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The one-dimensional Hatano-Nelson model with nonreciprocal hoppings is a prominent example of a rela-
tively simple non-Hermitian quantum-mechanical system, which allows to study various phenomena in open
quantum systems without adding extra gain and loss terms. Here we propose to use it as a building block
to construct a correlated non-Hermitian Hamiltonian in two dimensions. It has the characteristic form of a
flux model with clock-anticlockwise nonreciprocal hopping on each plaquette. Adding the on-site Hubbard
type interaction, we analyze the formation of the longe-range antiferromagnetic order and its spin excitations.
Such a model is non-Hermitian, but P7 -symmetric, which leads to the existence of two regions: a region
of unbroken P7 symmetry (real-valued spectrum) and a region of broken P7 symmetry with exceptional
lines and complex-valued energy spectrum. The transition from one region to another is controlled by the
value of the on-site interaction parameter and coincides with the metal-insulator transition. We also analyze
the spin wave spectrum, which is characterized by two diffusive d-wave type of modes corresponding to gain

and loss.

DOLI: 10.1103/1j93-nk3x

I. INTRODUCTION

In recent years one of the most popular avenues to study the
evolution of open quantum-mechanical systems became its
description via effective non-Hermitian Hamiltonians, which
break unitarity [1]. At the origin of these research activi-
ties lies the seminal work on parity-time (P7) symmetric
Hamiltonian with balanced dissipation (loss) and gain energy
terms added to Hermitian parent Hamiltonians [2,3]. P7T
symmetry allows to construct further non-Hermitian Hamilto-
nians, which for some parameter space yield real eigenvalues
and the transition between purely real and complex-valued
(dissipative) energy spectrum is separated by exceptional
points [4,5]. The field of non-Hermitian systems has grown
in recent years, driven by theoretical predictions and exper-
imental discoveries across various field of physics such as
optics, acoustics, ultracold atomic gases, and superconduct-
ing qubits [1,6,7]. In particular, non-Hermitian Hamiltonians
have recently become quite promising due to the possibility
of different realizations, for example, using ultracold atoms
[8,9], photonics [10], metamaterials [11,12], and topolog-
ical electrical circuits [13—15]. The characteristic physical
phenomena of non-Hermitian systems, such as formation
of exceptional points, chiral transport around them, and the
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non-Hermitian skin effect are typically understood within a
single-particle Hamiltonian formalism, and currently the in-
terest shifts towards many-body systems where the interplay
between interactions and non-Hermiticity plays a central role.

One prominent example of non-Hermiticity appears in
the celebrated Hatano-Nelson (HN) model [16-18], which
consists of a one-dimensional (1D) lattice with asymmetric
(nonreciprocal) hoppings, responsible for the localization of
all the bulk states at the edges, which leads to the emergence
of the so-called topological non-Hermitian skin effect. The
nonreciprocity of the hopping may be considered as result-
ing from some transverse pseudomagnetic field in a cylinder
geometry [16]. By now, there has been studies of this model in
the presence of interactions [19], disorder [16,20-23], as well
as its extension to two-dimensional lattices [24,25]. Motivated
by the HN model, we propose a realization of non-Hermiticity
in two dimensions exploring a certain resemblance with the
Hermitian flux 7-¢ model, where ¢ is a staggered magnetic
flux [26]. Typically flux phases are constructed by considering
hopping matrix elements having the form ¢, », = |t , lefrim
For a Hermitian system we require ¢, ,, = —@r, . If the
latter condition does not hold, we achieve a nonreciprocal
hopping akin to the HN model. Our construction starts with
a one-dimensional HN model with four sites and periodic
boundary conditions having a maximally asymmetric hop-
ping, i.e., one occurring only in one direction, see Fig. 1.
Such a simple one-dimensional model is used as a build-
ing block for a two-dimensionional non-Hermitian system
where each plaquette represents the maximally asymmetric
HN model just described. The procedure is schematically

Published by the American Physical Society
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FIG. 1. The illustration of creating two-dimensional version of the HN model using completely asymmetric one-dimensional Hatano-
Nelson model with periodic boundary conditions by constructing plaquettes with four sites.

