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Time-resolved ARPES in pumped excitonic systems: Floquet physics induced by excitonic fields
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We develop a theoretical framework based on the dynamical projective operatorial approach (DPOA) to study
the time-resolved and angle-resolved photoemission spectroscopy (TR-ARPES) of pumped excitonic systems.
Including Coulomb electron-electron interactions at the Hartree-Fock level, our formalism captures the formation
of excitonic bound states under the application of pump pulses. Considering a prototypical two-dimensional
two-band semiconductor, we analyze the equilibrium phase diagram, which shows the expected transition from
a semiconducting to an excitonic-insulator phase as the Coulomb interaction strength or its range increases. Out
of equilibrium, we find that when the pump frequency is resonant with an excitonic mode, coherent oscillations of
the excitonic order parameter persist after the pump pulse subsides, and they give rise to clear Floquet sidebands
in the TR-ARPES spectrum. These exciton-field-induced sidebands are distinct from those originating from
the pump laser field. We also identify band-resonance-induced sidebands arising from residual coherences at
momenta where the band gap is resonant with the pump frequency. Finally, we analyze the local Coulomb
interaction limit. Our results corroborate recent experimental observations of exciton-field-induced Floquet-like
sidebands and establish DPOA as an efficient and accurate method for simulating ultrafast phenomena in

interacting electron systems.
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I. INTRODUCTION

The development of ultrafast pump-probe spectroscopy
has opened a new frontier in exploring the dynamics of
condensed-matter systems on femtosecond and even sub-
femtosecond time scales [1-9]. By monitoring the temporal
evolution of photoexcited carriers upon perturbation by ul-
trashort and intense electromagnetic pulses, these techniques
provide direct access to the microscopic mechanisms govern-
ing electronic, spin, and lattice degrees of freedom out of
equilibrium [10-14]. From a technological standpoint, such
insight is essential for advancing next-generation ultrafast
optoelectronic and spintronic devices. From a fundamen-
tal perspective, it enables probing pulse-induced symmetry
breaking, coherence, and relaxation processes in real time
[10,12,13]. One avenue to probe the response of a solid re-
quires that the system is excited by an intense pump pulse,
typically in the infrared regime with a duration ranging from a
few to hundreds of femtoseconds, and subsequently analyzed
using a positively or negatively delayed probe pulse. This
analysis can measure either the transient change in optical
properties [7-11,15-24] or the time-resolved angle-resolved
photoemission spectroscopy (TR-ARPES) signal [14,25-32].

Angle-resolved photoemission spectroscopy probes the
electronic band structure of materials by analyzing the en-
ergy and momentum of photoejected electrons [33-39]. In
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pump-probe setups, TR-ARPES extends this capability to
out-of-equilibrium systems by measuring the signal as a func-
tion of the pump-probe delay [39—43]. This technique reveals
dynamical processes [39] of fundamental importance for un-
derstanding and engineering materials, providing access to
bands above the Fermi energy beyond what equilibrium mea-
surements can achieve [44-46]. TR-ARPES can also probe
the dressing of bands and the emergence of pump-induced
Floquet sidebands [29,47], as well as complex effects such as
the perturbation of ordered states [14,25,26] and the dynami-
cal excitation of collective modes [28,48,49].

Understanding these phenomena requires theoretical
modeling and numerical simulation. The standard ap-
proach, time-dependent density functional theory (TD-DFT)
[21,24,50-56], is computationally expensive and often limits
physical insight [57]. Model-Hamiltonian approaches, which
typically use parameters derived from equilibrium DFT cal-
culations [58], offer a more flexible alternative, allowing
controlled investigation of individual terms and their interplay,
but they often suffer from oversimplification [57]. To address
these challenges, we recently developed the dynamical pro-
jective operatorial approach (DPOA) [7,59-62], an efficient
operator-based formalism for studying ultrafast phenomena
in realistic multiband systems. DPOA enables real-time evo-
lution of composite operators [63] under intense pump fields
while maintaining access to all microscopic observables, in-
cluding excitation populations [7,59,64,65] and multitime
response functions such as TR-ARPES [59] and transient
optical properties [9,61,66].

On the other hand, the pursuit of nontrivial phases of
matter through optical driving has been a persistent objective
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in condensed-matter physics [67-69]. The oscillatory nature
of the pump field itself provides a natural connection to the
concept of Floquet engineering, where a time-periodic exter-
nal drive is used to reshape the electronic band structure of
a material [70-72]. By hybridizing electronic states with the
photons of an intense laser field, one can create Floquet-Bloch
states, leading to the emergence of novel phases of matter
such as Floquet topological insulators or Weyl semimetals
[29,73-75]. In essence, pump-probe experiments can be
viewed as a realization of Floquet physics in a pulsed, rather
than continuous-wave, regime, where the finite duration of
the pump pulse introduces additional temporal structure while
preserving the fundamental mechanism of light-induced band
hybridization [59]. Despite the immense theoretical potential,
the experimental realization of Floquet physics in solids faces
significant hurdles; consequently, the observation of clear Flo-
quet gaps and band hybridization has remained limited to a
few specific systems and conditions [76,77].

Recent proposals have turned to bosonic excitations
beyond photons as a means of generating time-periodic driv-
ing. Examples include phonon-driven Floquet matter [77],
Floquet superconductivity [78], and exciton-driven Floquet
physics [79,80]. In particular, the Coulomb interaction in
low-dimensional semiconductors leads to the formation of
excitons—bound states of an electron and a hole—with no-
ticeable binding energies and transition dipole moments,
which can provide a large internal field. In a recent work,
Pareek et al. [81] pursued this direction. In a monolayer
semiconductor, an exciton creates an oscillation of the self-
energy: the excitonic field. Such a field can drive Floquet-like
hybridization. Using TR-ARPES, they directly observed
the modification of the electronic bands in a monolayer
transition-metal dichalcogenide. Upon resonant excitation of
an excitonic mode, the valence band develops a clear side-
band, as well as the so called “Mexican-hat” dispersion shape.

Several theoretical studies of TR-ARPES signals in
pumped excitonic systems have been performed [82-86]. A
recently developed approach is the ab initio time-dependent
GW (TD-aGW) approach [79,81]. In this approach, the dy-
namical equations of the single-particle density matrix are
solved and then used to compute the two-time Green’s
functions, which in turn enter the calculation of the TR-
ARPES response. Such an approach is indeed quite resource-
consuming, as it involves not only solving the dynamical
equations but also computing the double integrals required
for the TR-ARPES signal [87]. As we will demonstrate in
this work, one can calculate the TR-ARPES signal of pumped
excitonic systems using DPOA, which has a noticeably low
computational cost.

