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Quantum Hall effect in a chiral cavity
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We investigate the influence of quantum fluctuations in a chiral cavity on the quantum Hall (QH) state,
extending previous studies of QH liquids in linearly polarized cavities. Using the Schrieffer-Wolff transformation
for perturbative cavity-matter interaction, we identify the system’s normal modes, which correspond to the
elementary excitations of the dressed electrons and photons. In contrast to the linear case, we find that the chiral
cavity modifies the Kohn mode frequency by a contribution proportional to the cyclotron frequency, which can be
interpreted as a renormalization of the magnetic field by cavity fluctuations. We show that the AC conductivities
display cavity-induced corrections, including an isotropic quantum reactance effect and a rotating total-current
response under applied AC fields. These findings are also derived from a hydrodynamic approach, which extends
their validity to fractional quantum Hall states. Finally, we examine the role of finite cavity quality factor and
find that while photon losses introduce resistive contributions to the impedance, these vanish in the DC limit.
Our results provide insights into the interplay between quantum Hall states and chiral cavities, with significant
implications for material engineering and cavity-induced topological effects.
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I. INTRODUCTION

The interplay between vacuum quantum fluctuations and
physical systems gives rise to profound phenomena, such as
the Casimir effect [1-4] and the Lamb shift [5-8]. In cavities,
these fluctuations can be enhanced by reducing the cavity
volume [9,10], making it possible to manipulate materials
by vacuum fluctuations in cavities and to probe the strong
light-matter coupling regimes [11-20].

Recent studies of quantum Hall (QH) liquids in a cavity
have focused on the robustness of topological material prop-
erties in the presence of fluctuating electromagnetic cavity
fields [21-28]. While the experiment of Ref. [21] shows ob-
servations of the breakdown of topological protection at high
filling factors, the results of the low-filling regime in the high-
magnetic-field region do not suggest any renormalization for
the Hall resistance [24]. In our accompanying work [26], we
established the connection between the robustness of the QH
state in the low-filling regime with the scaling of the cavity
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effects in the topological scaling limit [29-32], where the
cyclotron frequency can be taken into infinity. In this limit,
strong hybridization between Landau levels is avoided, allow-
ing us to isolate and study how cavity photons renormalize the
Landau levels and thereby affect the underlying topological
phases. At the same time, we found that the cavity coupling
leads to clear dynamical signatures, namely, a modification
of the Kohn mode frequency and a quantum reactance effect
on the longitudinal conductivity. In the case of integer filling
factor, these effects can also be derived from a microscopic
model. In this paper, we refine the microscopic approach, and
explore additional effects due to the presence of symmetry
breaking in the quantum fluctuations of the cavity field.

Incorporating symmetry breaking into vacuum quantum
fluctuations emerges as a powerful method for generating
repulsive Casimir forces [33,34], altering spectra [35,36],
and engineering material properties within a cavity [37,38].
In particular, chiral cavities can be used to explore the ef-
fects of time-reversal symmetry (TRS) breaking [17,37,39—
43]. These include chirality selection in chemical reactions
[44,45], flat-band engineering [46], topological phase transi-
tions [47-50], and chiral spin liquid formation [51]. Since the
nontrivial topology of the QH liquids needs TRS breaking
[52], one might wonder whether their topological properties
are more sensitive to quantum fluctuations in a chiral cavity,
and whether there are effects that differ from those observed
in the linear case [21,23,24,26]. These are the questions that
we address in this paper.

Firstly, we use a microscopic description of the integer
effect, and discuss the hybridization between the electrons in

Published by the American Physical Society
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the lowest Landau level and the cavity mode. By neglecting
the spatial variation of the cavity amplitude over the Hall
bar, the Galilean invariance is kept, and the center of mass
Hamiltonian can be exactly diagonalized [23,24,26,53]. This
is not possible when the amplitude varies over the sample.
Also, it is cumbersome to construct a general diagonalization
and calculate the corresponding transport for an arbitrary po-
larization. Thus, we use another method, the Schrieffer-Wolff
(SW) transformation, which can be applied when the Galilean
invariance is broken [54-57]. By a SW transformation, we
perturbatively decouple the fermionic and bosonic degrees
of freedom and identify two types of elementary excitations:
a polariton mode of dressed photons, and a Kohn mode
of dressed electrons close to the bare cyclotron frequency.
Furthermore, we calculate both the longitudinal and the trans-
verse AC conductivities at the center of the QH plateaus [58].
Finally, we analyze the resulting modifications to the longitu-
dinal and Hall resistivities and comment on their relevance for
future experiments.

As a complement to the microscopic model, we also exam-
ine the effects of the chiral cavity on the QH hydrodynamics
using the Wen-Zee action, supplemented by higher-derivative
(nontopological) terms [59—61]. The results for both the Hall
and longitudinal conductivities, as well as the renormaliza-
tion of the Kohn mode, are consistent with the microscopic
model. While this effective theory does not provide insights
into microscopic details, its main advantage lies in its ability
to directly generalize to fractional quantum Hall states, for
which no analytic microscopic theory currently exists. Our
comparison with the microscopic approach also shows that,
in this formalism, the higher-derivative corrections to the
Wen-Zee theory incorporate the contributions of Landau-level
transitions to the conductivity. Finally, we consider the effects
of photon loss, corresponding to a cavity with finite quality
factor [10], which introduces resistive contributions to the AC
conductivities.

The paper is organized as follows. In Secs. II-V, we
derive the microscopic model and calculate the observables
discussed above. In Sec. VI we give the details of the extended
hydrodynamic model, the comparison with the results from
the microscopic model in the case of the integer effect, and
consider the coupling to a chiral cavity with loss. Finally,
in Sec. VII, we summarize our results and point at possible
extensions of our work.