illustrated in Fig. 1. By combining these plaquettes in a
clock-anticlockwise fashion we arrive at the non-Hermitian
version of the flux-like model. Note that the Hermitian ¢-¢
flux model includes gauge-invariant couplings to the magnetic
field, and this can lead to an array of currents giving rise to an
antiferromagnetic (AF) flux lattice [26], whereas our model is
characterized by asymmetrical hopping and does not include
gauge-invariant couplings to an actual magnetic field. It is also
interesting to observe that the current pattern following from
Fig. 1 bears a resemblance to ice models, more specifically,
in the form of a two-dimensional vertex model, which from
the figure can be identified to the so called model F [27].
Also worth mentioning in this context is the vertex model
associated to the XXZ Heisenberg chain [28], which also takes
a non-Hermitian form.

Having formulated the generalization of the HN model to
two dimensions in the form of a flux-like model, it is tempting
to consider the effect of the interaction in the system by
adding an on-site Coulomb repulsion. It is known that at half-
filling the system is prone towards antiferromagnetic Mott
insulating phase, which then evolves towards metallic spin
density wave (SDW) state at finite doping. Here, we analyze
the formation of the long-range AF state in the proposed
non-Hermitian model and its longitudinal and transverse spin
excitations by computing the corresponding dynamical spin
susceptibility. The structure of the paper is as follows. In
Sec. II, we define the Hamiltonian of our model and study
the behavior of the spectrum in different interaction regimes
using the Hubbard-Stratonovich transformation. In Sec. III,
we calculate dynamic spin susceptibilities for the transverse
and the longitudinal components, and analyze our system for
the presence of spin waves. The spin-wave energy spectrum
is found to be purely diffusive d-wave modes representing
gain and loss. In Sec. IV, we summarize the main results and
discuss prospects for further research.

II. MODEL
A. Definition of model

The proposed generalization of the HN model in two di-
mensions in the form of the flux model has the following
Hamiltonian:

MZﬁJHWXXTm—>

: 1
(£ f =3 ): (1)

where
1
Hi= =3 2 (Ve 4 Vi), @
with
Vi =ta) ,(brise + broso) + 13(b) o + Dl Varg, (3)

VrB —tlbrg(ar+xa + ar— xa)+l2(6lr+ya +ar ya) ro- (4)

The model is characterized by three parameters: the hopping
integral ¢, chemical potential ., and the on-site Hubbard re-
pulsion U. The operators a , and b, , are the creation and
annihilation operators for ferm1ons with spino =1, | and site
index r on the sublattices A and B, respectively,

f _ ar,a ’
r.o —
br,a’

Although the Hamiltonian of Eq. (1) is non-Hermitian, it is
PT -symmetric. On a lattice, P and T operate as follows:

reA
reB

&)

Pfr,ap = fN+n—r$<7’ TIT = —i, (6)
where N = (N, N), with N being the number of lattice sites
andn = (1, 1).

The hopping processes are shown in Fig. 1. In this case, we
can consider the two types of vertices occurring in the lattice
of Fig. 1. The bipartite lattice is generated by the blue and red
vertices shown in Fig. 2. Thus, pictorially, the P77 -symmetry
is realized by exchanging two vertices (P) and inverting the
direction of the arrows (7). The two type of vertices are
represented by the operators, VA and V.2 .

A
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FIG. 2. The two types of vertices appearing in the construction
of the two-dimensional lattice. The directions of the arrows indicate
the incoming and outgoing fermions. From this, it is impossible to
make a direct connection between vertices of the same type.
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FIG. 3. Calculated energy dispersion of the noninteracting
(W = 0) two-dimensional HN flux model for 4 = 0 (a) and u = 0.7¢
(c) in the first BZ. (b) shows the Fermi surface . = 0, which are also
exceptional lines cos k, cos k, = 0. (d) shows the Fermi surface for
@ = 0.7 and exceptional lines.

