number any longer, and states can only be
classified as belonging to one of the four irreducible subspaces
F6jE and F7i, as discussed in Sec. IIB. The eigenenergies
are shifted due to the coupling between different my states,
however, there is no further lifting of degeneracies, i.e., all
states remain twofold degenerate. The rightmost spectrum in
Fig. 4(e) is the one with Ao ;23 = 1, where the full impact
of the valence band as described by the Hamiltonian (10)
is taken into account. The relative oscillator strengths corre-
sponding to this spectrum are shown in Fig. 4(f). Note that the
spectrum significantly differs from that of the hydrogenlike
model shown at QW width L = 10nm in Fig. 4(a). This
clearly illustrates that a precise description of exciton states in
QWs requires taking into account the complex structure of the
valence band to accurately determine all splittings of energy
levels.

For a more detailed discussion, the photoabsorption spec-
trum of a cuprous oxide QW of width L = 10nm is shown
in Fig. 5. Excitons are excited by a laser beam oriented
perpendicular to the QW plane with left- or right- (&, £ ié,)
circularly polarized light. Note that due to the selection rules
discussed in Sec. IIC 1, only states in the irreducible sub-
spaces I’y and I';" can be excited. Their relative oscillator
strengths f.; are computed by evaluation of Eq. (21) and
indicated in Fig. 5 by vertical light green and light blue bars,
respectively. Parity-forbidden even states in the subspaces Fg
and I'J are marked by dark blue and dark green arrows. The
insets show the transition amplitude density M‘f(Z ) (orange
lines) and Mf(Z) (red lines) given in Egs. (22a) and (22b),
respectively. As can be clearly seen, they are even functions
in Z for the parity allowed and odd functions for the parity
forbidden states. It should be noted that, contrary to the simple
two-band model discussed in Ref. [32], both densities Mff(Z )
and Mf(Z ) are nonzero and constructively or destructively
interfere to the sums shown as black lines in the insets of
Fig. 5.

For convenience, selected energy eigenvalues E of the
Hamiltonian (10) at QW width L = 10 nm corresponding to
the rightmost spectrum in Fig. 4(e) and the spectrum in Fig. 5
are given in Table III. They are compared to the energies Eyyq
of the hydrogenlike model, i.e., the rightmost spectrum shown

124 | Ts
| 7
1.0 — MZ
Mg
2087 — ME+ME
c (
35
2061 (2121 (3LL1 (4.1,11)
1‘% (4,1,1,1)
[
£ 0.4 A
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FIG. 5. Photoabsorption spectrum of a cuprous oxide quantum
well of width L = 10nm for transitions with circularly polarized
light (e, & ié,). The relative oscillator strengths f of parity-allowed
transitions to states in the subspaces I’y and I'; are represented by
vertical light blue and green bars, respectively. Parity-forbidden even
states in the subspaces I'{ and I'J are marked by dark blue and
dark green arrows. The insets show the transition amplitude density
Mf(Z) (orange lines) and ./\/lzi(Z) (red lines) given in Egs. (22a)
and (22b), respectively, together with their sums (black lines). Some
states are marked by approximate quantum numbers (n, m, Ne, V).

in Fig. 4(a). Where possible, approximate quantum num-
bers (n, m, N., Ny,) are assigned to the states. The irreducible
representations for the states calculated using the complete
valence band and the relative oscillator strengths f.; shown
in Figs. 4(f) and 5 are also indicated in Table III.

So far, we have discussed the impact of the valence band
on exciton spectra in a QW with fixed width L = 10nm.
In Fig. 6, we finally compare the dependence of the energy
eigenvalues of the full Hamiltonian (10) (open symbols) and
of the hydrogenlike model in Eq. (30) (closed symbols) on the
QW width L. The change of energy levels during the crossover

2
> 1
E
& S
| —30 A °o°°°°°°° o H 1
w 0°°
o° ®  Hhyg
_40 Q T T T T T _2
6 8 10 12 14
L (nm)

FIG. 6. Comparison of the exciton spectra of the F6i states in
a cuprous oxide quantum well as a function of the well width L.
Results obtained from the full Hamiltonian A in Eq. (10) and the
hydrogenlike model based on the Hamiltonian Hyyq given in Eq. (30)
are presented by open and closed symbols, respectively. The thresh-
old energy E; (L) has been subtracted from all energy eigenvalues.
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TABLE III. Numerical values for selected states of the exciton
spectrum at QW width L = 10nm considering the complex band
structure described by the Hamiltonian (10). The energy eigenvalues
E are compared to those of the hydrogenlike model Hyyq given in
Eq. (30). Approximate quantum numbers (n, m, N,, N, ) are assigned
where it was uniquely possible. All states are characterized by their
irreducible representations. Oscillator strengths fi. are given relative
to the strongest line.