Along these lines, in this work we extend the DPOA
framework to investigate pumped interacting systems. We
develop a theoretical description that incorporates Coulomb
electron-electron interaction at the Hartree-Fock (HF) level,
allowing for the formation of excitonic bound states both in
equilibrium and under the influence of a pump pulse. We
compute the transient electronic structure and analyze the
emergence of Floquet sidebands in the TR-ARPES spectrum
driven by the excitonic field. Our approach captures the essen-
tial physics of exciton formation and its dynamical evolution
out of equilibrium. We find that when the pump frequency

matches an excitonic resonance, coherent oscillations of the
excitonic order parameter persist after the pump pulse and
give rise to Floquet sidebands in the TR-ARPES spectrum,
which confirms the findings of Ref. [81]. These Floquet side-
bands are distinct from those originating from light field, and
provide a direct fingerprint of excitonic coherence. Moreover,
our formalism allows for a detailed analysis of the pump-
induced features in the presence of excitonic modes and,
more generally, Coulomb electron-electron interaction. Our
results demonstrate that TR-ARPES can serve as a powerful
tool to detect and characterize excitonic dynamics in pumped
semiconductors, and they establish DPOA as an efficient and
accurate method for simulating ultrafast phenomena in inter-
acting electronic systems.

The paper is organized as follows. In Sec. II, we present
the theoretical formulation of the Coulomb electron-electron
interaction Hamiltonian, its HF treatment, the time evolu-
tion under optical pumping, and the computation of the
TR-ARPES signal within the DPOA framework. In Sec. III,
we apply our formalism to a prototypical two-dimensional
two-band (valence-conduction) semiconductor to investigate
the two equilibrium phases (the semiconducting and the
excitonic-insulator phases) and the out-of-equilibrium TR-
ARPES response for both of them. We mainly consider a
long-range Coulomb electron-electron interaction, but we will
also consider the special case of the local Coulomb electron-
electron interaction at the end of the same section. Finally,
Sec. IV, we summarize our conclusions.

II. THEORY

A. Coulomb electron—electron interaction Hamiltonian

The Hamiltonian governing a noninteracting lattice system
can be written as [59]

Hy=7)"c'(l)- E°®) - c(k), M
k

where c(k) is a vector whose components are the annihila-
tion operators, ¢;(k), for an electron with the set of quantum
numbers (such as band, spin, etc.) [ and with momentum Kk, -
is used for matrix multiplication in such a space of quantum
numbers (it will also be used as scalar contraction in Cartesian
space), and E(k) is obtained by diagonalizing the hopping
matrix expressed in the basis of localized Wannier functions,
T, via the unitary transformation given by the matrix Qj,

2°kk) = Q- T - Q. ()

where E?Z/(k) = 6/,/r£§)(k), in which §; is the Kronecker
delta and 8? (k) represent the noninteracting band energies.

The Coulomb electron-electron interaction is taken into
account through the following density-density term:

1
Hy = — Vi —iDm@)n@d), 3
v 222 (= )y (ny (1) 3)
i Ll
where V; (i — 1') is the interaction potential matrix element,
i and 1" run over lattice sites, and n;(i) = c;(i)cl(i). The
real-space operators are linked to their momentum-space
. 1 —ik-R; :

counterparts througf} C (1? =T e c.sz), w1tf.1 M- the
total number of lattice sites and R; the position of site i. A
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direct Fourier transformation yields

Hy = ﬁ 2> Vi)

k LU

x Y cj(q—Ka(@c(q +ker(q). @
q.q9

in which we have introduced the Fourier transform of the
interaction potential matrix element,

Vir(k) =Y Vi R )

B. Hartree-Fock approximation

We treat the Coulomb interaction at the mean-field level
by employing the HF decoupling. Moreover, (i) we assume
that the equilibrium expectation values conserve crystal mo-
mentum, i.e., (c;(q)clr(q/)) X 8¢,q'» and (il) we remove the
contributions that would be canceled by the ionic positively
charged background [specifically, the terms proportional to
Vir(k = 0)]. After these steps, the HF-decoupled Coulomb
interaction Hamiltonian acquires the form

Hy ~ Hyp =Y _ c'(k) - B" (k) - c(K), (©6)
k
where

1
Sl (k) = = > Vin(k — q)on(q). ™
q

in which we have assumed V; (—=Kk) = Vi, (k).

Here p; (k) = (c;(k)c, (k)) is the single-particle density
matrix (SPDM). It is worth noting that although the original
Coulomb interaction Hy is repulsive, the subtraction of the
background term makes the effective HF Coulomb interaction
attractive, a crucial feature for the formation of excitonic
bound states. Note that EMF (k) is referred to as the HF self-
energy.

Because the HF Hamiltonian depends on the SPDM, a
self-consistent calculation is necessary to determine the equi-
librium properties. The iterative procedure adopted in this
manuscript for such a self-consistent loop is described in
detail in Appendix A.

C. Time evolution

Once the self-consistent equilibrium solution has been ob-
tained, we examine the system’s response to a pump pulse.
The coupling to the electric field is introduced within the
standard minimal coupling framework, but now the Hamil-
tonian becomes time-dependent through both the pump field
and the instantaneous HF potential. Consequently, the full
Hamiltonian can be cast in the form

H@) =) c'k)- Bk, 1) c(k), ®)
k
with
Ek, 1) = E°(k) + EM(k, 1) + E" (K, 1), 9
where, following Refs. [59,61],
EOKk) + EM(K, 1) = Ti(t) + eE (1) - Di(2), (10)

in which Dy, corresponds to the dipole moment, and for opera-
tor O € {T, D}, the time-dependent matrix is obtained through
a generalized Peierls substitution [59]:

Ok(t) = 2 - Oxs sy - Qs (11)

where O refers to these matrices in the localized Wannier
basis, and Ap,(¢) is the vector potential of the pump field,
related to the pump electric field by Ep, (1) = —0;Apu(?). We
operate within the dipole approximation, assuming the pump
wavelength is much larger than the lattice spacing.

The quadratic form of the time-dependent Hamiltonian,
Eq. (8), suggests that the creation and annihilation oper-
ators are convenient choices for the eigenoperators within
DPOA [59,62]. Therefore, in the Heisenberg picture we write
c(k,t) = P(k,1t) - c(k), where c(k) = c(k, fy) corresponds to
the operators at an initial time #; — —oo, well before the
pump is applied, i.e., in equilibrium. The evolution matrix
P(k, t) satisfies the equation of motion [59]

ihd,P(k, 1) = B(k, 1) - P(k, 1), (12)

subject to the initial condition P(k, 75) = 1. At each instant of
time, EMF(k, 1) depends on the instantaneous SPDM, p(k, t)

[through Eq. (7)] by replacing p(q) — p(q, ), which itself is
given by

p(k, 1) = P(k, 1) - p%(K) - PT(k, 1), 13)

where p®l(k) = p(k, #y) is the SPDM obtained from the equi-
librium self-consistent calculation (see Appendix A).

It is noteworthy that one must compute the dynamical
version of Eq. (7) [by substituting p;;r(q) — pr(q, t)] at each
time step and for each point on the numerical momentum
grid. As is well known, such direct calculations are extremely
resource-consuming. To make the computation feasible, we
employ a fast-Fourier-transform routine combined with the
standard convolution approach, which significantly reduces
the numerical cost. For the time evolution of the dynami-
cal equations [in particular, Eq. (12)] we use a fourth-order
Runge-Kutta approach.

