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We study the dissipative dynamics of a class of interacting “gamma-matrix” spin models coupled to a Marko-
vian environment. For spins on an arbitrary graph, we construct a Lindbladian that maps to a non-Hermitian
model of free Majorana fermions hopping on the graph with a background classical Z, gauge field. We show,
analytically and numerically, that the steady states and relaxation dynamics are qualitatively independent of the
choice of the underlying graph, in stark contrast to the Hamiltonian case. We also show that the exponentially
many steady states provide a concrete example of mixed-state topological order, in the sense of strong-to-weak
spontaneous symmetry breaking of a one-form symmetry. While encoding only classical information, the steady
states still exhibit long-range quantum correlations. Afterward, we examine the relaxation processes toward
the steady state by numerically computing decay rates, which we generically find to be finite, even in the
dissipationless limit. However, we identify symmetry sectors where fermion-parity conservation is enhanced
to fermion-number conservation, where we can analytically bound the decay rates and prove that they vanish
in the limits of both infinitely weak and infinitely strong dissipation. Finally, we show that while the choice of
coherent dynamics is very flexible, exact solvability strongly constrains the allowed form of dissipation. Our
work establishes an analytically tractable framework to explore nonequilibrium quantum phases of matter and

the relaxation mechanisms toward them.

DOLI: 10.1103/11zb-vplw

I. INTRODUCTION

Interacting spin systems in two dimensions are a fertile
ground for fundamental and applied physics. Among the
many phases of matter that two-dimensional (2D) spin sys-
tems can host, quantum spin liquids (QSLs) [1,2] stand out
due to their exotic properties, such as the absence of lo-
cal magnetic ordering, fractionalized excitations, and often
topological order [3-8]. These properties also make QSLs
and other topologically ordered states potential candidates
to realize fault-tolerant quantum computers and topological
quantum memories [9—11]. These fundamental and poten-
tially technological features motivate intense theoretical and
experimental research into QSLs [12-22].

In the rich landscape of QSLs, the Kitaev honeycomb
model [8]—a model of spins-1/2 on the honeycomb lattice
with highly anisotropic Heisenberg interactions—occupies a
special place, as it provides a rare example of an exactly
solvable model with both gapped and gapless QSL phases.
The fractionalization of the spins into free itinerant Majo-
rana fermions and static classical Z, gauge fields yields not
only a detailed knowledge of the ground states but also key
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insights into the dynamics and signatures of the anyonic ex-
citations [21-29]. Several variants of the Kitaev model that
preserve exact solvability while hosting distinct types of QSLs
have been proposed [30—34]. However, imperfections in de-
vices or samples and external influences are, to a certain
extent, unavoidable in realistic systems, including in current-
term noisy quantum hardware. It is thus natural to ask what the
fate of topological order and the QSL state is once the system
is explicitly coupled to the environment: which, if any, exactly
solvable QSL models can still be constructed, and what is their
phenomenology?

In this paper, we show that Kitaev’s approach can be used
to construct an exactly solvable interacting model on an ar-
bitrary two-dimensional graph while including coupling to
a Markovian bath that leads to Lindbladian dynamics. The
local degrees of freedom of these models are “gamma ma-
trices” [31-33], replacing Pauli matrices of spin-1/2 models
by elements of a suitable Clifford algebra. In stark con-
trast to the closed-system limit, where qualitatively different
states arise for different choices of 2D spin models [8,30—
32], we show that the qualitative properties of these models
are largely insensitive to details of the coherent interactions
(e.g., graph geometry or relative coupling strengths). In par-
ticular, the steady-state manifold is completely determined
by symmetry and has the same structure for any graph or
parameters of the model. The transient dynamics are also
qualitatively similar. Two special cases of our model on the
square lattice were studied in Refs. [35-37]. There, the au-
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thors identified the steady states, reduced the Lindbladian to
its free-fermion representation inside fixed symmetry sectors,
and numerically studied the dominant relaxation timescales.
Other graphs have not been investigated; most prominently
missing is a free-fermion dissipative honeycomb model (the
spin-1/2 honeycomb model of Ref. [38], which, while sharing
the same steady states, is not free-fermion-reducible; see also
Ref. [39]).

In addition to providing key insights into the dynam-
ics of dissipative QSLs, the gamma-matrix model is also
particularly useful to study the intensely debated nature of
mixed-state topological order [40-52]. In the ground-state
physics of pure states, the characteristic features of topo-
logical order, such as robust ground-state degeneracy and
long-range correlations, go hand-in-hand with the ability to
store and manipulate quantum information coherently. On
the other hand, it has been understood that mixed states are
richer and allow exotic phases of matter where a quantum
memory is degraded to a classical memory but still exhibits
nontrivial long-range quantum correlations [51-55]. It was
also recognized [56] that the transition between a coherent
ground-state phase and an incoherent mixed-state phase can
happen sharply at a critical decoherence strength (or, in a
continuous-time description, dynamically at a critical time),
when a strong symmetry of the system is spontaneously bro-
ken [55-76] to a weak symmetry. If the spontaneously broken
symmetry is a higher-form symmetry [60], i.e., whose sym-
metry operators and charged operators are extended objects,
then the resulting mixed state exhibits a sense of mixed-state
topological order. We show that the gamma-matrix models
give examples of such strong-to-weak spontaneous symmetry
breaking (SW-SSB) and that its steady-state manifold forms a
classical memory with such quantum mixed-state topological
order.

Finally, we can ask where our work fits in the broader
landscape of exactly solvable open quantum systems, which
has steadily grown in recent years to include Lindbladian
dynamics of quadratic systems [77-85], free Hamiltonians
with dephasing [86-89], steady states of boundary-driven in-
teracting spin chains [90-98], interacting Lindbladians that
are mapped to Bethe-ansatz integrable non-Hermitian Hamil-
tonians [99-103], collective spin models [104], triangular
Lindbladians [105-107], and quantum-channel circuits built
from integrable Trotterizations [108—112]. Our model stands
apart from these examples because it displays features ex-
pected from generic open quantum systems, e.g., parametric
separation of timescales [106,113-118], anomalous relax-
ation [35,119-123], and SW-SSB [55-76], while retaining
analytic tractability and being amenable to efficient large-
scale numerical treatment.

Main results

Our main results are summarized in Fig. 1. We consider
a Lindbladian gamma matrix model on an arbitrary graph
constrained only by a color rule, Fig. 1(a). We identify certain
closed and open strings of gamma matrices as the strong and
weak symmetries [124] of the model, respectively. Accord-
ingly, the Lindbladian has an exponentially large number of

steady states, labeled by the eigenvalues of closed strings
(fluxes).

If the graph is embedded on a topologically nontrivial
surface, closed strings can wrap around noncontractible loops,
Fig. 1(b). Their eigenvalues in different steady states en-
code classical information [51,52], which can be manipulated
with logical operators constructed from closed gamma-matrix
strings on the dual graph. Despite being a classical memory,
the steady states display nontrivial topological order intrinsic
to mixed states, which we detect by the SW-SSB [55-76] of
the noncontractible fluxes.

To go beyond the general symmetry considerations, we
restrict our attention to the subset of jump operators for which
the Lindbladian can be reduced to a bilayer non-Hermitian
Hamiltonian of free Majorana fermions hopping on a back-
ground of classical Z, gauge fields (both inside each layer and
between the two layers), Fig. 1(c). The steady states of this
bilayer operator are the vacua of interlayer (adjoint) fermions
(pairings of one Majorana from each layer), distinguished
by different flux patterns. Open gamma-matrix strings carry
fractionalized operators at their end points, which can be of
three types, corresponding to intralayer and interlayer gauge
flips (leading to additional vacua that are not steady states) and
Majorana fermions that populate the vacua. Each type gives
parametrically distinct relaxation timescales.

In the presence of intralayer gauge flips, the dynamics
conserve only the parity of adjoint fermions, Fig. 1(d). We
derive an analytical constraint on the parity of the excitation
based on the sign of the Pfaffian of the single-particle Lind-
bladian. The spectral gap becomes finite at zero dissipation if
the thermodynamic limit is taken first, a phenomenon dubbed
anomalous relaxation [120-123].

In the absence of intralayer gauge flips, the dynamics
conserve adjoint-fermion number, Fig. 1(e). We show that
the ensuing relaxation rates are largely independent of the
microscopic details of the graph structure and provide analytic
bounds. Furthermore, we prove that the decay rates always
vanish in the limits of dissipation going to zero and, in some
sectors, also to infinity.

II. DISSIPATIVE GAMMA-MATRIX MODELS
ON ARBITRARY GRAPHS

A. The Kitaev honeycomb model

We start by recalling Kitaev’s original honeycomb
model [8]. Consider the honeycomb lattice with spin-1/2 de-
grees of freedom living on the lattice sites described by Pauli
matrices oi”, ie{l,...,N}and u € {x,y, z}. The Hamilto-
nian of the model describes a highly anisotropic Heisenberg
interaction of the spins,

He=—J, Y oloi—J > olol =L Y oioi. ()

x-edges y-edges z-edges

where the x-, y-, and z-edges connect sites i and j along the
three different directions of the honeycomb lattice.

The Pauli matrices describing spin-1/2 degrees of freedom
are the simplest (two-dimensional) Clifford algebra: the two
generators o = (07)" and o] = (07)" satisfy {07, 07} =0
and (07')*> = (07)* =1, and 0} = —iof0] is the chiral el-
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FIG. 1. Schematic representation of the main results. (a) A “proper edge coloring” of a graph (i.e., such that no two edges of the same
color meet at any vertex) defines a gamma-matrix Hamiltonian with Heisenberg interactions set by the edge colors. The gamma-matrix “spins”
and itinerant Majorana fermions (resulting from the gamma-matrix-to-Majorana mapping of Sec. IV) live on the vertices, and gauge fields u;;
(resulting from the same mapping) live on the edges. The gauge fields give rise to fluxes W, through elementary plaquettes p. (b) When the
system is realized on a topologically nontrivial surface like a torus, fluxes can thread noncontractible loops. One can define logical operators
X, and Z, for each noncontractible loop. In the steady state, the product of two Z operators acquires a nonzero correlation even when the
two operators are arbitrarily far apart. Consequently, the X operators are spontaneously broken from a strong to a weak one-form symmetry.
(c) Vectorization: doubling of degrees of freedom to represent the open system. In the free-fermion solvable case, two copies (layers) of the
graph are connected by interlayer gauge fields v; (black vertical lines) arising from dephasing. The symmetry sectors of the Lindbladian are
labeled by W, X,, and interlayer fluxes W,, and each has its own fermionic vacuum. The steady states are the fermionic vacua in sectors
with W, = 1 for all interlayer plaquettes g, i.e., without any gauge flips (¥, = —1), and they are labeled by their flux patterns. The decaying
states of the Lindbladian are the vacua with gauge flips and fermionic excitations. (d) When intralayer gauge fields are flipped, the excitations
conserve only fermionic parity, which is determined by a Pfaffian method we describe. For weak dissipation, their decay rate is proportional
to the Hamiltonian coupling strength J when the thermodynamic limit is taken first (anomalous relaxation). (d) If only interlayer gauge fields
v; are flipped, the excitations are labeled by a conserved fermion number, and their decay rates can be analytically bounded with Bendixson
inequalities (shaded region). At weak dissipation, the decay rate of all excitations is linear in the dissipation strength y.

ement of the algebra (i.e., an operator that anticommutes
with all its elements). The crucial feature of Eq. (1) is that
there is a single x-, y-, and z-type link emanating from each
site, which allowed Kitaev to reduce the Hamiltonian to that
of free Majorana fermions hopping on a background gauge
field [8], after fractionalization of the spins into Majorana
fermions. (Some variants of the Kitaev model can also be
solved without recourse to fractionalization [125,126].) For
lattices with a higher valence (site coordination number), the
same construction is still possible if one chooses the local de-
grees of freedom as gamma matrices in a higher-dimensional
Clifford algebra. Hamiltonians of this type were studied in
Refs. [31-33].

