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From quantum dimers to the π-flux toric code via deconfined multicriticality
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Two-dimensional Rokhsar-Kivelson (RK) dimer models on bipartite lattices are generally limited to
translation-symmetry-broken dimer crystals. We introduce a tensor-product regularization of the dimer Hilbert
space that yields a qubit Hamiltonian interpolating from the RK model to the π -flux toric code, thereby accessing
a deconfined Z2 topological liquid. In this framework, the Z2 liquid descends from a multicritical U (1) spin
liquid through condensation of a charge-2 Higgs field, thus avoiding confinement. Using iDMRG together with
low-energy field theory, we determine a phase diagram containing two continuous quantum phase transitions—a
3D XY∗ transition between the Z2 liquid and the columnar/plaquette-VBS, and a quantum Lifshitz transition
between two dimer crystals—alongside a first-order transition between the staggered crystal and the Z2 liquid.
Our field theory suggests a deconfined multicritical point described by an Abelian Higgs model with dynamical
critical exponent, z = 2, where the three transitions meet, highlighting the interplay of fractionalization and
emergent gauge fluctuations.

DOI: 10.1103/1bht-9h21

I. INTRODUCTION

Quantum dimer models (QDMs) are interesting platforms
for stabilizing unconventional correlated phases and phase
transitions [1–4]. In the context of spin systems, dimer mod-
els can arise in frustrated spin-1/2 antiferromagnets where
the spins locally minimize energy by forming spin singlets
(dimers) [3,5,6], while the spinful excitations remain gapped.
Such dimer models can also appear as an effective low-energy
description of a variety of other systems, such as that of hard-
core bosons [7–9] and, more recently, Rydberg atom arrays
[10–16].

A paradigmatic Hamiltonian describing the low-energy
physics of such dimers was introduced by Rokhsar and
Kivelson in 1988 [17] on the square lattice in search of a
short-ranged resonating valence bond (RVB) liquid [1–3,18]
in the context of cuprate superconductors. Disappointingly,
however, the simple nearest-neighbor (NN) RK model as well
as related SU(N) spin models fail to realize such a liquid
phase on the square and other two-dimensional bipartite lat-
tices [17,19,20], limiting their applicability to the physics of
cuprate superconductivity envisaged as a doped RVB [21].
Indeed, subsequent extensive investigations of the RK model
and its various extensions on different lattices [22–25] in
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two dimensions show that they typically have an extended
Z2 RVB liquid phase on nonbipartite lattices along with
(spontaneously) lattice translation symmetry broken dimer
crystal phases dubbed valence bond solids (VBS) [4,26,27].
However, on bipartite lattices, the liquid, if at all present, is
fine-tuned to a special point in the parameter space—dubbed
the RK point—where the ground state is given by an equal
superposition of all dimer coverings [17,28] while dimer crys-
tals of different types extend over the rest of the phase diagram
[17,19,29,30].

In sharp contrast to the RK models, topologically ordered
Z2 liquids are obtained on square and other bipartite (and non-
bipartite) lattices in a different class of exactly solvable qubit
Hamiltonians—the toric code model [31]. The ground state
and excitations of these Z2 liquids are effectively described
as gapped Ising electric and magnetic charges of a deconfined
phase of an Ising gauge theory (IGT).

In this paper, we construct and analyze a simple mi-
croscopic spin-1/2 Hamiltonian on a square lattice that
amalgamates the phenomenology of the QDMs—the dimer
crystals with critical liquid at the RK point, as well as al-
lows for the extended Z2 liquid, as in the toric code model.
Such a microscopic Hamiltonian provides rich settings for
unconventional topological quantum phases as well as Landau
forbidden quantum transitions [32,33] and hence an interest-
ing playground for realising them in engineered platforms
[10–16].

Key to our construction is a qubit regularization of the
QDM that produces a generalised spin-1/2 Hamiltonian inter-
polating between the RK model and the π -flux toric code. The
explicit Hamiltonian is introduced in Sec. II. A combination of
analytical and numerical results lead to a rich phase diagram
that is illustrated in Fig. 1, consisting of the Z2 topological liq-
uid and two confined symmetry broken phases—the staggered
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FIG. 1. Schematic phase diagram of the model defined by the
Hamiltonian in Eq. (8) exhibiting three major phases: Z2 topologi-
cally ordered (TCπ ), c/p-VBS and s-VBS, separated by three phase
boundaries: (i) 3D XY ∗ critical line between the c/p-VBS and the Z2

liquid, (ii) a quantum Lifshitz transition between the two VBSs, and
(iii) first-order transition between the s-VBS and Z2 liquid. All these
phase transitions meet at a multicritical point. The yellow shaded
region corresponds to a small region of possible incommensurate
VBS phase with a finite tilt expected from the field theory. The
question mark (“?”) for the tilted VBS indicates that the present
numerics do not provide conclusive evidence for this phase.

VBS (s-VBS) and the columnar/plaquette VBS (c/p-VBS)
(Fig. 3). Notably, on a torus, the c/p-VBS and the s-VBS
belong to different winding number sectors—while the former
lies in a zero tilt (winding number per unit length) sector, the
latter belongs to the maximally tilted sector [22,34].

Our density-matrix renormalization group (DMRG) cal-
culations on an infinitely long cylinder with finite perimeter
efficiently capture the two dimer crystals via their respective
order parameters and the Z2 liquid via the topological entan-
glement entropy. Combining this with the correlation length
data, we approximately locate the position of the phases and
various phase transitions.

A convenient starting point to understand the phase
transitions—several of them Landau-forbidden—are the two
anyonic excitations of the Z2 liquid stabilized in the toric
code limit of our microscopic Hamiltonian: the bosonic Z2

electric and magnetic charges with mutual semionic statistics
[31]. While these charges are gapped in the topological liquid,
the electric charges condense in some parameter regime, re-
sulting in VBS order. The exact nature of the VBS order
depends on the momentum of the soft electric modes. The ba-
sic building blocks of the various critical theories are obtained
from the transition between the Z2 liquid and the c/p-VBS
that is brought about by the condensation of a pair of soft
electric modes [35–37] at commensurate momenta. These soft
modes transform (projectively) under various microscopic lat-
tice symmetries to lead to an enhanced O(2) symmetry at the
low-energy continuum limit at the critical point such that the
transition between the Z2 liquid and the c/p-VBS is described
by an Abelian Higgs model with a mutual U (1) Chern-
Simons term and belongs to a 3D XY∗ universality class
[35,36].

The obtained Abelian Higgs model, however, has a much
more general applicability, and, when supplemented with
the right projective symmetry, allowed higher order gradient

terms [(Eq. (27)]—the so-called Lifshitz terms—can describe
the transition between various VBS crystal phases. In fact,
in the regime dominated by the phase fluctuation of the soft
electric mode, our field theory reduces to the critical theories
derived starting with the height model representations of the
QDM [24,25,34,38]. As a consequence, in this regime, our re-
sults agree with earlier works [24,25]—the transition between
the two dimer crystals can generically occur either via a direct
first-order transition or multiple steps with VBS phases having
intermediate tilt via continuous quantum Lifshitz transition
and the first-order line with the quantum Lifshitz lines being
separated by an RK point, discussed in detail in Sec. IV. We
expect that for our specific microscopic model, we should
see the multistep transition as indicated in the Fig. 1 and
argued below. However, in our DMRG calculations—limited
by the finite circumference of the cylinder—we do not ob-
serve any definitive signatures of a partially tilted phase or
an incomplete devil’s staircase, as argued in Refs. [24,25].
Nevertheless, a narrow parameter window between the c/p-
VBS and s-VBS phases suggests the presence of a partially
tilted VBS phase, highlighted by the yellow shaded region in
Fig. 1.

Further, the same Lifshitz terms, in an appropriate regime,
lead to the deviation of the momenta of the soft electric modes
away from the c/p-VBS and lead to a direct first-order transi-
tion between the Z2 liquid and VBSs with finite tilt, including
the maximally tilted s-VBS, as shown in Fig. 1.

