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We report high-resolution inelastic neutron scattering measurements of the excitation spectrum in large single
crystals of the spin-1/2 triangular-lattice Ising-like antiferromagnet Na2BaCo(PO4)2 in magnetic fields applied
transverse to the Ising axis. In the high-field polarized phase above a critical field BC, we observe sharp magnons,
as expected in the case of no exchange disorder. Through simultaneous fits to the dispersions including data in a
polarizing field along the Ising axis, we obtain an excellent match to an Ising-like XXZ Hamiltonian and rule out
previously proposed Kitaev exchanges. In the intermediate-field phase below BC, we observe three dispersive
modes, out of which only the lowest energy one is sharp and the others are broad and overlap with continuum
scattering. We propose that the broadening effects are due to magnon decays into two-magnon excitations and
confirm that such processes are kinematically allowed. The continuum scattering becomes progressively stronger
upon lowering the field and, at 0.25 T and zero field, it dominates the entire spectrum with no clear evidence for
even broadened magnon modes. We discuss the relevance of the continuous manifold of mean-field degenerate
ground states of the refined Hamiltonian for capturing the observed spectrum in zero field, and compare the data
with the one- and two-magnon spectrum averaged over this manifold. We also propose a model of the interlayer
couplings to explain the observed finite interlayer magnetic propagation vector of the zero-field magnetic order;
this requires the breaking of the mirror symmetry in the nominal P3̄m1 space group and through refinement of
x-ray diffraction data on an untwinned single crystal, we indeed confirm a rotation of the CoO6 octahedra around
the c axis, which lowers the symmetry to P3̄.

DOI: 10.1103/1pvl-kzjm

I. INTRODUCTION

The spin-1/2 triangular lattice antiferromagnet (TLAF) is
a canonical example of a frustrated quantum spin model in
two dimensions. A much explored theoretical scenario is the
XXZ spin Hamiltonian

HXXZ =
∑
〈i j〉

Jxy
(
Sx

i Sx
j + Sy

i Sy
j

) + JzS
z
i Sz

j, (1)

with Jz, Jxy > 0 and the sum extending over all i j nearest-
neighbor bonds counted once. For isotropic and easy-plane
exchange (Jz � Jxy) the ground state has coplanar 120◦ or-
der [1–3], although with a much reduced ordered moment due
to strong zero-point quantum fluctuations, whereas in the pure
Ising limit (Jxy = 0) a classical spin liquid is expected [4]. For
the intermediate case of an Ising-like exchange (Jz > Jxy), the
ground state and quantum excitation spectrum are still very
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much the subject of active research [5–8], with work still
ongoing to understand the spectrum and phase diagram in ap-
plied field [9,10], due in part to a lack of suitable experimental
realizations until very recently.

The material Na2BaCo(PO4)2 with Co2+ moments ar-
ranged in vertically stacked triangular layers (see Fig. 1) [11]
has been proposed to be a good realization of an effective
spin-1/2 Ising-like XXZ TLAF [12–16], as in Eq. (1) with
z ‖ c axis. Crystallographically, the local 3̄ point group at each
Co2+ site ensures that all nearest-neighbor bonds are sym-
metry equivalent and the absence of structural disorder/site
mixing effects makes this an ideal candidate to explore the
clean quantum limit. Furthermore, the energy scale of the in-
teractions is small enough that the transitions to the polarized
phases for field both along and transverse to the Ising axis
occur at sufficiently low magnetic fields that inelastic neutron
scattering (INS) measurements of the dispersion relations can
be performed [12]; by analyzing such data one can quanti-
tatively deduce the spin Hamiltonian [17]. All these features
make this material an ideal candidate for the experimental
investigation of the whole phase diagram of the quantum
Ising-like XXZ TLAF. In comparison to another recently pro-
posed realization of this model, K2Co(SeO3)2 [18,19], the
current material has a smaller, but still sizable Ising anisotropy
(Jz/Jxy = 1.6 compared to 12) and a smaller exchange
energy scale.
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FIG. 1. (a) Hexagonal crystal structure of Na2BaCo(PO4)2 as
per Table III in Appendix A, with Co2+ ions inside O6 octahedra
(blue shading) arranged in triangular layers stacked along the c axis.
(b) Bonding of the octahedra in the ab plane. The solid outline in
both panels is the hexagonal unit cell of the P3̄ space group.

While previous works on Na2BaCo(PO4)2 focused
on thermodynamic measurements across the phase dia-
gram [11,12,20–22] or on the spectrum in field along the
Ising axis [14,23,24], here we focus on the evolution of the
spectrum in field applied transverse to the Ising axis. Above
a critical field BC � 1.65 T estimated from thermodynamic
measurements [14,25], we observe sharp magnons, with dis-
persions well described by the XXZ Hamiltonian in Eq. (1).
Through simultaneous fits to the dispersion relations observed
at multiple field values, as well as to previously reported
dispersions in the polarized phase for field along the Ising
axis [14], we refine all parameters of the XXZ Hamilto-
nian and g-tensor, and place an upper bound on additional
couplings beyond this minimal model. This quantitative char-
acterization of the Hamiltonian is crucial for comparisons of
the low-field excitation spectrum to theoretical models.

Below the critical field BC, an inelastic scattering con-
tinuum becomes clearly apparent, and its weight increases
strongly upon decreasing field. Two distinct magnetic phases
are experimentally observed at the lowest temperatures, see
Fig. 2(a). In the phase immediately below BC, the spectrum
evolves smoothly upon decreasing field from the spectrum
above BC via Brillouin zone folding. The magnons become
increasingly broadened as the field is decreased, but the
lowest-energy magnons remain sharp, as expected in a sce-
nario of magnon decays at intermediate and high energies. In
contrast, in the low-field phase (probed at 0 and 0.25 T) no
sharp modes are resolved at any of the probed energies, and
the spectrum is instead dominated by a very broad excitation
continuum, consistent with previously reported zero-field INS
measurements [23,26]. The absence of well-defined magnons
in this regime is very surprising given that the system shows
long-range magnetic order manifested in well-defined mag-
netic Bragg peaks observed on the elastic line during the same
measurement.

The above behavior is also in stark contrast to the physics
of the spin-1/2 TLAF with a weak easy-plane XXZ exchange
anisotropy, as realized in Ba3CoSb2O9, where sharp magnons
are observed in zero field throughout the Brillouin zone with
no magnon decays anywhere [27]. In that case, the absence
of magnon decays was attributed to the presence of strong
quantum interactions between magnons and the higher-energy
continuum excitations [28], which renormalize the magnon
energies downwards to keep them below the lower boundary

FIG. 2. (a) Experimental phase diagram of Na2BaCo(PO4)2 for
B⊥z. Dashed black lines are guides to the eye for phase boundary
lines defined by anomalies in heat capacity (green squares) and
magnetization (blue open circles) from Ref. [14]. Red triangles show
the estimated magnon gap, expected to close at the critical transi-
tion field BC (dashed red line is a guide to the eye); the gap was
estimated from the observed minimum gap to excitations in single-
orientation INS data. Gray stars indicate where the INS data in Fig. 6
were collected. [(b),(c)] Theoretically expected quantum/mean-field
phase diagrams, respectively, for B ⊥ z [9,13], for the XXZ model
in Eq. (1). The solid dot • symbol in (c) at B = 0 indicates a
ground-state degeneracy at the mean-field level between many three-
sublattice structures, which is lifted by an infinitesimal applied field.
Black arrows show the orientation of the spins of the three magnetic
sublattices, each occupying one of the three corners of every triangle
in the ab plane as described in the text; the convention used here and
in Fig. 6 is that the Ising direction is vertical while the field points to
the right. The fields in panels (b) and (c) are not drawn to scale.

of the excitation continuum, such that decay effects become
kinematically disallowed. Completely different physics seems
to apply in the case of Ising-like exchange anisotropy relevant
for the present material, in which magnon decays become
apparent immediately upon lowering the field below BC and
continuum scattering increases strongly in intensity upon low-
ering field, dominating the full spectrum at zero and low field.

The remainder of this paper is organized as follows. Sec-
tion II outlines the method used to grow large single crystals
and the details of the INS experiments to probe the excitations.
The following Sec. III reports INS results in the high-field
polarized phase and the global fits used for the quantitative
determination of the spin Hamiltonian. Section IV A reviews
the theoretically expected phase diagram in transverse field in
Figs. 2(b) and 2(c), then Sec. IV B reports the INS spectrum
as a function of transverse field, which is compared quantita-
tively with predictions of linear spin-wave theory (LSWT) for
the refined Hamiltonian, including both one- and two-magnon
excitations. Section IV C discusses the possible relevance of
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the continuous manifold of mean-field degenerate ground
states of the refined Hamiltonian for capturing the spectrum
in zero field and compares the data with the expected one-
and two-magnon spectrum averaged over such a manifold.
Section V A presents the magnetic diffraction pattern in zero
field and proposes a model of interlayer couplings to explain
the observed finite magnetic propagation vector along the
interlayer direction. For completeness, Sec. V B presents the
evolution of the magnetic diffraction pattern in transverse
field. Finally, Sec. VI summarizes the main results and con-
clusions.

The appendices present crystal structure refinements and
technical details of the spin-wave calculations supporting
the analysis. Appendix A reports x-ray diffraction on both
twinned and untwinned single crystals and proposes a re-
vised crystal structure that breaks the vertical mirror planes,
as required by the model of interlayer couplings discussed
in Sec. V A. Appendix B presents spin-wave dispersions
for an alternative Heisenberg-Kitaev model and discusses
why this is ruled out by the present high-field INS data.
Appendix C outlines the method used in the quantitative cal-
culation of the INS two-magnon scattering intensity for the
three-sublattice noncollinear orders expected at zero and inter-
mediate transverse field. Appendix D compares the spectrum
for two distinct ground state models below BC, the mean-field
�-phase and the quantum-fluctuation stabilized V-phase. Ap-
pendix E discusses the spin-wave spectrum in the polarized
phase above BC for a model that includes the (weak) interlayer
couplings and proposes an estimated upper bound of their
magnitude.

II. EXPERIMENTAL DETAILS

Centimeter-size single crystals were grown using a flux
method modified from that reported in Ref. [11] using a seed
crystal. Na2CO3, BaCO3, Co3O4, (NH4)2HPO4, and NH4Cl
were mixed in 1.1:1:1/3:2:1.2 molar ratio with a typical to-
tal mass of 50 g and thoroughly ground by ball milling.
The ground powder was loaded in an alumina crucible and
calcined at 900◦C for 24 hours to obtain Na2BaCo(PO4)2

powder. The powder was mixed with flux media, NaCl and
MoO3, in a molar ratio of 1:3:0.1. The mixed powder was
loaded into a Pt crucible with 30 ml capacity. The crucible
was fully filled and heated to 900◦C, kept at this temperature
for 2 hours, then cooled to room temperature and refilled with
mixed powder, and the heating and refilling cycle repeated
until the top melt surface left about 1 cm from the top for a
mm-size seed single crystal of Na2BaCo(PO4)2 to be placed
in this space inside the crucible but above the melt. The
crucible was covered with a Pt foil with a hole in the center to
insert the seed crystal. The seed crystal was suspended by a Pt
wire from the chimney of the box furnace and initially placed
below the Pt foil, but above the melt. The Pt crucible and the
reaction mixture were then again heated to 900◦C, kept at this
temperature for 2 hours, and cooled to 850◦C. At that point,
the seed crystal was lowered into the melt by manually chang-
ing the height of the Pt wire, and then the temperature was
slowly reduced to 800◦C at a rate of −2◦C/hour, after which
the furnace was cooled to room temperature by switching off
the heater. The temperature ramping rate was ±100◦C/hour

FIG. 3. Picture of the co-aligned single crystals of
Na2BaCo(PO4)2 glued on oxygen-free copper sheets, before
being assembled in the sample mount used in the INS experiments.

unless stated otherwise. After the reaction, the mixture was
washed with water. Centimeter-size, dark pink crystals, with
a hexagonal plate morphology in the ab plane, grew mainly
near the surface, but also from the wall of the crucible. The
orientation of each crystal was checked by single-crystal x-ray
diffraction by sampling several points on the edges; for more
details see Appendix A.