B. Model in the presence of a magnetic field

Although this model does not include an external magnetic
field, we can easily consider its effect by including the gauge-
invariant couplings to an actual magnetic field using a Peierls
substitution. In this case, the model should be characterized
not only by a flux in terms of hopping, but also by a flux in
terms of the external magnetic field. We can always choose a
gauge in which the phase is equally distributed on all bonds
sothatty =t =t§ =1f =te™'%, where ¢ = D eryep P 1
the staggered magnetic flux with sum over all plaquettes p
and ¢, = e/hc fr r/A -dl is the phase, and A is the vector
potential. It is easy to see that, the energy dispersion for H,
is then given by 5,? = —u =+ &, where

&k =1 COS @/cos ky cos ky. @)

Finally, the presence of a magnetic flux can be generalized by
the substitution + — 7 cos ¢. As a consequence, any calcula-
tion can be done as a function of a gauge invariant magnetic
flux ¢. However, for simplicity we will assume ¢ = 2mn,
n € 7 and concentrate on the properties of the model that with
a staggered 2m-flux (mod r). This differs of course from the
staggered m-flux phase, but the non-Hermitian character of the
system causes the 27 quantized flux to bear some similiraties
with the latter, as we will see.

C. Properties of the spectrum

For U =0 and pu = 0 (half-filling), the energy spectrum
splits into real and imaginary parts, separated by exceptional
lines determined by the condition cos k, cos k, = 0. In partic-
ular, inside the sublattice Brillouin zone (sBZ), the spectrum
is real in the distinct intervals k, € (—m /2, 7/2) and k, €
(—m /2,7 /2) and there is no gap between the real and imag-
inary parts of the energies. Remarkably, the exceptional lines
coincide here with the Fermi surface as shown in panels (a)
and (b) of Fig. 3. For finite © < ¢, only one of the bands
crosses the Fermi level, which is determined by u = Re &
and it does not coincide with exceptional lines. For v > ¢, the
system is a band insulator.
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FIG. 4. Calculated energy spectrum of the interacting two-
dimensional HN flux model for 4 = 0 of the AF metal at W = 0.5¢
(a), AF semimetal at W =t (c) and AF insulator at W = 1.5¢ (d).
(b) shows the Fermi surface and exceptional lines for W = 0.5¢.

In what follows, we consider the most interesting case of
half-filling, = 0, and study the possible formation of the
long-range (i, ) antiferromagnetic order, mediated by the
Hubbard on-site repulsion. Due to the sublattice structure of
the model, the wave vector Q ,p = (7, ) is a reciprocal one,
ie., &40, = &. After a Hubbard-Stratonovich transforma-
tion, Eq. (1) is written as

Hyr = H; —MZfrJfafr,a +%Zmrz
r,o r

T

—U Y me(f Sy = F B0 ®)
r
where m, is the auxiliary field. At a mean-field level, we define

(€]

= m, reA
"7 )-m, reB

to describe the antiferromagnetic sublattice magnetization.
Upon performing a Fourier transform, the mean-field Hamil-
tonian (8) is diagonalized to reveal the energy spectrum,

Ef=—p+ /el +W2 (10)

where W = U|m| and ¢ is as defined above in Eq. (7).

For W < ¢, the system is an AF metal with complex and
real-valued energies depending on the values of the momen-
tum, see Figs. 4(a) and 4(b). For u = 0, the Fermi surface
coincides with exceptional lines that separate real (P77 sym-
metry is unbroken) and complex (P7 symmetry is broken)
valued energies. For W > ¢, the system undergoes a transition
from an AF semimetal at W = ¢ (with Dirac points located
at (xm,0) and (0, &7)) to an AF insulator for W > ¢ with
only real-valued energies Figs. 4(c) and 4(d), where the P7T
symmetry is restored in the entire BZ.
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FIG. 5. Schematic phase diagram in terms of the gap order pa-
rameter A = W2/t — 1 distinguishing the AF metal (A < 0), AF
semimetal (A = 0), and AF insulator (A > 0).