II. MICROSCOPIC MODEL

We first consider the formation of dressed Landau levels by
coupling to a single circularly polarized (chiral) cavity mode
[23,62]. The Hamiltonian for the N electrons interacting with
the cavity field is

N o Tz T2
[P; + eAext(F}) + eAc] . 1
H = | a’ -], A
> m, tocaatz ). (D)

j=1

where p; are the canonical momenta of the electrons moving

in the x-y plane, m, is their effective mass, Kexl is the vector
potential corresponding to the external magnetic field Be, =

V x /Text, w, 1s the frequency of the cavity mode, and fYc is the

FIG. 1. Schematic illustration of the coupling between a Hall
bar and a single chiral cavity mode. Second-order effects appear
in the transport and collective modes, mediated by the exchange of
chiral photons with the cavity. In particular, an AC applied field can
generate a total current that rotates with the same frequency w as
the applied field, and the direction of rotation is determined by the
chirality of the cavity mode.

related field operator. In the chiral cavity, it is quantized as
Ae=A@a+Ead), @)

with amplitude Ag = (2ew,V,)~!/? (¢ is the relative permittiv-
ity of the material), and a complex polarization vector
€y — iséy

N
where s = +1 corresponds to left-/right-handed circular po-
larization. The photon creation/annihilation operators satisfy
the canonical commutation relations [a, a'] = 1. For conve-
nience, and in line with common practice in the literature, we
omit the hat symbol on quantum operators when there is no
risk of confusion. However, in our paper, we explicitly use the
notation with both a vector and a hat for the vector photon
fields, to distinguish it from the classical fields. Note that we
set c = h = gy = 1, and that we have taken the cavity mode
to be spatially uniform. Theoretically, the setup can be visu-
alized as two special mirrors parallel to the Hall bar, which
preferentially support a single circularly polarized mode in the
enclosed region (see Fig. 1). Our single-chiral-mode model is
inspired by the experimental setups in Refs. [21,24,28], which
effectively describe the cavity using a single linearly polarized
mode. Recent proposals and experiments for realizing chiral
cavities include stacking a Faraday rotator on top of a good
mirror [17], using flat-band materials [63], or employing a
magnetoplasma in a doped semiconductor [43]. However, a
chiral cavity design that effectively manifests a single-mode
approximation has yet to be proposed.

The bare electron part of the Hamiltonian describes the
Landau levels of the free electron gas, with the cyclotron
frequency

-

€y =

3)

eB

wp = . 4
me
In this section, we consider the integer Hall effect, where the
electrons fully occupy an integer number v = 27w N/(eBAy)

of Landau levels, with Ay the area of the Hall bar.
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The kinetic energy of the electrons includes a term
quadratic in the cavity vector potential, which leads to a back
reaction on the cavity modes [64—66]. For the chiral cavity,
this term can be absorbed by a redefinition of the frequency

- e’n,

oV wp
w, = w, +

R (5)

Leff We

2emyLegrw,

where o = €?/(47) is the fine-structure constant and we de-
fined the length scale

eV,

Legr = ,
eff AH

(6)

which is determined by the cavity quantization volume V,,
the area of Hall bar Ay, and the relative permittivity of the
material e. We emphasize that the renormalization of the
cavity frequency in Eq. (5) for a fixed sample fundamentally
depends on the electron density 7., not directly on the external
magnetic field. However, in order to consider the properties of
the quantum Hall state it is useful to consider the system at
fixed filling fraction, in which case the density of electrons
scales with the magnetic field. Thus, for the quantum Hall
states with fully filled Landau levels, we use the second equa-
tion in Eq. (5) to explicitly show the filling factor v and later
take the limit wp — co. We note that while for an arbitrary
polarization the back reaction on the cavity frequency (5)
involves also a redefinition of the photonic operators a, a" and
modifies the normal frequency (see Appendix A), the photonic
part of the Hamiltonian is already diagonal because &2 = 0.
With this, the full second-quantized light-matter Hamiltonian
becomes

H=Hy+H', (N
1y ~( + 1
Hy = Za)B n+ 3 Cpp Cnk, +0c| a@'a+ 7) ®)
n,ky
N 3
- e«/—ﬁ i ©)
me

where we defined the normalized total kinetic momentum
operator (for more details, see Appendix B),

eB
- i 2
7= /N nzk vn+lc,,; cu - +He., (10)

and used the Landau gauge Aoyt = —Byé, for the background
external field, so that the electronic states created by ¢! . have
a well-defined momentum k, along the x dlrectlon [58] with
canonical anticommutation relations {cp,,c /k/} = Sy O -
With these definitions, the kinetic momenta (10) satisfy the
commutation relation

[z, 7] = ieB, arn

when the system has a conserved electron number N.

Since the quantum cavity field is approximated as homoge-
neous, which preserves the Galilean invariance for the whole
system, only the center of mass of the electrons couples to
the cavity, in accordance with Kohn’s theorem [53]. Thus, the
Hamiltonian can be separated as a sum of the center-of-mass

component,

—(n + e\/_A ) + w, (aTa + l>, (12)
2m, 2

plus a component depending only on the relative distances
[23]. To describe the motion of the center of mass, we in-
troduce the collective coordinate R = > j 7/ /N, in terms of
which the momentum operator 77 can be written as

7 =—iV+ eAei(R). (13)

Hcm -

This momentum operator satisfies the commutation relation
[R', m/] = i8"/. We will often consider the projection onto the
plane-wave state exp(ik,R,) for the Landau-gauge external
field, which leads to 7y, = (k. — eBR”)é, — idp €, and the
corresponding Hamiltonian H, , (k).

III. SCHRIEFFER-WOLFF TRANSFORMATION

For weak interaction H’, one can describe the system
through the perturbative effects of the light-matter coupling
on the electronic and photonic states. Our approach is based
on the perturbative SW transformation, where a unitary trans-
formation that brings the Hamiltonian to diagonal form is
constructed order by order [54-56,67-69].

To first order, one defines the anti-hermitian operator S by
the linear equation

H' +[Hy, S]=0, (14)

which implies that S is of the order of H’. The transformed
Hamiltonian HS = e~SHeS is then given by

H® = Hy + 3[H', S1+ O(H"). (15)

Note that now the leading correction to the noninteracting
Hamiltonian H, appears only at quadratic order, since S ~ H’

by (14).
For the chiral cavity, we find the solution
otv(n +1) 8s.a1a i(SS,,laT
s=% o [ 219 ~He.,
e NLeffa) —1 I1+y
(16)
where the parameter
. av
y=—=— (a1
wpB (9] Leffwc

is assumed to be much smaller than 1. In Appendix B, we
derive § in detail for an arbitrary polarization. Applying the S
operator (16), we get the effective Hamiltonian for the case of
a chiral cavity with polarization é;,

av 1 wg /[ si? . 1
HS ~ Hy+ — — —da--), 18
ot (2e3 @ 2) (18)

L 1 — sy o,
so that, to this order, the SW transformation decouples the
system. The Hamiltonian can be split as HS = H} + Hj,

oV Yy wp 1
H =w|1—-— = )da'a+ =), 19
! w( LeffS—Vw2><aa+2> (1

1 av 1 wg 72
HS = + = e, + — 20
2 ;wlg(n ) ks Lﬁs—)/a)C 2eB’ 0)
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where the bosonic Hamiltonian H ls and the fermionic Hamil-
tonian H; describe the dressed cavity photons and dressed
electrons, respectively. The all-to-all mediated interaction in
Eq. (20) is independent to the distance between particles,
which arises from the homogeneity assumption of the cavity
mode. In contrast, if the cavity mode has a plane-wave or
standing-wave pattern along the Hall bar, the all-to-all inter-
action would be modified into a finite-range interaction, with
a force range on the order of the wavelength [68].