It is worth noting that, in this work, the interaction matrix
elements are defined in the band basis, while hopping and
dipole matrices are given in the localized Wannier basis and
then transformed into the band basis [Eq. (11)]. In such a case,
to correctly compute the time-dependent HF self-energy, one
has to smooth the phases of the transformation matrices, 2,
over the BZ in the numerical calculations. This is needed to as-
sure that SPDMs at different crystal momenta have consistent
phases [see Eq. (7)]. Instead, if the interaction matrix elements
too are defined in the localized Wannier basis, such a phase
smoothing is not required.

D. TR-ARPES signal

To compute the TR-ARPES signal, we employ the for-
malism of nonequilibrium Green’s functions. We define the
standard retarded and lesser Green’s functions as

Gfl,(k, t,t") = =0 — "){ci(k, 1), c;(k, 1}, (14)

Grpk,t,1") = i(c)(k, 1 )cr(k, 1)). (15)
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Within DPOA, one can demonstrate that these Green’s func-
tions can be written as [59]

GR(k,t,t')= —i0(@t —t)P(k,1)- P(k, 1),  (16)
G (k,t,t) =iP(k, 1) - p*(k) - PT(Kk,1'). (17)

The experimentally accessible quantity is the photocurrent,
which we refer to as the electron TR-ARPES signal, or simply
the TR-ARPES signal. It is defined by convolving the lesser
Green’s function with the probe pulse envelope [59,87]:

K, o, i) Tor / " / T arSa - 1)
s Wy lpr) = —F/——— r\l — lpr
P V8T In2 J-_ —00 : P
X Spr(t' — tp)Im[e " TH[G (k, 2, 1)]],

(18)
where Sy (1) = zﬁ—@e"”““z/fﬁr is the probe-pulse Gaussian
envelope of full width at half maximum (FWHM) ., and
fpr is the probe delay. Note that this definition is a measure
of the actual TR-ARPES signal, but it does not include the
matrix elements coupling the free electronic states in vacuum
and the states in the material [59]. Accordingly, our /¢ has
the dimensions of time, and the overall coefficients have been
chosen such that integrating over w gives the total number of
particles at each crystal momentum. /¢ reflects the occupied
electronic states, but to map out the full band structure (or
the transient bands), one may instead use the retarded Green’s
function, defining the quantity [59]

I’k w.1,) T / ™ / T S — 1)
E) a)v T - T - T
P V2rin2 J o : P
X Spr(t' — to)Im[ " ITHGR (K, 1, 1)]].

19)

Following analogous steps to those presented in Ref. [59],
these expressions can be recast in a compact form:

Tpr e ¥
I°(K, @, ty) = ﬁmgaa o, t)p*(K)QT (K, 0, tpr)],
(20)
IRK, 0, ) = ———TH[Q(k, ., 1,)Q" (K, 0. 1)), (21)

87 In2

where we have introduced the auxiliary matrix

+00

Ok, w, ty) = / dt @ PR, D)Spe(t — 1), (22)

—00

This procedure avoids directly computing many double inte-
grals and noticeably speeds up numerical calculations.

Experimentally, only the electron signal, /¢, is directly
measurable. Nevertheless, it is useful to define theoretically
a hole signal as

'K, 0, ) = IRk, 0, ty) — IF(K, @, 1), (23)

which provides complementary information about the unoc-
cupied states.
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FIG. 1. Equilibrium properties of the two-band model. (a) Non-
interacting band structure of the two-band model along a high-
symmetry path in the BZ. (b) Equilibrium normalized off-diagonal
HF self-energy at the I' point, Ar, as a function of the Coulomb
interaction strength V and the screening factor «. The boundary
between the semiconducting phase (A = 0) and the excitonic in-
sulator phase (Ar # 0) is visible. (c) Main equilibrium excitonic
energy, fiwe, in the semiconducting phase as a function of V and
k. (d) Fourier-transformed excitonic field, Ar(w), as a function of
V and /iw for a fixed screening factor « = 0.2, showing the main
excitonic mode and a weaker higher-energy mode.

III. EXCITONIC DYNAMICS IN A PUMPED
TWO-BAND SEMICONDUCTOR

A. System and equilibrium phases

In this section, we apply our formalism to a prototypical
two-dimensional (2D) two-band (valence-conduction) model
that mimics a semiconductor. The lattice constant is denoted
by a = 0.5 nm, and for simplicity we consider spinless elec-
trons. In the localized Wannier basis, the hopping matrix
elements are specified as follows. The onsite energies are
TR:O,],I = —1.65eV and TR:0,2,2 = 1.35¢eV for the two Wan-
nier states indexed by 1 and 2. The nearest-neighbor diagonal
hoppings are Tl?ii,],] =0.2eV and Tlilil;,z,z =-0.15¢eV,
while the off-diagonal nearest-neighbor hopping is Tr—a.1.2 =
TR:M,I = —0.1eV. Here, TR,U,W denotes the hopping matrix
element between Wannier states v and v’ centered on lattice
sites separated by the vector R, and a € {£aX, £ay} runs
over all nearest-neighbor displacement vectors. The Brillouin
zone (BZ) is sampled by a uniform grid of M = 64x64 k-
points including the I' point. Fourier transforming T yields
the momentum-space hopping matrix T; as described in
Refs. [59,61]. All calculations are performed at zero tempera-
ture, and the chemical potential is set within the band gap. In
Fig. 1(a), we show the noninteracting bands of this system in
equilibrium along a high-symmetry path in the BZ.

If we keep the model perfectly centrosymmetric, in
the semiconducting phase the excitons would remain dark,
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because, for instance, the first-order light-matter coupling at
I would vanish. To break this symmetry, and make the exci-
tons bright, we introduce a local dipole moment: i)Rzo,l,z =
Dg—o2.1 = D% with D =0.1nm. It is worth noting that a
similar effect could have been achieved also by applying a
left-right asymmetry in the hopping matrix elements, or con-
sidering a model like SSH where the selection rules allow for
the nonzero coupling elements at I.

The expression of the Coulomb electron-electron interac-
tion potential, V (k), has been obtained by solving the discrete
Poisson equation on a three-dimensional (3D) lattice [§8-91],
embedding our 2D one. This latter resides at z = 0 within the
embedding 3D lattice, and its actual expression for V (k) has
been computed integrating out k, from the corresponding 3D
expression [88]. Accordingly, we have

Vv

V(K) = — ;
V224272 —4

24

where k2 = 2(2 — cos kya — cos kya) and « controls a
Yukawa-like screening mimicking the effects on the dielec-
tric function of a small, but finite, carrier mobility. Here, we
have assumed that the 3D lattice is cubic (a, = a, = a, = a)
and that the system exhibits an isotropic dielectric function.
This long-range interaction will be considered for most of
the results we analyze. At the end of the results section, we
will also consider the local interaction case and, therefore,
a momentum-independent Coulomb electron-electron interac-
tion potential.