It is interesting that the change of variables, k, = k| + k]
and ky, = k; — kj, transforms the energy dispersion (10) to

Ef = —pu1,Jcos’ K, + o’ K, + A, (11)

where A =W?/t>—1 is the gap order parameter. A
schematic phase diagram for the metal-insulator phase transi-
tion is shown in Fig. 5. For the metallic phase, A < 0 (W < ¢)
and the P7 symmetry can be broken for some values of
momenta (k, k). For the insulating phase A > 0 (W > 1),
with the P7T symmetry remaining unbroken for all values
of the momenta (k, k;). Finally, at the critical value A =0
(W =1t), we have a semimetal phase. The point for which
A =0 W =1t) Eq. (11) coincides with the spectrum of the
m-flux phase for the quantum antiferromagnet in a square
lattice [29,30]. For W =, the energy spectrum E,f near
the four points (£m, 0), (0, ) in the corners of the sBZ
zone is linear Eljt = —u £ vp|p|, where vector p = (py, py)
is counted from these four points, and the Fermi velocity is
equal to vy = 1/+/2.

D. Topological triviality of the mean-field Hamiltonian

In this section, we briefly discuss the topological properties
of our model. To do this, we use the matrix representation of
the mean-field Hamiltonian in Fourier space

—u+oW  —tcosk, i|

—tcosk, (12)

Hyr(k) = |: —h— oW

For such a matrix, we can introduce a set of right and left
eigenvectors

Ayvr®)IR; ) = ESIRC,), (13a)
B 0ILE ) = EDILE,). (13b)

where E ,;t is given by the Eq. (10). Expressions for the left and
right eigenvectors are presented in Appendix B.

Typically, nontrivial topological behavior is associated
with a nonzero value of the Chern number. For the Hermitian
model, we can define Chern number as [31,32]

ot =2

= eV (0, L |0k, Ry, ) d k. (14)
21 Jsgz ’ ’

Using the expressions for left and right eigenvectors that we
calculated in Appendix B, we can write

iwe? sin k, sin k,
3 / dk,cdky—;/2
7 (G e wey

The integral is zero because the integrand is odd func-
tion with respect to k, and k,, and the sBZ is symmetric.
This indicates trivial topological properties. However, we
should not forget that in non-Hermitian models, phase
transitions can occur without changing the Chern number.
For example, a phase transition can occur when we pass
through an exceptional point, or an exceptional line as in
our case.

In addition to the Chern number, we can define for non-
Hermitian model the winding number [32-34]

Ct=+

=0. (15)

dk
vt = f K GetogdetlHyr () — EX ). (16)
s 27i Ep

where S is a loop in momentum space that encircles one of the
exceptional points (eiEP = —W?). In our case, v = 0, which
again indicates the absence of topological phases.

III. DYNAMIC SPIN SUSCEPTIBILITY

To investigate the stability of the long-range (w, ) AF
order and the properties of the AF state, we continue further
by analyzing the longitudinal and transverse (spin wave) fluc-
tuations of the magnetically ordered state. Usually, models
with non-Hermitian excitation require a modified response
function [35-39]. However, in our case, although the model
itself is non-Hermitian, the excitation is Hermitian. Therefore
we can use the usual definition for bare dynamical spin sus-
ceptibility for the transverse, +—, and the longitudinal, zz,
components

x"(q. 4. Q) = / dte™ (T,S,(1)S™, (0)), (17)

where Im = +—, zz, with ST = §* £+ j$” corresponding to the
usual spin ladder operators, €2 is a frequency and 7; is a time
ordering operator.

Within the random phase approximation (RPA) framework,
the total susceptibility is expressed as a sum of bubble dia-
grams, where each bubble represents the susceptibility of a
noninteracting system calculated with respect to the mean-
field ground state.