Inelastic neutron scattering (INS) measurements of the
magnetic excitation spectrum were performed on a sample of
19 co-aligned single crystals totaling 6.41 g, glued on oxygen-
free copper sheets as illustrated in Fig. 3. The crystals were
mounted with the c axis normal to the copper sheets and the a
axis horizontal, as indicated in the figure, with the measured
overall mosaic 3◦ (full width half maximum, FWHM). The
INS measurements were performed using the direct geometry
time-of-flight spectrometer LET [29] at the ISIS facility. The
sample assembly was mounted upside-down in relation to
the photograph in Fig. 3 inside a vertical cryomagnet and
magnetic fields up to 7 T were applied along the b∗ direction,
i.e., within the plane perpendicular to the Ising axis, and such
that the horizontal scattering plane was the crystallographic ac
plane [reciprocal (h,−0.5h, l ) plane]. Throughout this paper,
we express wavevectors as (h, k, l ) in terms of reciprocal
lattice units (r.l.u.) of the structural hexagonal unit cell. The
magnet was placed in the instrument such that the support
wedges allowed unimpeded travel for incident neutrons to
scatter horizontally in the range 55◦ < 2θ < 135◦, such that
it was possible to access relatively large wave-vector trans-
fers using small incident neutron energies and consequently
achieve a high energy resolution. The sample was cooled
using a dilution refrigerator insert and all data were collected
below 80 mK, well below the zero-field ordering transition
temperature of ≈148 mK [12], except some measurements
in the high-field polarized phase at 3.5 T, collected below
165 mK, still cold enough to be in the low-temperature limit at
this field where the magnon gap is ≈0.46 meV ≈5.3 K. LET
was operated to measure simultaneously the inelastic scat-
tering of incident neutrons with energies of Ei = 0.87, 1.41,
and 2.67 meV; the measured energy resolutions (FWHM) on
the elastic line were 0.032(2), 0.060(3), and 0.143(2) meV,
respectively. The elastic line was centered at zero-energy
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transfer to within better than 1 µeV at every energy
probed.

Multi-angle (Horace) scans were collected in order to ob-
tain full four-dimensional data sets of the scattering intensity
as a function of energy and momentum transfer. In a first
experiment, measurements were taken at 0, 1.7, 3.5, and 7 T,
while in a second experiment, measurements were taken at
0.25, 0.7, 1, 1.4, and 3.5 T, with the repeated 3.5 T measure-
ment used for comparison between the two data sets and for
background subtraction. We estimate that the overall scale of
the magnetic scattering intensity was consistent between the
two experiments to within 10%. For the above measurements,
the sample was rotated about the b∗ axis through an angular
range of 180◦ in steps of 2◦. Each orientation was counted for
a typical counting time of 7 µAh of protons on target (at an
average proton current of 40 µA). Additional measurements
to observe the dependence of the gap on field were collected
at finely spaced fields between 1.55 and 3.5 T for a fixed
sample orientation [with the (1,–0.5,0) axis at 3◦ relative to
the incident beam direction] with a typical counting time of
18 µAh. The raw time-of-flight neutron data were converted
to scattering intensities S(Q, ω) using MANTID [30]. The data
were then analyzed using the HORACE [31] and MSLICE [32]
packages.

To obtain the magnetic inelastic intensities, an estimate of
the nonmagnetic background signal was subtracted off. This
was constructed from the observed scattering intensities at
wavevectors and energy transfers where no inelastic magnetic
scattering is expected, such as below the single-magnon dis-
persion in the polarized phase at high field, or from the data
at intermediate fields at wavevectors and low energies below
the dispersion of the lowest-energy sharp mode, in cases when
this mode could be clearly resolved from the elastic line.

III. EXCITATIONS IN THE POLARIZED PHASE ABOVE BC

In the polarized phase above BC, we observe sharp magnon
excitations as illustrated in Fig. 4. The magnon linewidth is es-
sentially resolution-limited, with no evidence for any intrinsic
width. This is in agreement with the expectation that there is
no structural disorder in the present sample.

To parametrize the empirical dispersion relations, Gaussian
peak shapes were fit to energy scans through the Horace INS
data at several fields (1.7, 3.5, and 7 T) to extract several hun-
dred dispersion points. For the comparison with the expected
magnon dispersions for model spin-exchange Hamiltonians,
the Zeeman interaction was parametrized as

HZeeman = −μB

∑
i

(
gabBySy

i + gcBzS
z
i

)
, (2)

for an applied magnetic field with components along the y
and z directions, with corresponding g-tensor components gab

and gc, and where x, y, z are along the (1,−0.5, 0), (010),
and (001) directions, respectively. As discussed later in Ap-
pendix E, no dispersion could be resolved along the interlayer
(001) direction, indicating that the 3D interlayer couplings
are very small in magnitude, estimated to be at most a few
percent of the exchange strength between nearest neighbors in
the triangular layers. Therefore, in the analysis of the inelastic
spectrum in this and the following section, we consider a

FIG. 4. INS spectrum along the in-plane (1,–0.5) direction in the
field-polarized phase just above BC (a) and at 3.5 T (b). Intensities
were averaged in the range |k| < 0.025 in the (0k0) direction and
across the full range of data along (00l ), approximately −1.7 < l <

0.7. A sharp dispersive mode is seen in both cases, as expected for
coherently propagating magnons in the field-polarized phase. The
white curves are the calculated magnon dispersion in Eq. (5) using
the best-fit parameters in Table I. The brackets labeled (b) to (l)
on the left-hand side of (a) indicate the averaging range in energy
for the corresponding hk slices in Fig. 8. In both panels, color
indicates the INS intensity on an arbitrary scale, after subtracting
off the 7 T data, which was considered to be a good estimate of
the nonmagnetic background signal as at this high field no magnetic
inelastic signal is expected over the whole plotted energy range since
the magnon gap exceeds 1.3 meV. The incident neutron energy was
Ei = 1.41 meV. Labels on the top horizontal axis indicate positions
equivalent to high symmetry points in the two-dimensional hexago-
nal Brillouin zone as indicated in Fig. 8(b).

strictly two-dimensional spin-exchange model and plot the
inelastic data in terms of a two-dimensional wavevector ex-
pressed as (h, k) in r.l.u. components.

A. Fits to an XXZ Hamiltonian

We first compare the measured dispersions to predictions
for the XXZ model in Eq. (1), with an alternative model
considered in Appendix B. The magnon dispersion for the full
Hamiltonian HXXZ + HZeeman in the polarized phase in field
along z is

h̄ω‖(Q) = 2S[gcμBBz − 3Jz + Jxyγ (Q)], (3)

where

γ (Q) = cos 2πh + cos 2πk + cos 2π (h + k), (4)

with the effective spin S = 1/2 for the Co2+ ions in
Na2BaCo(PO4)2. Note that only the Jxy term contributes to the
magnon bandwidth, whereas both the Zeeman term, whose
strength is determined by the g factor, and the Ising ex-
change Jz have the effect of a uniform shift of the magnon
energies. Therefore, to decouple the effects of the g factor
and of the Ising exchange Jz, more constraints are needed,
such as dispersion measurements for at least two distinct
fields in the polarized phase, or simultaneously including
in the fit the dispersions in the polarized phase in trans-
verse field, where the dispersion has a different functional
dependence on the exchanges. In this latter case, the magnon
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TABLE I. Best-fit XXZ Hamiltonian parameters defined in
Eqs. (1) and (2) with the level of agreement for magnon energies
illustrated in Fig. 5(a). δB is an empirical parameter to parametrize
the dispersion renormalization effects at 1.7 T immediately above
BC, as described in the text.

Jz 0.1225(10) meV
Jxy 0.0779(7) meV
gc 4.716(7)
gab 4.200(7)
δB 0.041(4) T at B = 1.7 T ‖b∗

dispersion is

h̄ω⊥(Q) = 2S
√
A2 − B2,

A = gabμBBy − 3Jxy + Jz + Jxy

2
γ (Q),

B = Jz − Jxy

2
γ (Q). (5)

Note that, in this case, both exchange terms Jz and Jxy now
contribute to the magnon bandwidth.

Fits were performed simultaneously to the empirically ex-
tracted dispersion points at 3.5 and 7 T ‖ b∗ and 3.5 T ‖ c,
the latter extracted by digitizing the data reported in Ref. [14],
with excellent agreement as illustrated in Fig. 5(a). Dispersion
points for 1.7 T ‖ b∗ were not included in those fits because
this field, which is only just above the actual critical field BC,
is below the classical transition field calculated to be Bcl

C =
1.72 T for the best-fit parameters. At this field, quantum renor-
malization effects on the magnon dispersions are expected to
be important, as discussed in a related context in Ref. [33],
as the zero-point quantum fluctuations are substantial close
to BC. This is because the Hamiltonian HXXZ + HZeeman in
Eqs. (1) and (2) does not have continuous rotational sym-
metry in finite transverse field By 
= 0, so the magnetization
along the applied field direction is not a conserved quantity.
It was empirically found that the observed dispersion at 1.7 T
could be approximately captured by fixing the Hamiltonian
parameters to those obtained from the fits to the higher-field
data, and adding a variable effective field offset δB, i.e., in the
Zeeman Hamiltonian in Eq. (2), By was replaced by By + δB.
We regard δB not as an actual physical magnetic field, but
as an empirical parameter to capture the effects of quan-
tum fluctuations, which change the energy balance between
the ordered and the polarized phase to make the polarized
phase more stable. This empirical parametrization is only
meaningful for fields in the range [BC, Bcl

C] to stabilize the
paramagnetic field-polarized state at the mean-field level. The
effect of δB on the dispersion is of a nonuniform increase of
the magnon energies across the full band, larger for the bottom
of the band and smaller for the top of the band. The best-fit
Hamiltonian parameters are listed in Table I and the level
of agreement between the observed and calculated magnon
energies is illustrated in Fig. 5(a). The excellent agreement
is also illustrated in Fig. 4, which shows the best-fit linear
spin-wave theory dispersions overlain as white lines on top of
the inelastic neutron scattering data. We have also compared
the data with a Heisenberg-Kitaev model and concluded that

FIG. 5. Observed vs calculated magnon energies using different
spin Hamiltonians. (a) The XXZ model in Eq. (1) with best fit
parameters in Table I gives an excellent quantitative description (the
solid line indicates the 1:1 agreement). (b) The Heisenberg-Kitaev
model in Eq. (B1) discussed in Appendix B, with best fit parame-
ters in Table V, shows clear disagreements. Different color symbols
correspond to dispersion points collected at different field values or
directions as indicated in the legend. Dispersion points for 3.5 T ‖ c
were extracted by digitizing the data in Fig. 4 B of Ref. [14]. For all
dispersion points, the uncertainty in the observed energy is smaller
than the size of the symbols.

this model can be ruled out; see Fig. 5(b) and Appendix B for
details.