B. The gamma-matrix model

We consider a model defined on an arbitrary graph G
with N vertices i and E edges (ij), with z = z(i) the lo-

cal vertex valence (number of incident edges at vertex i).
The local degrees of freedom are Euclidean gamma matrices
Fj‘ = (F;‘)T, jef{l,...,N}and u € {1,..., 2k}, of dimen-
sion 2% x 2% that satisfy {T}, Ty} =28,, and [T}, T}1=0
for i # j. Here, 2k = z (2k = z 4 1) if z is even (odd). More-
over, for convenience, we denote F(/-) = 1 (noting that F‘]? 18
not a member of the Clifford algebra and does not satisfy the
anticommutation relations). The set of all possible products of
gamma matrices forms a basis of operators of the local Hilbert
space; of particular importance are the i # v bilinears,

i

I =ilrjT) = 2[1“;‘, ], wve{l,....2, (@
the chiral element,
ch _ p2k+1 . :kpl 2k
=it =i ... T, 3)

and the string operators defined in the next subsection.
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FIG. 2. Spin Hamiltonians defined by the color rule. Each edge
of the graph is assigned a color, and two gamma matrices with that
color at the two end points of the edge interact in a term of the
Hamiltonian. We illustrate the general construction for a vertex i of
valence z(i) = 5.

We assign a color @ = a((ij)) € {1, ..., 1+ max; z(i)} to
each edge, such that no two edges of the same color meet
at any vertex of the graph—the color rule, see Fig. 1(a) for
an example. That is, we assign a proper edge coloring to the
graph.

The Hamiltonian of the model is then given by Heisenberg
interactions of the gamma matrices determined by the colors
of the edges,

W pedi)
H==> " gy reth = 3" JiK;, 4
(i) (ij)
with real J;; = Jj;, see Fig. 2. Because of the color rule,

each gamma matrix appears in exactly one edge operator K;;,
which, therefore, satisfy

KijKij = (=D (= 1) Ky Kij. ®)

This property will be the key to free-fermion reducibility.
Special cases of this Hamiltonian support different types of
QSL ground states, namely Kitaev’s original model on the
honeycomb lattice [8] [Eq. (1)] and its generalizations to the
square [31], decorated honeycomb [30], and kagome [32]
lattices.

C. Symmetries of the gamma-matrix Hamiltonian

The symmetries of the Hamiltonian are constructed from
the string operators

W _ o \|PlpHe2 2023 PPV
WP = (-1) F' sz Fj\7>|
= F Kjlszjzjs T Kj\?\_lvj\P\F;"p\ s (6)

where P = {ji,..., jip|} is a self-avoiding path on the
graph of length |P| passing through the sites ji, ..., jip|,
Uymt1 = ({Jmjm+1)) matches the edge color, and

w,ve{0,1,...,2k+ 1} such that u £ a({ji, j2)) and
v # a((jipi—1jip))). (Recall that 1";-’ =1 by convention.)

From the second line in Eq. (6), we see that W{; " corresponds
to a pair of gamma matrices, F” and F‘I’m at the end points
of a string of terms of the Hamﬂtoman K;;.

Throughout this work, some special cases of Eq. (6) will
prove important and we collect them here for later refer-
ence. If the string terminates at the identity at both ends
(u = v = 0), then it corresponds to a pure string of Hamil-
tonian terms and we denote it by

we = ] K- @

(ijyeP

If the string terminates at a chiral element at both ends (u =
v = 2k + 1), we denote it by

Wch = FChKJuzKJsz ~ Kip 1, F;\hﬁ ®

and call it a chiral (open) string. Strings can also be defined
on aclosed path C if j; = jj¢; in that case, the string operator,
corresponding to a “flux” through the surface delimited by C,
is given by

we =[] k- ©)

(ij)eC

Not all strings of the form (6) commute with the Hamilto-
nian. Since each K;; in H anticommutes with precisely zero
or two Ky in We, we find [H, W¢] = 0 for all closed C. On
the other hand, the K;; at the end point of an open string
Wp anticommutes with all Ky ; that share that end point but
have a different color; hence, [H, Wp] # 0 for all open P.
The addition of a gamma matrix '} with w € {1,..., 2k}
at the end of the string leads to commutatlon with all Ky
except the one with color u; hence, also [H, W“ "1 % 0 for all
open P and u, v € {1, ..., 2k}. Finally, open string operators
commute with all K;;, and hence the Hamiltonian, if and only
if they terminate at a chiral element at both ends; hence,
[H, Wf)h] =0.

A generic Hamiltonian of the form (5) does not have any
other symmetnes besides W¢ and WCh Moreover, not all
We and W' commute among themselves WeWer = WeWe
and chcf WSWe for all C, C', and P, but WWa =
—Wg}Wf;h if and only if P and P’ share an odd number of
end points (they commute otherwise); hence, the eigenstates
of H are not simultaneous eigenstates of all W and Wp, and
only the former define the quantum numbers of H.

D. Lindbladian dynamics
We now couple the system to its environment. The time
evolution of the system’s density matrix p, is given by a
quantum master equation, p; = L(p,), where the Liouvillian
superoperator of Lindblad form [127-129] (Lindbladian for
short) is

1
L(p)=—ilH.p]+ Y (L_fp,Lj - S{LIL;, pf}). (10)
J

2

Our main focus will be on free-fermion reducible Lind-
bladians (see Sec. IV), which, as we shall show, requires
single-site generalized “dephasing” jump operators (see Ap-
pendix A for further details):

Ly =y T, (11)
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where y; is the on-site dissipation strength.! (We use
the terms dissipation and dephasing interchangeably in
this work.) The jump operators (11) generalize the stan-
dard dephasing mechanism in spin-1/2 systems (L; =

yjaf) to gamma-matrix ‘“‘spins.” More generally, the
symmetry analysis of Secs. IIF and III holds for any
jump operator that is a single string of gamma ma-
trices and conserves all fluxes Wg, ie., [L,, We]l=0
for all m and C. An example of such a jump operator is the
edge operator L;;y o< K;; [38]. This choice does not, however,
preserve the free-fermion description of the model (see Ap-
pendix A). Simultaneous flux conservation and free-fermion
solvability reduce the choice of jump operators to Eq. (11).
We will show below that, once this choice is made, the dy-
namics of the open system are largely independent of the
choice of graph (i.e., of Hamiltonian); in contrast, for closed
systems, different choices of graph lead to vastly different
physics [8,30-34].

E. Strong and weak symmetries

Unitary symmetries of open quantum systems come in two
flavors: strong and weak [124] (sometimes also called exact
and average, respectively), the properties of which we now
briefly review. Let S be a unitary operator in the physical
Hilbert space. S is a weak symmetry of £ if £(SpST) =
SL(p)ST for any operator p. Introducing the superoperator
S that acts by conjugation with S (i.e., the adjoint action of
S on the space of operators), S(p) = SpS', a weak symme-
try is equivalent to the superoperator commutation relation
[£,S] =0. On the other hand, S is a strong symmetry if
S commutes with all elements of the set {H, Lj,L;} (je
{1,...,N}). It follows that the Lindbladian superoperator
commutes with both S, and S_, where S, is the left action
of S, S;(p) = Sp, and S_ is the right action, S_(p) = pST.
Clearly, a strong symmetry is also weak, but the converse is
not true. A simple example of a weak symmetry that is not
strong (and that occurs in our model) is if S commutes with H
but anticommutes with (some of) the jump operators.

Let the distinct eigenvalues of S be denoted as s, =
e% (a e {l,...,n}). The distinct eigenvalues of the weak
symmetry superoperator S are hence sqp = 5455 = €%
Since the Lindbladian and the symmetry operator commute,
they can be simultaneously diagonalized, with sectors labeled
by the eigenvalues of the symmetry. As such, weak symmetry
sectors are labeled by s,4 and strong symmetry sectors by
a pair (sq, Sg), where s, (SE) is the eigenvalue of S, (S-).
Traceful eigenoperators, namely all steady states, belong to
diagonal symmetry sectors [124], i.e., the n symmetry sec-
tors with s, = sg and s,g = 1. Generically, each such sector

'Tf z(j) is odd, T ?k enters neither the Hamiltonian nor the jump
operators. We can either regard it as an inert gamma matrix only
necessary to complete the Hilbert space—which replicates the
Lindbladian, leading to two degenerate copies that can be treated

individually; or add a jump operator L} = \/yj’ l"jz.k—the formulas

below must then be modified accordingly, but the qualitative picture
remains intact.

contains one steady state (with fine-tuning, there could be
multiple steady states per sector, but this does not occur here).

F. Symmetries of the gamma-matrix Lindbladian

The strong and weak symmetries of the Lindbladian (10)
are given by the string operators defined in Egs. (8) and (9).

(1) Strong symmetries. Since any Wz commutes both with
the Hamiltonian and all the jump operators, it is a strong
symmetry of £. By a slight abuse of notation, we denote the
left-action superoperator as Wey = W and the right-action
superoperator as We_ = We.

(i) Weak symmetries. Open chiral strings Wf,h commute
with the Hamiltonian but anticommute with the jump opera-
tors located at the ends of the string. Consequently, W7§h are
weak Liouvillian symmetries. Their superoperator action is
the adjoint action of the chiral string operator,

W (p) = Wi oW (12)

Not all We, Wc, and W%h are independent. As worked
out in detail in Appendix B, a minimal set—which labels
the symmetry sectors—is {W,,, Wy, Wy}, ¢ 4. Here, W, are We
for C = p, with p the elementary plaquettes (or faces) of
the graph. If the graph is embedded on a closed surface, the
total flux through that surface is | » Wp = +1 identically; this
reduces the number of independent plaquettes by one. The
flux through any other contractible loop is then the product
of the fluxes through the plaquettes contained in the loop.
Additionally, the surface on which we embed the graph may
have noncontractible loops ¢ and there is an additional flux
W, along each such loop (of which there are b;—the first
Betti number of the surface). There is also a weak symme-
try W, 1= Wf}b along each of the edges of the graph; in a
doubled (i.e., vectorized) representation that we discuss in
Sec. IV B, the weak symmetry corresponds to the flux through
an interlayer plaquette q [see also Fig. 1(c)]. Any string W%h
is then given by an appropriate product of elementary fluxes
W,. As detailed in Appendix B, the fluxes W, and W, are
not independent as they are constrained by W,, W, and W,.
In total, we have 2E — N + 1 independent conserved fluxes:
E — N + 1 strong fluxes W, and W; and E weak fluxes W,,.
The fluxes have eigenvalues +1 (i) if the length of their
boundary is even (odd), as follows from the Hermiticity of the
gamma matrices and the prefactor i'”! in Eq. (6)—this choice
makes the antiunitary symmetries of the model manifest [8]
(see also Sec. VI). W, always has an even number of edges
and thus always squares to +1. We denote the eigenvalues
of W,, Wy, W,, W, and W, by w,, wy, W,, Wy, and 1o,
respectively. We further denote a strong-flux configuration
(i.e., an assignment w, = £1 or £i and w, = £1 or i for all
p and £) by w and a weak-flux configuration (i.e., an assign-
ment tv, = %1 for all g) by tv; there are 25~V *! strong-flux
configurations and 2F weak-flux configurations.