The continuum Abelian Higgs theory, consistent with sym-
metries of the microscopic model, allows for a deconfined
multicritical point, obtained by tuning two coupling constants,
where the three transition lines meet; see Fig. 1: (i) the 3D
XY∗ line between the Z2 liquid and the c/p-VBS, (ii) the
continuous (2 + 1)D quantum Lifshitz transition between the
c/p-VBS (with zero tilt) and VBS with finite tilt, and, (iii) the
first-order transition between the Z2 liquid and the s-VBS.
At this point, a gapless multicritical U (1) liquid is realized
with dynamical critical exponent, z = 2, somewhat similar to
the RK point, but distinct from it. From the perspective of
the multicritical U (1) liquid, the Z2 liquid is naturally ob-
tained, as we show, by condensation of the charge-two Higgs
scalar [39], which is dual to the electric charges of the toric
code. On the other hand, the two dimer crystals correspond to
the two different confined phases of the critical U (1) liquid
[34,38,40]. The resultant physics fall beyond the purview of
the standard Landau-Ginzburg-Wilson paradigm of critical
phenomena and provide a concrete mechanism to stabilize a
Z2 liquid in the vicinity of the dimer manifold on a bipartite
lattice.

The rest of the paper is organized as follows. In Sec. II,
starting with the RK model, we write down a spin-1/2 Hamil-
tonian which interpolates between the RK quantum dimer
limit and the toric code with a background π flux. We also
discuss analytically tractable corners of the phase diagram. In
Sec. III, we report results of our numerical DMRG simulations
performed on infinite cylinders, which provide a quantita-
tive confirmation of the phase diagram shown in Fig. 1. In
Sec. IV, we develop a low-energy field theory that captures
all quantum phases and associated phase transitions. We draw
our conclusions and provide an outlook in Sec. V. Various
technical details are summarized in the Appendixes.
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FIG. 2. Mapping between dimers and Ising variables [Eq. (3)]:
The red bonds with curly (dotted) lines represent the presence (ab-
sence) of dimers [Eq. (1)] residing on a square lattice. The black curly
(solid) bonds represent Ising variable Z = −1(Z = +1) on bonds of
the dual lattice.

II. THE MODEL AND ITS LIMITS

Central to the richness of the QDMs is the fact that the
dimer Hilbert space does not have a tensor product structure.
This arises from the fact that each spin can be a part of one
dimer. Indeed, on a square lattice with N sites, the number of
hard-core dimer coverings scales as ∼(1.339)N [41,42]. The
dimer models are described in terms of dimer numbers, nIJ =
0, 1, on each bond connecting sites I and J on a lattice (see
Fig. 2), such that the single dimer attached to each site I is
given by the constraint∑

J∈I

nIJ = 1 ∀I, (1)

where the sum is over all the sites, J , connected to I on the
lattice. On a square lattice, the typical local dimer dynamics,
maintaining the above constraint and the topological sectors
[22], is captured by the paradigmatic RK Hamiltonian [17]

(2)

where the first (second) term provides kinetic (potential) en-
ergy to the dimers.

To generalize the above dimer model on the square lattice
(drawn in red dotted lines in Fig. 2), we associate with each
bond where a dimer resides, an Ising spin Zi j = ±1, where
i j refers to the uniquely associated bond of the dual square
lattice (shown in black), such that

nIJ = 1 − Zi j

2
. (3)

The single-dimer constraint Eq. (1), expressed in terms of the
Ising spins, becomes ∑

〈i j〉∈�
Zi j = 2, (4)

where the sum is over each elementary dual square plaquette
enclosing one site of the direct lattice.

The QDM Hamiltonian (2), written in terms of the Ising
spins, then takes the form

HDimer = − �
∑

i

∏
j∈i

Xi j + �

4

∑
i

[(1 − Zi−x̂,i )(1 − Zi+x̂,i )

+ (1 − Zi−ŷ,i )(1 − Zi+ŷ,i )], (5)

FIG. 3. Different dimer crystals: (a) staggered, (b) (vertical)
columnar, and (c) plaquette VBSs.

where Xi j anticommutes with Zi j and induces spin flips. The
constraint in Eq. (4) can now be implemented by adding an
energy-cost term to the Hamiltonian of the form

Hconstraint = κ
∑
�

∏
〈i j〉∈�

Zi j − J
∑
〈i j〉

Zi j, (6)

where both κ, J > 0 with κ � J . The first term, in the limit
κ → ∞, enforces π -flux∏

〈i j〉∈�
Zi j = −1, (7)

on each dual-lattice plaquette. From Eq. (3), this corresponds
to having one or three dimers per site of the direct lattice. This
degeneracy is lifted by the second term in Eq. (6), leaving only
one dimer per site. Throughout this work, we set κ, � > 0.

Putting everything together results in the spin-1/2 Hamil-
tonian:

H = Hconstraint + HDimer. (8)

This resulting qubit Hamiltonian has a tensor prod-
uct Hilbert space and incorporates the dimer regime (κ �
J � �,�) discussed above, with the point � = � = 0
corresponding to the classical dimer model with a macro-
scopically degenerate ground-state manifold. Also, a finite J
allows for the mixing between the one and the three-dimer
states.

Along the � = 0 and � > 0 line, the model remains
classical, but the extensively degenerate classical dimer mani-
fold splits energetically, favoring the staggered configurations
[Fig. 3(a)] locally characterized by

∏
〈i j〉∈� Zi j = −1 and

(1 − Zi,i−n )(1 − Zi,i+n ) = 0, where n ∈ {x̂, ŷ}. Notably, in
this classical limit, the domain walls of such staggered ar-
rangements are free of energy cost, leading to a subextensively
degenerate staggered manifold characterized by local s-VBS
order [Fig. 3(a)] with domain walls.

Quantum fluctuations (� �= 0) lead to order-by disorder,
resulting in dimer crystals. This is expected as QDMs of
bipartite lattices are described by pure compact U (1) gauge
theories [39,43], which, in (2 + 1) dimensions are always
confined [40]. Thus, in the dimer regime (�/J,�/J � 1),
we get a s-VBS phase [Fig. 3(a)] when the potential term
dominates(� > �), and c/p-VBSs [Figs. 3(b) and 3(c)] when
kinetic term dominates (� > �).

The two crystal phases are separated by a phase transi-
tion corresponding to the RK point as indicated in Fig. 1.
Indeed, on taking (�/J,�/J ) → (0, 0) at finite � and � via
κ, J → ∞ [44], we recover the QDM described by the RK
Hamiltonian [Eq. (2)] to the leading order in perturbation
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theory in �/J and �/J from Eq. (8). Thus, on approaching the
origin along the � = � line, we reach an RK point that cor-
responds to the infinitely fine-tuned gapless U (1) liquid (with
quadratically dispersing photons) that describes a deconfined
quantum phase transition between the c/p-VBS and the s-VBS
[23,28,34,38].

In principle, as pointed out in Refs. [24,25], the transition
between the zero tilt c/p-VBS and the maximally tilted s-VBS
need not be direct and can be intervened by a series of inter-
mediate tilt VBS phases via an incomplete devil’s staircase.
Our numerics (see below) indicate a very small sliver where
both the s-VBS and c/p-VBS order parameters are zero, but
limitations of finite size and aspect ratio cannot reveal the
nature of this phase and its fate in the thermodynamic limit—
in particular, if it corresponds to a series of VBS phases with
intermediate tilt. This is also expected from the perturbation
theory in �/J and �/J around the RK point, which leads to
subleading corrections to the RK Hamiltonian, hence destroy-
ing the fine-tuning needed to achieve the ground state RK
wave function.

On the other hand, for κ, � � J,�, the Hamiltonian
[Eq. (8)] reduces to the toric code model [31]

HTC =κ
∑
�

∏
〈i j〉∈�

Zi j − �
∑

i

[ ∏
j∈i

Xi j

]
, (9)

which realizes the Z2 topological liquid as an exact ground
state since the two sets of terms (stabilizers) in the above
Hamiltonian commute. The two kinds of gapped bosonic
excitations—magnetic and electric—obtained by violating the
first and second stabilizers, respectively, see each other as
sources of the π flux. The resulting mutual anyonic statis-
tics manifests Z2 quantum topological order with a fourfold
degenerate ground state on a torus.