Normally RPA summation is a 2 x 2 matrix problem since
the antiferromagnetic ordering at ¢ = (7, ) doubles the unit
cell, but our non-Hermitian model consists of two sublattices
from the very beginning. As a consequence there are no
extra umklapp terms appearing in the AF state. Therefore,
within RPA both components of the susceptibility can be
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FIG. 6. Calculated transverse component of the RPA spin excitation spectrum along the symmetry route (0,0) - (7,7) — (0,7) —
(0, 0) of the BZ for (a) AF insulator W = 1.5¢, u = 0, U = 1.47028¢ and (b) AF semimetal W = 1.001¢, u = 0, U = 0.79545¢. Here, we
calculate U self-consistently for a given W. Intensity of Imx;x (g, ¢, ©2) shown on the log scale.

expressed as

Im
Im X0"(q. g, €2)
9 b Q = bl 18
Xrpra (g, 4, 2) 1— Ux(’)’"(q,q, Q) (18)
with the bare components being found as
g ) = 1 Z, . W2 — 12 /2(cos ky cos(ky + qy) + cos(ky + gx) cos ky) f(E;§+q) f(ES)
2V \/£,§+W2\/8,§+q+w2 Q+i0* —E,f+q+E,§
N 1 Z |, W2 — 12 /2(cos ky cos(ky + qy) + cos(ky + gy) cos ky) f(Eerq) F(EY) . (19)
2V k,cc \/8£+W2\/£]3+q+w2 SZ"‘ZOJr k+¢1+EC
and
. 1 , W2 + 1% /2(cos k, cos(ky + qy) + cos(ky + g;) cosky) f(E;fﬂ) f(EC)
ke \/s,f + Wz\/8k+q + w2 d Eivg
N 1 Z , W2 + 12 /2(cos ky cos(ky + qy) + cos(ky + gy) cos ky) f(EIf+q) F(E) 20)
Vk,c#c’ \/8]%+W2\/8k+q+W2 Q+i0t — k+q+EC
[
where ¢ = + are the band indices, f(¢) is the Fermi-Dirac mean-field AF order,
distribution and V is the volume. The prime refers to the sum | | |
over the (reduced) sBZ. For details, see Appendix A. S Z ’ [ £( EI:r) — f(E; )]_ (22)

Like in the Hermitian single-band Hubbard model [40],
the spin-rotational invariance is broken, x§%, 7# 2 X;{p} While
Xgoa at the ordering wave vector is gapped up to twice the
AF gap energy, Xl-{P_A determines the spectrum of the spin
waves. In particular, for Q =0 and ¢ = Qp = (7, 7), the
RPA expression for transverse component has a pole

1 —Uxy ™ (Qar: @ar, 0) = 0, 21

which corresponds to the gapless Goldstone mode and is
equivalent to the mean-field equation that determines the

v Ve Jer+ w2

In Appendix B, we show that the same result can be obtained
using the partition function in bi-orthogonal basis.

The solution of Eq. (22) determines the parameter W self-
consistently for a given U and as a function of the temperature.
Furthermore, note that Eq. (22) is only well-defined for the
real-valued energy spectrum for W > ¢, that is for an AF
insulator and AF semimetal.

In what follows we proceed with P7T -symmetric case. In
Fig. 6, we show the imaginary part of the RPA spin suscep-
tibility along the high-symmetry points of the BZ for the AF
insulator employing W = 1.5¢ (a) and AF semimetal W = ¢
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(b). The situation resembles the Hermitian case and the col-
lective spin excitations are P77 -symmetric. One immediately

order

xd (q.9,.Q)

i i (q.9,Q) = — , 23
sees that the collective modes (spin wayes) are undamped, Xrpea (@ 4, 2) O+ (5976, (23)
gapless, and well-separated from the particle-hole continuum
band, centered around 3¢. Furthermore, spin waves are nearly where coefficients c¢; and ¢, are positive and defined as
flat along M—X as well as M—Y direction, which signals 1 1
about potential instability of the (7, w) mean-field AF order c] = v ’—3/2 (24)
against fluctuations. To see this analytically, we expand the de- k (813 + Wz)
nominator of Eq. (18) around g = Q,p, 2 = 0 up to quadratic and
|
1 , 1 . . . .
2= Toav Z 1 W2)9/2 [ sin® k, sin® k, (48W* — 64W?e; — Te}l) — 6t*( cos® ky sin” k, + sin” k, cos” k)
k k
x (6W* + TW2e} + &) — 4eg (4WC + OW e} + 6W e + )], (25)