IV. EXCITATIONS BELOW BC

A. Theoretical phase diagram in transverse field

Before discussing the evolution of the spectrum below BC,
we briefly review the expected mean-field phase diagram in
transverse field, illustrated in Fig. 2(c). In zero field (solid dot)
there is a continuous manifold of degenerate three-sublattice
ground states coplanar with the Ising axis [6,34], from
which an infinitesimally small transverse field stabilizes the
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“inverted Y” (iY) phase, in which one sublattice points along
the field and the other two have one spin component opposite
to the field, and the other component parallel to the Ising
axis and opposite to each other. Upon increasing the field,
the sublattices pointing away from the field progressively
rotate towards the field, forming a �-shaped structure, with
no phase transition up until the transition to the field polarized
(paramagnetic) “P” phase at the classical critical field Bcl

C .
The phase diagram for the quantum S = 1/2 model is

expected to show some differences [9,13], illustrated in
Fig. 2(b). In zero field, quantum fluctuations select the
Y-phase from the degenerate manifold of classical states, re-
sulting in two sublattices rotated symmetrically away from
the Ising axis and the third sublattice pointing in the opposite
sense along the Ising direction. This is expected to be stable
up to a small transverse field B1, above which a transition
occurs to the same iY phase predicted semiclassically. Upon
further increasing field, a further transition is predicted at B2

to a V phase, stable up to the transition at BC to the polarized
phase. This V phase, which does not appear semiclassically,
has three sublattices out of which two are parallel and form a
honeycomb arrangement.

B. Broadened magnons and excitation continua

In stark contrast to the sharp magnons observed above BC,
the spectrum at 1.4 T and at all lower fields exhibits substantial
continuum scattering and broadened excitations, as illustrated
in Fig. 6 (odd columns). In a spin-wave approach, a continuum
of excitations described physically in terms of two-magnon
scattering processes is expected generically to occur when
the ground state has finite zero-point quantum fluctuations,
which is indeed the case here at all probed fields. In order
to gain understanding of the observed continuum scattering,
the calculations shown in Fig. 6 (even columns) therefore
contain both one- and two-magnon contributions to the scat-
tering intensity. Technical details of the one- and two-magnon
calculations are given in Appendix C.

1. Intermediate-field phase

As the transition to spontaneous magnetic order below BC

is continuous, one can qualitatively understand the evolution
of the spectrum in the ordered phase immediately below the
transition by applying Brillouin zone folding to the spec-
trum just above. Figure 6(l) shows the predicted spectrum
at 1.7 T just above BC, where the solid white curve is the
single magnon dispersion in Eq. (5). The calculation captures
the sharp magnon in the data well [Fig. 6(k), which shows
the same information as Fig. 4(a) but in a higher resolution
configuration], and also predicts a small two-magnon con-
tribution at low energies near �, which may well be below
the sensitivity level of the present experiment. The magnetic
structure just below BC is expected to have a three-site unit
cell, both in the quantum as well as in the mean-field phase
diagrams for the XXZ TLAF Hamiltonian, although this mag-
netic structure takes different forms [see Figs. 2(b) and 2(c),
respectively], and so dashed white curves showing the shadow
modes obtained by Brillouin zone folding associated with
such a three-sublattice magnetic order are also plotted.

Below BC, these shadow modes are expected to acquire
finite intensity. In the calculated spectrum at 1.4 T in Fig. 6(h),
the three distinct magnon modes labeled α, β, γ in order
of increasing energy evolve continuously from the solid and
dashed lines in panel (l). The corresponding data at 1.4 T in
panel (g) indeed show finite scattering weight at low energies
near � and high energies near K and K′, as predicted. The low-
energy scattering near K′ also shows some incipient splitting
[which becomes clearer at 1 T in panel (c)], again consistent
with the theoretical prediction in panels (d) and (h). The gross
features of the spectrum can thus be understood starting from
the LSWT calculation.

Distinct from the LSWT prediction, however, the magnon
modes at intermediate to high energies appear visibly broad-
ened and there is significantly more continuum scattering seen
in the experiment than in the calculations. We attribute these
effects to magnon decays due to interactions with this contin-
uum of excitations, since strong magnon decays into magnon
pairs are expected at all transverse fields below BC due to
the noncollinear magnetic structure [35,36]. In contrast, the
lowest-energy modes near K and K′ appear to remain sharp;
note for example in Fig. 6(c) at 1 T the well-resolved quadratic
mode at low energies around K′. The presence of a low-energy
sharp magnon in this region is illustrated clearly in the energy
scans in Fig. 7(c), where a sharp peak is present at the lowest
energies in each of the top three traces showing data for 0.7
to 1.4 T. Note that, at 0.7 and 1 T, the sharp peak is clearly
separated from a higher-energy scattering signal, which is in
the form of broad peaks and/or continuum scattering, with the
relative weight in the sharp mode decreasing upon decreasing
field and more weight moving into the higher-energy broad
continuum scattering. Energy scans at the � point shown in
Fig. 7(a) illustrate how the sharp magnon mode observed
at 1.7 T (top trace) just above BC gradually broadens upon
lowering field (lower traces) and reduces its energy owing
to the reduction in Zeeman energy. The inset in Fig. 7(a)
illustrates how the peak width increases as the magnon energy
reduces upon lowering field: while at 1.7 T the magnon mode
is resolution limited, at all fields below BC the peak width far
exceeds the estimated experimental energy resolution (dashed
line in the inset).

These observations suggest that the intermediate- (β) and
higher-energy (γ ) magnons do not survive as sharp modes
in the ordered phase below BC. We have verified that it is
indeed kinematically possible (for details see Appendix C)
for the β mode to decay into two-magnon αα states at all
of 0.7, 1, and 1.4 T, and for the γ mode to decay into
ββ, βγ , or αβ continua at 1.4 T, the ββ or αβ continua
at 1 T, and the αβ or αα continua at 0.7 T. The α mode
is expected to be kinematically forbidden from decaying
throughout this field range, consistent with the observation
that the lowest-energy mode appears to remain sharp in this
regime.

2. Low-field phase

Considering now lower fields, we note that a quantum
calculation for the XXZ TLAF predicts a first order phase
transition between an iY and a V phase [13] [at a field B2,
see Fig. 2(b)], and indeed thermodynamic measurements do

104413-6



FROM CONTINUUM EXCITATIONS TO SHARP MAGNONS … PHYSICAL REVIEW B 112, 104413 (2025)

FIG. 6. (Odd columns) INS data showing the evolution of the spectrum as a function of field ‖ b∗, increasing from top to bottom and
left to right. In each panel, the data are shown for in-plane wavevector along the (1,−0.5) direction, and are averaged over a range in the
(0k0) direction that increases as a function of energy transfer (from |k| < 0.035 on the elastic line to |k| < 0.055 at E = 0.6 meV) and over
the full range of the data in the (00l ) direction, approximately −1.3 < l < 0.5. The data were taken with Ei = 0.87 meV. (Even columns)
Calculations of the INS intensity in LSWT including both one- and two-magnon contributions. White solid lines show the corresponding
magnon dispersions while white vertical dotted lines show locations of boundaries of the 2D Brillouin zone. The calculations use the classical
three-sublattice order at each field [see Fig. 2(c)] illustrated by the three white arrows in the top left of the panels. For the zero-field calculation
in (b), a very small (3 × 10−3 T) notional magnetic field along z was added to stabilize a Y phase (as was done for another Ising-like TLAF
in Ref. [18]) and the dynamical response was averaged over Y states related by arbitrary rotations around the z axis. In (l) as 1.7 T is below
the classical transition field Bcl

C , the effective field offset δB was included in the calculation as per Table I; the dashed white lines are the
magnon dispersion shifted in wavevector by ±q, where q = (1/3, 1/3) is the 2D propagation vector of the three-sublattice magnetic order
below BC. The intensity map in each calculation panel was obtained from the calculated dynamical response for every pixel contributing to the
corresponding data panel, including the neutron polarization factor and isotropic Co2+ magnetic form factor. Instrumental resolution effects
are approximated by convolution with a Gaussian in energy of constant FWHM of 0.032 meV and averaging the response over the measured
sample mosaic using a Monte Carlo method. A common overall intensity scale factor was used in the calculations at all fields, obtained from
a fit to the observed one-magnon intensity at the � point in the 1.7 T data [Fig. 7(a) top trace]. The one- and two-magnon contributions at
each field have been normalized to satisfy the sum rules as described in Appendix C. In all panels, color represents scattering intensity on an
arbitrary scale, with a log scale used in order for the continuum scattering to be visible in the calculation panels, and with an estimate of the
nonmagnetic background subtracted off in the data panels. In (k) the dashed gray lines over the data labeled as “(a)”, “(b)”, and “(c)” at the
bottom of the panel indicate the location of the energy scans (rectangular brackets indicate the averaging range around the nominal momentum
in the scan) in the corresponding panels in Fig. 7. Note the slight left-right (−h vs +h) asymmetry in the intensity (but not the dispersions)
in the data and calculations, which is due to the different l ranges that the data is averaged over on the two sides, and subsequently different
neutron polarization factors.

indicate anomalies associated with a phase transition near
0.5 T [14], as shown in Fig. 2(a), so the spectrum is not
expected to evolve continuously across this field. Indeed, the
experimental data in Fig. 6(a) at 0 T and (e) at 0.25 T look
very different both to the data at higher field and to the calcu-
lated spin-wave spectra in panels (b) and (f), respectively. The

data have no detectable sharp modes or magnon-like features,
contrary to what is predicted and such as are seen down to
0.7 T near the K′ point [Fig. 6(i)], and the continuum in the
calculations is both far weaker than what is seen experimen-
tally and has a very different shape. The spectrum is not,
however, featureless; the momentum and energy dependence
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FIG. 7. Energy scans through the data in Fig. 6 as a function of field at three locations indicated by the gray dashed lines in Fig. 6(k).
(a) Energy scans at the � point (h, k) = (0, 0) showing the increasing magnon linewidth with decreasing field. Data were averaged across
|h|, |k| < 0.025 in the (h,−0.5h, 0) and (0k0) directions and −1.2 < l < 0.3 in the (00l ) direction. Solid lines and shaded areas show fits to
Gaussian peak shapes and horizontal solid double headed arrows indicate the corresponding FWHM. For clarity, the intensities at 0.7 and 1.0 T
have been multiplied by a factor of 2. (Inset) Linewidth (FWHM) of the fitted Gaussian peaks as a function of peak energy. The symbols used
are the same as in the main panel. The estimated experimental energy resolution (dashed line) used in the calculations in Fig. 6 (even columns)
is shown for reference. (b) Energy scans slightly offset from the K′ point at (h, k) = (−0.57, 0.285) at 0 T (black circles), 0.25 T (red squares),
and in the high-field polarized phase at 3.5 T (blue diamonds). There is strong continuum scattering across a significant energy range at 0 T
and 0.25 T, but the data at 0.25 T have additional structure with a second broad hump around 0.1 meV. The data at 3.5 T are shown to illustrate
the quality of the background subtraction. The data were averaged across −0.62 < h < −0.52 in the (h, −0.5h, 0) direction, |k| < 0.055 in
the (0k0) direction and the whole range of data in the (00l ) direction except on the elastic line where regions close to the magnetic Bragg
peaks were masked out. (c) A combined energy-momentum scan along the nominal line E = (5/3)(h0 + 0.895), chosen so as to intersect
almost transversely the dispersion relation of the lowest-energy quadratic mode near K′ for field in the range 0.7–1.4 T, to see this mode
clearly separated from the higher-energy scattering signal. The lowest-energy mode remains sharp down to 0.7 T. The data were averaged over
|h − h0| < 0.065 in the (h, −0.5h, 0) direction, |k| < 0.055 in the (0k0) direction and the whole range of data in the (00l ) direction. In (b) and
(c), solid lines are guides to the eye. In (a) and (c), curves have been offset vertically as a function of increasing field; dashed horizontal lines
show the offset in each case. In all panels, Ei = 0.87 meV and data points are neutron scattering intensities in arbitrary units with an estimate
of the nonmagnetic background subtracted off.

of the zero-field spectrum are studied in more detail in Fig. 8
(left column), revealing very broad but still dispersive features
with a strongly two-dimensional nature. Note in particular the
triangular contours around K and K′ at the lowest energies in
panel (k).

