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Umklapp correction to Landau damping and conditions for nontrivial
modifications to quantum critical transport
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We compute the particle–hole bubble for an Ising-nematic metal when the critical Fermi surface approaches
the Brillouin zone boundary for d = 2 dimensions. We find two qualitatively distinct contributions: (i) the
standard antipodal piece, which gives �ATP(q, i�) ∝ �/q, and (ii) an additional umklapp piece from electrons
near the zone boundary, which gives �U(q, i�) ∝ �α at the minimum umklapp momentum q ≈ �q, with
α = 2/3 or 1/2 depending on the temperature T . At high T when α = 1/2, the minimum T for the activation
of linear/quasilinear in T resistivity, which is expected to be TU ∝ �3

q from z = 3 criticality, could potentially

get reduced to TU ∝ �4
q due to the

√
� term. We discuss why due to fermion self-energy effects, we find only

one hyperspecific scenario where this possibility might be realized and offer some evidence for the reduction
of TU at the level of a scattering rate estimate for this case. For d = 3 the umklapp contribution gives �U ∼ �

irrespective of T ; therefore TU is not modified in this case.

DOI: 10.1103/17xq-n65m

I. INTRODUCTION

There is a peculiar aspect baked into Landau’s Fermi liquid
theory. On one hand, the derivation of Landau’s mass renor-
malization formula that connects the effective mass of the
quasiparticle to Landau parameters (that characterize fermion
interactions) explicitly requires Galilean invariance and in fact
there is no analogous derivation for fermions on a crystal
lattice [1,2]. On the other hand, the T 2 resistivity that is said to
be the hallmark of Fermi liquid metallicity requires umklapp
backscattering, which is only possible on a lattice [3,4]. This
aspect is easy to understand as a cloud of electrons in an
external electric field glides across effortlessly, as there is no
impedance to the motion, leading to a perfect conductor. It
does not matter how the electrons interact with one another
and whether or not quasiparticles exist. In reality, the presence
of impurities and a crystal lattice circumvent this conclusion
and allow for currents to decay, leading to nonzero resistivity.

It has been argued that umklapp is not general enough to
explain the much less well understood strange metal phenom-
ena. The interesting transport properties do not survive down
to zero temperatures, and a spatially disordered interaction
was proposed as the mechanism for strange metal behavior
[5,6]. In recent works [7,8], strange metal behavior was ob-
served on a numerical simulation of the periodic Anderson
model in d = 3 dimensions (the microscopic model for heavy
fermions) in the vicinity of (but not right at) the quantum
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critical point. Since the model lives on a lattice and has no dis-
order whatsoever, it shows completely intrinsic (disorder-free)
strange metal behavior. It was shown in [9] that the spa-
tially disordered interaction of [5,6] does not lead to strange
metallicity for d > 2, and therefore it is not unreasonable to
assume that lattice effects are at play as suggested at the end of
Ref. [8].

The effective model for the heavy fermion systems at
criticality involves a conduction and a spinon Fermi surface
interacting via hybridization fluctuations [10–13]. The model
lives on a continuum and therefore an interplay of potential
disorder and hybridization is required as the mechanism of
T ln T resistivity, which is at odds with the results from Refs.
[7,8], which is a clean model on a lattice. Thus the effects
of umklapp scattering on the clean effective model become a
worthwhile question to investigate.

In two dimensions, umklapp transport due to a critical
scalar field was thoroughly investigated in [14,15], where a
linear/quasilinear in T resistivity was found above a transition
temperature TU . A relativistic bosonic mode coupled to a
Fermi surface (FS) experiences Landau damping, which is
captured by a dressed bosonic propagator of the form [16,17]

D−1(q, i�) = q2 + �2 + r − �(q, i�). (1)