E (meV) Eywa(meV) n m N, N, sym Jrel
—112.95986 —97.28582 1 0 1 1 ry 0
—65.16197 —24.64831 2 0 1 1 ry 0
—27.80125 —26.25192 2 1 1 1 Iy 0.39413
—27.37152 —26.25192 2 1 1 1 r;  0.00251
—18.16818 —9.81564 r; 0.01186
—16.76044 —13.92396 2 1 2 1 rs 0
—16.04019 —13.92396 2 1 2 1 ry 0
—15.18094 —4.53941 ry 0
—13.54263 —11.17306 3 1 1 1 r;  1.00000
—13.05286 —11.14293 3 2 1 1 ry 0
—12.99400 —6.48151 4 0 1 1 r 0
—12.68154 —11.14293 3 -2 1 1 rs 0
—12.22872  —11.17306 3 1 1 1 Iy 0.19371
—12.15775 r;  0.66918
—17.42073 —6.46143 4 2 1 1 rs 0
—17.23267 —3.34728 ry 0
—7.16253 -6.72711 4 -3 1 1 r;  0.00012
—7.14464 —-6.72711 4 -3 1 1 I'e  0.00002
—7.01147 —6.46143 4 -2 1 1 ry 0
—6.88742 —6.08855 4 1 1 1 r; 032152
—6.84615 —6.08855 4 1 1 1 I'e  0.09737
—6.61281 —2.08170 3 1 2 1 ry 0
—5.99680 —2.08170 3 1 2 1 ry 0

from the 2D limit (strong confinement regime) to the bulk
semiconductor (weak confinement) in the range Snm < L <
15nm can be observed. Since the Bohr radius of the lowest
calculated exciton state is about 4 nm, the QW width of
15 nm can be considered for this state as a weak confinement
regime. States obtained within the simplified hydrogenlike
model exhibit only moderate variations in their separation
from the threshold level E| ;(L). By contrast, due to strong
state-mixing effects, the levels calculated using the more com-
plex model show a pronounced sensitivity to changes in the
QW width, particularly in the regime of small L. Energy levels
for L <5 nm are not shown because, for such widths, the
Luttinger-Kohn model with the same material parameters as
for the bulk is very approximate (see Sec. IV).

IV. CONCLUSION AND OUTLOOK

We have studied the impact of the valence band structure
on the energies and level splittings of yellow excitons in
cuprous oxide QWs. Based on the Luttinger-Kohn model, we
derived the complete Hamiltonian, taking into account the full
complex valence band structure. We calculated the exciton
energies by expanding the wave function over a multidimen-
sional basis of angular and spin eigenstates and the B splines
for the coordinate part of the wave function. This allowed us
to observe the breaking of the rotational symmetry, leading

to the quantum number m no longer being a good quantum
number. The step-by-step inclusion of the nondiagonal cou-
pling terms of the complex valence band Hamiltonian clearly
demonstrated shifts and splittings of the energy levels. We also
computed the relative oscillator strengths for the excitonic
transitions in QWs with circularly polarized light.

In this article, we have considered the complete valence
band structure but have still used some approximations and
simplifications, which shall be addressed in future work. In
the Hamiltonian (8), we have used the same Luttinger pa-
rameters as in the bulk material [10]. This may be a good
approximation for sufficiently broad QWs (L = 5 nm), how-
ever, the Luttinger parameters probably need to be adjusted for
narrow QWs based on density functional theory calculations
[62] of the electronic band structure of the thin films [63]. In
our calculations, we have also assumed the same dielectric
constant ¢ for both the crystal and the substrate. The dielectric
contrast of a more realistic setup can be taken into account
via the Rytova-Keldysh potential [46,47], similar to what has
been done for the hydrogenlike model of excitons in QWs
[31]. Furthermore, we have restricted our computations to
a configuration in which the QW is aligned perpendicular
to the [001] axis of the crystal, and excitons are invariant
under symmetry transformations of the Dy, symmetry group.
A more general orientation between the QW and the crys-
tal can be considered, however, this will further reduce the
symmetries of the problem. For the computation of spectra
and oscillator strengths, we have focused on bound states of
the yellow exciton series. In future work, this can be gener-
alized to yellow and green resonance states above threshold
by application of the complex-coordinate-rotation method as
in Ref. [39]. This will also enable the search for BICs [40].
The obtained wave functions will make it possible to estimate
the interband dipole transition matrix elements to investigate
the usage of the confined Rydberg excitons for quantum
sensing. The consideration of all these effects and radiative
properties will certainly allow for detailed comparisons with
future experimental spectra.
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APPENDIX A: B SPLINES

B splines of higher orders are an effective tool for discretiz-
ing and solving partial differential equations. The unknown
function is expanded over a basis of B splines B¥(x), i =
1, ..., N, which are piecewise polynomials of degree k — 1.
Given the predefined series of the service nodes t;, each B
spline Bf (x) of order k is defined on the interval x € [¢;, #;1«]-
Values of the B splines Bf(x) and their derivatives at a given
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point x can be calculated by recursion formulas [44]

X —t _ litk =X 5
Bf(x) = ! Bf l(x) + H_—Bi‘(_;,_[l (x)7
lijk—1 — 1 tivk — tit1
dB¥(x) k—1 B k—1 _
(0 _ B — ——— B ). (Al
dx lijk—1 — 1 tivk — tit1

The expression for the second derivative can be derived from
the above two equations.