To apply the SW transformation, the interaction term H’
must be sufficiently small. For chiral cavities, we quantita-
tively characterize the light-matter interaction by introducing
a dimensionless coupling strength g, /|wp — @,|, where g, =
VeNB(Q2ew V.m2)~1 is a combination of the coefficients in
H'. Note that the coupling strength depends explicitly on the
external magnetic field and the cavity volume. This is similar
to the SW transformation in the Jaynes-Cummings model
(see it in Ref. [14]). Because the interaction arises from a
linear coupling (minimal coupling form), the eigenenergies
are perturbed only at even orders in the coupling strength. A
reasonable definition of the perturbative regime is to require
§§( <« 1, which approximately corresponds to g, < 0.3. For a
Hall bar with filling factor v = 1 embedded in a chiral cavity
with an effective length Ley = 42.8 um, we estimate g, ~
0.266, which lies within this perturbative regime. For the case
of linear cavities, a detailed definition of the corresponding
coupling strength can be found in Appendix B.

IV. DRESSED EXCITATIONS

Since the light-matter interaction is approximately de-
coupled in Eq. (18), the eigenstates of the center-of-mass
Hamiltonian in the SW-transformed representation can be
constructed as

atm bTmz

To a0 @D
1-My!

where we introduced the Landau-level ladder operators

Im = (my, mp))’ =

y X Y o iaX
b nkx—i—ka ¥ Ty, — U
. = _

" V2eB T M J2eB
which satisfy the canonical commutation relation [y, b'};t] =
I, and the states |0,) and |0p) satisfy al0,) = b |0p) = 0.
While the eigenstates Eq. (21) in the SW frame are expressed
as product states, they are genuinely hybridized states in the
original frame. This can be seen through the inverse SW trans-
formation e~S [see S in Eq. (16)] that dresses the operators at
and bzv with each other in a nontrivial manner. In our work, we
specifically use the term “polaritons” to refer to the dressed
photons and to distinguish it from the corresponding excita-
tions from the Kohn mode of the dressed electrons, which will
be discussed later [53]. Both of these bosonic excitations are
called Landau polaritons in Ref. [23].

The dressed photons, or polaritons, are described by the
bosonic Hamiltonian H IS . From (19), we directly read out the
frequency of the polariton mode,

(22)

av Yy  wp
ol =wN\1—— — 23
1 ( Leffs—ya)%> (23)
o
X W, — SV , 24)
Lest

where y is given by Eq. (17). In the second line, we expanded
the correction to the frequency to leading order in the ratios of
w, w: and «/Legr to wp, and in o/ (Legrw,). In the remainder
of the paper, we will always consider this limit, which we
shall refer to as the topological scaling limit. It refers to
studying a system at scale L while keeping contributions at
the zeroth order as L — oo, with the coupling constants held
fixed [29-32]. In our case it identifies our regime of interest:
widely spaced Landau levels, weakly coupled to the cavity
field. As we shall discuss later, this is the relevant regime for
current experiments [24]. Equation (24) shows that coupling
to the QH system leads to a finite shift of the cavity frequency
even in the topological scaling limit where wp — oo, which
does not happen in linear cavities [26].

In Eq. (20), the light-matter interaction introduces a term
proportional to the square of the total kinetic momentum of
the dressed electrons. This term includes an all-to-all medi-
ated interaction between the particles. In the center-of-mass
component, it can be combined with the kinetic energy term
of the original Landau levels, leading to a modification of the
effective mass. Consequently, it results in a modified Kohn
mode frequency

1 av
w, = wp| 1+ (25)
s — ¥ Lefrw,
(1 tov2 ) v 2 (26)
~ w SV V—.
? Legtw, Lest

The shift va /L. is identical to the shift observed in the
linear cavity case [26]. On the other hand, in contrast to the
linear case, we find that in the chiral cavity there is also a
multiplicative renormalization of the Kohn mode frequency
or, in other words, a shift proportional to wg. This means that,
in the topological scaling limit, —wp > w.—the chiral cavity
can either enhance or suppress the Kohn mode frequency,
depending on the cavity chirality s. While the va /L shift can
be understood as a mass renormalization arising a drag effect
due to the cavity, it is natural to interpret the wg-dependent
shift as a renormalization of the magnetic field. Comparing
Eq. (26) with (4), we see that the effective magnetic field
generated through the cavity coupling is given by
o oB

8B = sv 2,. 27)
L,

We can make this interpretation more rigorous by using a
different transformation to eliminate the photon operators

from the kinetic energy (7 + e«/ﬁfi)z /(2m,) in the center-
of-mass Hamiltonian, Eq. (13). This is the Power-Zienau-
Woolley (PZW) transformation Upzw = exp(—ie\/ﬁﬁ oA})
[70-72]. Using [Al, Al] = —isA2€"/ (note that A’ ~ €VE,;
and N = veBAy /2m), we get

Upyw (7 + eV'NA)Upzw = 7 + eApzw, (28)

with the cavity-induced classical vector potential

szw(ﬁ) =SV Bgz X I_é (29)

2Leff(,()c

This additional potential leads to an emergent magnetic field
of the form (27). Applying the same procedure one finds that,
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for a linear cavity, the cavity-induced vector potential Ap,y is
zero and hence does not give rise to any renormalization of
the magnetic field.