We choose the Coulomb interaction to act only between
the conduction and the valence bands (the CBs and the VBs,
respectively), because our main focus in this study is the
electron-hole bound states. Thus, the only nonzero matrix
elements are V, (k) =V, (k) = V(k), where v and c refer
to the VB and the CB, respectively, and V is dubbed the
Coulomb interaction strength. As such, the only relevant term
in the HF self-energy is the off-diagonal one. To analyze the
excitonic field, we consider the value of the off-diagonal HF
self-energy divided by the Coulomb interaction strength V and
denote it, in equilibrium, by

x _ B

Ax = T (25)
As a representative quantity that captures the excitonic order
parameter at the center of the BZ, we focus mainly on Ap =
Ax—o. Out of equilibrium, this quantity becomes a function
of time and we denote it by Ar(z). Performing the Fourier
transform with respect to time, we obtain it as a function of
the angular frequency, w, and denote it by A (w).

To characterize the equilibrium phases, we study Ar in
equilibrium. In Fig. 1(b), we show Ar as a function of the
Coulomb interaction strength V and the screening factor «.
For each given «, there is a critical value V below which Ar =
0 and the system has no excitonic bound state in its ground
state; we refer to this regime as the semiconducting phase.
In this phase, the ground-state SPDM is the same as that of
the noninteracting system, which makes the HF self-energy
vanish, and hence the equilibrium bands also coincide with
the noninteracting ones. Above this critical V, the equilib-
rium value of A becomes finite, indicating the spontaneous

formation of excitonic bound states in the ground state. We
will refer to such a phase as the excitonic insulator phase. It
is noteworthy that the critical V increases as « increases. This
is because a larger k means a more localized (shorter-range)
Coulomb interaction, and reducing the range of the interaction
also decreases its effective strength, thus requiring a larger
bare V to reach the excitonic instability.

B. Equilibrium excitonic frequency
for the semiconducting phase

In the semiconducting phase, there is no excitonic bound
state in the ground state. However, one may pump the system,
and if the pump frequency is in a specific range, excitonic
bound states form. Such frequency ranges determine what we
call hereafter the excitonic frequencies. In such a scenario, af-
ter the application of the pump pulse, the excitonic self-energy
oscillates at the excitonic frequency [79,81]. This excitonic
frequency depends on the pump-pulse parameters (amplitude
and duration) if the pump pulse is intense and long enough,
but, for weak pump intensities, it is an intrinsic property of
the system, to which we refer as the equilibrium excitonic
frequency.

To determine the equilibrium excitonic frequency, we have
devised the following protocol. We apply a very weak impul-
sive pump pulse with a Dirac-like § function shape in time
(i.e., a very narrow Gaussian), resulting in a wide frequency
content. Then, we compute Ar(®) and find the frequency
Wexe for which |Ar(wexc )| is maximum among all positive fiw
smaller than the energy band gap at I'. The quantity Awexc
is the main equilibrium excitonic energy of the system. It is
worth noting that, in general, |Ar(w)| can have several local
maxima, all of which would determine the equilibrium exci-
tonic frequencies corresponding to different excitonic states.

To numerically implement such an impulsive pump pulse,
we consider the following vector potential:

Aimp (I) = AO,imp e_(4 In 2)12/T§np P (26)

with Tjp = 0.03fs and Ag jnp = 0.05 V fs/nm (the robustness
of the results with respect to reasonable variations of these
parameters has been verified). In Fig. 1(c), we report the main
equilibrium excitonic energy, Awexc, as a function of V and
k for ranges that fall into the semiconducting phase. As it
can be seen, by increasing the Coulomb interaction strength
V, or by making it more long-range (decreasing «), the main
equilibrium excitonic energy decreases. This behavior occurs
because a stronger or more long-range interaction leads to
a more strongly bound electron-hole pair, which requires
less energy to be excited. Approaching the critical Coulomb
interaction parameters (the boundary of the semiconducting
phase), the equilibrium excitonic energy approaches zero,
meaning that one can have excitonic bound states with a
negligibly small photon energy.

The full dependence of |Ar(w)| for the specific case of
k = 0.2 is shown in Fig. 1(d) as a function of V and hw.
It is clear that increasing V reduces the excitonic energy,
consistently with the trend observed in panel (c). Moreover,
we observe another weak excitonic mode at a higher energy,
which corresponds to another excitonic state. The time in-
terval for these Fourier transformations is from 2 to 32 fs.
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Moreover, Hann windowing has been applied to all Fourier
transformation of the manuscript to reduce noise.

C. Out-of-equilibrium: Semiconducting phase

To study the out-of-equilibrium dynamics, we apply a lin-
early polarized pump pulse with vector potential Ap,(f) =
Apu(2)X, where

Apa(1) = Ag e sin(wpyt ). 27)

The pulse has a Gaussian envelope with full width at half max-
imum (FWHM) 7,, = 10fs. Its amplitude is Ap, and wp, is
the central pump-pulse frequency, or simply, the pump-pulse
frequency (fiwp, is dubbed the pump-pulse photon energy).
For the TR-ARPES calculations, the FWHM of the probe
pulse is set to 7, = 10fs, equal to that of the pump pulse.

We focus on the post-pump regime (time delay #,, = 40fs)
for two fundamental reasons. First, from an experimental per-
spective, measuring at large positive delays is easier because
it requires less effort to time-resolve the pump and probe
envelopes, reducing the need for ultraprecise synchroniza-
tion. Second, and more importantly, Floquet sidebands in the
TR-ARPES spectrum require a time-periodic driving term in
E(k, 1) [see Eq. (9)]. After the pump pulse has subsided, the
pump contribution to the self-energy vanishes [EP'(k, ) = 0]
and the time dependence in the Hamiltonian cannot be at-
tributed to the light field: it must originate from the only other
time-dependent term, namely the HF self-energy, (K, 1),
which indicates an oscillating excitonic order parameter that
persists after the pump is gone. Consequently, the Floquet
sidebands observed in the post-pump TR-ARPES spectrum
are uniquely due to the excitonic field, providing a clean
signature of coherent excitonic dynamics [81].

Figure 2 presents the post-pump TR-ARPES signal for the
semiconducting phase, with parameters V = 6eV and « =
0.2. Panels (a), (c), and (e) show the post-pump TR-ARPES
signal at the I point (k = 0) as a function of the pump fre-
quency fiwy, for different pump intensities, identified by the
amplitudes Ay = 0.1, 0.25, and 0.5V fs/nm, respectively. In
these panels, the horizontal dashed lines indicate the CB and
VB energies at I". Panels (b), (d), and (f) show the amplitude
of the Fourier transform of the normalized off-diagonal ele-
ment of the Hartree-Fock self-energy, |Ar(w)], as a function
of wpu and w, computed with the same pump-pulse parameters
as their companion panels (panels in the same row correspond
to identical pump-pulse parameters). The range of pump-pulse
frequencies shown in these panels is narrower than in the
TR-ARPES panels because we are primarily interested in the
excitonic resonance frequencies that lie inside the band gap. In
these panels, the horizontal gray line indicates the equilibrium
excitonic energy, computed in Fig. 1(c). In all panels of this
figure, the vertical short-dashed lines indicate the pump-pulse
frequency that is in resonance with the equilibrium band gap
at I': fiwpy = &.(I') — &,(I'). The time interval for all of the
post-pump Fourier transformations of this manuscript is from
25 to 55 fs, and the Hann windowing is used to reduce the
noise.