and 68q=¢q—Q,r. Equation (23) has poles at
Q(q) = xiy/c2/c18q,8qy, which are purely imaginary, in
contrast with ordinary forms of antiferromagnetic excitations
featuring a real spectrum linear in the magnitude of the wave
vector. On the other hand, an imaginary dispersion relation
of the form Q(q) = =+c,|q| — iDg*> with ¢;, D > 0 describes
AF spin waves including dissipation from heat diffusion
[41]. In our case the real part vanishes and the negative
sign corresponds to a purely diffusive mode of a d-wave
type. However, the positive sign leads to the opposite of a
damping, so both signs taken together can be interpreted
as being associated to gain and loss, in a behavior inherent
to non-Hermitian systems. Usually, diffusive modes of the
ordinary type naturally occur for the paramagnetic state
[41]. The uncovered gain and loss process is finite only
in a small interval of W values and quickly approaches
zero as W increases. Furthermore, the coefficients ¢; and
¢, are well defined only in the region of unbroken P7T
symmetry (W > t), in which case the energy spectrum (10)
is real. Usually, in this case, we are not dealing with such
nonunitary phenomena as gain and loss. However, for our
model the region of unbroken P77 symmetry corresponds to
the imaginary dispersion relation for spin waves. This means
that the gain and loss mechanisms in this case take place even
in the region where P77 symmetry is unbroken.

The spin waves remain nearly flat also in the case of
the AF semimetal and do not interfere with the particle-hole
continuum, which is also gapless in this case. We conclude
that the long-range (m,m) AF order is highly frustrated
due to nearly flat spin wave excitations spectrum. Note that the
potential instability of the system towards the stripe-type order
(,0) (or (0, 7)) could be seen from the properties of the
tight-binding dispersion at Qx = (7, 0), &9, = icx, which
can be regarded as non-Hermitian nesting.

IV. CONCLUSIONS

To conclude, we have formulated the non-Hermitian flux
model where each plaquette on a square lattice consists of
a spinful, maximally asymmetric Hatano-Nelson model. As
a consequence, the model is characterized by the clock- and
anticlockwise asymmetric hoppings on a plaquette within the

(

square lattice and resembles the flux phase discussed in the
context of U(1) spin liquid phases of AF SU(VN) Heisenberg
models in the large N limit [29]. At half-filling the nonin-
teracting model describes a metal characterized by a Fermi
surface with simultaneous exceptional lines separating the
real- and complex-valued branches of the energy spectrum.
After including an on-site Coulomb repulsion we analyzed
the formation of a long-range AF phase with (v, 7) ordering
wave vector at half-filling. We find that for the AF insulator
the AF order restores the P77 symmetry with a real-valued
energy spectrum. At the same time, for the AF metal, PT
symmetry can be broken for certain values of momentum.

The transverse spin excitations (spin waves) are gapless
and nearly flat along the M—Y and M—X directions of the
BZ indicating potential frustration of (7, 7 ) AF order towards
(r, 0) or (0, ) states. This instability was demonstrated to
be associated with the emergence of diffusive modes of a
d-wave type. However, the diffusion is in this case does not
only include a dissipative contribution (loss), but also an
enhancement mode (gain), which is a consequence of the
non-Hermiticity of the model. Moreover, this behavior occurs
in the region of unbroken P7 symmetry. Usually the non-
standard behavior of non-Hermitian P77 symmetric systems
is always associated with the region where the P77 symmetry
is broken. Here we are dealing with a fundamentally new
situation, where the phenomena of gain and loss occur even
in the region of unbroken P77 symmetry, as the evidenced by
the behavior of the dynamic susceptibility. This indicates that
even in the region of unbroken P77 symmetry, one can expect
phenomena related to the interaction of the system with the
environment.