The frequency shifts of the dressed normal modes (23) and
(25) are not particular to the quantum Hall system, but rely
only on the Galilean invariance of the two-dimensional elec-
tron gas in spatially constant background magnetic and cavity
fields. This is illustrated in Appendix C, where we go beyond
the perturbative SW approach and directly diagonalize the
Hamiltonian for a constant left-handed cavity mode coupled
to the center of mass degrees of freedom for the electron gas.

V. TRANSPORT PROPERTIES

We use the Kubo formalism to calculate the AC conductiv-
ities for a Hall bar in a chiral cavity [23,73]. Since the cavity
mode is circularly polarized, the effect of cavity fluctuations
is isotropic, so that the conductivity tensor has the form

o' =087 + oye. (30)
The isotropy stems from the z-axis rotational symmetry of

the system (see Fig. 1). The longitudinal AC conductivity is
calculated as

2
ey . 2F 0
oL = 0 Lo =
m m0

2

; €29}

(0 %
v eB

where |m) and E,, are the eigenstates and eigenvalues of
H. ., (k,), and Ey9 = Ey, — Ey. For chiral cavities, the AC
Hall conductivity simplifies to

v [ 20?2 5 Im((0]} |m) <m|n,z;|0>)}

og(w)=—|1+— B2 —a?
m

|m)

2 eB

m

(32)

Due to the homogeneity of the system, the Hall conduc-
tivity is equal to the Hall conductance. Thus, for the Hall
transport, we shall not distinguish them. To regularize the re-
sponse functions and ensure consistency with causality via the
Kramers-Kronig relations, one can introduce a small positive
broadening parameter § in the frequency argument replacing
o by o+ i [23,26]. This is straightforward and does not
affect our results.

A. Calculation in SW-transformed representation

By using the S operator in Eq. (16), we can express the
different components of the SW-transformed operator 7y, as
follows:

B, . JeB a —
a8 = i) b)) —i YL A (33
" 2 * ! Leffwcs_y \/E
f
Sy _ /ﬁ b b ) — av eBa' +a 34
nkx 2 ( Ky + k*) s Leff(l)cs_ Y \/E ' ( )

By applying the transformed states and operators, we find
that to leading order, the AC conductivities are given as

iwwg av iw
= — , 35
or(w) UGO(a)%; 7 + Lur @2 — a)2> (35)
@) 14 w? N av w? 36)
op(w) = vo s ,
" 0 w} — &? Legtw, w? — ?

where oy = €?/(2m) is the conductance quantum. Both the
longitudinal and the Hall conductivities have cavity-induced
modifications, with poles at +w,, while the poles at +wpg
correspond to transitions between Landau levels. At low
frequencies, these terms contribute linearly to or(w), but
quadratically to oy (). For the left-handed cavity (s = 1), we
have verified the results in Eqs. (35) and (36) against the exact
calculations in Appendix C. Furthermore, the chirality of the
cavity mode determines the sign of the term with poles at +w,
in the AC Hall conductance. When s = 1 (—1), the cavity en-
hances (suppresses) the Hall conductance at low frequencies.

B. Topological scaling limit

To discuss the topological properties of a system, we must
work in the “topological scaling limit” (for a definition, see
Sec. IV) and in our case it amounts to wg — oo implying

va o

=voy— ———, 37
oL, 00 L 02 — & 37
2
v w
=y 1 _— ). 38
oH Go( + SLefwa pr w2> (38)

The correction to the longitudinal conductivity is given by
a quantum reactance term, which we discussed in [26] for
the case of linear polarization. It describes the dissipasionless
exchange of energy between the electrons in the QH liquid
and the cavity photons, and in the chiral case it appears
isotropically in the longitudinal conductivity. Additionally, the
exchange of chiral photons with the cavity generates not only
a longitudinal reactive current, but also a transverse current.
The extra AC Hall contribution is also a dissipationless effect,
and remains nonvanishing in the topological scaling limit.

Considering both the longitudinal and the transverse ef-
fects, one finds that a rotating current response is generated
by an applied AC linearly polarized electric field

E(t) = Eycos(wt),. (39)

Indeed, from Egs. (37) and (38), one finds that the cavity-
induced AC response current is
&7: _0“)20'0EQ w . |:

2

. - w -
sin(wt)é; + s— cos(wt)é, |,
Lt w;—w w,

(40)

which describes an elliptical contour as a function of time,
with orientation determined by the chirality s of the cavity
mode (see Fig. 1). Note that the power density E - 87 varies
periodically in time and integrates to zero over a period.

Inverting the finite-wp expressions (35) and (36) and again
expanding to leading order in 1/wp and the weak coupling
to the cavity field, we obtain, for the resistivity tensor ol =
pL87 + ppe,

1

io, o w
= _ 41
oL Luro. 02 — o (41)
2
1 o w
= —1 _ ). 42
pr = (v0y) ( v wg_wz> (42)

These formulas can be directly compared with experiments.
We see that the longitudinal component p; indeed corre-
sponds to a purely reactive impedance, and in the DC limit
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FIG. 2. Leading-order AC Resistivities for QH liquids in a left-
handed (s = +1) chiral cavity in the topological scaling limit given
in Egs. (41) and (42). The unit of the Resistivities is cro_1 =2 /e?
and the frequency is in units of the cyclotron frequency wg. The pa-
rameters used here are as follows: sample area Ay = 40 x 200 um?,
filling factor v = 1, cyclotron frequency wp = 24.3 THz, cavity fre-
quency w. = 0.88 THz, and an effective length L.y = 42.8 um. The
polarization is set to be .. At low frequencies, p, and py have
different power dependencies on the frequency. Around the pole
w = w., we have p; ~ ispy.

one recovers the standard values p;, — 0, py — —(vop) ™"
at the center of the Hall plateau. In Fig. 2, we show p, and
pr as a function of w/wp in units of oy for a Hall bar in a
left-handed (s = +1) cavity. At low frequencies, py, is linear
in w, while pg is quadratic in w. Close to the pole w = w,, the
cavity correction dominates the conductivities, and one finds
that p;, ~ ispy ~ (a)f — )7L

VI. HYDRODYNAMIC FORMULATION

An alternative formulation, which is useful in bringing out
the universal features of the response to cavity fluctuations, is
the hydrodynamics of the QH liquid. Consider the Wen-Zee
hydrodynamic action,

m Vo € Vo
Ly = =€ budvby — S (A+ A)udibs

Mg Up 43)
V% wp b 2 ’

where we have separated the probe electromagnetic field A
from the cavity fluctuations A.. This action describes both
the integer m = 1 and the fractional v = 1/m QH liquids.
The hydrodynamic field b parametrizes the electron current as
JH = %e’”“ d,b,. The quadratic terms in the combinations
El = —8,b' — 3B and B), = €'79;b; are the first subleading
corrections to the Wen-Zee action in the derivative expansion
of the hydrodynamics. The constant u# corresponds to a delta
function repulsive potential, but one can also consider the
more general case of a nonlocal potential u(|7; — 7»|). The
topological scaling limit amounts to neglecting the higher
derivative terms in (43), i.e., to wg — 00, and u — 0.