III. MIXED-STATE TOPOLOGICAL ORDER

A. Steady states

The steady states pg of L satisfy pis = L(pss) = 0, i.e.,
they are eigenoperators of L with zero eigenvalue. As
discussed above, there is one such steady state for each
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FIG. 3. Logical operators of the Lindbladian gamma-matrix model. (a) Two noncontractible loops ¢; and ¢, for a random graph on the
torus and two noncontractible loops ¢; and ¢, on the dual graph. £, and ¢, intersect an odd (even) number of times if a = b (a # b). The same
construction holds for higher-genus surfaces and any graph. (b) Construction of the logical operations in terms of gamma matrices.

eigenvalue of a strong symmetry, i.e., for each strong-flux
configuration. Hence, we have 26-N*! distinct steady states,
which we can build explicitly.

Because jump operators are Hermitian, the identity matrix
(the fully mixed state) is annihilated by £ and, because of the
strong symmetry property, so is any product of strong fluxes.
However, the identity and such products are not eigenstates
under left multiplication by other flux combinations; there-
fore, they do not correspond to physical steady states. Instead,
the latter are given by the infinite-temperature state projected
into the sectors with fixed eigenvalue of the strong fluxes:

pu = ZPo. (13)

Here,

14+ wW, 1+ w,W,
P,,,:]Z[ 5 I1 5 (14)

is the projector into the symmetry sector labeled by the strong-
flux configuration w, and Z = 2V~! is the dimension of the
symmetry sectors.” Using Kitaev-model terminology [8], we
say there is a vortex at plaquette p if w, = —1 and, therefore,
a steady state is labeled by its vortex pattern. Because of
the commutativity of all fluxes, we have W, (py) = pw, as
required from a steady state under a weak symmetry.

In closed quantum systems, a hallmark of topological order
is topological ground-state degeneracy, with distinct ground
states labeled by eigenvalues of noncontractible string opera-
tors [10,11,130-135]. This degeneracy signals a generalized
form of symmetry breaking, namely that of one-form sym-
metries furnished by these noncontractible strings [136—139].
In our gamma-matrix model, W, are such operators and their

2This can be shown as follows. The total Hilbert space dimension is
[1,249/2 = 2%:i40/2 = 2F  where in the last step we used the hand-
shaking lemma. Assuming all the sectors have the same dimension,
we divide the total dimension by the number 2E~N+! of distinct
steady states to find Z = 2V~!. We justify our assumption once we
introduce Majorana fermions in Sec. I'V.

eigenvalues w, label steady states; these are thus topologi-
cally degenerate in this sense. Hence, a natural question is
to what extent p, exemplifies mixed-state topological or-
der [41-52,58-63]. We show that p, displays topological
order in the sense of exhibiting SW-SSB [55-76] of the
one-form symmetries [60] W,. These states can, however,
encode only classical information (akin to the decohered toric
code [49-54,56,60]), as one would naturally expect from their
almost fully mixed nature.

B. Symmetries and order parameters

We view p,, as logical states, and to perform logical oper-
ations, we define (see also Fig. 3)

X.=W, = [] Ky (15)
(ij)eta
Z,= [] rt. (16)
(ijyela
where a € {1, ..., by} and £, is a path on the dual graph such

that £, and 7, intersect an odd (even) number of times if a = b
(a # b). The index i of 'Y in Z, can be chosen as either end
point of each edge of the original graph crossed by Z,, and
o = a({ij)) is the color set by the Hamiltonian. These logical
operators satisfy

[Yav Yb] = [Zav Zb] =0 and Yazb = (_1)8ahzb)_(ct-
(17)

The logical operators can be deformed without changing the
commutation relations (17) by multiplying them with prod-
ucts of Kj; and F;h. In particular, the two choices of index
i for I'Y above differ by Kj; on the edge (ij) crossed by Z,.
The path of X, is deformable by the multiplication by a W, (a
direct-graph plaquette) adjacent to £,; similarly, the path of Z,,
on the dual graph is deformable by the multiplication by th
(a dual-graph plaquette) on a site j adjacent to £,,. The logical
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operators act on o, as

Xapw = puXa = Wy, Pu, (18)

Zapw = pw’zaa (19)

with w’ such that w/, = w), for all p and wj, = (—=1)’"w,.

C. One-form strong-to-weak spontaneous symmetry breaking

Above, we discussed the strong and weak symmetries of
the Lindbladian. They can also be defined directly for mixed
states. A state p has a strong symmetry if S.(p) =Sp =
¢?p for some 6, while it has a weak symmetry if instead
only S(p) = S/oST = p, where, as before, S is a unitary sym-
metry operator. Let us consider a local operator O that is
charged under S such that STOS = ¢'9°0, qo ¢ 2nZ. Then,
it follows that if p has a weak symmetry, Tr[pO] = 0; if p
has a strong symmetry, besides the previous condition, also
Tr[p0pOT] = 0.

If upon substituting O — O(x)O(y), where O(x) and O(y)
are operators with charge gp and —¢qo and localized near x
and y, respectively, the correlators acquire a finite value when
|x — y] = o0, then the respective symmetry is spontaneously
broken by p [56-60,63—65]. More concretely, if the standard
correlator (which can be viewed as a Rényi-1 correlator)

Tr[pOx)0()] ~ O(1), (20)

then the symmetry (either strong or weak) is completely
broken. If, instead, the Rényi-1 correlator vanishes but the
Rényi-2 correlator

Tr[p0x)0()pO(») 0()']
Tr[p?]
then the strong symmetry is spontaneously broken to a weak
one; there is SW-SSB. (This is because O(p) = OpO' is
charged under the strong symmetry S;, OS, = €l%S, O,
but neutral under the weak symmetry S, OS = SO.) If both
correlators vanish, the symmetry is unbroken.

We now turn to our gamma-matrix model. The logical
operator Z, in Eq. (18) is charged under the noncontractible
flux W, : WgaZana =—Z, In any steady state p,, the Rényi
correlators are given by

~ O(), 2y

TrlpwZa(x)Za(y)] =0, (22)
Tf[,OwZa(X)Z;(J’)sza(Y)Za(x)] —1 (23)
Tr[p3] B

for any x # y, where Z(x) is defined on a path that can be
continuously deformed to £, and passes through site x. To
arrive at Eq. (22) we used that Z,(x) and Z,(y) differ by a
string of K;; and th, and the product of a steady state and any
string R of gamma matrices that is algebraically independent
of W, and W, (hence effectively acts as a tensor product
Pw ® R) is traceless. In Eq. (23), the string of gamma matrices
arising from the left action commutes with p,, and cancels
the string resulting from the right action; the numerator thus
equals Tr[p2] and the result follows. Because the charged
operators are extended one-dimensional objects, the noncon-
tractible fluxes are one-form symmetries [136—139] and the
steady states exemplify one-form SW-SSB [60].

Finally, we note that an alternative, nonequiva-
lent definition of SW-SSB exists [59], in which the
Rényi-2 correlator is replaced by the fidelity correlator
Trv /pO(x)0(y)pO(y) O(x)" ,/p. In our case, at least in the
steady state, the two correlators coincide.

D. Classical memory

While p,, is a logical state, it is only a classical memory,
encoding b, classical bits. Indeed, an initial state with finite
overlaps m,, with the steady states p,, (where ), iy, = 1)
evolves, at infinitely-long times, into the statistical mixture
(i.e., incoherent superposition) ), 7y 0. This idea can be
formalized [51,52] by identifying p, as isolated extremal
points in the convex set of steady states.

This classical memory is inherently robust against lo-
cal perturbations, by an argument similar to the “cleaning
lemma” [140]. Any perturbation to the Hamiltonian or any
jump operator that does not commute with the strong fluxes
leads to an infinite-temperature steady state in the subspace
labeled by those fluxes. However, if the perturbation does
not commute with a noncontractible flux but is local, we can
deform the noncontractible loop around the perturbation and
use this deformed logical operator instead. The robustness
holds as long as the perturbation’s support does not wind
around any noncontractible loop (if it does, then it removes
the corresponding encoded bits from the memory).

Here we addressed topological order and the robustness
of the classical memory only at times sufficiently long such
that the state can be smoothly connected to the steady state.
Studying these properties at finite times remains an interesting
open question for future work.

IV. FRACTIONALIZATION AND FREE-FERMION
REPRESENTATION

A. Majorana representation

The Lindbladian (10) becomes exactly solvable (i.e., re-
ducible to exponentially many single-particle Lindbladians)
if we fractionalize the degrees of freedom. To this end, we
introduce 2k 4 2 flavors of Majorana fermions per site, b?
(nwell,..., 2k}, bj-h = bﬁk“, and c;, and write the gamma
matrices as

F;‘ = ib’j‘cj. 24)
The Majoranas are Hermitian and satisfy the Clifford algebra
{b?, bj} = 28,-,-8,w, {Ci, Cj} = 28,’1', and {bfl, Cj} = 0. The in-
clusion of two additional Majoranas (i.e., an ordinary fermion)
per site doubles the Hilbert space dimension, but because
the chiral element is defined from the other gamma matrices
through Eq. (3), we have the constraint

Dj:=i*"p; b e =1, (25)

i.e., only states in the subspace of even (local) Majorana parity
D; = 1oneach site j are mapped to valid states in the gamma-
matrix Hilbert space. For any physical state p, D; thus acts as
a strong symmetry:

Djp = pD; = p. (26)
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B. Vectorization

To proceed, we represent the Lindbladian superoperator
as an operator on the space of density matrices, a procedure
known as vectorization [77]. The vectorized density matrix
is given by |p) =Y, (m|p|n)|m)|n), where {|n)} forms a
basis of the original Hilbert space and {|m)|n)} is a basis of
the doubled (vectorized) Hilbert space. The identity matrix
is mapped to the (unnormalized) infinite-temperature ther-
mofield double state |0) := ) |m)|m). For each Majorana
fermion c; (b" ) in the original Hilbert space, we introduce two

Majoranas in the doubled Hilbert space, c; and &; (V; and b));
the former represent left action on the density matrlx Whlle
the latter represent (a phase times) right action. When acting
on the identity matrix, left and right multiplication should
coincide, leading to ¢;|0) = €'&;|0). The phase € is fixed
by demanding anticommutation of Majoranas from different
copies: acting on both sides of the equality with cj, we have
0) = —€?¢c;10) = —e??|0), whence €' . The choice
of sign is arbitrary, and we fix

¢j0) = —ig;|0) and H%|0) = —iBk[0).  (27)

Using Eq. (27), one can then vectorize the left and right
action of b’j‘ (c;) on an arbitrary operator as follows [77].
For M a fermion monomial with DM = (—1)™MD, D =
]—[j D;, wemap ¢;M — c;|M)and Mc; — (—1)™(—ic;)|M)
[b;‘M — b;‘|M) and Mb‘j‘ — (—1)’“4(—115’;)|M)].3 A gamma
matrix acting from the right gets mapped to F;‘ = —ibl¢;
[note the relative minus sign compared with Eq. (24)]. With
this mapping, the Lindbladian reads

L= Jijlwjcic; + @;6¢)) + Yy yi(vjic;é; — 1), (28)
(i) J

where the edge operators (referred to as gauge fields) u;j, i;;,
and v; are defined as
uij = ibi b

~ oo
iOjs I/t,'j——lbb V;

by, vy =i, (29)
with o = a({ij)). It proves convenient to regard the Lind-
bladian as a bilayer system with two identical layers with
Hamiltonian couplings of opposite sign and imaginary in-
terlayer couplings; see Fig. 1(c). The Majorana fermions c;
and ¢; live on the vertices of the upper and lower layers,
respectively, the gauge fields u;; and i;; live on the edges of
the upper and lower layers, and the gauge fields v; live on the
interlayer edges.