Hence, in the toric code limit in the ground state, one finds∏
〈i j〉∈�

Zi j = −1 ∀� (10)

and ∏
j∈i

Xi j = +1 ∀ i. (11)

We refer to this as the π -flux toric code (TCπ ), since each
electric charge experiences a π flux when going around a
closed contour containing an odd number of plaquettes. This
leads to momentum fractionalization for the electric charge
but not for the magnetic charge. This should be distinguished
from the odd toric code studied recently in Ref. [45], where
both plaquettes and stars have negative vacuum expectation
values.

In the rest of this paper, we focus on the κ → ∞ limit
of the above Hamiltonian, which imposes the hard π -flux
constraint (10), resulting in an infinite energy cost of mag-
netic charges while the electric charges have energy of order
�. The quantum phase diagram becomes a function of two
dimensionless parameters that we choose to be �/J and �/J
in Fig. 1.

Moving away from the TC limit along the � = 0 line, the
finite J term acts as a Zeeman field that makes the electric
charges dynamic, resulting in a dispersion with bandwidth

of order J . For J ∼ �, the electric charges condense. Due
to the background π flux seen by the electric charges, upon
condensation [46] two finite-momentum soft modes develop,
leading to a translation-symmetry-broken phase, namely, the
c/p-VBS. The critical theory describes a Landau-forbidden
continuous phase transition between a topologically ordered
Z2 liquid phase and a translation-symmetry-broken c/p-VBS.
After duality transformation (Appendix B), the lattice model
reduces to the frustrated Ising model whose phase transition
belongs to the 3D XY∗ universality class [35] as discussed
below.

The gapped Z2 topological phase is clearly stable to turn-
ing on small �. However, deep inside the Z2 liquid, increasing
� eventually leads to the potential-energy–dominated s-VBS
phase through a first-order phase transition (see below). The
remarkable stability of the s-VBS at large �/J for all val-
ues of �/J , as well as its eventual first-order transition to
the topological liquid, can be traced to the absence of �

perturbation-induced local dynamics within the s-VBS phase.
Finally, we notice that the constraint (10) corresponds to

the odd Ising Gauss law on the original lattice, shown in
red in Fig. 2. Owing to a quantum anomaly associated with
translational symmetry, the odd Ising gauge theory on a square
lattice cannot support a trivially gapped phase with a unique
ground state [47]. This obstruction is clearly reflected in the
phase diagram shown in Fig. 1.

Having fleshed out the limits and the general structure of
the phase diagram, we now turn to numerical simulations to
obtain a quantitative confirmation of the phases as well as the
associated phase transition lines.

III. NUMERICAL RESULTS

We performed infinite DMRG (or iDMRG) calculations
in the infinite cylinder geometry using the tensor network
Python (TeNPy) library [48]. In this approach, the two-
dimensional lattice sites are mapped onto a one-dimensional
infinite chain by using a snake path that traverses the cylin-
der circumference. This mapping allows us to exploit the
efficiency of DMRG in one dimension, while still capturing
the essential two-dimensional physics on a cylinder of finite
circumference. The iDMRG algorithm [49] works directly
in the thermodynamic limit. Rather than simulating a finite
system, the method optimizes the tensors of an infinite matrix
product state with a repeating unit cell. A key advantage of
iDMRG is the ability to extract physical quantities from the
MPS representation of the ground state. One of them is the
MPS correlation length ξ , which can be obtained from the
eigenvalue spectrum of the MPS transfer matrix [50]. The
MPS correlation length determines the decay of the slowest
decaying correlation function [48]. Since ξ diverges in gapless
systems, we can identify quantum critical points by observing
peaks in ξ that grow with the MPS bond dimension, χ [51].
This provides a clear signature of criticality without requiring
further system details. In our numerical simulations, we work
on an infinite cylinder of circumference equal to four links,
Ly = 4. We set κ = 10 as the largest coupling constant. In
addition, we fixed J = 1 and varied the parameters � and �.

We computed different observables in the ground state,
including the correlation length, ξ , the entanglement entropy,
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S, of a bipartite cut of the cylinder, VBS order parameters, and
the mean value of the star operator

Ostar = 1

N

∑
i

〈 ∏
j∈i

Xi j

〉
, (12)

where the summation is carried out over a unit cell, chosen to
be 4 × 4 in our simulations. N denotes the number of sites in
the unit cell. All VBS order parameters can be extracted from
the following expression:

O(q, n) = 1

N

∑
r

eiq·r〈Zr,r+n〉, (13)

where, q = (qx, qy) is the wave vector within the Brillouin
zone and n is a real space lattice vector. Specifically, the two
components of the s-VBS order parameter and the magnitude
of the order parameter are, respectively, defined by

O1(2) = O(q = (π, π ), n = x̂(ŷ)) (14)

and

Ostag =
√

O2
1 + O2

2, (15)

while the c/p-VBS order parameter is given by

O3 = O(q = (0, π ), n = x̂),

O4 = O(q = (π, 0), n = ŷ)

Ocol/plaq =
√

O2
3 + O2

4. (16)

Two-dimensional scans of the correlation length, entangle-
ment entropy, and two VBS order parameters are illustrated in
Fig. 4. We clearly observe phase boundaries separating three
phases sketched in Fig. 1. In particular, the staggered (colum-
nar/plaquette) order parameter is nonzero for � < (>)� in
the dimer limit. While the s-VBS phase persists for larger
�/J , the c/p-VBS gives way to the Z2 liquid at larger �/J .
After summarizing the numerically obtained phase diagram,
we now delve into the details of various parts of it.

A. � � �: π-flux toric code in longitudinal Zeeman field

We start with the � = 0 line, where the Hamiltonian
[Eq. (8)] reduces to the π -flux toric code in the presence of
a longitudinal Zeeman field. The nontrivial many-body entan-
gled nature of the toric code phase is evident from Fig. 5(a),
where we plot the bipartite von Neumann entanglement en-
tropy as a function of �/J . Its saturation value at large �

approaches (Ly − 1) log 2 [52], the entanglement entropy of
the toric code under a bipartition that divides the infinite
cylinder into two half-cylinders. In Fig. 5(a), we also plot the
correlation length, ξ , as a function of �/J . The peak signals
a phase transition from the c/p-VBS to the Z2 topological
liquid.

Figure 5(b) shows the behavior of the VBS order param-
eters: the c/p-VBS order parameter acquires a nonzero value
at small �/J regime and vanishes at large �/J in the toric
code phase. Indeed, the c/p-VBS order parameter turns on
at the same point as the peak of the correlation length, as
is evident from the plot. The smooth change of the c/p-VBS
order parameter near the phase transition indicates its possible

FIG. 4. iDMRG scans of the phase diagram of Eq. (8) in the
�/J − �/J plane for an infinite cylinder of circumference, Ly = 4:
(a) correlation length, ξ , (b) bipartite von Neumann entanglement
entropy, S, (c) s-VBS order parameter Ostag [Eq. (15)], (d) c/p-VBS
order parameter Ocol/plaq [Eq. (16)]. We take κ = 10, J = 1, and the
iDMRG bond dimension, χ = 300. The red dots indicate the points
where the c/p-VBS order parameter vanishes, while the yellow dots
denote the locations of discontinuities in the s-VBS order parameter.
These points are obtained from various cuts discussed below.

continuous nature. The s-VBS order parameter, on the other
hand, is zero throughout the parameter range.

To obtain additional insights, we also plot the expectation
value of the vertex operator, Ostar. Deep inside the topolog-
ical liquid phase (� � J), it saturates to unity, indicating
the absence of electric charges (Appendix B). By decreasing
�/J , the expectation value decreases smoothly, indicating
proliferation of electric charges. Due to the nontrivial nature
of the phase transition, this local expectation value does not
constitute an order parameter that can diagnose the transition.