For completeness, we note that even though the overviews
of the spectra at 0 and 0.25 T plotted in Figs. 6(a) and 6(e)

appear very similar (with intensity on a log scale), there are
differences in the detail of the lineshapes at low energies
between the two fields. This is illustrated clearly in the energy
scan in Fig. 7(b) for a wavevector slightly offset from K′.
While at 0 T the lineshape has the form of a monotonic
decrease with increasing energy, at 0.25 T the intensity at
the lowest energies is suppressed and there appears to be
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(r.
l.u

.)

FIG. 8. INS intensity at constant energy transfer as a function of two-dimensional momentum in the triangular planes in zero field (left)
and in the field-polarized phase at 1.7 T (right) with energy increasing from bottom to top and indicated in the right-hand panels. The two-
dimensional nature of the spectrum can be clearly seen, with a threefold rotational symmetry around the K and K′ points [see panels (j)–(l)]
and near-circular symmetry for wavevectors near the � point [see panel (b)]. Dashed gray lines indicate boundaries of the two-dimensional
hexagonal Brillouin zones and white lines in the right-hand column are contours in momentum space of the calculated magnon dispersion
in Eq. (5) at the nominal energy of each panel, using the best-fit parameters in Table I. In (b), high-symmetry points of the two-dimensional
Brillouin zone are indicated, showing the linear path MK′�KM used for the plots in Figs. 4, 6, 9(b), and 16. The INS intensities were averaged
over the whole wave-vector range in the (001) direction and across a range of ±0.01 meV relative to the nominal energy transfer, as indicated
by the labeled vertical black brackets on the left vertical axis in Fig. 4(a). In all panels, color indicates the INS intensity on an arbitrary scale,
from which an estimate of the nonmagnetic background (including the incoherent scattering on the elastic line) has been subtracted off; the
incident neutron energy was Ei = 1.41 meV. The intensities in the left hand column only have been multiplied by the factor indicated in the
bottom left corner of each panel.

more structure in the form of a second broad hump at the
intermediate energy of 0.1 meV.

In terms of magnon decay effects, we have verified that, in
zero field for the γ mode, there is a large density of states
for decay into the ββ, αα, or αβ continua. The β mode
also overlaps with the αα continuum in a region where the
latter has a small, but finite density of states, so this may also
provide decay channels. At 0.25 T, the β and γ modes both
have a large density of states to decay into the αα continuum.
On the other hand, the α mode has no kinematically allowed
decays at either 0 or 0.25 T, so would be expected to appear
as a sharp, prominent dispersive feature, which, however, is
clearly not observed in the data.

C. Classical ground-state degeneracy

Another aspect that could be relevant for understanding
the observed spectrum of excitations in zero field is the
fact that the Ising-like XXZ TLAF model has a continu-
ous manifold of mean-field degenerate ground states, already
mentioned when discussing the magnetic phase diagram in
Sec. IV A. All these states have three sublattices with spins
coplanar with the Ising axis and making different angles
θA, θB, and θC with the −z axis, as illustrated in Fig. 9(a)
(top inset). The Y-phase quantum ground state, which has
been considered so far, is one of these states, and has the
A spin down (θA = 0) and the B and C spins up-left and
up-right at θB,C = π ∓ θ1 [illustrated in Fig. 9(a) (left circle)]

with [34]

θ1 = arccos
1

1 + �
, � = Jxy

Jz
.

The degeneracy arises because the condition for minimal en-
ergy imposes only two constraints on the three angles, so θB,C

can be regarded as functions of θA, which can vary continu-
ously. To generate symmetry-distinct magnetic structures it is
sufficient to vary θA in the range [0, θ0], where the lower limit
gives the Y phase, and the upper limit [6]

θ0 = arcsin
�

1 + �
, (6)

gives the transverse-Y structure illustrated in Fig. 9(a) (right
circle) with the C spin horizontal. For an intermediate θA, one
obtains analytically θB,C = π + ε ∓ δ [6], with1

cos δ = �

(1 + �)(sin2 θA + �2 cos2 θA)1/2
,

cos ε = � cos θA

(sin2 θA + �2 cos2 θA)1/2
, (7)

1We have corrected a typo in the last term in the denominator
of these equations � cos2 θA → �2 cos2 θA from Ref. [6] to get the
correct expression for θ0 in Eq. (6). We have also verified numerically
using SpinW [37] that the above equations give a mean-field energy
(per spin) [6] ecl/S2 = −Jz(1 + � + �2)/(1 + �) independent of
θA.
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FIG. 9. (a) (Top) Schematic of the manifold of mean-field degenerate ground states for the Ising-like XXZ TLAF Hamiltonian in Eq. (1)
parametrized by Eq. (7). Colored arrows are the spins of the three sublattices and all indicated angles are measured in a clockwise sense from
the −z axis. (Main panel) Dispersion relations vary between those different ground states as indicated by the shaded regions, bounded by
the curves for the Y phase (solid lines, left sketch, θA = 0, θB,C = π ∓ θ1), and the transverse-Y phase (dashed lines, right sketch, θA = θ0,
θB = π − θ0, θC = 3π/2). The different color shading corresponds to the three distinct spin-wave modes α, β, and γ . (b) Calculated INS
spectrum including both one- and two-magnon excitations, averaged over the full manifold of mean-field degenerate ground states, i.e., the
family of states shown in the sketches in (a) as well as those obtained from those structures by an arbitrary rotation of all spins around z. The
calculation includes all experimentally relevant factors—including the same scale factor—as in the calculations for the Y phase in Fig. 6(b),
and are to be compared directly with the INS data in Fig. 6(a). (c) Observed INS intensity in zero field (open circles) in an energy scan at the
Brillouin zone corner point K′(–2/3,1/3) with a black solid line as a guide to the eye, compared with the calculation in (b) (red solid line),
and calculation for a single ground state (blue dashed line) for the Y phase as per parameters in Fig. 6(b). The inset is a zoomed-in view of the
high-energy tail. The transverse momentum averaging ranges along (h,−0.5h, 0) and (0k0) vary from |h + 2/3|, |k| < 0.035 on the elastic line
to |h + 2/3| < 0.064, |k| < 0.055 at E = 0.6 meV, with the full range of l included, except on the elastic line where the wave-vector regions
near the 3D magnetic Bragg peaks are masked out so as to to obtain the purely inelastic magnetic signal. An estimate of the nonmagnetic
background has been subtracted off; the quality of the background subtraction is illustrated by the data at 1.7 and 3.5 T (filled circles and
squares, respectively), for which no intrinsic magnetic scattering is expected in the range of the plotted data.

and with θB ∈ [π − θ1, π − θ0] and θC ∈ [π + θ1, 3π/2].
Within this family of states, all three angles vary monoton-
ically in the same sense, but at different rates such that the
relative angles between the three spins change between the
different structures. The mean-field degeneracy of this family
of states is inherited from the � = 1 Heisenberg limit when
the above ground states become 120◦ coplanar states related to
one another by rigid rotations, which are symmetry operations
of the Hamiltonian. In the Ising-like case, there is no rotational
symmetry normal to the z axis, but the above states are related
by a pseudosymmetry that remains at the mean-field level.
Those different structures have slightly different dispersion
relations as indicated in Fig. 9(a) by the shaded areas, bounded
by the dispersions (solid/dashed lines) in the extreme cases of
a Y-phase or a transverse-Y phase illustrated in the left/right
diagrams, respectively.

The continuous manifold of mean-field degenerate ground
states could potentially be relevant for understanding the ob-
served zero-field spectrum in Na2BaCo(PO4)2 if the magnetic
propagation vector between layers is incommensurate, which
is one of the two generic scenarios for the 3D magnetic
structure discussed in the following Sec. V A. In this scenario,
frustrated interlayer couplings favor an incommensurate rota-
tion angle between the spins of adjacent layers, and in a first
approximation one can consider that the magnetic structure in
each layer is close to one of the degenerate mean-field ground
states of decoupled layers, with each such state occurring with
the same frequency across the full stack of layers due to the
incommensurate periodicity along c. Neglecting dynamical

effects of the (weak) interlayer couplings, the INS spectrum
of such a system would be obtained by averaging the spec-
trum uniformly over the layers, so over the full manifold of
degenerate mean-field ground states, and the result is plot-
ted in Fig. 9(b). A similar averaging over degenerate ground
states was recently considered in the XXZ TLAF material
CeMgAl11O19, which has Hamiltonian parameters close to the
special ratio Jz/Jxy = −0.5 where a continuous degeneracy of
umbrella ground states is expected [38].

The spectrum averaged over degenerate ground states in
Fig. 9(b) is clearly broadened compared to that of the (single)
Y ground state illustrated in Fig. 6(b), which brings the model
closer to the data in Fig. 6(a), although notable discrepan-
cies still remain. Those are clearly illustrated in the energy
scan at the zone corner K′ plotted in Fig. 9(c), where the
solid red/dashed blue lines show calculations for the manifold
average/single Y phase, respectively; both show considerably
more structure than the data (open circles). Including magnon
decay effects for the β and γ magnons would be expected
to broaden further the predicted line-shape profile in the in-
termediate energy range and this could potentially improve
the agreement with the data. However, it is unclear if such
effects could ultimately fully explain the large and extended
high-energy tail seen in the experimental data and highlighted
in the inset of Fig. 9(c), or whether a fundamentally different
approach that aims to solve the full quantum problem, such
as approaches based on tensor network states [23,26,39], will
be needed to fully explain the observed continuum-dominated
spectrum in zero and low field.
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FIG. 10. Evolution of the scattering intensity on the elastic line
as a function of increasing magnetic field from left to right. The sharp
spots are Bragg peaks associated with spontaneous 3D magnetic or-
der. In each panel, the horizontal axis is the wave-vector component
along the in-plane (h, −0.5h, 0) direction and the vertical axis is the
wave-vector component along the out-of-plane (00l ) direction; all
above peaks occur at h = −2/3, indicating a three-sublattice in-plane
magnetic ordering. In panels (c) and (d), weaker peaks are also
observed at the second harmonic ±2qz positions in addition to the
primary peaks at ±qz, where qz is the component of the magnetic
propagation vector along the interlayer direction. In all panels, color
shows the raw neutron scattering intensity on an arbitrary scale. The
data have been averaged across |k| < 0.05 in the (0k0) direction and
over |E | < 0.02 where E is the energy transfer in meV. The incident
energy was Ei = 0.87 meV.

V. LONG-RANGE MAGNETIC ORDER
AND INTERLAYER COUPLINGS

A. Interlayer couplings

In zero field, we observe sharp magnetic Bragg peaks
on the elastic line [see Fig. 10(a)] at positions associated
with magnetic propagation vectors (1/3, 1/3,±qz ), with qz

consistent, within the available wave-vector resolution, with
the range of values 0.167(3) to 0.183(11) quoted in previ-
ous studies [14,16,26]. We note that magnetic propagation
vectors of this form have been observed before for stacked
magnetic triangular layers in RbFe(MoO4)2 (qz = 0.44) and
attributed to frustrated interlayer couplings [40]. We first dis-
cuss the key physics, which is illustrated by a simplified model
with Heisenberg exchanges—J1 between nearest neighbors in
plane, and interlayer couplings J2,a,b defined in Fig. 11—and
later discuss the effects of XXZ exchange anisotropy on the
J1 bond. The magnetic structure in the Heisenberg case has
the ordered spins rotate by 120◦ between nearest neighbors
in the same layer and by 2πqz between vertically stacked
sites in adjacent layers. The mean-field energy per site of this
magnetic structure is obtained analytically as2 [40]

E

S2
= −3

2
J1 − 1

2
[3(Ja + Jb) − 2J2] cos 2πqz

2Ja,b are defined to be a factor of 3 smaller than in Ref. [40], such
that Ja,b are the exchange energies per bond.