All other operators can also be rewritten in terms of Ma-
jorana fermions and gauge fields. In this representation, the
strong symmetry (9) reads

We = (—)° H wj,  We=ill H iy, (30)

(ijyeC (ijyeC

3The inclusion of the fermionic parity (—1)" ensures that the prod-
uct ¢;Mc; maps to the same expression regardless of whether the left
or right action is vectorized first: (¢;M)c; = (—1)"* (—ict;)|c;M) =
(=1)%M (—iét;)ci|M) = (—=1)™¢;(—iét;)|[M) = ¢;(Mc;), where in
the second equality we used |c;M) = c¢;|M) and in the third the
anticommutation of ¢; and &; and (—1)"#* = —(—=1)"™.

for its left and right actions, respectively. The weak symmetry,
i.e., conjugation with Wth [Eq. (12)], becomes
Wq = —v,»u,-jvjﬁj,» = Lt,'jljt,'jU,’Uj. (31)
This is a closed string around an interlayer plaquette. Finally,
the right action of the constraint Eq. (25) maps to
D. - k171 72k+1 ~
D; = (—1)+bj--~bj+cj=1. (32)
It proves convenient to define the adjoint (interlayer) com-
plex fermions [77]
fi=3(ci+iep, f] =3(c;—i&), (33)
which satisfy the canonical anticommutation relation
{fi, ij} = §;j. Because of Eq. (27), the fiducial state |0)
is the adjoint fermionic vacuum, satisfying
fil0) =0, u;|0) = i;|0), and

vil0) = —0). (34

Inverting Eq. (33) and inserting into Eq. (28), we obtain

L= Tl + a7 f; + fif D)+ (uyj — i)
(i)

<L+ SIDT+2 Y v = 3 vl 4 v)).
J J

(35)

C. Gauge invariance

Because of the color rule, the edge operators (29) all com-
mute with each other and with the Lindbladian. Moreover,
they satisfy u;; = ii;; = v; = 1. Hence, they can be viewed
as classical Z, gauge fields, u;;, ii;;, v; € {—1, +1}, and we
can replace the operators by these values in the Lindbla-
dian. Since for each %1 value of u;;, @;;, and v;, Eq. (28)
[or Eq. (35)] is quadratic in fermionic operators, the model
is now exactly solvable. The Lindbladian block-diagonalizes
into sectors where the gauge fields act as multiples of the

identity

D Luin (36)

{uij,ii;j,v;}

Although all gauge fields commute with the Lindbladian,
they do not commute with D; and D [Egs. (25) and (32)]
and cannot label physical states the physical subspace on
which £ acts [defined by Eq. (26)] is a superposition of these
sectors. Conjugating by D;, any gauge field terminating at site
J changes its sign:

Dju,-j:—u[ij, DjUj:—Uij (37)
(and similarly for the second copy); D; thus effects a Z, gauge
transformation. Furthermore,
DjCj = —Cij (38)
(and similarly for the second copy), thus D; also effects the
Z, gauge transformation of “matter fields.”
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The total parity superoperator D = ]_[ D; D; ; is a gauge
transformation on every site, hence leavmg all gauge fields
invariant, and thus providing no gauge-field constraint. How-
ever, it constrains the matter fields. Writing

D = (=N [Ty [ (v, (39)
where the adjoint fermionic parity is defined as

(=DM =T (e . =>"flfi.  «0
J J

shows that the physical constraint D = +1 can be seen as
fixing the adjoint fermion parity to be the same as the “gauge
parity” [35]:*

(=N = [ Tugiis; | J(=vp)- (41)
(ij) J

Since D; and D ; are gauge transformations, the physical
subspace [defined by Eq. (26)] has gauge-invariant states. By
Egs. (37) and (38), the Lindbladian is also gauge-invariant,
as is its spectrum (because it is preserved by similarity trans-
formations, such as gauge transformations). However, the
eigenstates |¢) obtained from Eq. (28) [or (35)] are not, since
we must choose some gauge to compute them (we fix this
gauge in Sec. IV D). To obtain physical eigenstates, we project
|@) into the physical subspace using the projector [31,35]

1+D;1+D;

(42)

The physical state Q|¢) corresponds to an equal-weight
superposition of eigenstates for all gauge-equivalent config-
urations’ {u;j, ii;j, vj}; these all have the same eigenvalue
(which follows from the gauge invariance of the Lindbladian,
LO]p) = QL|p)). Olp) is the vectorization of Q(¢) = QpQ,
where Q = ]_[ (1+Dj)/2; since D;Q =0D; =0, Q(p)
satisfies Eq. (26) by construction.

A set of gauge-invariant observables that label physical
states is furnished by string operators, but not all string
operators: only the closed loops (flux operators) W¢, We,

“If z(j) is odd, there are two additional Majoranas b%* and b3
that appear neither in the Lindbladian nor any gauge ﬁelds Ui, ul s
or v;, but still enter the definition of D; and D_ and thus affect
the constraint D = 1. Consequently, there is an additional factor
in Eq. (41): [](iv?"), where v?* = ip%*b% [with (v¥)? = 1] and
the product ]_[’j is over sites with odd z(j). By the handshaking
lemma, the number 2M of such sites is always even and hence
H; (ivjz.k) = (=1 ]_[; sz_k. Since vjz.k does not enter the Lindbladian
but commutes with it and with all gauge fields, we can simply choose
an arbitrary gauge vi* = =£1 such that [];v}* = (=1)" without
changing the physics; Eq (41) then holds for odd z(j) as well.

3As there are only N — 1 independent gauge transformations, de-
spite its appearance Q does not perform N independent projections,
since Eq. (41) is already implemented (i.e., ©Q and D are not alge-
braically independent).

and W;Dh are gauge-invariant. As mentioned in Sec. ITF and
shown in Appendix B, the elementary fluxes are the fluxes
W, through the plaquettes in one layer, the fluxes W, through
noncontractible loops in the same layer, and the fluxes W,
through interlayer plaquettes; their number totals 2E — N +
1. The fluxes W in the second layer can be obtained from
the preceding ones, Wy and W since the flux through
a closed cell is unity. This reasoning provides an alterna-
tive block-decomposition of £ in terms of gauge-invariant
fluxes,

L=EPLuw. 43)
w, o

with each block labeled by a strong- and a weak-flux config-
uration w and tv, respectively. Since for each vertex i there
are z(i) gamma matrices, by the handshaking lemma there
are Y .z(i) = 2FE gamma matrices in total. Subtracting the
number 2E — N + 1 of (strong and weak) fluxes leaves N — 1
binary degrees of freedom for the ¢ (and ¢) fermions [cf. the
normalization Z of a sector with fixed fluxes in Eq. (13)], in
agreement with there being one adjoint fermion mode per site
and fixed total adjoint fermionic parity [Eq. (41)].

The fiducial state |0) is not an eigenstate of the strong
fluxes W, and W, and thus does not belong to a single symme-
try sector. It is, however, an eigenstate of the weak fluxes W,
with eigenvalue one, see Egs. (31) and (34). We thus construct
2E-N+1 distinct vacua by projecting |0) into the symmetry
sector labeled by w, [0)y ww=1 = Py|0) [with the fermionized
form of Eq. (14)]. The projection does not change the quan-
tum numbers w, = 1 for any g; we denoted this weak-flux
configuration by to = 1. The projected state |0),, n,—1 iS an
adjoint-fermion vacuum, f;|0), w=1 = 0, because each c; and
¢; commutes with the projector built from W, and W,. Upon
projecting into the physical subspace with Q, this vacuum
is the vectorization of the (unnormalized) steady states py,.
We can also construct additional (non-steady-state) adjoint-
fermion vacua by populating |0)y w=1 With b7 Majoranas.
As we will discuss in detail in Sec. IV E, this flips the weak
fluxes w, for some ¢ (that depend on the choice of b0%);
for a fixed w we have one vacuum for each choice of tv.
In total, we can thus build 2?6~N+! distinct vacua [0)y 1w
defined by

fj|0>w,m = 01
WZ|0>w,m = wl|0>w.m»

Wp|0>w,m = wpl())w,mv
Wq|0>w,m = mq|0)w,m~ (44)

D. Gauge fixing

To perform actual calculations, we must fix a gauge. As
discussed in Sec. III A, there are exponentially many steady
states, one for each strong-flux configuration w (i.e., vortex
pattern) and to = 1 (weak-symmetry constraint). The strong-
symmetry constraint W, = W, is then automatically enforced
as discussed in Sec. II'F and Appendix B. To satisfy to, =1
for all g [cf. Eq. (31)] we make the gauge choice

Uiy = 17{,‘]‘ and v, = —1, (45)
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which is consistent with Eq. (34).° For any w, £]0)4 =1 = 0
and hence as expected from the discussion at the end of
the previous subsection, we identify the adjoint-fermionic
vacuum as the vectorization of the steady state p,,. The exci-
tations inside a steady-state sector are then obtained from the

other 2V=! — 1 eigenstates of £ with (—1)V/ = 1 [to maintain
Eq. (41)].

To go beyond steady-state sectors, i.e., t0 |0)yp 21, We
need w, = —1 for some g, which by Eq. (31) can be achieved

by flipping either the interlayer gauge field to v; = +1 on sites
i belonging to some set U or the intralayer gauge fields to
it;j = —u;; on the edges (ij) belonging to some set {{. We em-
phasize that the “intralayer flips” refer to flips of the fluxes in
the second layer with respect to the first in the bilayer picture,
and not to flips of the physical fluxes with respect to some
reference configuration (this would correspond to changing to
a different steady-state sector). In non-steady-state sectors, the
fermionic vacuum |0}y v 1 is not annihilated by £ [and is not
even a physical state if the number of gauge flips is odd, cf.
Eq. (41)]; all states are excited.