We now analyze each pair of panels (row) in detail.

Panels (a) and (b): Weak pump intensity (Ag = 0.1 Vfs/nm).
In Fig. 2(a), a small exciton-field-induced Floquet sideband
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FIG. 2. Results for V = 6V, semiconducting phase. (a), (c), (e)
Post-pump TR-ARPES signal at the I" point as a function of pump
frequency for pump amplitudes Ao = 0.1, 0.25, and 0.5V fs/nm,
respectively. Horizontal dashed lines mark CB and VB energies at
I'; vertical short-dashed lines indicate the pump frequency resonant
with the equilibrium band gap at I'. (b), (d), (f) Corresponding
amplitude |A(w)) as a function of wpu, and w. Horizontal gray lines
indicate the equilibrium excitonic energy from Fig. 1(c), and vertical
short-dashed lines are similar to the other panels.

appears, reaching its maximum intensity for fiwp, = 1.22eV.
This value is very close to 1.19eV, the corresponding (same
V and same k) equilibrium excitonic frequency obtained from
Fig. 1(c). For pump-pulse frequencies near resonance with
the equilibrium band gap, we observe residual electron pop-
ulations in the CB, that is, some electrons are excited across
the gap and remain there after the pump pulse has subsided.
For pump-pulse frequencies higher than the band-gap reso-
nance, no noticeable feature at the I" point emerges. Turning
to Fig. 2(b), |Ar(w)| exhibits its maximum at fiw = 1.26eV,
which is close to the equilibrium excitonic frequency, and
the corresponding pump-pulse frequency is also almost in
resonance with it, as indicated in the previous panel. This
demonstrates that at this weak pump intensity, the exci-
tonic frequency is not noticeably shifted from its equilibrium
value. Lowering the pump intensity further causes the post-
pump excitonic frequency and the equilibrium one to match
(not shown).

Panels (c) and (d): Intermediate pump intensity (Ag =
0.25 Vfs/nm). In Fig. 2(c), we see that the pump-pulse fre-
quency that yields the strongest exciton-field-induced Floquet
sideband has increased to fiwp, = 1.33 eV. Moreover, at this
excitonic resonance, the VB is shifted downward in en-
ergy, a manifestation of the so-called Mexican-hat effect
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[81,92-96]. This effect arises from the coupling between
the excitonic order parameter and the single-particle band
structure, which renormalizes the VB dispersion near I'.
Importantly, the excitonic energy—defined as the energy dif-
ference between the exciton-field-induced Floquet sideband
and the post-pump VB energy (the local maxima of the
corresponding TR-ARPES signal)—exceeds the pump-pulse
photon energy fiwp, more than in the previous case (Ap =
0.1V fs/nm). This observation is clarified in Fig. 2(d): the
maximum of |Ar(w)| occurs for hwp, = 1.33eV but at fiw =
1.56 eV. Note that the latter value is larger than 1.19eV, the
equilibrium excitonic frequency computed in Fig. 1(c). This
shift demonstrates the effect of an intense pump pulse on the
excitonic frequency. Because the system is interacting and
the Hamiltonian depends on the electronic state through the
HF self-energy, the pump-induced changes in the electron
distribution modify the effective attraction between electrons
and holes, thereby altering the excitonic resonance condition.

Panels (e) and (f): Strong pump intensity (Ag =
0.5 Vfs/nm). Increasing the intensity further magnifies all
of the effects observed in the previous panels. The pump-
pulse frequency that gives the strongest exciton-field-induced
Floquet sideband increases further to fiwp, = 1.45eV. The
Mexican-hat effect becomes noticeably stronger, as evidenced
by the more pronounced downward shift of the VB. This
downward shift and the increase of the exciton frequency
goes on even if we increase fiwp, to be almost in resonance
with the equilibrium band-gap energy. Interestingly, this has
a counterintuitive effect: for this very intense pump pulse and
for a pump photon energy in resonance with the equilibrium
band gap, the residual excitation is smaller than in the case of
Ay = 0.25V fs/nm. This happens because, by the application
of the pump pulse, the Mexican hat effect, which now occurs
also at this pump frequency, dynamically increases the effec-
tive band gap and pushes it out of resonance. Panel (f) shows
that the maximum of |Ar(w)| occurs for howpy = 1.45€V but
at a value of /iw that reaches almost the band-gap energy, rep-
resenting a very large shift between the two and with respect
to the equilibrium excitonic frequency.

To better clarify the behavior of the exciton-field oscilla-
tions, we consider the high-intensity case (49 = 0.5V fs/nm)
and set the pump frequency to fiwp, = 1.35eV, which, as
identified in Fig. 2(e), is in the frequency range that is capable
of yielding an exciton-field-induced Floquet sideband, while
it is far from the band-gap resonance. In Fig. 3(a), we plot
Ar(r) as a function of time. The vertical dashed lines mark
t =+, = £10fs, indicating the temporal region where the
pump pulse envelope is appreciably nonzero, thereby clari-
fying when the pump pulse is turned on and off. Both the
real and imaginary parts of Ar(¢) oscillate after the applica-
tion of the pump pulse, while before its application they are
zero, as the system is initially in the semiconducting phase
with no preexisting excitonic order. To reveal the frequency
content of these post-pump oscillations, in Fig. 3(b) we plot
the post-pump amplitude |Ar(w)| as a function of frequency.
We clearly see the main peak, which determines the dominant
exciton-field oscillation frequency.

In Fig. 4, we plot the k-resolved post-pump TR-ARPES
signal along the high-symmetry path in the BZ for selected
pump-pulse frequencies, all computed with the large pump
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FIG. 3. Results for V = 6eV, semiconducting phase. (a) Time
evolution of the real and imaginary parts of Ap(¢) for the high-
intensity case (A9 = 0.5V fs/nm) with pump frequency hwp, =
1.35eV. Vertical dashed lines indicate t = 7, = £10fs, marking
the pump-pulse duration. (b) Corresponding post-pump amplitude
|Ar(w)| as a function of frequency, showing the main exciton-field
oscillation peak.

amplitude Ag = 0.5 V fs/nm. These cuts correspond to vertical
slices through the color plots shown in Fig. 2(e), allowing us to
examine the momentum-resolved structure of the post-pump
spectral features.