B. VBS crystals in �,� � J regime: Columnar/plaquette
versus staggered order

Now we investigate VBS orders away from the � = 0
line. Specifically, in Fig. 6 we plot the columnar/plaquette
and staggered order parameters following three cuts illustrated
in Fig. 6(a). For the cuts in Figs. 6(b) and 6(c), we clearly
observe a transition from the staggered to columnar/plaquette
order as the parameter �/J is increased. While the staggered
order parameter undergoes a discontinuous jump, the colum-
nar/plaquette order parameter builds up continuously. While
this dichotomy is a hallmark of the deconfined RK criticality
on the square bipartite lattice [22], we notice that there is
a tiny parameter window—noticeable in Figs. 6(b) and 6(c)
(see also Appendix A) between the columnar and staggered
phases. Because our present numerics is limited by the small
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FIG. 5. iDMRG data along the � = 0 line for an infinite cylin-
der with circumference Ly = 4, κ = 10 and J = 1 (bond dimension
χ = 250): (a) Correlation length ξ and bipartite von Neumann entan-
glement entropy, S. (b) c/p-VBS order parameter Ocol/plaq [Eq. (16)],
s-VBS order parameter Ostag [Eq. (15)], and the mean value of the
star operator Ostar .

cylinder circumference, we cannot definitively exclude two
possibilities: One is the appearance of VBS phases with in-
termediate tilts, as predicted in Refs. [24,25], which is also

FIG. 6. iDMRG data (Ly = 4, κ = 10, J = 1, χ = 300) for � �=
0 cuts: Columnar/plaquette and staggered order parameters (b)–(d)
for three cuts highlighted in the contour plot (a) of the correlation
length [Fig. 4(a)].

consistent with the field theory developed in this work (see
Sec. IV) based on the soft electric modes of the Z2 liquid. The
alternative interesting possibility is the intermediate phase
with Z2 topological order connected smoothly to the π -flux
toric code.

As one increases the slope of the cut, see Fig. 6(d), the
intermediate c/p-VBS phase disappears, giving rise to a direct
first-order transition from the s-VBS to the Z2 topological
phase.

C. Phase transitions

To obtain more information about phase transitions, we
analyze the iDMRG correlation length in Fig. 7. Figure 7(b)
exhibits a peak whose height increases with bond dimension,
χ , indicating a continuous phase transition between the c/p-
VBS and s-VBS phase. In Fig. 7(c), in addition to this phase
transition, a new peak emerges at higher �/J whose moder-
ate height does not change appreciably with increasing bond
dimension. This is interpreted as the first-order phase tran-
sition separating Z2 topologically ordered or s-VBS phases.
Noticeably, the peak at lower �/J , which is a continuation of
the peak in Fig. 7(b), retains its second-order character, but
broadens. In light of the discussion above, within the present
resolution of our numerics, we cannot rule out a multiple-step
transition between the zero tilt c/p-VBS and the maximally
tilted s-VBS. At larger values of �/J , one can observe in
Fig. 7(d) broadening due to the Z2 topologically ordered
phase that is separated from the c/p-VBS and s-VBS phases
by a continuous and discontinuous transition, respectively (see
Appendix A for more detailed analysis).

The above iDMRG studies, while limited by system size
(in the transverse direction), indicate that the continuous
quantum Lifshitz line of transition [24,25,34,38] between
the c/p-VBS and the s-VBS with possibly a thin sliver of
VBS phases with intermediate tilt. This line and the line
corresponding to the continuous transition between the Z2

topological liquid and the c/p-VBS meet at a multicritical
point and give rise to the first-order transition line between the
s-VBS and the topological liquid as indicated in Fig. 1. While
further numerical studies are needed to clarify the eventual
fate of the phase transition lines and the multicritical point, it
is useful to consider the possible nature of the critical theory
that describes the phase diagram.

IV. THE FIELD THEORY FOR THE PHASES
AND THE TRANSITION

Having obtained the numerical phase diagram, we now turn
to the field theory for the phases and the phase transitions. We
start deep inside the Z2 liquid. As noted earlier, the Zeeman
term, J , gives dynamics to the electric charges, eventually
leading to their condensation to produce the dimer orders. To
obtain the continuum field theory, it is useful to introduce the
Z2 electric charge field manifestly, and this can be obtained by
casting the Hamiltonian (6) in terms of an IGT with dynamic
electric charges hopping in the background of π -flux. At � =
0, the effective Hamiltonian, after duality transformation, is
given by the fully frustrated nearest-neighbor Ising model in
the transverse field (see Appendix B for details). On the other
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FIG. 7. The location of the phase transitions: (a) Contour plot of the correlation length obtained from iDMRG with bond dimensions
χ = 300 on an infinite cylinder with Ly = 4, κ = 10, J = 1. (b)–(d) Correlation length for three vertical cuts for bond dimensions χ =
300, 350, 400.

hand, the QDM on the square lattice is best captured using
a compact U (1) lattice gauge theory with Eq. (1) being the
electric Gauss’s law [34,39,43]. Such a U (1) compact QED is
always confining in (2 + 1) dimensions [40], with the dimer
crystals being the confining phases and the RK point being
a fine-tuned deconfined U (1) liquid [22,34]. Below, we show
that all the above aspects can be explained systematically by
starting with the right (projective) symmetry allowed action
for the soft electric modes supplemented with the Ising Chern-
Simons term that implements the mutual semionic statistics
between the electric and magnetic charges of the Z2 liquid.

The starting point of our analysis is to write the toric
code in π -flux as an IGT coupled to electric charges [53]
that reduces to the nearest neighbor (on the � = 0 line) fully
frustrated transverse-field Ising model with the J term leading
to hopping of electric charges. This is done in Appendix B.
The paramagnetic phase of this model corresponds to the
Z2 liquid with gapped electric (and magnetic) charges. Upon
increasing J , the dispersion of the electric charges develops
two soft modes with amplitudes given by a pair of real fields
[35]

(φ1(x), φ2(x)) (17)

at momenta (0,0) and (0, π ) (in the particular gauge choice
of Fig. 10 that implements the π flux) and transform under a
projective representation of the underlying lattice symmetries
[35,53,54] as detailed in Table I of Appendix B. It is useful to
combine the two real soft modes to obtain a single complex
boson:

	 = φ1 + iφ2 = |	|eiθ . (18)

As detailed in Appendix C, by starting from these soft
modes coupled with Ising gauge fields, we obtain the contin-
uum low-energy field theory given by the 3D Euclidean action
in continuum

S0 = S	[a] + Sm[b] + SCS[a, b] + Ssym[	], (19)

where

S	[a] =
∫

d2xdτ

[
1

2
|(∂0 − ia0)	|2 + η

2
|(∇ − ia)	|2

]

+
∫

d2xdτ

[
r

2
|	|2 + u

4
|	|4

]

+ 1

e2

∫
d2xdτ (∂μaν − ∂νaμ)2 (20)
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is the action for the electric charges coupled to the dynamic
gauge field aμ. We have separated the spatial and temporal
directions of the kinetic term for later convenience to access
the Lifshitz transition between the different VBS phases.

Similarly, Sm[b] corresponds to the action for bosonic mag-
netic charge coupled to the dynamic U (1) gauge field bμ. It
has the same structure as L	, albeit with different coupling
constants. However, since the magnetic charges are always
gapped in the limit of κ → ∞ of the microscopic model, we
only write the Maxwell term of the action given by

Sm[b] = 1

e2

∫
d2xdτ (∂μbν − ∂νbμ)2. (21)

The third piece of the action,

SCS = i
εμνλ

π

∫
d2xdτaμ∂νbλ, (22)

is the mutual Chern-Simons term [53,55–57] that imposes the
mutual semionic statistics between the electric and magnetic
charges. As we shall see below, in the rest of this discussion,
the effect of the CS term is mostly to fix the right topological
degeneracy in the Z2 liquid state.