From an experimental point of view, we can expect, for
example, dissipative behavior within systems similar to ours
even in a region of unbroken P7 symmetry.

We believe that there are two fairly simple ways to imple-
ment our model. The first method consists in the experimental
realization of a non-Hermitian Hamiltonian featuring a non-
Hermitian skin effect (NHSE) in a momentum lattice using
ultracold atoms [42-45]. Namely, there is a possibility of
creating a chain of coupled Aharonov-Bohm (AB) rings along
a synthetic momentum lattice [9] using Bose-Einstein conden-
sate of 3’Rb atoms [46—48].
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The second method involves ready-made two-dimensional
nonreciprocal topological electric circuits [13-15] with
slightly modified hopping according to the definition of the
flux model.
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APPENDIX A: DERIVATION OF THE DYNAMICAL

SPIN SUSCEPTIBILITY

To calculate the bare dynamical spin susceptibility for the
transverse and the longitudinal components, we first need to
obtain the matrix elements of the Green’s function for the
mean-field Hamiltonian (12)

Gk, iw,) = (—iw, 1 — Avrk) ™", (A1)
in order to obtain matrix elements of Green’s function,
Gio (K iw,) = _iw,,wiUE,j - iwnvliaEk" (A2a)
Gy, (K, i) = —iwnv’i"E; - iwﬂ"’i"Ek_, (A2b)
G, (k,ia),,):u)k<_ ! T ! ) (A2¢c)
i iw, — E} iw, — E

J

1
G k,iw,) = - , (A2d
bf;ag( ioon) Xk(ia)n — Elj iw, — Ek_> ( )
where
oW tcosk,

Ueo = 5 4+ ——— |, vy = ————, (A3)

Jer+ w2 2, /el +W?

1 oW t cos ky
Vko = 5 1- ) X = . (A4

Je; + W2 2,/e8 + W?

We can now proceed directly to the definition of bare
dynamical spin susceptibility (17) and write down the relation
between the fermionic and spin operators,

VvV

Sy = == Y], e + g Ber), (ASD)
\/V p q, q,

— :
S;r == 2 : (alquﬁa’“l Fhpigabey).  (AS2)
k

1 .
Sf = — E @, agr—a . ag
q v~ kg A R T Chetg. ) T

+ by g bt = by i) (A5c)
By substituting Egs. (AS) into the dynamical spin suscepti-
bilities and using Vick’s theorem, we can represent Eq. (17)
in terms of the corresponding matrix elements of the Green’s
function,

_ . 1 , . . ) . . .
X Q4.1 =— > [Gajal (k. i0)G,y . (k +q. ion +iQ0) + Gy, (K. i00)Gyyy, (K + q. iy + i)

BV

k,m
+ Gy, (ks i0n)Gy (K + 4, i + i) + Gy (e i00)G 1, (k + 4, 0+ 12)] (A6)
and
1
X§ (@019 = o (G, k. i0n)G s (ke + g, iy + i) + Gy, (K, i00)Gyy, (k + g, ion + i)
k,m,o
+ Ga;bg (ka iwm)sz;a(y (k + q, iwm + lQn) + Gbga,, (k, ia)m)Gu;‘;bJ (k + q, ia)m + lQn)]’ (A7)

where Q, =2nrw/B and w,=2n+ l)xr/B, ne Z are
bosonic and fermionic Matsubara frequencies, respectively
and B8 = 1/T is the inverse of temperature. As a result, we
have a set of bubble diagrams. Let’s make detailed calcu-
lations of one of them. The rest of the diagrams can be
calculated in a similar way.