For a particular gauge choice {u;;} compatible with the
background flux configuration w and the set of gauge flips
4l and *U, the Lindbladian reads

L=4 Z Jiju,-jﬁfj-i-Z Z J[j”ij(fff;"‘fifj)

(ijyest (ijyed
=2 yififi =2 vl = £ £ (46)
j€T jey

with the adjoint fermionic parity fixed to (—1M =
(—1)™+T1 Here, 4 (V) denotes the complement of the set
3L (20), and [44] (*U|) denotes the cardinality of [ (0).

From Eq. (46), we immediately see that excitations come
in two types: if, for a given symmetry sector, there exists
no gauge choice without intralayer flips (L # (), then there
are superconducting terms in the Lindbladian and it con-
serves only adjoint-fermion-parity, [£, (—1)"/] = 0. On the
other hand, if a gauge choice exists such that there are only
interlayer flips or no gauge flips at all (U = ), then the
superconducting terms vanish, and the dynamics conserves
the adjoint-fermion number, [£, A/;] = 0. The projection into
these symmetry sectors has more symmetry than the full Lind-
bladian.

Importantly, we can always make the gauge choice U = ¢
and perform all necessary gauge flips as intralayer gauge
flips: for each tv, = tw;, = —1, we can simply flip the i;;
on the corresponding edge while keeping all v; = —1 fixed
(i.e., there is a one-to-one correspondence between ii;; and
;). The gauge choice U = @ would simplify the Lindbla-
dian by dropping the last term in Eq. (46) and allow for a

SThis is a different gauge choice from that of Ref. [35], namely
u;; = —ii;; and staggered v; (note there is a minus sign difference
between our definition of i;; and that of Ref. [35]). While the two
choices are equivalent for the square lattice, the gauge in Ref. [35]
can only be generalized to bipartite graphs, whereas ours works for
any graph. Moreover, this gauge choice allows us to completely
gauge away the edge variables v;; see below.

unified treatment of all sectors. However, as a consequence
of their enhanced symmetry, sectors that are gauge equivalent
to U =0 (i.e., where Wz = W¢ for all C) have a different
phenomenology from those that are not. For this reason, we
shall treat the two cases separately in Secs. V and VI, respec-
tively. Before that, in Sec. IV E, we identify the gamma-matrix
strings in the original representation that correspond to the
fractionalized excitations discussed above.

E. Steady states and excitations from strings

A generic state does not have definite quantum numbers
under all conserved fluxes. To determine the relaxation time
of such a state, we would need to find all the symmetry sectors
with which it overlaps, and then compute the smallest spectral
gap therein. This is an intractable task given the exponential
number of sectors (for small system sizes, one can devise
optimization schemes for this task [36], but even then, the
accessible system sizes are very limited).

An alternative is to compute the relaxation timescales of
basis elements of the space of operators: any operator can be
written as a linear combination of terms of the form

0 = X1 poXR, @7

where ¥; and Xy are arbitrary strings of gamma matrices,’

and py is a fixed density matrix.® Without loss of generality,
we choose pp to be the vortex-free steady state, i.e., pg =
Py,—1/Z. After vectorization, the reference state p, is mapped
to the vortex-free fermionic vacuum [0)y—1 w=1. If Zpg =1
(X, = 1), then we say o is constructed by left (right) action
of ¥ (Xp). If ¥ = Xp = X # 1, we say it is built by the
adjoint action of X.

Crucially, any state of the form (47) is fully supported
inside a single symmetry sector: pg has fixed and known quan-
tum numbers, namely w, = w, = tv, = 1 for all p, ¢, and ¢;
and all strings X; and Xy either commute or anticommute
with all conserved fluxes, hence they either preserve or flip
these quantum numbers. More precisely, if we denote

W, =s5,W,5 and X W, =sW, XL, (48)

W = stWIE, and  ZpW = SFWER,  (49)

with s, s, 52, 55 e {—1, 1}, then o belongs to the sector la-
beled by the quantum numbers w, = s,, w, = s¢, and v, =
slq‘ﬁ’; . We do not need to specify the commutation relation of
Y with the strong fluxes, since W, and W, are completely
fixed by w,, w, and v,. We then choose a gauge configu-
ration u;; compatible with the strong fluxes and fix the inter-
and intralayer gauge flips *J and 4l (recall that there is gauge
freedom in this choice) in accordance with the weak fluxes.
Our strategy is to choose strings X; and Xk such that we
can construct representative states with each type of excitation

"By construction, gamma-matrix strings are unitary and, with a
judicious choice of prefactor, they can always be made Hermitian.

8While o in Eq. (47) is not a proper density matrix as it is traceless
unless X; = X = 1, the set of all possible o with py fixed forms a
basis of the space of operators.
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(b) b ©

FIG. 4. Fractionalized representation of string excitations of the
gamma-matrix model. Schematic representation of strings of gamma
matrices on an open path P, defined in Egs. (6)—(8) (only one end
point j depicted). The body of the string, [ | (ijyep Kij» is mapped to a
product of Z, gauge fields, ]—IU 0 <p (—iu;;), with Majorana fermions
at each end. (a) The string W;,” with w,v € {1,..., 2k} carries a
Majorana fermion b‘; at its end point, which excites intralayer gauge
flips on the edge with color u that emanates from j (represented by a
bold colored edge) and, for the adjoint action, two vortices adjacent
to that edge. (b) The string W carries a chiral Majorana fermion
b;'.h at its end point that effects an interlayer gauge flip at j (which
is gauge-equivalent to flipping all intralayer gauge fields emanating
from j, as depicted by the colored edges). (c) The string Wp carries
an itinerant Majorana fermion c; at its end point, introducing a
superposition of fermionic excitations at j.

described in Sec. IV D: vortices, intra- and interlayer gauge
excitations, and Majorana fermions. To this end, it suffices
to consider the strings W4", Wp, W7§h, and W, defined in
Egs. (6)-(9), as described in the following and summarized
in Fig. 4 and Table 1.

(1) Closed strings W¢. As explained in Sec. II C, W com-
mutes with W and W7§h for all C’ and P. Hence, for any action
(left, right, or adjoint) of W¢, we have s, = s; = 52 = 55 =1

for all p, £, and g, and pg is mapped to itself (o = pg). Ac-
cordingly, the action of W, does not produce any excitations.

(i) Open strings W#v with w,v e {l,...,2k}. W{,w is
formed by a body ]_[<i iyep Kij and two gamma matrices at the
end points. In the fractionalized picture, this maps to a string
of gauge fields, [];;,.p(—iu;;), with a Majorana fermion
at the end point j of P (and similarly for the other end point);
see Fig. 4(a). We have s.f = —1 on the edge that emanates
from j with color w, and s, = —1 on the two plaquettes
adjacent to it, which in the fractionalized representation reads
as the Majorana b’j‘ flipping the gauge field u;; on the edge
with color w. If the action of Wj" is adjoint, the s,-% = —1
cancel each other out (v, = 5555 = +1) and the string excites
only vortices in the system. Hence, o = W5" poWh" = P,/ 2
is a different steady state, where w, = —1 on the plaquettes
mentioned above and w, = +1 otherwise; in the vectorized
representation, o maps to the vacuum [0) 1 ro—1-

(iii) When W}," acts on the right, we do not induce vortices
(sp = +1 for all p), but the 5{1"R no longer cancel, leading
instead to an intralayer gauge excitation on the same edge
(#t;j = —u;;). The mapped state o = poW{,“’ is not a steady
state but instead a decaying operator in a symmetry sector
with w, # W,; its vectorization is the vacuum [0)y=1, w1
On the other hand, the left action can be interpreted as the
composition of the right and adjoint actions. In that case, o
has both vortices and intralayer gauge excitations.

(iv) Open chiral strings W7§h (n, v =2k + 1). Similarly
to before, these strings have a “Z, gauge body,” but they
carry chiral Majoranas bj-h at their end points; see Fig. 4(b).

W7§h commutes with all We, thus s, = s, = 1 for all p and ¢,
and chiral strings do not excite vortices. On the other hand,
LR _

s, = —1 for all edges ¢ that emanate from the end points

of the string, and s, = 1 for all other edges. In the frac-
tionalized picture, it corresponds to the chiral Majorana bj-h
flipping the gauge field v;; this is gauge-equivalent to flipping
all the gauge fields u;; emanating from site j instead (as can
also be seen by direct inspection of the commutation relations
of u;j, it;j, vj, and b;h), and we conclude that open chiral

TABLE I. Summary of the mapping between states in the spin and fractionalized representations. The numbering of the first column
follows that of the main text. In the second and third columns, we list the strings, defined in Egs. (6)—(9), that act on the reference state p, and
whether the action is left, right, or adjoint. The fourth column indicates in which symmetry sector the resulting state o = X, po X lives, and
whether it is a steady or a transient state. The final four columns specify the gauge and fermionic content of the state to which o is mapped in
the fractionalized picture, namely, vortices, intralayer and interlayer gauge excitations, and Majorana fermions c;. States with multiple types

of excitations are obtained by composing these elementary operations.

Type of string Action Mapped state Vortices Intralayer Interlayer Fermions
Wc AIly
@) Wp Adjoint Itself No No No No
W Adjoint
(i) W 7;;,) Adijoint Steady state in a different Yes No No No
symmetry sector
(i) W Right Transient operator in a No Yes No No
sector withw,, # w,
iv) W Left/right Transient operator in a No No Yes No
sector withto, = —1
V) W Left/right Transient operator in No No No Yes

the same symmetry sector
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strings effect interlayer gauge flips at their end points. For
the adjoint action, the interlayer gauge flips induced in each
layer cancel, and no excitations are induced. We thus see that
o= Wf,h po = pOWﬁ.h is a transient operator in a symmetry
sector with tv, = —1 only and maps to a fermionic vacuum
|0) w=1,w1 With 1o as described above. Hence, starting from
the vacuum in the reference sector, we can generate all other
possible vacua by acting with W,," and Wg".

(v) Open strings Wp (u, v = 0). This final type of string
carries instead itinerant Majorana fermions c; at its end points;
see Fig. 4(c). By the arguments laid out after Eq. (9), Wp does
not commute with every Kjj, but it does commute with all
We and W7§h. Hence, s, = s, = 5q = s® = 1 and there are no
gauge excitations. 0 = Wppg = poWp~ is a decaying opera-
tor in the same symmetry sector as pp and is vectorized to
cicjl0)w=t.m=1 = f; f]10)w=1.w=1 [Where we used Egs. (33)
and (44)], creating a superposition of fermionic excitations.
On the other hand, the adjoint action of W), leaves p invariant,
which in the vectorized picture can be understood as inserting
both a ¢; and a &; fermion into the system, using the vacuum
to reflect the &; to another ¢; [Eq. (27)], and then annihilating
it with the first ¢;.