Finally, Ssym[	] denotes the microscopic symmetry al-
lowed terms under which the soft modes are invariant (see
Table I). On the square lattice, the lowest order contribution is
given by [35]

Ssym[	] = −w

∫
d2xdτ |	|8 cos(8θ ), (23)

which destroys the electric charge conservation and hence
reduces the symmetry of the above action from O(2) to
Z8. Clearly, this term allows for the simultaneous cre-
ation/annihilation of eight electric charges. Noticeably, the
CS term, capturing the semionic statistics, shows that such
an event corresponds to the change of flux of bμ by
four units and hence corresponds to quadrupoled instanton
events for bμ [47]. Indeed such quadrupoled monopole cre-
ation/annihilation operators are allowed [40] by the symmetry
of the square lattice [34,43,54,58] and Ssym[	] can alterna-
tively be written as

Ssym[	] ∼ −w

∫
d2xdτ

(
M4

b + c.c.
)
, (24)

where Mb annihilates a bosonic monopole of bμ with the
identification

Mb ∼ ei2θ , (25)

where the symbol ∼ refers to the fact that the two operators
have the same symmetry quantum numbers and scaling di-
mension [43,54].

Once 	 condenses, the sign of w chooses the columnar
(w > 0) or plaquette (w < 0) order via the order parameters

(O3, O4) ∼ (
φ2

1 − φ2
2 , 2φ1φ2

) = |	|2(cos 2θ, sin 2θ ). (26)

This leads to the identification of the monopole operator (25)
with the exponential of the height field representation of the
dimer model [20,34,39,43]. Note that the same continuum
action (19) can be obtained via a mutual U (1) Chern-Simons
theory formulation [53,57].

FIG. 8. The mean field phase diagram obtained from the low-
energy field theory [Eq. (28)]: The Z2 liquid dominates the region
where η, r > 0, whence the soft electric modes are gapped. The
zero tilt c/p-VBS is obtained by condensing the electric soft modes
(r < 0) for η > 0 via a 3D XY∗ transition (blue solid line). The
s-VBS, on the other hand, is obtained for η, r � 0. On crossing the
η = 0 line from the η > 0 side, there is a transition between the zero
tilt c/p-VBS to the maximally tilted s-VBS phase. This transition can
happen in two ways [24,25] as indicated. The red dotted line is a first-
order transition between the c/p-VBS and the s-VBS phases while
the red solid line denotes a continuous quantum Lifshitz transition
between the c/p-VBS and VBS phase with finite tilt (the black arrow
indicates the expected increase in the tilt [24,25]) with the RK point
being the multicritical point in between. Various other first-order
phase transitions are denoted in dashed lines as indicated—e.g. , the
transition between the Z2 liquid and the s-VBS is given by Eq. (45).
The brown point at the origin (η, r) = (0, 0) is the multicritical point
where the two continuous transition lines, the Lifshitz line and the
3D XY∗ line, meet to give rise to a first-order transition line between
the Z2 liquid and the s-VBS phase. This phase diagram should be
compared with the microscopic model phase diagram in Fig. 1.

To complete the effective theory, the above action (19)
needs to be supplemented with a Lifshitz term given by the
Lagrangian

Sl [	] =η2

2

∫
d2xdτ |(∇ − ia)2	|2 + λ2

2

∫
d2xdτ

× {[(∂1 − ia1)2	∗][(∂2 − ia2)2	] + c.c.}, (27)

with η2, λ2(>0) the coupling constants of the two terms al-
lowed by the PSG. Therefore, the total action is given by

S = S0 + Sl . (28)

This allows us to incorporate the Lifshitz transition when
η ∼ � − � [34] changes sign, as we explain below. We now
analyze the mean field phase diagram of this action that results
in Fig. 8.
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A. Phases and phase transitions

In the above field theory [Eq. (28)], the electric soft modes
are gapped for r > 0 and can be integrated out, resulting in
the pure U (1) × U (1) CS theory. This is nothing but the Z2

liquid with a fourfold degenerate ground state on a torus. Al-
ternatively, as shown in Appendix C, the action, S0, in Eq. (19)
without the monopole terms is dual to a charge-2 Higgs scalar
coupled to the U (1) gauge field [Eq. (C21)]. In this dual
description, the Z2 liquid is obtained via condensation of the
charge-2 Higgs scalar, whence the gauge group reduces to Z2

[36,39] and the topological liquid represents the deconfined
phase of this IGT. Within the mean field, this Z2 liquid is
obtained for r, η > 0 as shown in the phase diagram in Fig. 8.

Tuning r from positive to negative, the electric charges
condense, leading to the symmetry breaking. For η > 0, the
higher order gradient terms in Eq. (27) are irrelevant and
thus η2, γ and λ can be set to zero. Therefore, the transition
driven by r, in this regime, is given by the Abelian Higgs
model with eightfold anisotropy due to the w term. However,
the anisotropy is dangerously irrelevant at the transition [35]
and the critical theory is given by an Abelian Higgs model
and belongs to the 3D XY∗ universality class as indicated in
Fig. 8. The dangerously irrelevant term, however, chooses the
columnar (plaquette) VBS for w > 0 as signaled by the order
parameter in Eq. (26).

Sitting inside the zero tilt c/p-VBS (for r < 0, η > 0), it is
useful to consider tuning η across zero to a negative value.
This leads to the transition between the zero tilt c/p-VBS
phase (for η � 0) to the maximally tilted s-VBS (for η � 0).
However, the tilt can change continuously and this, as we
show now, in general, mediates an intricate multistep transi-
tion, as indicated in Fig. 8.

Deep inside the Higgs phase (r � 0), the amplitude fluctu-
ations, |	|, are frozen, leading to the mean field action

Seff [r � 0] = 1

2

∫
d2xdτ

[
ηa2 + η2a4 + 2λ2a2

1a2
2

]|	|2

+ Ssym[	], (29)

where we have used the gauge transformation

aμ → aμ + ∂μθ (30)

and the photon of a is gapped out via the usual Higgs mech-
anism. Similarly, because the monopoles of bμ are condensed
[Eq. (25)], the corresponding photon is gapped due to the dual
Higgs mechanism (confinement). For w = 0, the minimum of
the above effective action [Eq. (29)] is obtained for

ā1 = ±ā2, (31)

with

a2 =
⎧⎨
⎩

0 η > 0√
|η|

4η2+2λ2
η < 0.

(32)

Note that the CS term goes to zero for a constant aμ.
The effect of w �= 0 is obtained by noting that in the Higgs

phase, aμ is a pure gauge due to the Meissner effect. We then
have

āμ = ∂μθ ⇒ θ (x) = ā · x + θ0, (33)

such that the minima of the phase is chosen via Ssym[	]
through the minimization of

Ssym[	] = −w|	|8
∫

d2xdτ cos(8ā · x + 8θ0). (34)

Therefore, for η > 0 the minima are given by ā = 0 giving
rise to a zero tilt sector, i.e., c/p-VBS order as given by
Eq. (26). On the other hand, for η < 0 we get ā �= 0 and a
finite tilt sector is chosen [24] in the field theory with the tilt
related to the expectation value of ā.

The critical theory for the transition between the zero tilt
and the finite tilt VBS phases in this regime (r � 0) can be
obtained by restoring the low-energy phase fluctuations in the
above mean field action via Eq. (33). The effective low-energy
theory is given by

S̃ = S̃0 + S̃l , (35)

with

S̃0 = 1

2

∫
d2xdτ [(∂0θ )2 + η(∇θ )2 − w|	|6 cos(8θ )] (36)

and

S̃l = 1

2

∫
d2xdτ

[
η2(∇2θ )2 + λ2

(
∂2

1 θ
)(

∂2
2 θ

)]
+ 1

2

∫
d2xdτ [η2(∇θ )4 + λ2(∂1θ )2(∂2θ )2], (37)

where we have absorbed the overall |	|2 in the coupling
constants. This is precisely the action obtained from the height
model representation with the height field being proportional
to 2θ [24,25,25,28,34,38]. For η �= 0, the field theory is al-
ways in the confining phase [24,25,34,38,40], while there
is a transition for η = 0 albeit with renormalization due to
interactions.

For η = 0, the dynamic critical exponent is z = 2
[24,25,34,38] for the Gaussian theory, and the monopoles
can become irrelevant. The irrelevance of the monopoles can
be obtained from the scaling dimension of eiθ for the free
Lifshitz field theory gotten by collecting the Gaussian terms
of Eq. (35) for η = 0, i.e.,

S̃g = 1

2

∫
d2xdτ

[
(∂0θ )2 + η2(∇2θ )2 + λ2

(
∂2

1 θ
)(

∂2
2 θ

)]
.