J1
J2

Ja
Jb

b
a

c

FIG. 11. Schematic diagram of interlayer exchange paths. The
Ja[1, 0, 1] (light blue) and Jb[1, 1, 1] (red) bonds are symmetry-
equivalent in the nominal P3̄m1 structure, but are symmetry-
inequivalent in the P3̄ structure refined in Appendix A.

− 3
√

3

2
(Jb − Ja) sin 2πqz, (8)

with the minimum energy achieved for qz given by

tan(2πqz ) = 3
√

3(Jb − Ja)

3(Jb + Ja) − 2J2
. (9)

In the nominal P3̄m1 crystal structure [11], the Ja and Jb bonds
are symmetry-related by vertical m mirror planes. In that
case, the stable configuration therefore corresponds to qz = 0
or 0.5, i.e., ferromagnetic or antiferromagnetic stacking of
layers, depending on whether 3Jb − J2 > 0 or <0. The inter-
mediate value qz observed experimentally cannot be explained
within this framework. However, if the crystal structure has
subtle distortions that break the vertical mirror planes and
reduce the space group symmetry to P3̄ as in RbFe(MoO4)2,
the exchange paths Ja and Jb become symmetry-distinct and
in this case Eq. (9) gives an intermediate rotation angle of
the ordered spins between layers. We provide evidence in
Appendix A that such a distortion does indeed occur in the
actual crystal structure. Note that swapping Ja and Jb in the
above two equations, equivalent to rotating the crystal by 180◦
around the a + b axis in Fig. 11, changes the sign of qz, so
without loss of generality it is sufficient to discuss only the
case 0 < qz < 0.5 realized for Jb > Ja. In this case, qz < 0.25
or >0.25 depending on whether 3(Jb + Ja) − 2J2 > 0 or <0.
In the special case J2,a = 0 and Jb > 0, the minimal energy
is obtained for qz = 1/6, which is within the range of values
seen experimentally. For simplicity, this case is assumed in
Appendix E to estimate an upper bound on the strength of
the interlayer couplings, as there is not enough information
to distinguish between the different possibilities. We note
that starting from this special case and adding J2 > 0 and/or
Ja < 0 would increase qz and make it incommensurate; for a
given incommensurate qz there is, in principle, a whole family
of possible combinations of J2,a,b.

Interestingly, a magnetic propagation vector of the same
form with qz = 0.1869(3) was reported in the spin-5/2 analog
Na2BaMn(PO4)2 [41], in which the exchange interactions
are expected to be near-Heisenberg. The easy-axis spin-
1 Na2BaNi(PO4)2 also has the same form of propagation
vector, but with a larger qz = 0.293(1) [42]. Both of these
materials have also been found to exhibit a crystal symmetry
lowering from P3̄m1 to P3̄ [43], suggesting a general appli-
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FIG. 12. Magnetic structure models for stacked layers with an
XXZ Hamiltonian and interlayer paths as in Fig. 11. Colored ar-
rows show the spin orientations at sites A (red), B (green), and C
(blue), displaced vertically according to the layer index shown on
the left. The B and C sites are offset in-plane relative to A by a
and a + b, respectively. (a) A six-layer periodic structure obtained
by starting from the Y-phase in the basal layer and successively
applying translation by a + b + c combined with time reversal. The
B sites in each layer are antiparallel to A sites in the layer above and
to C sites in the layer below. This structure is stabilized by Jb > 0
and J2,a = 0. (b) A representative magnetic structure with qz 
= 1/6,
where the spin arrangements in adjacent layers are not related by
symmetry operations, but involve in general incommensurate angle
rotations between spins in successive layers. The double arrows on
the circular envelope for the basal layer indicates the sense of spin
rotation at each of the three sites A, B, and C upon moving up
between layers. Such a structure is stabilized starting from the model
in (a) by switching on finite J2 > 0 or Ja < 0, as described in the text.

cability of the minimal model in Fig. 11 to explain the finite
interlayer magnetic propagation vector.

In order to explore further the applicability of this frame-
work to the experimentally relevant case of substantial
Ising-like anisotropy of the J1 bond, we used the numerical
ground state energy minimization in SpinW [37] to determine
the mean-field ground state for the XXZ spin Hamiltonian in
Eq. (1) and Table I for various interlayer exchange models. In
order to capture boundary effects accurately, we considered
commensurate magnetic unit cells, with propagation vector
in the vicinity of the experimentally observed range of qz

values. Two qualitatively different magnetic structures are
illustrated in Fig. 12. Panel (a) shows a structure with qz =
1/6, obtained from one of the three-sublattice degenerate
ground states of the XXZ model (chosen here as the Y phase)
and successively applying translation by a + b + c combined
with time reversal. This structure is stable for Jb > 0 and
J2,a = 0, with all Jb bonds fully satisfied. Adding finite J2 > 0

and/or Ja < 0 frustrates this spin structure and favors instead
a structure with a larger, and in general incommensurate, qz.
An example of such a structure is shown in panel (b) for
Ja = 0, Jb = 0.003 meV (as estimated in Appendix E) and
J2/Jb = 1/3 chosen to stabilize qz = 2/11. The main qual-
itative difference between the (a) and (b) structures is that
in (a) the spin arrangement in every layer is the same up
to symmetry operations (integer in-plane lattice translations
and time reversal), whereas in (b) the spin arrangement in
adjacent layers cannot be related by symmetry operations.
Which type of magnetic structure is ultimately realized in
Na2BaCo(PO4)2 will depend on the fine balance between
quantum fluctuations that prefer a Y phase in each layer and
the strengths of the interlayer couplings that might favor spin
rotation between layers, and possibly other interactions and
anisotropies beyond the minimal model described here.

B. Evolution of the magnetic Bragg peaks with transverse field

For completeness, Fig. 10 shows an overview of the evo-
lution of the magnetic diffraction pattern as a function of
increasing applied transverse field. The magnetic propagation
vectors remain of the form (1/3, 1/3,±qz ) at all fields, but
with a field-dependent qz. At 0.25 T, qz has increased only
slightly compared to the zero-field value, whereas at 0.7 T,
after the transition to what is believed to be the V phase [13],
the diffraction pattern shows a qualitative change. Here, qz

is seen to increase further to nearly 1/4, and a second set
of weaker diffraction peaks appear at the satellite position
±2qz, i.e., these peaks are the second harmonics of the main
magnetic satellites at vertical wave-vector components ±qz

[see Fig. 10(c)]. These second harmonic peaks indicate that a
single Fourier component cannot fully capture the magnetic
structure in this intermediate field regime and they are sup-
pressed faster than the main satellites upon increasing field
[see Figs. 10(c)–10(e)]. As the field increases above 0.7 T, qz

decreases again towards 1/6 and at 1.7 T [panel (f)] all mag-
netic Bragg peaks have disappeared, confirming the transition
to the high-field polarized phase. The evolution of the l depen-
dence of the magnetic diffraction pattern upon increasing field
is intriguing, but an understanding of this effect is beyond the
scope of the present work.

VI. CONCLUSIONS

In summary, we have reported high resolution inelastic
neutron scattering measurements of the spin excitations in
single crystals of the Ising-like TLAF Na2BaCo(PO4)2 in
magnetic field applied transverse to the Ising axis. In the
polarized phase at high field, sharp magnons are observed,
which are well described by linear spin-wave theory for a
nearest-neighbor Ising-like XXZ exchange model. Below the
critical polarizing field, however, strong continuum scattering
is seen, much stronger than expected semiclassically by linear
spin-wave theory. While the spectrum down to 0.7 T could be
plausibly described by magnons strongly broadened at inter-
mediate and high energies by interactions with two-magnon
excitation continua, the spectrum at 0.25 T and 0 T is domi-
nated by a strong scattering continuum with no sharp features
at any of the energies probed, in spite of the presence of 3D
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magnetic Bragg peaks confirming long-range magnetic order.
We discussed the possible relevance, for capturing the exper-
imentally observed spectrum in zero field, of the presence
of a continuous manifold of mean-field degenerate ground
states and we provided a quantitative comparison of the data
with the average spectrum of such a manifold. We hope our
quantitative analysis will stimulate the further development
of concrete theoretical predictions for the possible role of
magnon decay effects, or advance more sophisticated quan-
tum models of the spin dynamics, which could be directly
compared with the experimental data to gain further insight
into the physics of the spin-1/2 antiferromagnetic triangular
lattice Ising-like XXZ model. We also proposed models of
interlayer couplings to explain the finite magnetic propagation
vector in the interlayer direction, which requires the breaking
of mirror planes in the nominal crystal structure. Through
x-ray diffraction from small, untwinned crystals, we provided
direct evidence for such a symmetry lowering and proposed a
revised crystal structure model.
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APPENDIX A: REVISED CRYSTAL STRUCTURE

Here, we report single crystal x-ray diffraction measure-
ments, which confirm the breaking of the mirror planes in the
nominal P3̄m1 crystal structure [11], as required by the model
of interlayer magnetic couplings proposed to explain the finite
magnetic propagation vector along the interlayer direction in
Sec. V A. Our studies are complementary to previous neutron
diffraction studies on powder samples [43], which also found
evidence for such a crystal symmetry reduction.

Single-crystal x-ray diffraction data were collected using
a Mo source SuperNova diffractometer both at room tem-
perature and at 100 K under N2 gas flow. The integrated
diffraction intensities were corrected for absorption using nu-
merical integration over a multifaceted crystal model within
CrysAlisPRO [48] and structural refinement was performed
using OLEX2 [49]. Refinement against the nominal P3̄m1

FIG. 13. View of the CoO6 octahedron (blue shading) from
different directions (left/right panels) in relation to the hexagonal
crystal axes, obtained from refinement of single-crystal x-ray diffrac-
tion data at 100 K against different structural models. (a) Nominal
P3̄m1 structure with parameters in Table II. (b) Lower-symmetry P3̄
structure with parameters in Table III. The red ellipsoids illustrate
the anisotropic displacement parameters at the oxygen O1 positions,
with black line contours along the principal planes. The refinement
agreement in the two cases is illustrated in Figs. 14(a) and 14(b),
respectively.

structure using isotropic displacement parameters gave sys-
tematically unphysically large displacement parameters for
the O1 oxygens coordinating the Co ions compared to all other
atoms in the unit cell, an effect also noted in the analysis of
early powder x-ray data in Ref. [11]. A significant improve-
ment in the refinement was obtained by allowing anisotropic
displacement parameters (ADPs), which gave highly elon-
gated O1 oxygen ellipsoids in a direction in the ab plane and
normal to the Co-O bonds, as illustrated in Fig. 13(a) for
Sample I at 100 K with parameters listed in Table II. These
large oxygen ADPs did not change significantly upon cooling
between room temperature and 100 K. In contrast, all the
other atoms in the unit cell had relatively much smaller ADP
parameters already at room temperature (not shown), which
also decreased significantly (by about ∼50%) upon cooling to
100 K.