Panel (a): hwy,, = 1.35eV. Here, we observe a sideband
induced by the excitonic field that appears almost everywhere
parallel to the VB, which is a characteristic signature of a
Floquet sideband. However, this sideband is stronger near I"

Q) hwpu.—1 sifv Je(fs)
;“\ /’ |

Ny (d)hwpu-s 2 eV P

M X r Y M M X r Y M r

FIG. 4. Results for V = 6 eV, semiconducting phase. k-resolved
post-pump TR-ARPES signal along the high-symmetry path in the
BZ for the large pump amplitude Ay, = 0.5V fs/nm, correspond-
ing to vertical cuts in Fig. 2(e). (a) fiwy, = 1.35eV, showing a
strong exciton-field-induced Floquet sideband parallel to the VB.
(b) hawy, = 1.94 €V, slightly above the band gap at I", showing band-
resonance-induced sidebands and level splitting near IT". (c) fiwp, =
2.24eV, with resonant k-points farther away from I, yielding
weaker band-resonance-induced sidebands. (d) fiwp, = 3.2¢eV, with
resonant k-points very far from I', producing very weak band-
resonance-induced sidebands. The equilibrium band energies are
shown by dotted lines.
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and becomes significantly weaker away from the zone center.
This momentum dependence has two origins. First, the HF
self-energy itself turns out to be larger in magnitude at I
than at other k-points, leading to a stronger effective driving.
Second, and more importantly, the oscillation frequency of the
HF self-energy at I' is close to the local equilibrium band-gap
energy at that k-point; this small-detuning condition enhances
the sideband intensity. The latter factor turns out to be much
more important; we will clarify this point further when we
analyze the local Coulomb interaction case. We note that
there are also small residual electronic excitations at k-points
that satisfy a two-photon resonance condition with the pump
pulse.

Panel (b): hiwp, = 1.94 eV. This pump frequency is slightly
above the direct band-gap resonance at I'. In this case, we
observe residual excitations at the resonant k-points, which
give rise to some Floquet sidebands that have a different origin
from those of the previous panel. For pump-pulse photon
energies larger than the band gap, and with an intense enough
pump pulse, we observe a Floquet sideband located approx-
imately at an energy corresponding to fiwp, above the main
band energies. Whenever the pump-photon energy exceeds the
energy gap, there exist some k-points in the BZ whose band
gap is in resonance with the pump frequency. Consequently,
a residual excitation remains in the system after the pump
pulse has subsided. These residual excitations possess coher-
ence terms that oscillate with their own energy gap, which is
equal to hiwp,. These coherences contribute to the HF self-
energy and provide the oscillatory Hamiltonian term which is
necessary for the emergence of Floquet sidebands. As such,
these sidebands are not strictly induced by excitons; we refer
to them as band-resonance-induced sidebands to distinguish
them from the genuine exciton-field-induced Floquet features.

It should be noted that this pump-photon energy also ex-
cites some excitonic coherences, and therefore the induced
sidebands have a mixed origin, partly from the excitonic field
and partly from the band-gap resonance. This hybrid nature
can be verified by a detailed analysis of Ar(w) for this case
(not shown). Finally, the resonant driving condition causes
a level splitting near I', an effect that was also visible in
Fig. 2(e).

Panel (c): hwpy, = 2.24 eV. Here, the resonant k-points are
located farther away from I' than in the previous case. The
band-resonance-induced Floquet sidebands emerge clearly,
and as explained earlier, they appear at an energy approxi-
mately fiwp, above the VB. These sidebands are weaker than
those in the preceding panel.

Panel (d): hiwp, = 3.2 V. At this high pump frequency, the
resonant k-points are very far from I', and the corresponding
band-resonance-induced Floquet sidebands are very weak.
When the pump is tuned far away from the excitonic reso-
nance, the induced sidebands become progressively weaker
and eventually fade away.

D. Out-of-equilibrium: Excitonic-insulator phase

We now turn to the excitonic-insulator phase. We choose
parameters V = 15eV and « = 0.2, which place the system
well inside the excitonic-insulator phase as established in
Fig. 1(b).

2 - .
@ ] I°6s) [(b) |Arw)
| . | 1
3o A
S
& [, 2 05
-1F-------+------------+ 3
_____________________ I =
_g' Ho od_ 0

_____ @
-

o (€V) .

o

(f)

=

2 3 4 5 6
hoy, (€V)

ho (eV) _,

o

Ry, (€V)

FIG. 5. Results for V = 15eV, excitonic-insulator phase. (a),
(c), (e) Post-pump TR-ARPES signal at the I" point as a function of
pump frequency 7w, for the excitonic-insulator phase (V = 15eV,
« = 0.2) and pump amplitudes Ao = 0.1, 0.25, and 0.5 V fs/nm, re-
spectively. Black horizontal dashed lines mark the noninteracting CB
and VB energies at I'; red horizontal dashed lines mark the interact-
ing band energies. (b), (d), (f) Corresponding amplitude |Ar(a))| as
a function of wy,, and w. Vertical red dashed lines indicate the pump
frequency resonant with the equilibrium band gap of the interacting
system.

Figure 5 is the counterpart of Fig. 2 for the excitonic-
insulator phase. As in the semiconducting case, panels (a),
(c), and (e) show the post-pump TR-ARPES signal at the
I" point as a function of the pump frequency fiwp, for three
different pump intensities Ap = 0.1, 0.25, and 0.5V fs/nm,
respectively. Panels (b), (d), and (f) show the corresponding
amplitude |Ar(w)| as a function of wpy, and @, computed
with the same pump-pulse parameters as their companion
panels. In panels (a), (c), and (e), the black horizontal dashed
lines indicate the CB and VB energies of the noninteracting
system, while the red horizontal dashed lines indicate those
of the interacting system. Because of exciton formation in
equilibrium, the band energies must be computed by diago-
nalizing the full interacting Hamiltonian, and these red lines
mark the interacting band positions. The vertical red dashed
line indicates the equilibrium resonance condition using the
interacting bands.

We now analyze each pair of panels in detail.

Panels (a) and (b): Weak pump intensity (Ao = 0.1 V fs/nm).
Well before reaching the resonance condition, no notice-
able features appear in the TR-ARPES signal. As the pump
frequency approaches the resonance, we observe some resid-
ual electrons appearing in the CB. Just before hitting the
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resonance with the interacting band gap, which results in
its own residual excitations, some electrons are excited to
the noninteracting equilibrium CB. This happens because the
pump photon energy gets in resonance with the energy gap
between the interacting VB and the noninteracting CB. This
indicates that the pump pulse has dissociated some of the equi-
librium excitons, causing the bands to shift slightly and move
toward the noninteracting band positions. This dissociation of
the equilibrium excitons induces some low-energy coherent
oscillations in the self-energy, which are not strong enough
to induce notable exciton-field-induced Floquet sidebands.
Panel (b) confirms this observation: there is only a very low-
frequency component in |Ar(w)| for pump-pulse frequencies
near the resonance at I, indicating that no noticeable coherent
high-frequency excitonic oscillation persists after the pump.