(38)

The equal time correlator in the presence of the anisotropy,
λ2, to the leading order, is given by (details in Appendix C 1)

〈einθx e−inθ0〉 ∼ 1

|x|n2α
, (39)

where n ∈ Z and

α = 1

8π2√η2

4√
1 + ε/4

K
(

ε

4 + ε

)
= f (ε)

8π2√η2
(40)

is the effective coupling constant with ε = λ2/η2. Now for the
w term to be irrelevant [24], we want α > 1

8 , or,

f (ε)√
η2

> π2 ⇒ 0 < η2 <
f 2(ε)

π2
, (41)

where f (0) = 2π and decreases monotonically with ε. It is
therefore interesting to note that the window of coupling
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constants where the quadrupoled monopoles are irrelevant
decreases as λ2/η2 increases. More specifically,

f (ε) ∼ 8√
ε

ln ε, ε � 1. (42)

Thus, the regime over which the monopoles are irrele-
vant shrinks to zero as ε → ∞. Therefore, the increase in
the anisotropy decreases the regime over which the Lifshitz
criticality is stable to the monopole proliferation. This is due
to the decrease in the scaling dimension of eiθ with increasing
anisotropy. When such monopoles are relevant, it leads to
a first-order transition between the c/p-VBS (for η > 0) to
s-VBS (for η < 0).

Within the regime where the monopoles are irrelevant, the
effect of the interaction, given by [from Eq. (35)],

Sint =
∫

d2xdτ

[
η2

2
{(∂1θ )4 + (∂2θ )4}

+ λ2 + 6η2

2
(∂1θ )2(∂2θ )2

]
, (43)

can be considered with perturbative RG. Indeed, Refs. [24,25]
calculated the RG flow of the two coupling constants to one
loop to indicate that, except for further fine tuning of the ratio
of the two interactions, the Gaussian critical theory is unstable
and there is a generic first-order transition [59] between the
c/p-VBS phase and the s-VBS phase that ends at the RK point.
Beyond the RK point, the columnar/plaquette order gives way
to a finite (nonmaximal) tilt phase via a continuous transition
at the quantum Lifshitz line characterized by η = 0, albeit
with renormalization. Beyond this, the tilt changes via an
incomplete devil staircase, ultimately giving way to the s-VBS
phase via a first-order phase transition. This is indicated for
the r � 0 regime of Fig. 8.

The above conclusion based on the phase fluctuation is
strictly valid when r � 0 and hence breaks down on ap-
proaching r ∼ 0 when the amplitude fluctuations of the soft
electric modes can no longer be neglected. This can lead to
a major departure from the conclusion of the above analysis
based on Refs. [24,25]. However, before we turn to this issue,
let us consider the quadrant with r > 0 but η < 0. For this,
we consider the position of the minima of the quadratic part
of the action [Eqs. (19) and (27)].

Neglecting the gauge fluctuations and the temporal fluctu-
ations of 	, the mean field free energy in momentum space is
given by

1

2

∫
d2q[ηq2 + η2q4 + r]|	(q)|2. (44)

Such that the momentum of the soft modes, q0(=ā), is given
by Eq. (32). These soft modes condense, for η < 0 for

r ∼ η2

η2
, (45)

as given by the dashed line in Fig. 8. Thus, the Z2 liquid
gives way to a condensate of the electric charges at q0, a VBS
phase, on crossing this line. Due to the fluctuations near the
transition, we expect this transition to be first order.

The above first-order line then ends at (η, r) = (0, 0), with
the 3D XY∗ continuous transition line as well as the Lifshitz

transition line between the c/p-VBS and the finite tilt phase
as indicated in Fig. 8. In principle, the finite tilt phase can ex-
tend above the r = 0 line, albeit for r <

η2

η2
, and surround the

multicritical point, but our numerical calculations (also see the
discussion below) indicate that such a region is very small as
schematically indicated in the figure. The multicritical point
at (η, r) = (0, 0) is therefore obtained by a z = 2 anisotropic
Abelian Higgs theory given by Eqs. (19) and (27).

B. Applicability of the field theory to the microscopic model

Having fleshed out the details of the field theory, we now
briefly discuss the relation between the phase diagram ob-
tained within the field theory (Fig. 8) and the microscopic
model [Eq. (8)], as well as the resultant phase diagram
(Fig. 1), in light of the numerical results discussed in Sec. III.

We can tune the microscopic model (8) to the RK point by
approaching the origin in the phase diagram shown in Fig. 1
along the line �/J = �/J . This can be achieved by tuning
J → ∞ while keeping � and � finite, since the higher-order
terms generated in perturbation theory, of order O(�2/J ) or
higher, vanish in this limit. As a result, we are left with the
RK Hamiltonian given in Eq. (2) at � = �. This leads us to
the identification of the RK point of Fig. 8 with the origin of
Fig. 1.

Moving away from the RK point, the Lifshitz transition
line emerges, as shown in Fig. 8. This transition is manifested
in Figs. 6(b) and 6(c) by a continuous increase of the c/p-VBS
order parameter. Further, as commented in Sec. III, the thin
sliver where both the order parameters are zero may allow
for an intermediate finite tilt phase in accordance with the
field theory (see Fig. 8). This is also very indirectly supported
by the broad correlation length peak for the corresponding
window as shown in Fig. 7. While the scope of the present
numerics is limited, the above observations are prima facie
consistent with the prediction of the field theory presented
above. Indeed, a soft mode analysis of the electric modes
at finite but small �/J (see Appendix B 2) suggests that the
position of the soft modes changes continuously away from
the c/p-VBS for finite tilt VBS phases within Gaussian ap-
proximation. Upon further decreasing J , the Lifshitz transition
line meets both the first-order transition from the Z2 liquid to
the s-VBS phase and the 3D XY∗ transition from the c/p-VBS
phase to the Z2 liquid at a multicritical point (see Fig. 1). This
multicritical point corresponds to the origin in Fig. 8.

Finally, beyond the multicritical point, the transition be-
tween the Z2 liquid and the s-VBS appears to be strongly first
order, and the tilt almost immediately locks to the maximal
value (corresponding to the s-VBS phase) as is evident from
Fig. 7(d) and the discussion therein.

V. SUMMARY AND OUTLOOK

In this work, we have studied a particular qubit regular-
ization of the QDM on the square lattice that continuously
interpolates the physics of the dimer models with that of the
Z2 topological liquid as realized in the toric code with π flux.
This qubit regularization allows for mixing the one-dimer
and three-dimer manifolds with a controlled energy cost. The
emergent Z2 liquid is intimately connected to this mixing
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that allows for condensation of a charge-2 Higgs scalar in the
U (1) theory, usually realized as the effective description of the
dimer model on a bipartite lattice [39,43,54]. The resultant
phase diagram illustrated in Fig. 1 appears to be very rich
and in particular realises an extended Z2 liquid phase and its
transition to the dimer crystal via interesting quantum phase
transitions.

Recent experimental works have successfully realized
the toric code and diagnosed its associated Z2 topological
order across diverse quantum platforms [12–14,60]. That in-
cludes the realization of the toric code ground state and the
demonstration of anyon braiding statistics on superconducting
processors [61], the demonstration of topological Z2 spin
liquid in Rydberg atom arrays [62], and the deterministic
preparation of the toric code on a torus using midcircuit
measurements and feed-forward on a trapped-ion quantum
computer [63]. Our qubit regularization of the quantum dimer
model opens a path toward its realization with current quan-
tum technologies that could shed additional light on how the
fine-tuned RK U (1) spin liquid transitions into the Z2 topo-
logical liquid quantum phase.

Central to the structure of the phase diagram is a multicrit-
ical U (1) liquid with dynamic critical exponent, z = 2, that
emanates from the RK point. Various phases are naturally
understood as instabilities of this U (1) liquid. It would be
interesting to investigate in detail the fate of the multicritical
point and nearby phases and phase transitions on square and
other two-dimensional lattices.
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APPENDIX A: FURTHER NUMERICAL DATA

In this Appendix, we present further numerical details
of the iDMRG calculations. In particular, we provide plots

for the two order parameters, Ocol/plaq [Eq. (16)] and Ostag

[Eq. (15)], along with Ostar evaluated along the vertical cuts,
including those shown in Fig. 7 of the main text.