The above analysis suggests either an intrinsic structural
disorder at the O1 oxygens coordinating the cobalt ions, or
a lower-symmetry crystal structure. To distinguish between
those two scenarios, we have performed refinements of the
same diffraction data against a reduced-symmetry P3̄ struc-
tural model that allows for a rotation of the CoO6 octahedra
by a variable angle ψ around the z axis passing through the
Co site. We assumed coexisting P3̄ twins with octahedral
rotation angles ±ψ , or equivalently, twins related by a mirror
normal to any of the a, b, or a + b axes, or a twofold rotation
around any of those axes. This refinement resulted in much
smaller oxygen ADPs, as illustrated in Fig. 13(b) and listed
in Table III, with a significant improvement in the agreement
[compare Figs. 14(b) and 14(a)]. To further test the symmetry
reduction scenario, several crystals extracted from the same
growth batch were systematically screened at room tempera-
ture in an attempt to find a predominantly single-grain sample.
Figure 14(c) shows refinement results for one such sample,
Sample II; the quantitative refinement agreement is excellent,
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FIG. 14. Observed vs calculated x-ray structure factor magnitudes for (a) the nominal P3̄m1 crystal structure in Fig. 13(a) and Table II,
(b) the lower-symmetry P3̄ structure in Fig. 13(b) and Table III, and (c) the P3̄ structure in Table IV. Panels (a) and (b) correspond to the same
data collected for the twinned Sample I at 100 K, and (c) is for data collected on the almost untwinned Sample II at room temperature. |Fobs| is
the experimental structure factor magnitude corrected for extinction as explained in Table II. Error bars represent one standard deviation. Only
reflections with I > 2σ (I ) defined as observed peaks are included in the refinements, but all points with nonzero intensity are included in the
plot. The solid line shows the 1:1 agreement in all panels.

whereas a fit to the nominal P3̄m1 model is significantly worse
[not shown, Rint and wR(I > 2σ (I )) increase from 4.32 and
3.07%, to 11.6 and 6.42%, respectively]. In the refined P3̄

TABLE II. Fractional atomic coordinates and displacement pa-
rameters deduced from refinement of single crystal x-ray diffraction
data at 100 K from Sample I (size 0.056 × 0.077 × 0.183 mm3)
against the nominal structural model with space group P3̄m1 (No.
164), with the result illustrated in Fig. 13(a). Estimated standard
deviations are given in parentheses. Anisotropic Ui j displacement
parameters and equivalent isotropic Ueq parameters are in units
of 10−3Å2, with Ueq defined as (U11 + U22 + U33)/3. Lattice pa-
rameters are a = b = 5.3054(1) Å, c = 6.9779(1) Å, Rint = 4.6%,
total number of unique reflections N = 371 out of which N (I >

2σ (I )) = 356 included in the refinement, R(I > 2σ (I )) = 3.81%,
wR(I > 2σ (I )) = 8.94%, S = 1.013. Extinction corrections were
applied by fitting the raw experimental structure factor magnitudes to
|Fcalc|/(1 + 0.001ξ |Fcalc|2λ3/ sin 2θ )1/4, where Fcalc is the calculated
structure factor, λ = 0.71073 Å is the x-ray wavelength and 2θ is the
total scattering angle where the reflection is observed; ξ was refined
to 0.058(7).

Site Wyckoff x y z Ueq

Ba 1a 0 0 0 4.1(2)
Co 1b 0 0 1/2 3.4(3)
P 2d 1/3 2/3 0.2414(3) 3.4(4)
Na 2d 1/3 2/3 0.6793(6) 8.0(7)
O2 2d 1/3 2/3 0.0237(9) 6.3(1.1)
O1 6i 0.1792(6) –0.1792(6) 0.3189(6) 49(3)

U11 U22 U33 U23 U13 U12

5.2(3) 5.2(3) 2.0(3) 0 0 2.6(1)
4.0(4) 4.0(4) 2.1(6) 0 0 2.0(2)
4.0(5) 4.0(5) 2.1(7) 0 0 2.0(3)
8.3(1.0) 8.3(1.0) 7.2(1.6) 0 0 4.2(5)
8.2(1.6) 8.2(1.6) 2(2) 0 0 4.1(8)
107(6) 107(6) 4.4(1.6) –0.5(7) 0.5(7) 106(6)

structural model, the CoO6 octahedra are rotated around the
c axis by an angle ψ = 10.15(4)◦ at 100 K.

For the multi-crystal sample mount used in the INS experi-
ments illustrated in Fig. 3, the axis orientations of each crystal
piece were determined using single-crystal x-ray diffraction,
collecting patterns by directing the x-ray beam to scatter
from a point on the edge, with several such points tested for
consistency. The orientation of axes was then deduced from
comparison with the expected diffraction pattern for the nom-
inal P3̄m1 space group, as that provided a good approximation
of the diffraction pattern for samples with coexisting P3̄ twins

TABLE III. Same as Table II, but for refinement of the 100 K data
from Sample I against the reduced-symmetry space group P3̄ (No.
147), with the result illustrated in Fig. 13(b). Here, the oxygen O1 is
located at the general position, whereas it occupied a special position
6i(x, x̄, z) in the higher-symmetry structure listed in Table II. Refine-
ment parameters Rint = 4.4%, N = 589 reflections, N (I > 2σ (I )) =
564, R(I > 2σ (I )) = 1.77%, wR(I > 2σ (I )) = 3.96%, S = 1.027,
ξ = 0.046(3). The refined population of the minority twin, related
by twofold rotation around the a + b axis, was 46.5(4)%.

Site Wyckoff x y z Ueq

Ba 1a 0 0 0 4.03(8)
Co 1b 0 0 1/2 2.67(1)
P 2d 1/3 2/3 0.24152(1) 2.7(1)
Na 2d 1/3 2/3 0.6788(2) 6.8(2)
O2 2d 1/3 2/3 0.0234(3) 6.1(4)
O1 6g 0.2347(3) –0.1236(3) 0.318(2) 5.7(3)

U11 U22 U33 U23 U13 U12

5.18(9) 5.18(9) 1.7(1) 0 0 2.59(5)
3.07(14) 3.07(14) 1.9(2) 0 0 1.54(7)
2.88(19) 2.88(19) 2.2(3) 0 0 1.44(9)
6.6(3) 6.6(3) 7.3(5) 0 0 3.28(17)
7.4(5) 7.4(5) 3.5(8) 0 0 3.7(3)
7.1(7) 7.2(7) 5.0(6) 0.0(5) 1.5(4) 5.3(7)

104413-14



FROM CONTINUUM EXCITATIONS TO SHARP MAGNONS … PHYSICAL REVIEW B 112, 104413 (2025)

TABLE IV. Same as Table III, but for refinement of room-
temperature data from Sample II (size 0.15 × 0.17 × 0.27 mm3)
against the P3̄ structural model. Lattice parameters are a =
b = 5.3162(2) Å, c = 7.0052(3) Å. Refinement parameters Rint =
4.32%, N = 311 reflections, N (I > 2σ (I )) = 309, R(I > 2σ (I )) =
1.23%, wR(I > 2σ (I )) = 3.07%, S = 1.066, ξ = 0.59(2), minority
twin population 8.4(3)%.

Site Wyckoff x y z Ueq

Ba 1a 0 0 0 9.9(1)
Co 1b 0 0 1/2 6.46(1)
P 2d 1/3 2/3 0.24225(9) 6.1(2)
Na 2d 1/3 2/3 0.6792(2) 17.3(3))
O2 2d 1/3 2/3 0.0251(3) 11.9(3))
O1 6g 0.2312(3) –0.1272(3) 0.3191(2) 13.0(4)

U11 U22 U33 U23 U13 U12

12.2(2) 12.2(2) 5.4(2) 0 0 5.46(9)
7.0(2) 7.0(2) 5.3(3) 0 0 2.86(10)
6.6(2) 6.6(2) 5.1(3) 0 0 2.59(13)
16.5(4) 16.5(4) 18.9(7) 0 0 7.5(2)
16.8(6) 16.8(6) 5.2(9) 0 0 8.4(3)
14.4(6) 13.4(6) 11.5(5) –0.4(4) 3.3(4) 9.6(5)

related by a twofold rotation around the a axis, which tended
to be the case for the large crystals.

APPENDIX B: FITS TO A HEISENBERG-
KITAEV HAMILTONIAN

Here, we discuss comparison of the high-field dispersion
data to an alternative spin Hamiltonian to the XXZ model, in
particular the Heisenberg-Kitaev model proposed in Ref. [50].
This model is defined as

HJK =
∑
〈i j〉

JSi · S j + KSγ

i Sγ

j , (B1)

where the second term is the Kitaev exchange, with the
bond-dependent Ising axes for the nearest-neighbor bonds as
indicated by the bond color in Fig. 15(a). The Ising axes γ

form a set of cubic axes x̃ỹz̃ illustrated in Fig. 15(b) and
defined such that

a ‖ [1̄10], b∗ ‖ [1̄1̄2], c ‖ [111],

FIG. 15. Definition of the Kitaev axes for the HJK Hamiltonian
in Eq. (B1). (a) Nearest-neighbor bonds are color coded blue, green,
red according to the corresponding Kitaev axis x̃, ỹ, or z̃. (b) Projec-
tion of the cubic x̃, ỹ, and z̃ axes onto the crystallographic ab plane
and relation between the orthogonal crystallographic directions a, b∗,
and c and the cubic axes.

where the square brackets refer to the cubic Kitaev axes.
For each bond, the Kitaev axis is perpendicular to the bond
direction.

The magnon dispersion relation in the polarized phase for
HJK + HZeeman can be obtained analytically for field along
either z or y, as discussed below, and these expressions were
checked against SpinW [37] calculations. The dispersion in
field along z is obtained as

h̄ω‖(Q) = 2S
√
A2 − |B|2,

A = gcμBBz − 3

(
J + K

3

)
+

(
J + K

3

)
γ (Q),

B = K

2

[(
1√
3

− i

3

)
cos 2πh + 2i

3
cos 2πk

+
(

− 1√
3

− i

3

)
cos 2π (h + k)

]
, (B2)

with γ (Q) already defined in Eq. (4).
The reported INS data in Ref. [14] are for a field Bz along

the c axis significantly above the transition to the polarized
phase, in which case A is the dominant term, |A| � |B|, and
h̄ω‖(Q) ≈ 2SA. This has the same functional form as Eq. (3)
with Jz = Jxy = J + K/3, i.e., as for a pure Heisenberg model
with an effective exchange J + K/3, so J and K cannot be
refined independently. To deduce both J and K , one therefore
needs to be away from this regime. Namely, one must perform
measurements of the dispersion in polarizing field along c for
fields Bz in very close proximity to the polarizing field and
for wavevectors Q where |B| becomes comparable to |A|, as
only then is the dispersion sensitive separately to J and K .
However, if instead the field is applied transverse to the z axis,
the dispersion relation—even much above the critical field
BC—has a different functional form and is directly sensitive
to the presence of a Kitaev exchange. In particular, in the po-
larized phase in field along b∗, the magnon dispersion relation
is

h̄ω⊥(Q) = 2S
√
A2 − |B|2,

A = gabμBBy − 3

(
J + K

3

)
+

(
J + K

6

)
cos 2πh

+
(

J + 5K

12

)
[cos 2π (h + k) + cos 2πk]

B = K

2

[
i

3
cos 2πh +

(√
2

3
+ i

6

)
cos 2πk

+
(√

2

3
+ i

6

)
cos 2π (h + k)

]
. (B3)

This has a different functional form compared to the XXZ
dispersion in Eq. (5). Therefore, if dispersion data collected in
high transverse field are also taken into account, the XXZ and
JK scenarios can be readily distinguished, as illustrated by
the poor agreement between observed and calculated magnon
energies shown in Fig. 5(b) for the JK model compared to the
excellent agreement for the XXZ model in Fig. 5(a).