First we can replace the Matsubara frequency summation
by a contour integral

1 . L
3 > Guta, (ke iwn)Gr Gk + g, icon, + iS2)

dz .
- _75 57 @G0 U DGy (k4 g, 2+ i), (AB)

where f(z) is the Fermi-Dirac distribution function. The con-
tour is shown in Fig. 7. In his contour integral, we need
to avoid two horizontal branch cuts defined by Im(z) =
0 and Im(z 4+ i2,) = 0. To calculate the integral, we note
that the semicircular arcs do not contribute to the inte-
gral, and therefore only the contribution from the horizontal
lines remains. Now we can parametrize the upper branch
cut as z=€4+i0", z=€ —i0" and the lower cut as
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Re(z)
Im(z) =0

\‘\/4/ A A

FIG. 7. The integration contour C is represented by a blue line.
The dashed lines indicate two branch cuts in the complex plane:
Im(z) = 0 and Im(z + i€2,,) = 0. The red crosses correspond to the
poles of Fermi-Dirac distribution function.

7=€—iQ, +i0", z =€ — i, —i0". Thus we have

dz .
—fl —f@G,i, k, )G, k+q,z+iQy)
c 2mi v 1
*® de
- f L F€)Gy, (ke +q. € +i9)
oo 2T i

(G, (ko€ +i07) = G, (k€ —i0))]

*® de )
+/ —f(€)G,r, (k, € — i)
oo 2T H
X [GHM (k+q,e+i0") — Gaia, (k+q, € —i0M)].
(A9)

Now we can move on to retarded functions by making the
substitution: i€2, = € + i0" and use the following relation for
Green’s functions:

G, (k. €+ i) — G, (k€ — i0")
=2ilm[G;, (k, € + i01)]. (A10)

In turn, for the imaginary parts of the Green’s functions (A2),
we have

Im[G s, (k, w+i0")]

= n[ugo8(w — E ) + vk o8(0 — E; )], (Alla)
Im[G,;:,, (k, w +i07)]

= n[vkod(@ — E) + u o 8(0 — E; )], (Allb)
m[G,;, (k, w +i07)]

= rweld(w — Ey ) — 8(w — EjP)], (Allc)
Im[G,;, (k, w+i0")]
= 8w — E; ) — 8(w — E)]. (Al1d)

Finally we can substitute Eqs. (A2) and (Al1) into Eq. (A9)
and easily integrate expressions with delta functions. After

that, we obtain
dz )
- ® —f@G,, Kk, )G, k+q,z+iQ)
c 2mi @ 191
FED = fEL)
= Uk+q,r Uk, -
Q+i0+ —E,:;_‘I—i—Ek+
. FED) = fEg,)
v v
e a0t = B, + B
N FED) = fEL)
u v
0T~ B, + By

N FED - F(Ep,)
v U, .
ket g 0T — Eppg + E&

(A12)

Performing similar calculations for the remaining bubble
diagrams in Eqgs. (A6) and (A7), after straightforward simpli-
fication using expressions (A3) and (A4), we obtain Egs. (19)
and (20).

APPENDIX B: PARTITION FUNCTION IN THE
BI-ORTHOGONAL BASIS

In this Appendix, we show that using bi-orthogonal basis
leads to to the same mean-field equation as previous calcula-
tions using the Green’s function.

Although the matrix Hamiltonian (12) is non-Hermitian, it
is pseudo-Hermitian,

1) Avr(k) = By (k) k), (B1)

cos ky/ cos k, 0} B2)

f?(k)Z[ 0 1l

The bi-orthogonal basis includes the following set of right and
left eigenvectors

_ 2 2
IRe,) =N, |:( oW qi\/W)/t cosk{|’ (B3a)
’ ’ 1
_ > w2
|Lki,(r> =N,f” < oW F (\/W) )/zcosky _(B3b)

1

and

NE = 1/\/1 +(Fow +\/8;3+—W2)/813- (B4)

One can verify that
Yol =0 Y IRG =1 ®9)
a==% a==+

and
(L2 5 |IRE o) = 8ap, (B6)

where «, 8 = %. Calculating the partition function in terms of
vectors (B3a) and (B3b) leads to the standard expression,

w2 _
Z=ePw H(l + e*ﬂEk*)(1 + e Ph ) (B7)
k
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which we use to obtain the free energy density,

f= —ﬂivlnz. (BS)

Now from the condition of free energy density minimization
af/0W =0, we obtain self-consistent equation that com-
pletely coincides with Eq. (22).
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