Panels (c) and (d): Intermediate pump intensity (Ag =
0.25 Vfs/nm). Again, far away from the resonance, no features
are visible. Near the resonance to the energy gap between
the interacting VB and the noninteracting CB, we obtain
residual electrons in the CB, with a larger population than
in the weak-intensity case. An exciton-field-induced sideband
appears, running parallel to both the VB and the occupied por-
tions of the CB. This effect emerges because of the coherent
oscillations induced by dissociating the preexisting excitons.
Panel (d) confirms that for pump-pulse photon energies near
the resonance, there exists a well-defined excitonic field fre-
quency, manifested as a local maximum in |Ar(w)|. Note
that for large pump photon energies exceeding the overall
bandwidth, no resonance occurs, and consequently no features
are observed.

Panels (e) and (f): Strong pump intensity (Ag =
0.5Vfs/nm). The behavior is qualitatively similar to the
intermediate-intensity case, but the effects are generally
stronger. The bending of the bands toward the noninteracting
positions near the resonance is more pronounced. Addition-
ally, a residual signal appears when the pump-pulse photon
energy is approximately half the band gap, arising from a two-
photon resonance process. These panels clearly demonstrate
how strongly the exciton-field-induced sideband depends on
the pump-pulse intensity.

Figure 6 presents momentum-resolved results for the
excitonic-insulator phase.

In Fig. 6(a), we show the equilibrium k-resolved ARPES
signal along the high-symmetry path in the BZ (no pump).
The signal is centered around the lower interacting energy
band. The interacting bands are indicated by the red dotted
lines, and represent the eigenvalues of the full Hamiltonian
after the self-consistent procedure described in Appendix A.
For comparison, the noninteracting bands are indicated by the
black dotted lines. The renormalization of the band structure
due to exciton formation is clearly visible.

In Fig. 6(b), we show the Kk-resolved post-pump
TR-ARPES signal along the high-symmetry path for
pump frequency fiwp, = 2.5eV and pump amplitude Ap =
0.5V fs/nm. There are k-points near I" that are in resonance
with this pump-pulse frequency: the electrons can be excited
from the interacting VB to the noninteracting CB. The broken
excitonic bonds induce coherent oscillations, giving rise to
exciton-field-induced sidebands that run parallel to both the
occupied CB and the VB. Additionally, we observe slightly
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FIG. 6. Results for V = 15eV, excitonic-insulator phase.
(a) Equilibrium Kk-resolved ARPES signal along the high-symmetry
path in the BZ for the excitonic-insulator phase (no pump).
(b) Post-pump k-resolved TR-ARPES signal for fiwy, =2.5eV
and Ay = 0.5V fs/nm, showing exciton-field-induced sidebands
parallel to the occupied CB and VB. In panels (a) and (b), red
dotted lines indicate the interacting band structure from the
self-consistent procedure (Appendix A); black dotted lines indicate
the noninteracting bands. (c) Time evolution of Ap(¢) for the same
parameters as panel (b), showing reduction and oscillations upon
pumping. (d) Post-pump Fourier transform |Ar(w)|, revealing the
main excitonic oscillation frequency.

occupied CB states at k-points that are not in direct resonance
with the pump frequency. This occurs because during the
application of the pump pulse, the HF self-energy is finite and
oscillating, which can generate additional resonances involv-
ing the sum or difference of these oscillation frequencies with
the pump frequency.

In Figs. 6(c) and 6(d), we examine the excitonic order
parameter dynamics. Panel (c) shows Ar(t) as a function
of time for the same parameters. Initially, in equilibrium,
Ar is finite, reflecting the presence of the excitonic order
parameter in the excitonic-insulator phase. Upon application
of the pump pulse, its absolute value is reduced, and both
the real and imaginary parts exhibit oscillations, indicating
that the pump has partially suppressed but not completely
destroyed the excitonic order, leaving a coherently oscillating
component. Panel (d) displays the amplitude of the post-pump
Fourier transform, |Ar(w)|, which reveals a main peak at a
characteristic excitonic frequency. This confirms that coher-
ent excitonic oscillations persist after the pump pulse in the
excitonic-insulator phase, with a reduced amplitude compared
to the equilibrium value of Ar.

E. Local Coulomb interaction limit

In this section, we analyze the limit of local interaction.
This limit is obtained by setting both V' — 0o and x — o0
in Eq. (24), such that V (k) — Vi, = V/«? remains finite
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FIG. 7. Results for the local interaction. (a) Equilibrium A as a
function of the local Coulomb interaction strength Vj,., showing the
transition between semiconducting and excitonic-insulator phases at
Viee & 2.87¢eV. (b) |A(w)] as a function of V.. and frequency, giving
the equilibrium excitonic frequency in the local interaction limit,
for the same protocol as in Figs. 1(c) and 1(d). (c) Post-pump TR-
ARPES signal at I" for the semiconducting phase (Vi = 2¢eV) with
Ap = 0.5V fs/nm, counterpart of Fig. 2(e). (d) k-resolved post-pump
TR-ARPES signal for /iw,, = 1.07¢eV and Ay = 0.5V fs/nm in the
semiconducting phase, counterpart of Fig. 4(a). (e) Post-pump TR-
ARPES signal at I" for the excitonic-insulator phase (Vo = 5¢eV)
with Ag = 0.5V fs/nm, counterpart of Fig. 5(e). (f) k-resolved post-
pump TR-ARPES signal for fiw,, = 4.2eV and Ay = 0.5V fs/nm in
the excitonic-insulator phase, counterpart of Fig. 6(b).

and becomes momentum-independent. In this limit, the HF
self-energy becomes k-independent, which simplifies the nu-
merical calculations.

In Fig. 7(a), we study the equilibrium phase diagram by
plotting the equilibrium value of Ar = A as a function of
Vioe- There is a critical local Coulomb interaction strength of
approximately 2.87 eV. Below this critical value, the system
is in the semiconducting phase; above it, the system enters
the excitonic-insulator phase. Applying the same protocol as
in Figs. 1(c) and 1(d), we plot |A(w)| as a function of Vi
and frequency in Fig. 7(b), thereby obtaining the equilibrium
excitonic frequency in this local interaction regime.

In Figs. 7(c) and 7(d), we consider Vjo,c = 2eV, which
corresponds to the semiconducting phase. Panel (c) shows

the post-pump TR-ARPES signal at the I point (k = 0) as
a function of the pump frequency fiwp, for the amplitude
Ap = 0.5V fs/nm. This figure is the counterpart of Fig. 2(e).
The qualitative behavior is similar, but quantitatively it reflects
the k-independent nature of the interaction. Panel (d) displays
the k-resolved post-pump TR-ARPES signal along the high-
symmetry path for pump frequency /iw,, = 1.07 ¢V and pump
amplitude Ag = 0.5V fs/nm. This figure is the counterpart of
Fig. 4(a). Again, the qualitative behavior is similar, while the
quantitative details differ. Also in this case, the excitonic-
field-induced Floquet sideband is stronger near the I point
than at other momenta. This behavior clarifies what we have
already stated for the k-dependent interaction: it is the prox-
imity of the excitonic frequency to the energy band gap at I'
(the small-detuning condition) that causes a stronger sideband
close to I' and not the k-dependence of the interaction.