The presence of a Kitaev term (K) or next-nearest-neighbor
in-plane exchange (J3) as small perturbations to the mini-
mal XXZ Hamiltonian was also investigated. Allowing either
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of these terms did not, however, significantly improve the
fits, and yielded values of K and J3 at most of order 5%
of Jz—i.e., the same order of magnitude as the estimated
magnitude of the neglected interlayer couplings discussed in
Appendix E—placing this material well away from the spin-
liquid regime [8]. Therefore, in the analysis of the excitation
spectrum in the main text, the XXZ Hamiltonian parameters in
Table I are used, as these already provide an excellent quanti-
tative description of the high-field dispersions for field applied
along two orthogonal directions, as illustrated in Fig. 5(a).

APPENDIX C: TWO-MAGNON EXCITATIONS IN LSWT

Here, we provide technical details of the calculation of
the dynamical correlations for one- and two-magnon scatter-
ing processes for the noncollinear three-sublattice magnetic
structure at zero and intermediate transverse field. We are not
claiming the formulas listed here to be original, but include
them here for completeness; the approach used is similar to
that employed in Ref. [23]. It is convenient to introduce a local
reference frame x′y′z′, with z′ along the local ordered spin at
each site. The transverse directions x′, y′ are defined according
to the convention used by the SpinW package [37] relevant to
the present context, i.e., y′ ‖ (z′ × a) and x′ ‖ (y′ × z′). In this
local frame, all spins point up along the z′ axis. The magnetic
structure of the XXZ TLAF in all transverse fields below BC

is a noncollinear three-sublattice order, see Sec. IV A, and
the transformed spin Hamiltonian has the periodicity of the
enlarged three-site unit cell of the magnetic structure. This
is because the unique site out of the three in the magnetic
unit cell [in any of the Y, iY, � or V phases in Figs. 2(b)
and 2(c)] has a different local environment compared to the
other two sites. This is in contrast to the case of spiral-ordered
phases, such as the 120◦ order in the easy-plane XXZ TLAF
model [27] or the incommensurate spiral order in the distorted
(isosceles) triangular lattice [51], where each magnetic site in
the local frame has the same local environment, so the trans-
formed spin Hamiltonian has the periodicity of the structural
cell and the problem is reduced to a single magnetic sublattice.
In the present case no such simplification occurs, and one must
consider the full three-sublattice problem.

Two-magnon scattering processes involve two magnon-
creation operators so in the local frame, these occur entirely
in the longitudinal (z′z′) polarization. For an isotropic g factor
at zero temperature, the latter is given by

Sz′z′
(Q, ω) = g2μ2

B

∑
λ f

|〈λ f |Sz′
(Q)|GS〉|2δ(Eλ f − h̄ω),

where the sum extends over all states |λ f 〉 of energy
Eλ f relative to the ground state |GS〉 and where Sz′

(Q) =
(1/

√
N )

∑
R exp(iQ · R)Sz′

R , with R running over the positions
of the N magnetic sites in the lattice. Sz′z′

has two contribu-
tions: at zero energy, the magnetic Bragg peaks, and at finite

energy, two-magnon excited states. Transforming back to the
original global frame, the two-magnon contribution to the ζη

component of the dynamical structure factor normalized per
site is given by

Sζη

2M(Q, ω) = Z2Mgζ gημ2
B

2NSN 2

∑
k,k′,τ

δ(Q − k − k′ − τ)

×
NS∑

j, j′=1

δ(h̄ω − h̄ω j (k) − h̄ω j′ (k
′))

×
NS∑

m,m′=1

Cζ

m j j′ (k, k′)∗ Cη

m′ j j′ (k, k′),

Cζ

m j j′ (k, k′) = f m
z′ζ e2π i(k+k′ )·rm [um j (k)vm j′ (k

′)

+ um j′ (k
′)vm j (k)], (C1)

where ζ , η = x, y, and z, and where we have allowed for an
anisotropic g-tensor assumed to be diagonal in the xyz axes
frame, which is the case for the experiments reported here.
In the above equations, k and k′ are the wavevectors of the
two individual magnons created in a two-magnon scattering
process, with each running over the full structural Brillouin
zone, j, j′ label the different magnon modes, m, m′ run over
the distinct magnetic sublattices in the magnetic unit cell,
h̄ω j (k) is the energy of the jth magnon mode with wavevector
k, f m

z′ζ is the component of the ẑ′ axis of the mth sublattice
along the global ζ direction, rm is the position of the mth
sublattice in the reference magnetic unit cell and NS is the
number of sublattices. The first δ-function in Eq. (C1) indi-
cates that the wavevector Q is equivalent to the sum of the
two wave-vector transfers k and k′ up to a reciprocal lattice
vector τ. The overall prefactor Z2M is introduced here to allow
for an overall effective renormalization of the intensity due
to quantum fluctuations beyond LSWT, for which Z2M = 1.
The quantities um j (k), vm j (k) transform between the boson
operators ak,m for the NS different magnetic sublattices, m = 1
to NS, and the normal mode boson operators bk, j as

ak,m =
NS∑
j=1

u∗
m j (−k)bk, j + vm j (k)b†

−k, j,

a†
−k,m =

NS∑
j=1

v∗
m j (−k)bk, j + um j (k)b†

−k, j,

where j runs over all the magnon modes, with NS = 3 for B <

BC and NS = 1 for B � BC, see Fig. 2(c).
One-magnon processes occur entirely in the transverse dy-

namical correlations Sx′x′
, Sy′y′

, Sx′y′
, and Sy′x′

as they are due
to matrix elements of single magnon-creation operators. The
one-magnon contribution to the dynamical structure factor
normalized per site is therefore

Sζη

1M(Q, ω) = Z1MSgζ gημ2
B

2NS
2N

∑
k,τ

δ(Q − k − τ )
NS∑
j

δ(h̄ω − h̄ω j (k))
NS∑

m,m′
C̃ζ

m j (k)∗ C̃η

m′ j (k),

C̃ζ
m j (k) = e2π i(k+k′ )·rm

(
f m
x′ζ [um j (k) + vm j (k)] + f m

y′ζ i[vm j (k) − um j (k)]
)
, (C2)
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TABLE V. Best-fit Hamiltonian parameters using the
Heisenberg-Kitaev exchange model in Eqs. (B1) and (2) with
the level of agreement for magnon energies illustrated in Fig. 5(b).

J 0.0900(18) meV
K 0.0063(14) meV
gc 4.230(10)
gab 4.340(17)
δB 0.142(17) T at B = 1.7 T‖b∗

where Z1M is an overall one-magnon intensity renormalization
factor due to quantum fluctuations beyond LSWT, for which
Z1M = 1, and f m

{x′,y′}ζ is the component of x̂′, ŷ′ on the mth
sublattice along the global ζ direction.

The integral equations for the dynamical correlations
Sζη(Q, ω) in Eq. (C1) were calculated numerically using a
Monte-Carlo method as in Refs. [51,52], using 108 (k, k′)
wave-vector pairs, where each wavevector was selected ran-
domly inside the Brillouin zone. At each given magnetic field,
the SpinW package [37] was used to calculate the local spin
projection components f m

z′ζ and the functions um j (k), vm j (k),
h̄ω j (k). The mean-field magnetic structure was either found
iteratively using SpinW, or through analytic calculations. The
intensity prefactors Z1M and Z2M were determined such that
the dynamical correlations satisfied the total moment sum
rules in the local frame. These rules state that for a spin-half
system with an isotropic g tensor [53],

Mζη = 1

N
∑

Q

∫
d(h̄ω)Sζη(Q, ω) = 1

4
(gμB)2δζη, (C3)

where the sum is over all wavevectors Q in the full structural
Brillouin zone. This result is independent of the spin exchange
Hamiltonian, magnetic field or temperature. The contributions
to Mx′x′

and My′y′
come from single-magnon excitations. In the

fixed frame, it is not possible to normalize these polarizations
separately, so a common overall scale factor Z1M has been
assumed for all one-magnon contributions, such that

Mx′x′ + My′y′ = 1
2 (gμB)2. (C4)

There are two contributions to Mz′z′
: the magnetic Bragg peaks

on the elastic line, and the inelastic part due to two-magnon
scattering, as described above. For the case of three sublattices
relevant here, we obtain that the magnetic Bragg peaks have
total intensity per magnetic site

Mz′z′
BP = (S2 − 2S�S + (�S)2)(gμB)2, (C5)

where

(�S)m = 〈S − Sz′ 〉m = 1

NNS

∑
k

∑
j

|vm j |2

is the spin reduction on sublattice m, and where the overlines
denote averages across the different magnetic sublattices.
Setting S = 1/2, the two magnon contribution to the scatter-
ing is therefore required to sum to (�S − (�S)2)(gμB)2. It
was found that without renormalization, i.e., assuming Z1M =
Z2M = 1, the sum rules were overestimated for all three polar-
izations in zero field by about 30%, as shown in Table VI.

FIG. 16. Calculated INS spectrum, including both one- and two-
magnon excitations, for the model including a small biquadratic
exchange to stabilize a V-phase at 1.4 T, as described in the text,
to be compared with calculations for a � phase in Fig. 6(h) with all
symbols having the same meaning and intensities plotted on a log
scale.

We find that, for the Hamiltonian parameters in Table I,
the ground-state order is strongly noncollinear for all studied
fields below BC, with the consequence that the two-magnon
scattering has finite contributions from all six possible types of
magnon pairs αα, ββ, γ γ , αβ, βγ , αγ , but with the relative
contributions being field dependent. Here, α, β, γ are the three
magnon modes in order of increasing energy. For example, in
zero field, the largest two-magnon weight (largest fraction of
Mz′z′

2M) comes from αα and ββ continua, whereas at 1.4 T the
dominant contribution comes from the αα continuum.

The two-magnon contribution is included in all the cal-
culation plots in Fig. 6 (even columns), as well as in
Figs. 9(b), 9(c), and 16. In these calculations, the plotted in-
tensity is the total dynamical structure factor S = ∑

ζη(δζη −
Q̂ζ Q̂η )Sζη, where Q̂ζ = Qζ /|Q| and Q is the total wave-vector
transfer, taking into account the different Q values at all con-
tributing pixels. The two-magnon signal is most prominent at
zero field and decreases in magnitude upon increasing field,
but is still present at all probed fields. For example, in Fig. 6(b)
(zero field), the blue shaded signal above the γ mode near
K and K′ points is a two-magnon continuum of mainly βγ

character, whereas the green shaded region between β and γ

modes at the same momenta is a continuum of mainly αα

character. In Fig. 6(f) at 0.25 T, the blue shaded continuum
between 0.25 to 0.35 meV comes mainly from a ββ contin-
uum, and in Fig. 6(j) at 0.7 T, the blue regions near K and K′
around 0.3 and 0.45 meV come from ββ and γ γ continua,
respectively. Furthermore, the β and γ modes at 0.7 T overlap
with αα and αβ continua, not visible on the plotted scale. In
Figs. 6(d) (1 T) and (h) (1.4 T), the continuum is only just visi-
ble: in (d) the purple region around 0.3 meV around the K and
K′ points is a continuum of ββ character and in (h) the blue
region around 0.05 meV near the � point is an αα continuum.
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TABLE VI. The sum total of the intensity contribution in each channel in the local x′y′z′ frame in units of (gμB )2 assuming an isotropic
g tensor, as calculated in LSWT (Z1M = Z2M = 1), at some representative fields. The first and second rows correspond to the two different
polarizations of single magnon scattering. The third row shows the longitudinal polarization Mz′z′

, which has contributions from magnetic
Bragg peaks (BP) and from two-magnon (2M) excitations, and which should sum to 1/4 as per Eq. (C3). The last two rows show the two
contributions separately, with the fourth row listing the Bragg peak contribution as per Eq. (C5) and the fifth row giving the two-magnon
contribution, calculated using Eq. (C1). At low field, the sum rules are only very approximately satisfied, but the relative intensities of the
single-magnon and two-magnon scattering are nevertheless close to what is expected from the sum rules. The 3.5 T column shows that
well into the paramagnetic phase, linear spin-wave theory is an asymptotically good approximation as the sum rules are very close to being
exactly satisfied. Any departure is attributed to the effects of quantum fluctuations due to spin-non-conservation because the field is applied
perpendicular to the Ising axis. At each field, Z1M was chosen such as to satisfy the moment sum rule in Eq. (C4) and Z2M was chosen to satisfy
the sum rule for Mz′z′

assuming that the Bragg peak contribution in Eq. (C5) is un-renormalized.