We use the single-mode approximation A, %) =
Relqg(t)¢r (X)és], with the circular polarization (3). The
mode function satisfies A¢y, = —k¢y,, the boundary
conditions in the cavity, and the normalization fu Bxpp, = 1.
This definition generalizes the previous expression (2) to
nonhomogeneous cavity modes. The fluctuations of the

complex amplitude ¢(¢#) = g; +ig, are described by the
single-mode Lagrangian,
gwe

Le= —=q (10, — wc)q. (44)
as reviewed in Appendix D, and the cavity frequency is given
by w. = = . Integrating out the cavity mode amplitude fluc-

. £M ’ . . .
tuations results in the contribution
:|b:<,bc‘](w)

1[/ e 2/da) w8 n
e \4m 27 | w2 — &?
(45)

to the hydrodynamic action. Here, we use the notation f,.(¢) =
f d*x r.|u f (¢, X) for the weighted average of a function on
the Hall bar, with weights given by the mode function of
the cavity, ¢ |n, and we chose the radiation gauge, V0 =
V - % = 0, for both the cavity and the hydrodynamic fields. In
contrast with the linear cavity [26], the resulting contribution
is isotropic (see also Appendix D). Note that the sign of the
chiral contribution, €'/, is given by the chirality of the cavity
mode s. We now discuss how this term modifies the properties
of the QH liquid.

isw3eld

W, (w2 — a)Lz)

A. Comparison with the microscopic approach

To compute the shift in the Kohn mode frequency,
let us take the case of homogeneous » and zero probe
field. In the radiation gauge, the coupling term becomes
%AH f ’;—;’ia)eklbk(w)AC,l(—w), and the full hydrodynamic
action simplifies to

d—wA—H { |:ima)eij + ﬂa)25’7:|bfbj(a))
2w 4w wpg
o o’ ij i1
Em[l&‘ﬂ)E 7 — CL)C(S j]bi b](w)} (46)
The saddle-point equations have the form MY (w)b; = 0,
which have nonzero solutions at the frequencies determined
by the characteristic equation det M(w) = 0. For a matrix of
the form MY = ¢8" + ide', the solution is given by ¢ = #d.
Thus, in the absence of coupling, the first line (46) gives the
bare value of the Kohn mode frequency w = F+wg. Consider-
ing the full matrix, we find the leading-order corrections to the

Kohn mode frequency,
<1 + L« ) + Lo (47)
w = wp S— — .
m Legr ¢ m Legt

For the case of integer filling v = 1/m = 1, this expression
agrees with the result obtained from the microscopic calcula-
tion, Eq. (26).

Next, consider the contribution of the cavity modification
(45) to the transport. For simplicity, we consider the effective
action Se[A] for homogeneous probe field. Integrating the b
field by using the matrix inversion formula (c6” + ide'/)™! =
(c* —d*>)" (8 — ide'), we find

Ay dw w*wg 1l o w? ij
Seft = — s\t 8
drm 2n [\ @* —wg  m L 0 —

( wa)%; 1 « ?
—

2 _ 2
w wp

)e’j]AiAj (48)

= 2 2
m Legrw, 0* — o?
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up to higher-order terms. Varying over the probe field, we find

oy, iwwg 1« w
= _ 49
e2/2rm)  wy — »? m Legr @2 — &? “9)
oy w? 1 «o w? (50)

e2/QQmrm) T w} — &? “m Lerwe w2 — 02’
which in the case of integer filling fraction, v = 1/m = 1,
agree with the microscopic calculations (35) and (36). In
particular, we see that the contributions from the Landau-
level transitions are captured by the higher-order terms in the
hydrodynamic action (43), with the topological scaling limit
discussed in Sec. V B following from the cavity coupling to
the Wen-Zee hydrodynamics. Finally, we note that the hydro-
dynamic calculation not only confirms the microscopic results
for the Kohn mode and conductivity, but also extends our
conclusions to the fractional quantum Hall states.

B. Finite Q cavity

It is also simple to extend the hydrodynamic calculation
to incorporate the effect of loss in the cavity. An effective
description is given by the cavity mode Lagrangian

[OR

2

L= q*(lat —w +iK)q, (5D
where « is the loss rate of cavity photons. This effective, non-
Hermitian description follows from coupling the cavity mode
to a bath of simple harmonic oscillators, as in the Caldeira-
Legget model [74,75]. The spectral function,

L imGR (@) = 2 £ (52)
——1m w)=m ——7Z¥4¥74727"—"7—
T 7 (0 — wp)? + k2’

where GR is the retarded Green’s function corresponding to
the Lagrangian (51), implies a frequency broadening Aw =
2k, and we define the quality factor

We We

= —. 53
Aw 2K (53)

Q:

Repeating the steps of the previous subsection, we get
modified expressions for o, = 0™ = ¢ and oy = 0¥,

oy, 1« w li o a)(wf—f-a)z)

b

ot o *® -
e/ (2mm) m Legr 02 — @ m we Legr (wf _ a)2)

oy 1l o w?

B S
e?/(2mm) m Legt (02 — o?)
2

1 vk « IONOR

m e Legt (Q)LZ — a)2)2 '

(54)

where we also expanded in the loss rate « and took the
topological scaling limit wg — oo. Recall that, in the k — 0
limit, the longitudinal response has no dissipation, since the
conductivity is imaginary, leading to a v /2 phase lag between
the current and the applied field. This is not true for finite
k, which introduces a real contribution to the longitudinal
conductivity.

0.000 ~—= P

-0.001"

-0.002+
[— gpRe(p.),Q=10
-0.003 [==" CfoRe(pL),Q=100
— 0gplm(py),Q=10

-0.004;__. aolm(py),Q=100

0.000 0.005

0.020 wp

0.010 0.015

FIG. 3. Resistivities in units of o ! induced by the loss of a

left-handed chiral cavity with a quality factor Q [see Eqgs. (55) and
(56)]. Here, we show the examples with QO = 10, 100. The parame-
ters except for Q are shown in the caption of Fig. 2.