In Figs. 7(e) and 7(f), we consider Vi, = 5eV, which
corresponds to the excitonic-insulator phase. Panel (e) shows
the post-pump TR-ARPES signal at the I' point (k = 0) as
a function of the pump frequency fiw,, for the amplitude
Ap = 0.5V fs/nm. This figure is the counterpart of Fig. 5(e).
Panel (f) shows the k-resolved post-pump TR-ARPES signal
along the high-symmetry path for pump frequency fiwp, =
4.2 eV and pump amplitude Ag = 0.5V fs/nm. This figure is
the counterpart of Fig. 6(b). Once more, the qualitative be-
havior is similar, but quantitatively it is different: the pumped
exciton frequency in this case is so low that the sidebands are
very close in energy to the main bands.

IV. SUMMARY AND CONCLUSIONS

In this work, we have developed a theoretical frame-
work based on the dynamical projective operatorial approach
(DPOA) to investigate the time-resolved ARPES response
of pumped excitonic systems. By incorporating Coulomb
electron-electron interactions at the Hartree-Fock level, our
formalism captures the formation of excitonic bound states
both in equilibrium and under the influence of an external
pump pulse. We have applied this framework to a pro-
totypical two-dimensional two-band semiconductor model,
systematically exploring the equilibrium phase diagram and
the out-of-equilibrium dynamics for both the semiconducting
and the excitonic-insulator phases.

Our results demonstrate that pump-induced coherent oscil-
lations of the excitonic order parameter persist after the pump
pulse subsides and give rise to clear excitonic-field-driven
Floquet sidebands in the TR-ARPES signal. These Floquet
sidebands are distinct from those originating from the pump
laser field itself and provide a direct fingerprint of excitonic
coherence.

For the semiconducting phase, where no excitons exist
in equilibrium, we showed that resonant pumping at the
excitonic frequency generates coherent excitonic oscillations
that manifest as Floquet sidebands parallel to the VB in the
post-pump TR-ARPES spectrum. The Mexican-hat effect
emerges for sufficiently strong pump intensities, and we
distinguished genuine exciton-field-induced sidebands from
band-resonance-induced sidebands, which arise from residual
coherences at momentum points resonant with the pump
frequency.
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For the excitonic-insulator phase, where excitonic order is
already present in equilibrium, we found that the pump pulse
partially melts the excitonic order, shifting the bands toward
their noninteracting positions while simultaneously generat-
ing exciton-field-induced sidebands. The time evolution of
the excitonic order parameter reveals that the pump reduces
its magnitude but leaves a coherently oscillating component,
which is responsible for the observed Floquet features. Our
analysis also showed that these effects become more pro-
nounced with increasing pump intensity.

By studying the local Coulomb interaction limit, we
isolated the role of momentum-dependent interactions. Qual-
itatively the same physical phenomena are also observed in
this case. In particular, we found that even though the HF
self-energy becomes k-independent, the exciton-field-induced
sidebands remain strongest at I', confirming that the primary
mechanism for this momentum dependence is the small de-
tuning between the excitonic frequency and the local band
gap, rather than the momentum structure of the HF self-energy
itself.

Our findings corroborate the recent experimental obser-
vations of Ref. [81], where exciton-driven Floquet-like side-
bands were reported in monolayer transition-metal dichalco-
genides. The agreement between our theoretical predictions
and those experimental results validates both the physical
picture of exciton-field-induced sidebands and the efficacy of
the DPOA framework in capturing the essential dynamics of
pumped excitonic systems.

Our work opens several avenues for future research. The
DPOA framework can be extended to more complex models
with realistic band structures. Furthermore, the connection
between pump-induced excitonic oscillations and Floquet
engineering suggests new possibilities for controlling ma-
terial properties on ultrafast timescales, potentially leading
to the realization of novel nonequilibrium phases of matter.
By establishing a robust theoretical description of excitonic-
field-driven Floquet sidebands in TR-ARPES, our work
provides a foundation for interpreting ongoing and future
experiments and for designing strategies to harness excitonic
coherence in next-generation optoelectronic and quantum
technologies.
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APPENDIX A: SELF-CONSISTENT CALCULATIONS
AT EQUILIBRIUM

The full equilibrium Hamiltonian obtained after the HF
decoupling reads

H= Zc*(k) - 8(K) - c(k), (A1)
k

with

Ek) = E%Kk) + E7F (k). (A2)

Since EHF itself depends on the single-particle density matrix,

p, a self-consistent procedure is required. We work in the band
basis, i.e., the basis where E°(K) is diagonal. The iterative
scheme proceeds as follows:

(1) Start with an initial guess p© (k) for all k.

(2) Construct E(k) from the current p(k) using Eq. (7).

(3) Diagonalize E(k) via a unitary transformation Uy to

obtain its eigenvalues, stored in a vector & (k):

Ui - E(K) - U = diagl€(K)]. (A3)

(4) In this diagonal basis, the density matrix is diagonal

with entries given by the Fermi-Dirac distribution at inverse

temperature f = -

kgT *
p(k) = diag[ f5(€ (k))]. (A4)
(5) Transform back to the original band basis:
pV (k) = Uy - p(k) - Uy, (AS)

(6) If p(k) is sufficiently close to p@(k) for all k,
the solution is found. Otherwise, mix the two according to
pw)(k) - rmixp«))(k) +(1 - rmix))o(l)(k) with a mixing pa-
rameter 0 < rpix < 1, and return to step 2.

The final converged density matrix is denoted p®4(k).

APPENDIX B: THE EFFECTS OF ASYMMETRY INDUCED
BY THE LOCAL DIPOLE MOMENT

In this appendix, we examine how the value of the dipole
parameter D affects the TR-ARPES spectra.

Figure 8(a) is the counterpart of Fig. 2(e) for D =0,
corresponding to the semiconducting phase. Removing the
asymmetry by setting D = 0 makes the excitonic resonance
disappear entirely. No exciton-field-induced Floquet sideband
is visible in the post-pump TR-ARPES signal, indicating that
a symmetry-breaking is essential for the generation and detec-
tion of coherent excitonic oscillations in the semiconducting
phase.

(a) by 1(fs)
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FIG. 8. Influence of the dipole strength D on the post-pump
TR-ARPES signal at T'. (a) Post-pump TR-ARPES signal at the
I' point for the semiconducting phase with D = 0, counterpart of
Fig. 2(e). The excitonic resonance disappears. (b) Post-pump TR-
ARPES signal at the I" point for the excitonic-insulator phase with
D = 0, counterpart of Fig. 5(e). The main excitonic sideband persists
but becomes much weaker and qualitatively different.
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Figure 8(b) is the counterpart of Fig. 5(e) for D = 0, corre-
sponding to the excitonic-insulator phase. In contrast to the
semiconducting case, the main excitonic sideband persists
even when D = 0. However, it becomes much weaker and
exhibits different features compared to the case with finite D.

This indicates that while excitonic order exists in equilibrium
in the excitonic-insulator phase, the dipole moment still plays
an important role in mediating the coupling between the pump
pulse and the excitonic field, thereby influencing the post-
pump spectral response.
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