0 T 0.25 T 0.7 T 1 T 1.4 T 1.7 T 3.5 T Sum rules

Mx′x′
0.3450 0.3045 0.2756 0.2630 0.2477 0.2253 0.2482 0.25

My′y′
0.3208 0.2650 0.2531 0.2532 0.2641 0.2968 0.2522 0.25

Mz′z′
0.3141 0.2624 0.2528 0.2510 0.2511 0.2561 0.2499 0.25

Mz′z′
BP 0.1153 0.1855 0.2222 0.2342 0.2384 0.2284 0.2496

Mz′z′
2M 0.1988 0.0769 0.0306 0.0169 0.0127 0.0277 0.0003

The β and γ modes at 1 and 1.4 T also overlap with αα, αβ,
and ββ continua, which are not visible on the plotted scale.
At the end of Sec. IV B, we analyze in turn where magnon
modes overlap with continua at all experimentally measured
fields and list kinematically allowed decay channels.

APPENDIX D: SPECTRUM IN THE V- VS �-PHASE
BELOW BC

Theoretical calculations that take into account quantum
fluctuations predict that the spontaneous magnetic order be-
low BC is a V phase, rather than the � phase predicted
semiclassically, with the relevant phase diagrams compared in
Figs. 2(b) and 2(c). In this Appendix, we present an approxi-
mate calculation of the spectrum in the V-phase in the region
just below BC and compare with the spectrum of the � phase
at the same field. In this regime, we find that it is possible
to stabilize the V-phase at the mean-field level by adding
a biquadratic exchange term Hbq = −Jbq

∑
〈i j〉(Si · S j )2 with

Jbq > 0, as an empirical way to approximately parametrize the
effects of quantum fluctuations, as explained in Refs. [54,55].
We derived analytic expressions for the ground state energy
for the total Hamiltonian Htotal = HXXZ + HZeeman + Hbq for
both a V-phase (parametrized by two angles) and a �-phase
(parametrized by one angle), then found numerically the
angles that gave the minimum energies in both cases. By
comparing the resulting energies and testing that the spin-
wave Hamiltonians were positive definite using SpinW [37],
we deduced that a transition occurs from the � to the V-
phase when Jbq is above a threshold value. For the purpose
of the calculations, we choose a value slightly larger than the
threshold.

The calculated INS spin-wave spectrum for the V-phase at
1.4 T stabilized by Jbq = 0.011 meV is shown in Fig. 16. In
this case, the energetic magnitude of the biquadratic exchange,
i.e., the expectation value 〈Hbq〉 in the ground state, relative
to the total ground state energy 〈Htotal〉 and to the reference
mean-field energy of the �-phase at Jbq = 0, is 0.76% and
0.70%, respectively, so the added biquadratic exchange has
only a relatively small effect, but sufficient to stabilize the V-

phase. The spectrum in this case is very similar in all aspects
to the one calculated for the � phase for Jbq = 0 in Fig. 6(h),
suggesting that the key features of the spectrum at this field
are not sensitive to whether the ground state order is a V- or a
�-phase.

We note that comparing the experimental and theoretical
phase diagrams in Fig. 2(a) with Figs. 2(b) and 2(c), a V-phase
is also expected at two other fields where the INS spectrum
was measured, namely 0.7 and 1 T. We have found that at 1 T,
where the required magnitude of the biquadratic exchange is
0.018 meV, the spectrum is again very similar to that of the
� phase at the same field in the absence of Jbq (not shown).
However, we were not able to use this method of including an
empirical biquadratic exchange to study the excitations of the
V-phase at 0.7 T, as the magnitude of the required biquadratic
exchange (0.030 meV) is too large and significantly affects
the physics: the β and γ modes become very flat (not shown),
which is qualitatively different to what is seen experimentally
[Fig. 6(i)].

APPENDIX E: EFFECTS OF INTERLAYER COUPLINGS
IN THE POLARIZED PHASE

Here, we provide calculations of the dispersion relations
and dynamical structure factors in the field-polarized phase
for the XXZ exchange model for Na2BaCo(PO4)2 extended
to include the effects of interlayer couplings. We then use
these expressions to analyze the spectrum along the interlayer
direction and thus place an upper bound on the interlayer
coupling strength.

1. Calculation of dispersions and dynamical correlations
in linear spin-wave theory

For simplicity, we consider only the single interlayer ex-
change Jb in Fig. 11 as this interlayer coupling alone gives a
zero-field magnetic propagation vector in the interlayer direc-
tion qz = 1/6, which is within the range of values reported
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experimentally. The spin Hamiltonian we consider is

H = 1

2

∑
R

⎡
⎣∑

δ1

(
Jxy

(
Sx

RSx
R+δ1

+ Sy
RSy

R+δ1

) + JzS
z
RSz

R+δ1

)

+
∑
δ2

JbSR · SR+δ2

⎤
⎦ − μB

∑
R

gabBySy
R,

where R runs over the positions of magnetic sites, located at
the vertices of a stacked triangular lattice, and δ1 runs over the
vectors connecting sites to their six nearest neighbors in the
same triangular layer, i.e., δ1 = a, b, a + b,−a,−b,−a − b.
The vector δ2 connects sites to neighbors in the adjacent
layers above and below, as indicated in Fig. 11, and runs
over a − c, b − c,−a − b − c,−a + c,−b + c, a + b + c in
the P3̄ crystal structure.

In the field-polarized phase for B along y, the magnon
dispersion in linear spin-wave theory is obtained as

h̄ω⊥(Q) = 2S
√
A2 − B2,

A = gabμBBy − 3Jxy + Jz + Jxy

2
γ (Q)

+ Jb[−3 + γb(Q)],

B =Jz − Jxy

2
γ (Q), (E1)

where

γb(Q) = cos 2π (h − l ) + cos 2π (k − l )

+ cos 2π (−h − k − l ), (E2)

and γ (Q) is given in Eq. (4). The nonzero components of the
dynamical structure factor are then obtained as

Sxx(Q, ω) = g2
abμ

2
B

A + B
h̄ω(Q)

δ(h̄ω − h̄ω⊥(Q)), (E3)

Szz(Q, ω) = g2
cμ

2
B

A − B
h̄ω(Q)

δ(h̄ω − h̄ω⊥(Q)), (E4)

where the Q dependence is implicitly assumed for A and B.

2. Parametrization of the interlayer dispersion

In order to inspect the effects of the interlayer couplings,
the spectrum of magnons in the direction perpendicular to the
layers is plotted in Fig. 17(a) along (−2/3, 1/3, l ) at 3.5 T. It
is not possible to resolve any clear modulation in the energy,
either in the intensity map or after extracting peak positions
through taking cuts and performing Gaussian fits to the peak
lineshapes (not shown). There is, however, some modulation
in the extracted linewidth that could potentially be beyond
the experimental error bars, as shown in Fig. 17(c). Such
a linewidth modulation would be expected if the dynamical
response contained two unresolved modes with distinct dis-
persion along l . This would be expected in the case of a
twinned sample. In particular, the dispersions and dynamical
correlations in Eqs. (E1)–(E4) apply for a single crystal with
the P3̄ structure, but as explained in Appendix A, a macro-
scopic size sample is expected to contain coexisting structural
twins related by a twofold rotation around the a + b axis, or

FIG. 17. Interlayer dispersion effects. (a) INS data taken at 3.5 T
with Ei = 0.87 meV, showing the spectrum along the (−2/3, 1/3, l )
direction. The data have been averaged over a width of ±0.025 r.l.u.
along both the (1, −1/2, 0) and (010) directions. (b) Calculation in
linear spin-wave theory of the expected inelastic neutron scattering
intensity, for the range of data shown in (a), taking into account the
two different structural P3̄ twins, related by the m mirror, as well
as the Co2+ magnetic form factor. The calculation assumes Jb =
0.003 meV and J2 = Ja = 0. The dynamical correlations are con-
volved with a Gaussian of 0.027 meV FWHM to mimic instrumental
resolution effects. The white and black lines are the dispersions
for the main grain and the twin, respectively. In (a) and (b), color
indicates INS intensity on an arbitrary scale. (c) Experimental (filled
points) and calculated (solid line) linewidths (FWHM) along the
interlayer direction. The experimental data points are extracted from
fitting Gaussians to constant-wave-vector scans through the data in
(a). The calculation uses the same parameters as in (b). The expres-
sions for the dispersions and intensities in linear spin-wave theory
used in (b) and (c) are given in Eqs. (E1)–(E4).

equivalently the (110) axis. This rotation maps the wavevector
(hkl) in the axes of the main grain into (khl̄) in the axes
of the rotated twin. Therefore, the corresponding dispersions
and dynamical correlations for the rotated twin are obtained
by replacing l → −l in the expression for γb in Eq. (E2).
For a twinned sample, this leads to two modes with distinct
dispersion along the l direction, one with minimum for l near
1/6 and the other near −1/6, illustrated in Fig. 17(b) by
the white and black solid lines, respectively. The two modes
cross at l = 0,±0.5, leading to a variation in the effective
linewidth of the summed response, as illustrated in Fig. 17(c);
the calculations assumed an equal weighted average of the two
structural twins.

Based on the variation in linewidth, and making the as-
sumption that this is due to two modes dispersing only due to
Jb, the value Jb ≈ 0.003 meV is estimated such as to approx-
imately match the overall range of variation of the linewidth
in the data and calculation, i.e., about 2.5% of the value of
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the dominant nearest-neighbor Ising component Jz refined in
Sec. III A. The linewidth calculated based on these assump-
tions is shown by the solid line in Fig. 17(c) and calculations
of the expected inelastic neutron scattering spectrum based on
this model are shown in Fig. 17(b). We note that the model
predicts a clear modulation in energy, which is not present in
the data. We have verified that adding J2 = Jb/3 as used for
the magnetic structure model in Fig. 12(b) would produce a
similar level of agreement with the data. These comparisons
suggest that perhaps a more complex model of interlayer
interactions would be needed to get closer to the data. There
is not, however, sufficient information in the present data to
test such a model, so this is considered beyond the scope of

this work. This estimated value of Jb is therefore considered
as an indicative upper bound on the strength of the interlayer
couplings.

Both because there is no visible modulation in the magnon
energies due to interlayer couplings (neither at 3.5 T, nor at
the other fields investigated in Horace scans), and because
the estimated upper bound of the interlayer couplings is so
much smaller than the nearest-neighbor in-plane coupling,
their effect is neglected in the rest of this paper. The inelastic
neutron scattering data are therefore averaged across the entire
range in the (00l ) direction to improve counting statistics,
and the dynamics are treated as fully two dimensional in all
calculations outside this Appendix.
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