By the same derivation as for Egs. (41) and (42), we find
the resistivities

oL 1 « w 1 ok w(a)f + a)z)
2@ " mlg = mlaos (02— a2
PH sa w? 2isax w?
2m/e? - MLegrw, 02 — w? " mLes (2 — wz)z'
(56)

The cavity loss leads to a resistive contribution to the longitu-
dinal impedance, even at the center of the plateaux. Still, this
contribution vanishes in the DC limit. This happens because
the spectrum of the cavity is gapped [21], meaning that energy
loss arises only through processes involving finite-frequency
modes at w.. This is in contrast to electromagnetic coupling
in open space, where photons can be generated at arbitrarily
low frequencies. Interestingly, the finite x also leads to an
out-of-phase component in the transverse impedance, which
can in principle also be extracted from AC measurements.
In Fig. 3, we show the additional resistivities at the low-
frequency region induced by the loss of a chiral cavity with
s =+1and Q = 10, 100.

VII. DISCUSSION AND CONCLUSIONS

We have explored the impact of chiral cavity fluctuations
on the QH state, extending previous studies of QH liquids
in linear cavities [23,24,26]. Our study focuses on the low-
filling regime [24], which can be analyzed in the topological
scaling limit, where the cyclotron frequency is taken to in-
finity. This allows us to isolate and study the cavity-induced
effects on the topology of the quantum Hall phase. By ap-
plying the SW transformation, we determined the normal
modes of the system, which correspond to the elementary
excitations of the dressed electrons and photons. These ex-
citations have renormalized frequencies that differ from the
bare cyclotron and cavity frequencies. We found that the chiral
cavity leads to an extra modification of the Kohn mode by
a contribution proportional to the cyclotron frequency wpg,
which is not present in the linear cavity. This contribution can
be interpreted as a renormalization of the magnetic field by
the cavity fluctuations. For the transport properties, we find
that both the longitudinal and the transverse AC conductivi-
ties have measurable cavity-induced corrections, even in the
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TABLE I. Comparison between the results in chiral and linear cavities [26].

Property Chiral cavity Linear cavity
Polarization unit vector é, = E":/igé" é,
Dressed-photon frequency W — s% W, — % z—;

Kohn mode frequency wp(1 + sv Le:w(- )+ v L‘:T wp + %
Modification of longitudinal conductivities in topological scaling limit e % w%’f’wz For oy, f;—ﬂ“ % w%iﬁ)wz ; For 0y, 0
Modification of Hall conductance in topological scaling limit s 2 0

Letfwc WE—w

topological scaling limit, giving experimentally observable
effects that differ from those in linear cavities [26]. As in
the linear case, the cavity induces a longitudinal quantum
reactance effect, with the difference that in the chiral case
this effect is isotropic. Additionally, the cavity also generates
a transverse effect, which lead to a rotating total current in
response to applied AC fields. For comparison, the features
of the QH state in chiral and linear cavities are summarized
in Table I in Appendix D. We supplemented our discussion
by a hydrodynamic calculation, which extends the validity of
these results to fractional quantum Hall states. Our calculation
also shows that the higher-gradient corrections to the Wen-Zee
hydrodynamics correctly reproduce the contributions gener-
ated by Landau-level transitions. Finally, we considered the
modifications of these results in a finite-Q cavity. We found
that, while the cavity loss leads to resistive contributions to
the impedance, these contributions vanish in the DC limit.
Together, our findings provide a deeper understanding of the
interplay between quantum Hall states and chiral cavities,
with important implications for future research on topological
matter and cavity-induced effects.
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APPENDIX A: BACKREACTION ON THE CAVITY MODE

The backreaction of matter modifies the normal modes of
the photons in a cavity [65,66]. In the following, we will
show how to diagonalize the cavity modes by including the
backreaction.

The Hamiltonian for photons in Eq. (1) is

I NezAzg n N n 1
= wela'a+ < ).
P 2m, 2

(AD)

For a general vector potential for a single uniform cavity mode

A = Ag(@Gea+2lad"), (A2)
we have
avwp ¥ 1 AVOB 9 5 | _4 42
H,=w+ a'a+ - )+ éca”-+éeca'’),
r ( ‘ Leffwc>< 2) 2Leff60c( ¢ a”)

(A3)

where we introduced a unit complex vector é.(é. - € = 1).
Note that é. can be an arbitrary polarization vector, while
€; defined in Eq. (3) is used for the circular polarizations.
Generally, ZCZ is a complex number,
el = |2 (A4)
Under the transformation a — aexp(—ip./2), a' —
a’exp(ig./2) and é. — &.exp(ig./2), é’cz can be made
real, while the vector potential remains invariant. Therefore,
we can restrict our analysis to cases where &2 is real. This

condition imposes that the polarization vector &, satisfies
arg(é. - é;) = —arg(é. - é_), (A5)

due to the relation €2 = 2(2, - &, )(é. - €_). To diagonalize H,,,
we introduce the canonical operators for the cavity field:

a +a ,aT—a

U= —, v=1——m,
V2 V2

which satisfy the commutation relation [u, v] = i. In terms of
u and v, the photonic Hamiltonian is diagonalized as follows:

11/~ avwgé? - avwgé?
H, = _[(w n &)z n <wa _ &)vz]
2 Lefrew, Le,
_ ¥ 1
= wp| a,ap + 5 s

C’T)c + avwgéf 1/4 u (7)5 _ ava)BEf 1/4 iv
Legro, Lero,
ap=\z ozvew ei2 + ~ avew ;2 ?
@ — el |2\ G4 wel |2

Legtwe Lesrwe
(A8)

(A6)

(A7)

where @, = w. + avwg/(Legw,) [see @, in Eq. (5)], and the
normal frequency w, of H, can be expressed as

S PR (R 1| T ]|

Leff We Leff We
It can be proven that &2 is always smaller than 1. When &, = &
[see &, in Eq. (3)], w), is equal to @,. For a linear polarization,

such as é. = &, we have w, = /w? + 20vwg/Lest [26].