There are obvious overlaps and differences between this sim-
ple Ising-nematic model and critical heavy fermions. The
differences come from the fact that the hybridization fluctu-
ation model has a light c electron and a heavy f electrons
with generically mismatched Fermi surfaces that give rise to
additional energy-momentum scales absent from the Ising-
nematic system with a single FS. The overlap comes from
the fact that the boson propagators in both cases are nearly
identical at criticality, which is why here we focus on the
simpler model.
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Within the random phase approximation, �(q, i�) is built
up of particle–hole bubbles summed over the entire FS. The
standard derivation of �(q, i�) starts by noting that for any
q, the dominant contribution comes from the points on the FS
which have tangents parallel to q. For convex Fermi surfaces
there are only two such points, called the antipodal patch
contributions, and the calculation gives (q = |q|)

�ATP(q, i�) ∝ |�|/q ∼ γq|�|, (2)

which dominates over the �2 term in D(q, i�) and in the
r → 0 limit gives rise to the z = 3 criticality [16,17]. The
derivation assumes that the FS is small and far away from the
Brillouin zone (BZ) boundaries.

When the FS is large enough to approach the BZ boundary,
umklapp scattering channels open: an electron near the zone
face can scatter across the boundary to the opposite side of
the FS. It was noted in [14] that such processes “modify
the coefficient γq of the Landau damping term . . . This can
lead to a breakdown of the z = 3 quantum critical scaling,
which relies on the relation γq ∼ 1/q.” In the current work,
we pursue this line of reasoning further.

We perform an explicit patch calculation of the umk-
lapp contribution to �(q, i�) = �ATP(q, i�) + �U(q, i�)
for d = 2 critical Ising-nematic metal. We find that the
umklapp piece does not simply renormalize γq. Instead, for
momentum transfer q close to umklapp momenta �q, it in-
troduces a qualitatively new frequency dependence �U(q ∼
�q, i�) ∝ �α . For z = 3 criticality, the competition between
fermion self-energy �(iω) vs iω gives rise to an emergent
temperature scale TNFL below which �(iω) dominates [14].
We show that unlike �ATP, which does not change whether it
is evaluated using bare or dressed fermions [17], above TNFL

(the regime of interest in [14]) we find �U(q ∼ �q, i�) ∝√
�. Below TNFL, the fermion self-energy weakens this con-

tribution to �U(q ∼ �q, i�) ∝ �2/3. We show that for q ∼ 0,
�U does not kick in due to threshold requirements.

As a consequence, z = 3 is stable at T → 0 for any finite
�q. At higher T , due to the effects of �U ∝ √

�, there is
a possibility that the minimum temperature for the activa-
tion of critical umklapp transport which requires q ∼ �q is
lowered from TU ∝ �3

q (as suggested purely from z = 3 crit-
icality [14,15]) to TU ∝ �4

q. However, the possibility of this
reduction explicitly requires that fermion self-energy effects
become important only at temperatures much below the re-
duced temperature TU ∝ �4

q.
This gives us conditions that the model parameters need to

satisfy for this possibility to be realized, and we discuss the
necessary conditions such that the lowered activation temper-
ature scale emerges self-consistently. If the conditions are not
satisfied then without needing any calculation whatsoever we
know for certain that �U cannot lead to any reduction of TU .

We show that despite the potentially dominating
√

� be-
havior, it is only in the so-called naive large-N limit [18] (with
N fermion flavors and a single scalar field) studied in [14]
that these conditions are satisfied (due to strong suppression
of TNFL at large N). For this model what we do not provide
is a rigorous explicit transport calculation of the form in [14]
that would demonstrate conclusively that TU is reduced, as this
lies much outside the scope of this work. However, for this

model we do show that there is a strong relative enhancement
of the scattering rate of fermions close to the BZ boundaries
at the reduced TU ∝ �4

q due to the effects of �U. Since these
scattering rates feed directly into the memory matrix elements
used in rigorous evaluation of resistivity, we believe this to be
good evidence in support of the conjecture that resistivity gets
enhanced at lower TU .

We also show that for d = 3, �U ∼ � irrespective of T ;
therefore it never competes with �ATP. So despite the original
motivation, the heavy fermion criticality remains completely
unmodified by the correction.