More general strings, not of the form (6), can also be
considered but lead to no new excitations. For example, closed
strings that are not the products of K;; but some other gamma-
matrix bilinears do not commute with the fluxes and thus
induce vortices along the body of the string. Composing the
previous operations, every operator in any symmetry sector
can be reached, thus completing the enumeration of possible
excitations in both the gamma-matrix and fermion representa-
tions.

V. FERMION-PARITY-CONSERVING DYNAMICS

We now determine the eigenvalues of the excitations of
the free-fermion Lindbladian in a given symmetry sector,
which determine the respective relaxation rates. We start with
the more general case of fermion-parity conservation, which
offers a unified solution for any sector. While for sectors
with intralayer gauge flips (4 # ) this is the only procedure
available, in sectors with Wz = W, for all C (i.e., that can be
gauged to 4l = ) it is convenient to exploit the enhanced sym-
metry (fermion-number conservation) to obtain information
beyond the general solution. This will be addressed in Sec. VI.

A. Diagonalization of the Lindbladian

We can write the Majorana representation (28) of the Lind-
bladian in block-matrix form as

Z(Cl Cl lj IDU AOs (50)
_IDU AU CJ

9 At the vectorized level, the equality of left and right actions trans-
lates to Eq. (44).

where Ay = Z_; y; and the real N x N single-particle matri-
ces A, K, and DD are given by

A,’j = 4J,~ju,-j, ‘&ij = 4Jijﬁij, and ]D)ij = 281'_,')/,'1},'(.51)

Denoting ¢ = (c| & - --cy &y)T, with (-)T denoting the trans-

pose, and
rf A iD
A=P D i P, (52)

where P is the permutation matrix defined by Pc =
(c1---cn & ---Ey)T, we write Eq. (50) as

L=1c"Ac— A,. (53)

Because of the antisymmetry of A, its 2N eigenvalues come
in pairs (Bx, —Br), where, without loss of generality, we order
0 < Repy < -+ < Refly; if ReBy = 0, then we take ImpB;, >
0.' Denoting the right eigenvectors of A by r, Ary_; =
Bira—1 and Ary, = —Bira, we define the 2N x 2N matrix
O whose rows are Oy_y = (r},_, +7r})/~/2 and Oy =
—i(r], _, — rl)/+/2. Since the eigenvectors of A are complex
and biorthogonal, O is a complex orthogonal matrix, 007 =
0T 0 = 1, and we can use it to reduce A to the canonical form
A = O"BO [77,141], with

0 —ip
By 0
B = . 54
0 —ify
iBy 0

With this change of basis, we can diagonalize £ as

=—5 Z Braz—1ax — Ao = Z Brdidi — Bo,  (55)

k=1

with By = Ao — Y 4, fi/2. Here, a = (a;---aw)" = Oc
are rotated Majoranas, which, by virtue of O being complex
orthogonal, satisfy the anticommutation relation {a;, a;} =
28;; but are non-Hermitian, @; # a; . The associated fermionic
creation and annihilation operators,

di = 3(an—1 —iay), d = 3(ay_ + iax), (56)

referred to as normal master modes (NMMs) [77], satisfy

{divdj}y={d.d}} =0, (d.d}}=6;. d/#d. (57
The NMM vacuum |€2) is annihilated by all annihilation oper-
ators dy, and excitations are built on top of it by the action of

the creation operators d, |v) = [[,(d;)™|2), with v € {0, 1}.

'Here, we assumed that the Lindbladian is sufficiently generic
such that it is diagonalizable and there are no eigenvalues S = 0.
The latter would imply there are multiple steady states in a single
symmetry sector and lead to the breakdown of the Pfaffian method
described below.
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The many-body eigenvalues are then

N
Ay=— B —Bo
k=1

N . N
=—Zﬂk<vk—§)—2)’j' (58
k=1 j=1

B. Parity of physical states from the Pfaffian

To proceed, we must determine the states with the correct
fermionic parity [cf. Eq. (41)]. To this end, we define the
fermion number and parity in the new basis:

N

N
(DN =] [(an-ran), Na=Y didi.  (59)

k=1 k=1

The many-body eigenstates have parity (—=1)Na|p) =
[1,(—1)"|v), which we can fix using the following:

Lemma. A state with a total of v =), v populated
NMMs is physical if and only if

(—1)" = (det O)(— )P+, (60)
Moreover, if there are |J| purely imaginary B, then
det O = sgn ((—)"”'Pf iA), (61)

where Pf is the Pfaffian.

Proof. Performing the change of basis between the
original and rotated Majoranas, we have that (=N =
H]jyzl(_icjej) = (_i)N Zjl"'jz/v Oji1 -+ Ojpyanaj, -+~ ajyy.
Terms with any repeated indices do not contribute to the
sum: if j, = j, for some a # b, then )_, OjuanabaiI =
(00T)yp =84 =0. Thus, only the terms with all
indices ji, ..., jy distinct contribute. Since the product
aj ---aj, is fully antisymmetric in its indices, we can
replace it with ¢;,...;, a; - --axy, where ¢;,...;,, is the fully
antisymmetric symbol, and it follows that (—I)Nf = (_1)M,
Zjl"‘jZN 8j1"'j2N0j11 cee 0j2N2N = (—I)Nd det O, where we
used Eq. (59), i.e., the change of basis is parity-preserving if
and only if O is smoothly connected to the identity which is
parity-preserving. Using Eq. (41), Eq. (60) follows. Further-
more, PfiA = Pf (0"iBO) = det OPfiB = det O[]}, B;.
Since A is similar to a real matrix [A = TA*T~' with
T = P(6* ® 1)PT], and +pB; are its eigenvalues, we have
three possibilities: (i) Br € R and it is, by assumption,
positive; (ii) B¢ come in complex-conjugate pairs, i.e.,
there exists some k # j such that B, = B = B;fx > 0;
or (iii) B; € iR with, by assumption, Img; > 0. Hence,
PfiB =i7/R for some R > 0. Since O is orthogonal,
+1 =det O = PfiA/PfiB = (—i)”'PfiA/R, and taking
the sign of both sides, we arrive at Eq. (61). |

C. Spectral gap and relaxation rates

With the prescription of Eq. (60), all physical states and
their relaxation rates can in principle be computed. In partic-
ular, the spectral gap A = min, [ReA,| gives the asymptotic
long-time decay rate of states or observables with overlap in
that symmetry sector.

Let us first consider steady-state sectors (i.e., A = 1&, U=
@, B =). For y; - 0, PfiA — PfiAPfiA = (PfiA)’ =
detiA and |J| — N (because A becomes real antisymmetric).
Thus, (—i)7'Pfid — det A > 0 (since A is real antisym-
metric), hence det O — 1. Then, by continuity of det, the
NMM vacuum |€2) is physical for small y; and, by Eq. (58),
it is the slowest decaying state. Hence, it must coincide
with the steady state (i.e., the original adjoint-fermion vac-
uum |0)y w=1) and we must have By =0, i.e., Y, Bx/2 =
> iV [77] (this sum rule does not hold outside steady-state
sectors). The existence of the vacuum steady state for any
y; indicates that the Pfaffian cannot change sign upon in-
creasing y;, and all physical states in these sectors have an
even number of fermion excitations, [ [ j(—l)".f = 1. As dis-
cussed above, there is an additional U(1) symmetry in these
sectors, and excitations are labeled by the adjoint-fermion
number n. The gap in this sector is given by A, = Y _;_; Ref
(nef0,2,4,...,N}). This case will be treated in detail in
Sec. VL.

Now we turn to non-steady-state sectors (4 # @, U # ¢,
or both). All states, including the NMM vacuum, are decay-
ing. If sgn ((—i)7/Pfid) = (—1)/I*1* the NMM vacuum is
physical and A = By. Otherwise, the longest-lived physical
state has a single occupied NMM and the gap reads A =
By + Rep;. Fixing a gauge configuration is not enough to
determine whether the vacuum is physical or not, as sgn Pf iA
can flip as a function of some parameter of the model (say,
one of the y;). Moreover, if Ref; = 0, both the first phys-
ical and first nonphysical states share the same decay rate,
A =B0 =Bo+Reﬂ1.

D. Numerical results

In Fig. 5, we plot the gap A as a function of dissipation
strength y for the honeycomb lattice on the torus for fixed
U = (§ and different choices of (. The qualitative features of
the gap for the square [35], honeycomb (Fig. 5), and triangular
(Appendix C) lattices are similar, indicating that dissipative
dynamics are more strongly determined by the structure of
the Lindbladian (50) than by the microscopic details of the
couplings J;; (i.e., of the underlying graph).

Some general features, which can be understood pertur-
batively in y or 1/y, are immediately visible at finite N:
the gap grows linearly as y — oo and closes as y — 0. At
intermediate values of y, a rich nonmonotonic behavior oc-
curs due to a succession of crossings of the single-particle
eigenvalues Rep; or exceptional points [i.e., values of y at
which a complex-conjugate pair (B¢, ;) merges into a doubly
degenerate real eigenvalue]. The kinks in the gap that result
from these crossings and exceptional points are particularly
visible, e.g., in Fig. 5(c).

At small y, the slope of the gap increases with increasing
N, see Figs. 5(a)-5(c), which suggests that the weak dissi-
pation (y — 0) and thermodynamic (N — o0) limits do not
commute. Hence, if the thermodynamic limit is taken first,
the gap converges to a finite constant of order J (where J
is the typical coupling strength of H) in the limit of y —
0, signaling a much faster relaxation than expected from
perturbation theory. This phenomenon, dubbed anomalous
relaxation [120], signals that internal interactions, not exter-
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FIG. 5. Spectral gap as a function of dissipation strength in fermion-parity-conserving sectors. The gap was computed for the honeycomb
lattice with N = 128-512 and periodic boundary conditions on the torus (with the same number of sites along each direction) using the
prescription of Sec. V C, with the single-particle eigenvalues f; obtained from exact diagonalization of Eq. (52). We set uniform Hamiltonian
couplings and gauge fields J;; = u;; = 1 (which gives uniform 0-flux), uniform dissipation y; = y for all i, and we fixed the gauge to v; = —1
for all i (i.e., U = ¥). Each panel shows a different type of intralayer gauge flips i#i;; = —1 (i.e., choice of l): (a) a single arbitrary edge; (b) all
edges of a given color; (c) all edges on a noncontractible loop; and (d) all edges emanating from an arbitrary vertex (which is gauge-equivalent
to a single interlayer flip on that vertex and 4{ = ¢J, with conserved fermion number; cf. the upper left panel of Fig. 6).

nal dissipation, govern the relaxation. It has been recently
observed in a variety of systems [35,112,119-123,142—-145],
and it is proposed to be a generic feature of ergodic many-
body quantum dynamics [121-123,146,147] (via a relation
to quantum Ruelle-Pollicott resonances [121,123])."! Never-
theless, the weak-dissipation dynamics of our gamma-matrix
model are not fully mixing because of the emergent integra-
bility arising from the fractionalizing into an exponentially
large number of gauge sectors with free-fermion excitations.
In every sector gauge-equivalent to Ll = ¢, the Lindbladian
has an additional conserved quantity in the limit of y — O,
namely the open gauge strings W;h (together with H it-
self, these exhaust the conservation laws of the Hamiltonian
and hence the y — 0 limit of the Lindbladian). By virtue
of these extra conservation laws, there is an infinite num-
ber (in the thermodynamic limit) of gaps that close, and
the system as a whole evades anomalous relaxation; see,
e.g., Fig. 5(d). By choosing the gauge where the particle-

"'"The noncommutativity of limits can be understood heuristically
as follows [121]. For an N-site system with bulk dissipation y, there
is a natural effective dissipation strength y. = Ny. It is thus man-
ifest that the two limits do not commute: limy_, o lim, o Yer = 0,
while lim,,_,o limy_, o0 Yerr = 00.

number conservation is manifest, we can analytically bound
the gap in different particle-number sectors and prove the
absence of anomalous relaxation; see Sec. VIB. Notwith-
standing, the (also extensive) number of sectors with finite
gaps further illustrates the ubiquity of anomalous relaxation
as a generic phenomenon in strongly interacting many-body
dynamics.