(A9)
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APPENDIX B: SCHRIEFFER-WOLFF TRANSFORMATION

1. S operator

In the following content, we will show the details of the
SW transformation discussed in Sec. II1.

First, we derive the operator 7 in Eq. (10), where it is
defined as the total kinetic momentum divided by +/N:

eB
n_,/ chcnrk nk|z |n k)
n f

nnk

[eB [n+1
= %Z %(icL]kxcnkx—i—H.C.), (B1)

/eB
) = Z nkcnk }’lkl \/—

nnk

|eB +1, .
- % Z \/T(crlt-ﬁ-lkxcnkx + H.c.). (B2)
n,ky

Here, the ladder operator of the Landau levels are defined as

k)

, +i(ky — eB
g = DIk = eBy) (B3)
2eB
We notice that 7* and 7~ satisfy the following relation:
[, 7] = leB— = z— Z‘ el Cat (B4)

where N, is the electron number operator. For a system
with a conserved electron number N, this relation reduces to
Eq. (11). If we consider a single uniform cavity mode with
polarization €., the light-matter interaction can be expressed
as

v 1 ;
— = Z aN(n +D ;Hk Cor - - (éca + é’:‘ak) +H.c.
wcL

(BS)

Now, we focus on solving the equation H' + [Hy, S] =0,
where

1
Za)g(n—i— ) Cok, Crk, +wc<a a+2>

n,ky

ezava)g

~———(a®*+d"™). (B6)
2Leff (08

We first assume that S has the following form [56]:

S= ¢l cnk(Coa+ Dya’) — He., (B7)
n,ky

where C, and D,, are coefficients that need to be determined.
Applying the Lemma

[C,Tl_‘_]kxcnk,u C,’lfk;cn’k;] = Cl-_»,_]k'r Cnk, (5n’n - Sn/n-‘rl )akxkfr’ (B8)

we have

[S, Hol = ws Z le_;,_]kxcnkx{(_cna - Dnaf)

n,ky
é2av @ +a?)
a a
2Lef‘fwc

+ |:Cna + D,,a*, yaTa +

+ H.c.
=2
¥ e v
= Ws Z Cn+1kA Cnk, { I:Cn(y - 1) - D, Leffwcj|a
n,ky
=2
esav 5
X |:C,, —D,(y + 1)i|a } + H.c. (B9)
Legr,

Here, we use the notation y = @./wp as Eq. (17). By using the
relation [S, Hy] = H' and the expression of H' in Eq. (B5), we
obtain the equations for the coefficients C,, and D,;:

-1

(C,,)_ awvn+1) (yv—1 -1 (@;@)
(B10)

(Ey - Sigx)/\/Z (s =

For chiral cavities with polarization é; =
+1) [Eq. (3)], the coefficients are

C — av(n+1) & 41
" NLeggw, 11—y’

1) &
D, = —i av(n+1) 6, 7
NLggw, 14y

where §;; is the Kronecker delta function. Note that at the reso-
nant point y = 1, H' 4+ [Hy, S] = 0 has no solutions if ECZ =0
and the transformation cannot be applied to the Hamiltonian.

(B11)

(B12)

2. Effective Hamiltonian and dressed excitations in a linearly
polarized cavity

In this section, we present the effective Hamiltonian of the
quantum Hall state in a linear cavity under the SW transfor-
mation, for comparison with the results in a chiral cavity.

For a linear cavity with polarization é. = €,, we apply
the S operator with ECZ = 1 to derive the effective Hamilto-
nian, which takes the form HS ~ H, + %[H ', S]. The result
expanded to the first order of av /L is given by the following
expressions:

H® ~H} +Hj, (B13)
1 . 12
HS = a)c(aTa ; 5) Soedital mi)
efftWB
HS = on(nt 2 )l e, + ™ ®1s)
= wgln+ =), c, .
: ? 2 ) kT L g m

n.ky

Using the same method outlined in Appendix A, we diago-
nalize H; and find that the normal frequency of the dressed
photons is /1 — 2av/(Lesfwp)w. = w. — avw./(Legrwp). By
modifying the mass in Hig as me[1 + 2av/(Lerwp)] /2, we
obtain the Kohn mode frequency to the lowest order as

1+ 2av/(Lefrwp)wp X wp + oV /Leg.
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The above results are consistent with that found in Refs.
[23,26].

The coupling strength of the interaction in linear cavities
can be defined as

eNB e
e V. m,’

81 = (B16)

where @, = a)g + 20vwp/Less. To guarantee the SW trans-
formation is valid for the system, one should require the
dimensionless coupling strength

~ 81
8 = =
Iwb’ - CUc|

(B17)
satisfying §% < 1.

APPENDIX C: EXACT RESULTS
IN A LEFT-HANDED CAVITY

For the cavity mode with polarization &; defined in Eq. (3),
the center-of-mass Hamiltonian given in the main text can be
mapped to a general model of two coupled quantum harmonic
oscillators,

1
Hem (ko) = 5 D S TPiP; + VigXiX;, (C1)
ij
by introducing the coordinates
y t
T a+a
X)) = ( = ) (C2)
VeB 2

and the dual coordinates

(P')=< ky i(aT——a)) (C3)
l VeB' V2 )

The definitions of 7 can be found in the paragraph following

Eq. (13). The coordinates and dual coordinates satisfy the
commutation relation

[X;, Pj] = id;;. (C4)

For an arbitrary cavity polarization €., the mapping equa-
tion (C1) can fail since there can be a mixed term between
X,' and P e

By applying a coordinate transformation X; = U ;l)’(v ; and
P =U; jﬁj, one can decouple the two harmonic oscillators
into two normal modes j = 4, and diagonalize the Hamil-
tonian as

1 ~ ~
Hem (k) = 5 Z w; (P} +X}). (C5)
j==+

In terms of the new coordinates X ; (j = %), we introduce the
ladder operators

1

di = —=(X; +iP) C6)
ﬁ( (
and rewrite the Hamiltonian as
. 1
Hem (k) = ;w (d! d; + 5). (C7)

Thus, the eigenstates of H, n, (k) with eigenenergies

Enm, = Y oi(m; +1/2) (C8)
can be solved as
| ) ai 0, 0) (C9)
m ’ m = ’ ’
e N

where the ground state satisfies the equations d+|0, 0) = 0.
For a chiral cavity with the polarization € [defined in
Eq. (3)], the matrices in Eq. (C1) are