B splines have some important characteristics. First, a B
spline of order £ on an equidistant grid approximates an
analytical function with accuracy of /¥, where 4 is the step
size of the grid. Thus, higher-order B splines give an accurate
solution even for a relatively small number of nodes, which
is particularly important for multidimensional problems. Sec-
ond, one can choose nodes nonequidistantly and add service
nodes at the boundaries in such a way as to have some B
splines equal to 1 at the boundaries, while all other B splines
are exactly zero there. Then, for example, zero boundary
conditions can be easily implemented by removing the B
splines which are nonzero at the boundaries. Third, the B
splines are nonorthogonal functions, and thus the problem
turns into a generalized eigenvalue problem. However, the
B-spline functions have minimal support, i.e., each B spline
vanishes, Bf-‘(x) =0, for x ¢ [t;, t;+«], which significantly re-
duces the number of integrations to calculate matrix elements.
This leads to a sparse structure of the matrices of the general-
ized eigenvalue problem (27).

APPENDIX B: MATRIX ELEMENTS OF MOMENTUM
OPERATORS

In polar coordinates (p, ¢), the creation and annihilation
operators p. are given as

_h +ip)| 0 1inl Bl
p:l:—?eXp( l¢)|:p:|:;<% §)j| B

with p. =p’. Using Eq. (B1) and the commutator
[L./h, exp(Lig)] = +1, the squared operators p% are ob-
tained as

2= _— R +2ip)| 92 23 LZ:I:l
p1 = — h"exp(F2i¢) p:F;,DE

1 ins inl -
2 (723)(F=)] 2

The operator p, p_ reads

1 "
pipP— = —hzaj + —2<L12 - —), (B3)
0

4
and thus is diagonal with respect to the angular momen-
tum functions exp(im¢). For functions given as a product
of a B spline over the p coordinate and an angular func-
tion exp(im¢), it is now straightforward to evaluate matrix
elements of the operators given above. The ¢ integrals are triv-
ially solved analytically, yielding selection rules for nonzero
matrix elements between states with quantum numbers m and
m'. The B-spline functions as well as their derivatives are
piecewise polynomials and can be easily integrated. Note that
due to the boundary condition that the B splines vanish at

p = 0, the product of two B splines can be divided by p or
p? without the occurrence of any singularity at the origin.

Using B splines over the coordinates z. and z,, matrix
elements of the operators p?, = —/i*32, pn, = (1/i)dh,, and
pa, = —h*32, are straightforwardly computed by integration
of products of B splines and their derivatives.

APPENDIX C: MATRIX ELEMENTS OF SPIN OPERATORS

The matrix elements of the quasispin and hole spin op-
erators I and S}, are computed in the six-dimensional basis
|/, my) of the spin operator J = I + Sy, which can also be
expressed using Clebsch-Gordan coefficients in the basis
|I, my, Sh, msh>, i.e.,

33 11

- =-)=|11= =),

2 2> 2 2>

31 \/3 11 \/T 11
) = = 171;_9__ - = 150;_1_ 3
2’2 3 27 2 3 2’2
11 1 1 1 2 11
A= _171;_1__ + . 110;_’_ )
2’2 3 2’ 2 3 2’2
11_\/51 1.11+\/T10'11
27 2 3177 7272 317772 2
301 1 11 2 1 1
- —=)=4/z|lL.-Lz. =)+ |1,0=,—=),
27 2 3 2°2 3 2" 2
3 3 1 1

=y T~ = ]1_];_7__ .

2" 2 27 2

With these basis states, the matrix representations of the spin
operators are obtained as

S

0 —% 25 9 o0 o0
4 V2
o 0 o0 f 2 9
_¥2 4
= 0 0 N R,
o 0 0 0 0 ¥
o 0 o0 0o o0 28
0o 0 0 0 0 0
1 0 0 0 0 0
2 V2
o 2 2 0 0 0
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10 0 0 0 0
1 V2
0 - - 0 0 0
0o -2 1 9 0o 0
Sh3 =h ; (C4)
o o o L &2 9
V2 1
0 0 0 - -t 0
0 0 0 0 0o -1

The matrix elements of the annihilation operators are given
by the conjugate transpose of the creation operator matrices,
ie,l_ = Ii and S, = S:l' e The matrix elements of products
of spin operators can be derived by multiplication of the
corresponding spin matrices. Using I - Sy, = 3(J* — I* — S}),
its matrix elements are

, 1 11
J'm)I- SylTmy) = §<J(J +1)— Z)ajl,am}m,. (C5)
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