On the other hand, certain symmetry sectors display the
quantum Zeno effect—the closing of the spectral gap with
increasing dissipation strength—which was reported for ho-
mogeneous dissipation on the square lattice in Ref. [35]. For
the gap to close in this limit, there must exist an operator
Yk that commutes with all jump operators L; ~ l";h. Such
operators exist in sectors that either are gauge-equivalent to
$[ = or have U = @ and (—1)* = —1. The former will be
discussed in detail in Sec. VIC, and here we focus on the
latter. For any choice of 4{ with even |L[|, we consider a product
T of open gauge strings W5" (u,v € {1,...,2k}) whose
end points connect a pair of sites from which a gauge flip
emanates, such that all flips are connected by one such string.
From Sec. IVE, o0 = p, Xk belongs to the sector labeled by
$1 and, because W{;" is built from two gamma matrices on
each site, it commutes with all chiral elements I'". Hence,
o is annihilated by £ in the limit y; — oo. On the other
hand, if || is odd, one of the gauge flips is not paired up.
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Hence, there exists a site j for which I‘;L appears only once in

g, which thus anticommutes with F;h, and the gap diverges.
These predictions are confirmed in Fig. 5.

VI. FERMION-NUMBER-CONSERVING DYNAMICS

A. Diagonalization of the Lindbladian
The Lindbladian of Eq. (46) with [ = @ reads

L= fLif; - Lo. (62)
ij
where the real N x N single-particle matrix L = A + D is
the sum of the antisymmetric and diagonal matrices A and
D defined in Eq. (51), and the constant Ly = Zj(l +v))y =
2y jesg Vj ensures trace preservation.

Let A; be the complex eigenvalues of L (single-particle
eigenvalues) ordered by real part, Red; > ReAr > --- 2>
Reiy. We diagonalize L. as L = VR]LVIT , where L =
diag(Ay, ..., Ay) and Vg and V| are matrices whose columns
are, respectively, the right and left eigenvectors of I (which
are distinct because L. is non-Hermitian). It follows that

L= rggi— Lo (63)

where g = V]j fand ¢ = f'Vg. Similarly to the previous sec-
tion, g; and g/] are NMMs: g; is an annihilation operator and
g; is a creation operator that satisfy the canonical commu-
tation relations {g;, g’j} = §;; because of the biorthogonality

of the left and right eigenvectors (VRVE = 1), but g’j #* g;.
Using again the biorthogonality of the eigenvectors,

Nr=) fifi=) &g =N, (64)
J J

where N, is the number operator of the NMMs. The change
of basis is thus number-conserving, as one would expect from
the fact that g; and g; do not mix creation and annihilation
operators. In particular, the adjoint-fermion vacuum |0}, y, is
also the vacuum of the NMMs. The many-body eigenvalues
and eigenstates of £ are then given by L|n) = A,|n). Here,
[n) = [1;(g,)"10)w,w, where n; € {0, 1} are the eigenvalues
of N,. The many-body eigenvalues are explicitly given in
terms of single-body eigenvalues through A, =), Ay —
Ly. Contrary to the standard situation [77], while all physical
many-body states satisfy ReA, < 0, the single-particle Ay
can have a positive real part if we are not in a steady-state

12 At first glance, this reasoning should imply that the gap diverges
as y — oo in Fig. 5(d) because |4l] is odd. However, as discussed
in Sec. IV E, the action of F;h is not to flip all the ii;; around a site
but to flip the corresponding v;. A representative string in the gauge-
equivalent representation with 20 = §J (which we are employing in
the numerical calculations) is Xz = Dijh. This operator, besides
flipping the intralayer gauge fields around site j, also anticommutes
with the fermionic parity (—1)"Vr, leading to the result of Fig. 5(d),
which is also in agreement with the following section; cf. Fig. 6.

sector. The adjoint-fermion number n = )", n; is conserved
throughout the evolution and is subject to the parity constraint
(=1)* = (=1)!TI. Because of this, we can consider every sub-
sector of fixed n independently and compute a spectral gap for
each, which gives

A, =Lo— Z Rel;. (65)
k=1

B. Analytical bounds on the spectral gap and relaxation rates

The eigenvalues of I and, correspondingly, the spec-
tral gap can, in general, only be determined numerically.
Nevertheless, we can bound the gap using Bendixson inequal-
ities [148,149], which assert that, for an arbitrary real matrix
M, the real part of any eigenvalue z is bounded by x, <
Rez < xy, where x,,, and x;; are the smallest and largest (real)
eigenvalues of the symmetric part (M + MT)/2, respectively.
For completeness, a simple proof is given in Appendix D. In
our case, the bounds are straightforward to establish since the
symmetric part of L. is diagonal and, hence, its eigenvalues
coincide with its entries. Accordingly, the spectral gap for
U # () is bounded by

max{O,Z(Zyj —nmg{)ﬁ)} <A,
je

24

<2(Zy;+nrjr;%<y,->. (66)

jeu

For ¥ = @, because (—1)" = 1 and Ly = 0, we have, with n
even,

2n 52%1 Y <Ay <2n max ;- (67)
The bounds (66) and (67) are independent of any details of the
graph on which the system lives. If the dissipation is spatially
homogeneous, y; = y, then the bound (67) is tight, A = 2ny
(2y per excited fermion). For |*U| > 0, the bound (66) is
also the tightest for homogeneous dissipation, 2(|0| — n)y <
A < 2(]D| 4 n)y (the lower bound should be replaced by 0
when n > |J)).

In Sec. VD, we discussed the presence of anomalous re-
laxation (i.e., a finite gap when the thermodynamic limit is
taken before the dissipationless limit) in sectors with [ # ¢
and its absence in sectors with [ = (). We now revisit the latter
in light of our analytical bounds, as anomalous relaxation
is justified by the noncommutativity of the thermodynamic
(N — o0) and dissipationless (y — 0) limits, which is ruled
out by our bounds. Indeed, by Eq. (66), A is bounded from
above by an expression that is independent of N (crucially, the
sum is over the sites with interlayer gauge flips, not all sites).
Hence, taking the limit y; — 0 for all j takes the upper bound
to zero (even in the thermodynamic limit), and the spectral
gap closes at y; = 0.

On the other hand, the lower bound on A as y; — oo
is consistent with the quantum Zeno effect. For each sector
with 4l = ¢, there is always a conserved operator in the limit
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FIG. 6. Spectral gap as a function of dissipation strength in fermion-number-conserving sectors. We computed the gap for n = 1 on the
honeycomb lattice with N = 512 [for which the gap has converged, cf. Fig. 5(d)] (top row) and the triangular lattice with N = 400 (bottom
row) for periodic boundary conditions on the torus (with the same number of sites along each direction) using the prescription of Eq. (65),
with the single-particle eigenvalues A, obtained from exact diagonalization of . = A +ID. We set uniform Hamiltonian couplings J;; = 1
and dissipation y; = y, and we fixed the gauge fields to u;; = ii;; (i.e., { = ¢J). In each panel, we considered different flux configurations
u;; (colored lines), namely, uniform 0-flux (w, = w, = 1 for all p and £), uniform 7-flux (w, = w, = —1 for all p and ¢), and random flux
configurations for the honeycomb lattice (upper row); and uniform 7 /2-flux (w, = w, = iforall p and £), uniform —7# /2-flux (w, = w, = —i
for all p and ¢), and random flux configurations for the triangular lattice (lower row). The left and right panels correspond to one and three
interlayer gauge flips, respectively [the fermion parity (—1)" = —1 restricts us to an odd number of gauge flips]. The shaded gray area gives the
analytical bounds (66). In all cases, the spectral gap closes in the dissipationless limit (absence of anomalous dissipation), and for n = || = 1

it also closes in the infinite-dissipation limit (quantum Zeno effect).

y — 00, hence the gap goes to zero in this limit.'* Indeed,
for any U # @, consider the operator o = py, [ | e F;h (for
any steady state p,,), which belongs to the sector with flux
configuration w, interlayer gauge flips *J, and intralayer gauge
flips 4l = @. o has zero eigenvalue under the dissipative part of
L (which is the only contribution for y — 00), thus proving
the quantum Zeno effect for . We now turn to the lower
bound on A given by Eq. (66). When we apply the operator
F;h to oy, we flip v; but also add a Majorana c; (we can see
F;h as a special case of an open string of length zero that has
one chiral end and one i = 0 end; cf. Fig. 4). Hence, n = ||
and, since ) o; ¥ — |0 max ey y; < 0, the lower bound is
zero, consistently with the quantum Zeno effect.

BNote that the heuristic argument outlined in Sec. VD is not
operative here, as the two limits N — oo and y — o0 have the same
p 14
effect on the effective dissipation strength yeg.

C. Numerical results

In Fig. 6, we plot the spectral gap A as a function of dissi-
pation strength y for the honeycomb and triangular lattices.
For each lattice, we considered uniform Hamiltonian cou-
plings, J;; = 1, and dissipation, y; = y, and several choices
of flux configurations, namely uniform 0-flux, uniform 7 -flux,
and random flux configurations for the honeycomb lattice
(which is bipartite), and uniform £ /2-flux and random flux
configurations for the triangular lattice (which is not). For
each case, we show both the numerically computed gap (full
colored curves) and the analytical bounds established above
(shaded gray region). As expected, the numerical results are
always inside the analytical bounds, but there can be a large
variability for different flux configurations. Qualitatively sim-
ilar results are found for disordered systems (see Appendix C).

While the spectral gap for a given flux configuration can
be easily computed, the question of which flux configuration
minimizes A for fixed 0 remains. Given the exponential num-
ber of flux configurations, a numerical search among all of
them is intractable. In the Hamiltonian system, a theorem by
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Lieb [150] states that the ground state (i.e., the state with the
lowest real energy) belongs to the homogeneous 0-flux sector
on the honeycomb lattice and to the homogeneous m-flux
sector on the square lattice. Unfortunately, no similar result
holds in the dissipative case. This can be seen, for instance,
in the upper left panel of Fig. 6, where the gap belongs to
different flux sectors for different values of y.