As illustrated in the lower panels of Fig. 9, for small values
of �/J , the system undergoes a direct transition from the
c/p-VBS phase to the s-VBS phase as a function of �/J , as
evident from Fig. 9(b). In Fig. 9(b), at extremely small �/J ,
few data points are nonmonotonic. These arise from finite size
and bond dimension effects of our numerics as is evident from
the shifting of the pattern with bond dimensions. At large
�/J corresponding to Figs. 9(d) and 9(e), an intermediate
window corresponding to a Z2 liquid emerges where both
order parameters vanish, leading to a sequence of transitions
from the c/p-VBS phase to the Z2 liquid and subsequently to
the staggered phase. The former transition corresponds to the
3D XY∗, while the latter is a first-order transition from the Z2

liquid to the s-VBS phase, as discussed in the main text. At the
first-order transition from the Z2 liquid to the staggered phase,
Ostar shows an abrupt drop, which arises from the absence of
local dimer dynamics in the staggered phase. For complete-
ness, we also plot the correlation length ξ together with the
order parameters in Fig. 9. It is clear that the phase transition
points identified from the order parameters are consistent with
those obtained from the correlation length. At intermediate
�/J corresponding to Fig. 9(c), the peak corresponding to the
first order transition between the Z2 liquid and the s-VBS is
no longer visible, but there is a small region where both Ostag

and Ocol/plaq are zero. Our present numerics cannot determine
whether this region survives in the thermodynamic limit of the
two dimensional lattice.

APPENDIX B: THE ISING GAUGE
THEORY FORMULATION

Following Refs. [53,64–66], the Hamiltonian in Eq. (6) can
be mapped to a model of IGT with Ising electric charges as

Zi j = τ x
i ρz

i jτ
x
j , Xi j = ρx

i j, (B1)

where τ x
i creates Ising (electric) charges on the sites and ρz

i j
are the Ising gauge fields (hence ρx

i j is the electric field).
The above redundant representation is subject to Gauss’s law
constrained on every site:∏

i∈i

ρx
i j = τ z

i , (B2)

where (1 − τ z
i )/2 is the electric charge density. Using this, the

Hamiltonian in Eq. (6) is written as (up to a constant)

H = κ
∑
�

∏
i j∈�

ρz
i j − �

∑
i

τ z
i −

(
J + �

2

) ∑
〈i j〉

τ x
i ρz

i jτ
x
j

+ �

4

∑
i

∑
α=x̂,ŷ

[
τ x

i ρz
i,i+αρz

i+α,i+2ατ x
i+2α

]
. (B3)

Therefore, in the limit of κ → ∞, we have the π -flux
constraint ∏

i j∈�
ρz

i j = −1 ∀�. (B4)
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FIG. 9. Vertical cuts for the iDMRG data for Ly = 4, χ = 300, κ = 10, J = 1: (a) Contour plot of the correlation length [same as Fig. 4(a)].
[(b)–(e)] Correlation length ξ for two different bond dimensions and order parameters at χ = 400 along the vertical cuts shown in (a).

In terms of the IGT, the Ising electric charges, created by
τ x

i and obeying Gauss’s law (B2), hop on the sites of the dual
square lattice (Fig. 2) in a background π flux through each
plaquette. The amplitude for NN and third-nearest neighbor
(3NN) hopping are −(J + �/2) and �/4, respectively. Also
note that ρz

i j commutes with the Hamiltonian, such that the
gauge fields do not have independent dynamics.

1. � = 0 line

For κ → ∞ and � = 0, Eq. (B3) reduces to the NN fully
frustrated transverse-field Ising model on the square lattice

Heff = − �
∑

i

τ z
i − J

∑
〈i j〉

τ x
i ρz

i jτ
x
j , (B5)

where the frustration originates from π -flux condition in
Eq. (B4). The phase diagram was obtained in Ref. [35].

We choose a particular gauge (Fig. 10) to implement the π

flux. For J = 0, the ground state is an electric charge vacuum
which is a topological liquid corresponding to the π -toric
code. Note that the above gauge, on a 2-tori, chooses one of
the topologically degenerate ground states of the toric code
depending on the size of the system and boundary conditions.

A finite J leads to hopping of the electric charges while
the magnetic charges are still gapped. In the above gauge, the
soft modes of the dispersing electric charges can be obtained

by diagonalising the hopping term within a soft spin analysis.
Choosing a two-site unit cell as shown in the Fig. 10, the soft
mode quadratic Hamiltonian is given by

Hτ =
∑

k

τ x(k)T M(k)τ x(−k), (B6)

where

τ x(k) = [
τ x

A (k) τ x
B (k)

]T
, (B7)

M(k) = J

[
−2 cos ky −(1 + e2ikx )

−(1 + e−2ikx ) 2 cos ky

]
. (B8)

FIG. 10. Schematic diagram for the choice of gauge to imple-
ment the π -flux condition (B2) for the IGT. The dashed (solid) red
(black) link corresponds to ρz

i j = −1(+1) in Eq. (B3). The two-site
unit-cell consists of one site each from the two sublattices marked A
and B.
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TABLE I. The transformation of the two soft modes under square
lattice symmetries: Tx (Ty ) is unit lattice translation along the x(y)
direction, Rπ represents a rotation by π about the site, Refx cor-
responds to a reflection about the y axis, C4 denotes the fourfold
rotation about a lattice site, and TR is time reversal.

φ Tx Ty Rπ Refx C4 TR

φ1 φ2 φ1 φ1 φ1
φ1+φ2√

2
φ1

φ2 φ1 −φ2 φ2 φ2
φ1−φ2√

2
φ2

	 = φ1 + iφ2 i	∗ 	∗ 	 	 eiπ/4	∗ 	∗

Here, kx ∈ [−π/2, π/2] and ky ∈ [−π, π ] belong to the mag-
netic Brillouin zone. The dispersion of the two eigenmodes of
the above Hamiltonian is

Eτ (k)± = ±2J
√

cos2(kx ) + cos2(ky), (B9)

which has minima at (kx, ky) = (0, 0) and (0,π ). The corre-
sponding (un-normalized) eigenvectors at these minima are

λ{0,0} =
[

1 + √
2

1

]
, λ{0,π} =

[
1

1 + √
2

]
. (B10)

Therefore, the explicit soft-mode expansion of the electric
charges is given by[

τ x
A (x, y)

τ x
B (x, y)

]
= φ1(x, y)λ{0,0} + φ2(x, y) eiπyλ{0,π}, (B11)

where φ1 and φ2 are the corresponding amplitudes. Ac-
counting for the projective representation, the symmetry
transformation of the two soft modes under various lattice
symmetries is given in Table I.

2. � �= 0

At finite �, the soft mode analysis for the quadratic Hamil-
tonian is given by Eq. (B6), where now

M(�, k) = (J + �/2)

[
−2 cos ky −(1 + e2ikx )

−(1 + e−2ikx ) 2 cos ky

]

+ �(cos(2kx ) + cos(2ky))

2

[
1 0
0 1

]
. (B12)

The spectrum is given by [instead of Eq. (B9)]

Eτ (�, k)± =�

2
[cos(2kx ) + cos(2ky)]

± 2

(
J + �

2

)√
cos2 kx + cos2 ky. (B13)

The two minima at (0,0) and (0, π ) survive for

�

J
<

2

2
√

2 − 1
≈ 1.09. (B14)

Above this, there is a continuous set of minima at (Qx, Qy)
satisfying

cos2 Qx + cos2 Qy =
(

J + �/2

�

)2

, (B15)

such that just above the critical value, i.e., �/J = 2
2
√

2−1
+ δ,

the set of minima consists of a circle of radius ∼√
δ around

(0,0) or (0, π ) for δ � 1. Hence, the momentum and, there-
fore, the tilt changes continuously within the quadratic theory.