[ _av
@p Swp Legrwe

(T;)) = v . (10
st/Lgf‘;c W
wp wp ot\;)

Vi) = V fomx (C11)

where @, is defined in Eq. (5). For the left-handed cavity
(s = 1) with polarization &, the transformation to the coor-
dinates is the following matrix that diagonalized (7;;) because
I;j = Vit

_ (cos(0/2) sin (6/2)
W) = (sin (0/2) —cos (0/2))’ (C12)
where the angle 6 is defined as
2
tang = ———__ [ XV (C13)
wp — W¢ (UcLeff

Through the diagonalization, we have the frequencies of nor-
mal modes:

wop= 2EO \/<—w3 _ 5“>2 Lo
2 2 Leff W,
For large L.s and wp, we find that to the first order of ov/Leg,
the results by the SW transformation in Egs. (24) and (26) are
consistent to the exact results.
Using Eqgs. (31) and (32), we obtain the AC conductivities
for the left-handed cavity as follows:

w_sin22
+ 2
2 2 )

w- — W

(C14)

(C15)

o (w) = —iw 5

2 20
ev (a)+cos 5

2
2 Wy —w

v cos 22 sin2¢
UH(a)):—|:l+w2( 0Ty 2_302) . (Cl16)

2 Wy — -

As w — 0, we have oy (w) — €*v/h, o7 (w) — 0. For finite
frequencies, we assume that wp is much larger than all other
characteristic frequencies and expand the exact results to first
order in «v/(Legrwp). This leads to the exact AC conductivities
reducing to the results in Egs. (35)—(36).

In the main text, we have used the SW transformation to
study quantum Hall states in both left- and right-handed cav-
ities. The cavity chirality is encoded in the parameter s in the
polarization vector &; defined in Eq. (3). However, in the exact
diagonalization study presented here, we focus exclusively on
the left-handed cavity to benchmark the results obtained from
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the SW transformation. This is because, in that case, the light-
matter interaction matrix satisfies 7;; = V;;, which allows for a
more tractable implementation. In contrast, for a right-handed
cavity, T;; # V;;, while exact diagonalization remains pos-
sible, it is significantly more cumbersome to carry out the
analytic diagonalization and to calculate the corresponding
transport coefficients. The distinction between these two cases
arises from the direction of the magnetic field, which gives
the chirality of the quantum Hall state and determines how it
couples to cavity photons of different handedness.

APPENDIX D: EFFECTIVE HYDRODYNAMICS

We discuss additional details on the hydrodynamics
calculation.

1. The Maxwell action for a circularly polarized mode

Let us review the derivation of the action for the cavity
mode in terms of a complex amplitude. First, recall that for a
single-mode cavity, with linear polarization &, [26],

AF 1) = q1(1)8, ey, (F),

where ¢ (¢) is a real amplitude and the mode function ¢y, (X)
satisfies

(DD

Ay, = —k2y.. / Sl B =1. (D2
1%

In Ref. [26] we showed that, starting from the Maxwell action,
the generating functional of the electromagnetic field can be
expressed as

/ Dy expliSTa1]] = [ Dg1 exp [z‘ / dt g(q% - w?q%)]
(D3)
Then note that, introducing a complex amplitude
q(t) = q1(1) + iqa(1), (D4)

one can express the generating functional for the cavity mode
as

/ Dq1Dq exp(iSlq])

= /D(q, q")exp (i/df %q*(i& —wc)q>, (D5)

as one can check by directly integrating out the imaginary part
of the amplitude g, which in the linear case does not appear
in the expression for the field operator (D1). To describe the
circularly polarized cavity modes, we consider a linear trans-
formation from the superposition of linearly polarized modes
along €, , to the circular polarizations &;, where

Ac =Re| Y &lqit) + qf (D)l (%)

i=x,y

= Re |:Z[ésqx([ )+ &g ()] x, (76):| ; (D6)
s=%+

where
gs = qy + siqy
’ V2

Thus, the corresponding generating functional for a single
mode with polarization é; becomes

D7)

/ DGy, 47) exp(iS[as])

- / D(gs. ¢) exp (i [ dr %q;‘(ia, —a)c)qs>. (D8)

2. Comparison with linear polarization

We consider the single-mode approximation,

Ac(t, %) = Relq(t)y ()2, (D9)
where the polarization vector
g = 2 % (D10)

V1452

is a useful way to express both the linear (s — 0, 0o) and the
chiral (s = 1) polarizations. The fluctuations of the cavity
mode are controlled by the single-mode Lagrangian

gw,

L.=
2

q*(id; — w)q, (D11)

where o, = fTW is the cavity frequency.
Integrating over the cavity volume reduces the coupling to
the cavity mode in (43) to

A Bbe = (ge + g e )b,
4

D12
2 § (D12)

where we use notations v’ = €'/v; for the rotation of a
vector by 7 /2, and f,.(t) = f O | f(2, %)d?x for the weighted
average of a function on the Hall bar, with weights given
by the mode function of the cavity, ¢ |z. Here we have
chosen the radiation gauge, W =V.9= 0, for both the cav-
ity and the hydrodynamic fields. It is also useful to separate
the symmetric part gi of

. 1 1 —is
L, L%y
(e, )_1+s2(is s2 )
With these definitions, one can integrate out the cavity fluctu-
ations, to generate a contribution

2 2 sl
(i) /dt dbe.; (s : ) dibe.;
sw, \4m T4 s —w)

to the hydrodynamic action. For linear polarization along the y
direction (s = 0) this term becomes, in the frequency domain,

(D13)

(D14)

L >2w_2b* -

— D15
26 21/ @? — w2 “* (P15

which is the term we report in [26]. The limit of linear polar-
ization along the x direction (s — o0) gives a similar term. In
both cases, it follows from the symmetric component gy, and
it involves only the components of the hydrodynamic field in
the direction transverse to the polarization.
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For the chiral cavity case, s = %1, the resulting contribution is isotropic:

1/ e\ [do| o . .
-—{—= — | —=——=38 —is
e\ 4m 2 | @ — w?

Note that the sign of the chiral contribution, cce’/, is given
by the chirality of the cavity mode s. In Table I, we list the

f—_wz)e”}bam—mm, (@),

3
(D16)

c

main features of the QH state in cavities with a circularly and
linearly polarized mode to compare the results in Ref. [26].
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