Finally, we comment on the degeneracy of the gap for the
triangular lattice, see the bottom row of Fig. 6, exemplifying a
general feature of nonbipartite graphs [8]. These graphs have
plaquettes with an odd-length boundary and imaginary flux
w, = =i, cf. Eq. (30). Let C be the antiunitary operator de-
fined by CT'/C~! = —T' and CiC~" = —i (this operator can
always be constructed from an appropriate product of gamma
matrices and the complex conjugation operator). Because the
Lindbladian and the flux operators are always real sums of
products of an even number of gamma matrices, [C, L] =
[W,, C] = 0. Consequently, W,(Cl|n)) = CW,|n) = w,(C|n))
and, similarly, £(C|n)) = CL|n) = A}(C|n)). The states |n)
and C|n) have the same relaxation rate, as their eigenvalues
have the same real part. If the graph is bipartite, all plaquettes
have an even-length boundary, wy; = w), and the two eigen-
states belong to the same flux sector; different flux sectors are
unrelated. On the other hand, if the graph is nonbipartite, there
are some plaquettes with odd-length boundaries for which
wy, = —w), and the two sectors related by flux flips have
degenerate relaxation rates. Analogous considerations hold
for the fluxes through noncontractible loops.

VII. CONCLUSIONS

We have investigated an exactly solvable dissipative model
of interacting spins, focusing on the symmetry and topological
properties of the steady states and the relaxation dynamics
toward them. With a judicious choice of jump operators, the
model is mapped to free Majorana fermions hopping on a
graph in the presence of a background Z, gauge field. The
Lindbladian of the system has an exponentially large number
of steady states indexed by conserved-flux configurations. On
topologically nontrivial surfaces, noncontractible fluxes en-
code classical information but exhibit mixed state topological
order, in the sense of SW-SSB of a one-form symmetry.

We have analyzed the possible excitations of the model,
which correspond to Majorana fermions or gauge flips carried
by the end points of open strings. Fermionic vacua with-
out gauge excitations correspond to the steady states, while
vacua with gauge excitations are mapped to decaying states
in different symmetry sectors. Having identified the vacua,
we then populate them with Majorana fermions to obtain the
remaining transient states and the relaxation times of such
excitations. When intralayer gauge flips are present, only the
parity of adjoint fermions is conserved, with anomalous relax-
ation emerging in the thermodynamic limit. Without intralayer
gauge flips, the adjoint-fermion number is conserved, and we
can analytically bound the relevant relaxation rates.

As in the closed Kitaev honeycomb model, our model
combines exact solvability with nontrivial topological fea-
tures. This allowed us to efficiently explore both the symmetry
properties of steady states and the relaxation dynamics toward
them. However, an important open question remains: how do

the topological properties manifest dynamically? The free-
fermion representation of the model should enable an efficient
characterization of this process. Specifically, starting from a
pure state quantum memory, we expect that the SW-SSB oc-
curs sharply at a critical time—before which the decoherence
is reversible, and after which the ability to encode quantum
information is irreversibly lost. Further investigation is also
needed to clarify the relation between this dynamical transi-
tion and anomalous relaxation, where the Lindbladian remains
gapped at all dissipation strengths. The dissipative gamma-
matrix model offers a promising avenue for addressing this
question.

Moreover, while we found the relaxation dynamics to be
qualitatively similar for different graphs, the degeneracy of the
spectral gap in flux sectors related by antiunitary symmetry
shows that there can be subtle differences in systems belong-
ing to different symmetry classes (in this case, bipartite versus
nonbipartite graphs); similar fine differences exist between bi-
partite and nonbipartite monitored Kitaev circuits [151]. The
non-Hermitian symmetry classification [152-154] of Lind-
bladians was recently completed for many-body [155-157]
and single-particle [158-160] systems. In this framework,
an exhaustive symmetry classification of the gamma-matrix
Lindbladian and the dynamical consequences of different
symmetries is an interesting direction for future studies.

Finally, throughout the paper, we assumed that dissipation
acts on all sites of the graph. However, this is not required by
our construction, and we can set y; # 0 only on a subset of
graph edges. A more nontrivial construction exploits the exis-
tence of “dangling edges” without interactions in the graph. If
we add dissipation only to sites with such dangling edges, we
do not need to enlarge the local Hilbert space (i.e., consider
higher-dimensional gamma matrices) to include dissipation.
In particular, in this way we can study the Lindbladian dis-
sipation of spin-1/2 models instead of only the more exotic
gamma-matrix models. In a system with boundaries, if we
only introduce dissipation at sites at the boundary that are con-
nected to fewer than three neighbors, we can use the “missing”
Pauli matrix going out of these sites as a jump operator.
More generically, we can study open versions of any closed
Kitaev-like model on an arbitrary graph by cutting certain
edges (ij) and replacing the coherent interactions on them by
incoherent interactions on the two end points of the opened
edge. These additional scenarios preserve the color rule and
free-fermion reducibility and, therefore, can be handled with
the formalism we developed in this paper. As the ensuing
phenomenology can be quite rich and different from that of
bulk dissipated models, we defer a detailed analysis of this
interesting problem to future work.
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FIG. 7. Additional numerical results for the spectral gap as a function of dissipation strength in sectors with fermion-parity conservation.
The gap was computed for the triangular lattice with N = 144-576 and periodic boundary conditions on the torus, using the prescription of

Sec. V C. Different panels correspond to the different choices of intralayer gauge flips (i.e., of () described in the caption of Fig. 5.

APPENDIX A: NONTRIVIAL STEADY STATES:
NO-GO RESULT

In this Appendix, we show that, although there is consider-
able freedom in choosing the Hamiltonian contribution to the
dynamics (i.e., the construction holds for gamma-matrix mod-
els respecting the color rule on arbitrary graphs), free-fermion
reducibility constrains the dissipative processes to “general-
ized dephasing” with fully mixed, infinite-temperature steady
states.

We start by noticing that nontrivial steady states follow
from at least one jump operator L that satisfies LT # 5L for
any complex 7 (this is a necessary but not sufficient condition,
and the discussion can be straightforwardly generalized to
more than one jump operator). Let us assume the existence of
such a jump operator. Since the gamma matrices are Hermi-
tian, L must be a linear superposition of gamma matrices with
complex coefficients, L =3, ¢; MF;‘ . Following the same

steps as in Sec. IV, we can write the term L,oLT as

LoL" — Z il ) eS| o),
ij, v

(A)

where, analogously to before, vj;" = ib}’ E” Two operators vj;"
anticommute whenever they share an odd number of indices
(they also anticommute with certain u;; and i;; that arise in the
Hamiltonian contribution). Since the full set of edge operators
{uij, i}, vf‘j”} does not commute with itself, the operators
cannot be replaced by their eigenvalues £1, and the fermion-
ized Lindbladian does not split into individual free-fermion

sectors. This only occurs when each L is a single gamma
matrix, whence a trivial steady state follows.

APPENDIX B: COUNTING OF INDEPENDENT FLUXES

As mentioned in the main text, not all fluxes W and
W%‘ are independent. In this Appendix, we enumerate the
independent ones for a graph G with N vertices, E edges,
and F faces, which we embed on an arbitrary orientable
surface S with genus g and B boundaries in such a way
that no edges of G cross (such a surface always exists for
sufficiently high genus). For the counting, we need to relate
the graph data (N, E, F) to the surface data (g, B), which
can be done through the Euler characteristic x =N — E +
F =1—b; 4+ by =2 —2g — B. Here, the first Betti number
by =2g+ B+ by — 1 counts the number of noncontractible
loops on S, while the second Betti number b, =1 if B =0
and vanishes otherwise.

First, we consider the fluxes through the elementary pla-
quettes p of the graph (W, and W),), of which there are F
in each copy. Additionally, for each copy, we can have b,
noncontractible loops ¢ and the associated fluxes W, and W,.
There is also a weak flux W, through each interlayer plaquette
g, of which there is one for each of the E edges. In total, we
thus have 2(F + b)) + E elementary fluxes.

The flux through any closed surface is +1 because each
gauge field, which squares to +1, appears twice in the defini-
tion of the flux through the surface. Then, if S is closed (i.e.,
by = 1), the total flux through the surface (i.e., ]_[p W, =+1)
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FIG. 8. Additional numerical results for the spectral gap as a function of dissipation strength in sectors with fermion-number conservation.
We computed the gap for » = 1 on the honeycomb lattice with N = 512 (top row) and the triangular lattice with N = 400 (bottom row) for
periodic boundary conditions on the torus, using the prescription of Eq. (65). We set y; = yX; with X; independently sampled from a uniform
distribution in [0, 2] for each site j and disordered couplings J;; independently sampled from [—2, 2]. The left panels correspond to a single
interlayer gauge flip (|U] = 1) and the right panels to three flips (0| = 3). In each panel, we show the results for the different background
flux configurations described in the caption of Fig. 6. The shaded gray area gives the analytical bounds (66), which, as expected, are less tight

than in the uniform case.

is fixed. Moreover, the flux through each of the F inter-
layer cells (i.e., W,W, HqEBp W, = +1) fixes all the fluxes W,

since there is one W, per interlayer cell. (The flux [] » Wp is
already fixed by the previous conditions and, therefore, does
not amount to an additional constraint.) Finally, W,W, =
I1 4 VVq» Where the product is taken over interlayer plaquettes
g that connect the noncontractible loops £ in the two copies;
this fixes all fluxes W, and gives b, further constraints.

In total, we thus have F + b; + b, constraints, and the
number of independent fluxes (gauge-invariant degrees of
freedom) is F' + E + by — by: F — b, plaquette fluxes W, b,
noncontractible-loop fluxes Wy, and E interlayer weak fluxes
W,, in agreement with Eq. (43). Using the Euler charac-
teristic, the number of independent fluxes can be written as
2E —N+ 1.

APPENDIX C: ADDITIONAL NUMERICAL RESULTS

In this Appendix, we present additional numerical results
to substantiate the claims that the spectral gap as a function of
dissipation strength is qualitatively the same for (i) the hon-
eycomb (Fig. 5 in the main text) and triangular (Fig. 7 in this
Appendix) lattices in symmetry sectors with fermion-parity
conservation; and (ii) the honeycomb and triangular lattices
with uniform (Fig. 6 in the main text) and disordered (Fig. 8

in this Appendix) Hamiltonian and dissipative couplings in
symmetry sectors with fermion-number conservation.

APPENDIX D: BENDIXSON INEQUALITIES

Theorem (Bendixson inequalities [148]). Let M be an ar-
bitrary real matrix, z any one of its eigenvalues, and x,,
and x,, respectively, the smallest and largest eigenvalues of
(M 4+ MT)/2, where M denotes the transpose of M. Then,

xn < Rez < xy. D1)

Proof. Let B= M — x,,1 and v be one of its eigenvectors
with eigenvalue y = z — x,,, Bv = yv. We thus have to prove
that Rey > 0. Since (B 4 B”)/2 is positive-semidefinite by
construction, we have

B+ BT 1 1
0< (v, Tv = —(v, Bv) + E(Bv, v) = Rey (v, v).

2
(D2)
Because (v, v) > 0, we arrive at the desired result. The upper
bound on Rey can be established in the same way by consid-
ering the matrix C = xy 1 — M. |
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