APPENDIX C: DERIVATION OF THE FIELD THEORY
FROM THE SOFT MODES

The soft modes [Eq. (17)] obtained from the analysis of the
IGT (Appendix B) leads to the low-energy lattice action (on
the three-dimensional cubic lattice in Euclidean space-time)
for the soft modes allowed by the PSG (Table I),

SZ2 = − t
∑
〈i j〉

ρz
i j cos(θi − θ j ) − w

∑
i

cos(8θi )

+ iπ

4

(
1 − ρz

i j

)(
1 −

∏
i j∈�

μz
IJ

)
, (C1)

where we have used the lattice version of Eq. (18). The first
term denotes the hopping of the soft (electric mode) in the
background Ising gauge field ρz

i j while the second term is
the lowest symmetry allowed term [35,37,53,67] that reduces
the O(2) symmetry of the soft mode action. Finally, the third
term corresponds to the Ising Chern-Simons term [37,67] that
captures the mutual semionic statistics between the electric
charges and (gapped) magnetic charges with the latter being
minimally coupled to the dual Ising gauge field μz

IJ on the
links of the dual lattice (i.e., the lattice on which the dimers
sit).

The partition function is given by

Z =
∑
{ρz}

∑
{μz}

∫ π

−π

Dθe−SZ2 . (C2)

Following Refs. [37,53,67], we use Villain transformation
and Poisson resummation formula to convert the partition
function to

Z =
∑
{ρz}

∑
{μz}

∑
{L}

∫ π

−π

Dθe−S (1)
Z2 , (C3)

with the low-energy action

S (1)
Z2

=
∑
〈i j〉

L2
i j

2t
+ i

∑
〈i j〉

Li j

(
θi − θ j + π

2

(
1 − ρz

i j

))

− w
∑

i

cos(8θi ) + iπ

4

(
1 − ρz

i j

)(
1 −

∏
i j∈�

μz
IJ

)
,

(C4)

where Li j ∈ Z is an integer-valued field defined on the links
of the lattice.

Temporarily setting w = 0, we can integrate out θi to con-
strain ∑

j∈i

Li j = 0 ∀i, (C5)

which can be solved by introducing an integer dual gauge
field, bIJ , on the links of the dual lattice via the lattice
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curl

Li j = ∇ × bIJ , (C6)

such that the partition function is given by

Z =
∑
{ρz}

∑
{μz}

∑
{b}

∫ π

−π

Dθe−S (2)
Z2 , (C7)

where the action (after rearranging) is

S (2)
Z2

=
∑
�

(∇ × bIJ )2

2t
+ i

π

2

∑
〈i j〉

(
1 − ρz

i j

)

×
[

(∇ × bIJ ) +
[

1 −
∏
i j∈�

μz
IJ

]]
. (C8)

Now, ρz
i j can be integrated individually on each link of the

direct lattice separately to obtain the constraint

(−1)(∇×bIJ ) =
∏
i j∈�

μz
IJ . (C9)

Continuing to follow the methods used in Refs. [37,67], we
divide the integer gauge field into two parts:

bIJ = 2BIJ + βIJ , (C10)

where B ∈ Z keeps track of the even part and βIJ = 0, 1 is the
odd part. Therefore, the above constraint becomes

μz
IJ = 1 − 2βIJ . (C11)

Implementing the Integer constraint on the gauge field bIJ

softly via the potential

−J
∑
〈IJ〉

cos(2πBIJ ) = −J
∑
〈IJ〉

μz
IJ cos(πbIJ ) (C12)

(with J > 0), we obtain

Z =
∑
{μz

IJ }

∫
Dbe−S (3)

Z2 , (C13)

where

S (3)
Z2

= 1

2tπ2

∑
�

(∇ × bIJ )2 − J
∑
〈IJ〉

μz
IJ cos(bIJ ). (C14)

We have shifted bIJ → bIJ/π . We now integrate out μz
IJ per

bond to obtain

Z =
∫

Dbe−S (4)
Z2 , (C15)

where

S (4)
Z2

=
∑
�

(∇ × bIJ )2

2tπ2
−

∑
〈IJ〉

J 2 cos(2bIJ ) + · · · . (C16)

We can now extract a charge field, χI , by choosing a gauge
∇ · b = 0 such that we get

Z =
∫

Dbe−S (5)
Z2 (C17)

where

S (4)
Z2

=
∑
�

(∇ × bIJ )2

2tπ2
− J 2

∑
〈IJ〉

cos(χI − χJ + 2bIJ )

=
∑
�

(∇ × bIJ )2

2tπ2
− J 2

∑
〈IJ〉

[�∗
I ei2bIJ �J + c.c.], (C18)

with

�I = e−iχI (C19)

being the charge-2 boson on the sites of the lattice dual to the
soft electric modes.

The continuum limit can now be taken to obtain

Z =
∫

D2�Dbe−S (6)
Z2 , (C20)

where

S (6)
Z2

=
∫

d2xdτ

[
1

2
|(∂μ − i2b)�|2 − r|�|2 + u|�|2

]

+
∫

d2xdτ

[
1

2
(∂0b − ∇b0)2 + 1

2
(∇ × b)2

]
. (C21)

This is the Abelian Higgs model with charge-2 bosons ob-
tained in the description of the Z2 liquids in dimer models on
nonbipartite latices [39,43].

It is convenient to dualize the above action once more with
respect to the bosons, �, to rewrite it in terms of the soft
electric modes [Eq. (17) in the main text] as can be verified
[53,57] by applying bosonic particle-vortex duality [68,69] to
�, whence we get

S̃ =
∫

d2xdτ

[
1

2
|(∂μ − iaμ)	|2 + r

2
|	|2 + u|	|4

]

+
∫

d2xdτ

[
i

1

π
εμνλaμ∂νbλ

]

+
∫

d2xdτ

[
1

2
(∂0b − ∇b0)2 + 1

2
(∇ × b)2

]

+
∫

d2xdτ

[
1

2
(∂0a − ∇a0)2 + 1

2
(∇ × a)2

]
, (C22)

where 	 is dual to � and hence reflects the electric charge
modes. This is exactly equal to the action given by Eq. (19)
in the main text, except for the last term, which is the same
as turning on the w �= 0 term in Eq. (C4). This completes our
derivation of the continuum action.

Finally, we note that the symmetry transformation of the
gauge fields under the microscopic symmetries is fully fixed
by their minimal coupling to the matter field, 	, and its dual.
In particular, the transformation of a is given by (see Table I
for notations)

Tx, Ty :aμ → −aμμ = 0, 1, 2,

Rπ :a0 → a0, a1 → −a1, a2 → −a2,

Refx :a0 → a0, a1 → −a1, a2 → a2,

C4 :a0 → −a0, a1 → −a2, a2 → a1,

TR :a0 → −a0, a1 → a1, a2 → a2. (C23)

165131-14



FROM QUANTUM DIMERS TO THE π -FLUX TORIC … PHYSICAL REVIEW B 114, 165131 (2026)

The equal time correlator for the z = 2 Gaussian
theory in Eq. (38)

The Gaussian theory in Eq. (38) in Fourier space is given
by

S̃g = 1

2

∫
d2k
4π2

dω

2π

[(
ω2 + η2k4 + λ2k2

1k2
2

)]
θk,ωθ−k,−ω.

(C24)

Therefore, the equal time correlator including the
anisotropy can be calculated as an extension of the same done
in Ref. [24] as follows:

〈θxθ0〉 =
∫

d2k
4π2

dω

2π
eik·x〈θk,ωθ−k,−ω〉

=
∫

d2k
4π2

dω

2π
eik·x 1

ω2 + η2k4 + λ2k2
1k2

2

= 1

2π2√η2
√

1 + ε/4
K

(
ε

4 + ε

)

×
∞∑

m=−∞

[
1 − √

1 + ε/4

1 + √
1 + ε/4

]|m|

×
∫ ∞

0

dk

k
J4m(kx), (C25)

where

K(a) =
∫ π/2

0

dθ√
1 − a sin2 θ

(C26)

is the complete elliptical integral of the first kind and Jm(a) is
the Bessel function. Using

∫ ∞

0

dk

k
J4m(kx) =

{
1

4m m �= 0

− ln x + · · · m = 0,
(C27)

we get to the leading order Eq. (39) in the main text.
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