The article is structured as follows, in Sec. II we evaluate
the umklapp contribution to the boson self-energy. Then in
Sec. III, we discuss the conditions under which �U can possi-
bly lead to a modification of TU , which is shown at the level of
scattering rate in Sec. IV. In Sec. V we discuss higher-order
corrections to our one-loop calculation. Finally, we end in
Sec. VI, outlining why we expect that for physically realistic
systems, the effects of �U would be benign even in the case
of d = 2.

II. PARTICLE–HOLE BUBBLE

We evaluate the simple particle–hole (p-h) bubble using the
free fermion propagator [17]

�(q, i�) = −g2
∫

d2k dω

(2π )3

1

i(ω + �) − εk+q
· 1

iω − εk

= g2
∫

d2k

(2π )2

nF (εk+q) − nF (εk )

i� + εk − εk+q
, (3)

where g is the fermion boson coupling strength g
∫

φc†c and
nF (x) is the Fermi distribution function.

The imaginary part of the self-energy for real frequencies
is obtained by i� → � + iη, giving

Im �(q,�)

= −g2

4π

∫
d2k [nF (εk+q) − nF (εk )] δ(� + εk − εk+q). (4)

Performing a Taylor expansion of nF (ε + �) − nF (ε) ≈
�∂εnF (valid for � � εF the Fermi energy) and taking T →
0 so that ∂εnF → −δ(ε) gives

Im �(q,�)

�
= g2

4π

∫
d2k δ(εk ) δ(� + εk − εk+q). (5)

The first δ function restricts k to the FS and the second en-
forces energy conservation. Generically, these two constraints
fix k to isolated points, and the result is a sum over such
solutions weighted by inverse Jacobians.

A. Antipodal patch contribution

We briefly review the standard calculation to establish the
mechanism that produces 1/q. The dominant contribution
comes from the two antipodal points ±k0 in Fig. 1, where
vF ⊥ q. Without loss of generality we take q = (0, q‖). Ex-
panding near +k0 with k = k0 + (δk⊥, δk‖) gives

εk = vF δk⊥ + κ

2
δk2

‖ , εk+q = vF δk⊥ + κ

2
(δk‖ + q‖)2. (6)
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FIG. 1. The two antipodal patches contributing to �ATP.

The Fermi velocities at both k and k + q are vF . Con-
sequently, the linear terms vF δk⊥ cancel in the energy
difference, giving

εk − εk+q = −κ q‖ δk‖ − κ

2
q2

‖. (7)

The first δ function δ(εk ) fixes δk⊥ = −(κ/2vF )δk2
‖ , and the

second δ function then fixes κq‖δk‖ = � − κq2
‖/2, which al-

ways has a solution. Since the energy difference depends only
on δk‖, the Jacobian of the second δ function is

JATP =
∣∣∣∣∂ (εk − εk+q)

∂ (δk‖)

∣∣∣∣ = κ |q‖|. (8)

This produces a singular factor 1/(κ|q‖|) after integration over
δk‖. Including both antipodal points and accounting for the
Jacobian of the first δ function 1/vF that comes from the δk⊥
integral gives us

Im �ATP(q,�)

�
= g2

2π vF κ |q‖| . (9)

This 1/|q‖| gives γq ∝ 1/|q| and z = 3. The cancellation of
linear energy terms is a direct consequence of the parallel ve-
locities at the connected points. With the linear terms gone, the
constraint falls on the quadratic variable δk‖, whose Jacobian
vanishes at q‖ = 0.

B. Umklapp contribution

Without loss of generality, we take q = (qx, qy) with
qx, qy � 0. Consider the FS point Kx

F = (kF , 0) closest to
the BZ boundary along x̂. An electron in the vicinity of Kx

F
can scatter by q with qx ≈ �q, wrapping across the BZ to
land in the vicinity of Kx

F + (�q, 0) = (kF + �q, 0) ≡ K̃x
F .

Due to periodicity we have K̃x
F = (kF + �q, 0) = (−kF , 0)

in the eyes of the dispersion relation, which then gives
εKx

F
= εK̃x

F
= 0.

The Fermi velocity at Kx
F is +vF x̂ and at K̃x

F it is −vF x̂ (by
inversion symmetry). We set k = Kx

F + (δkx, δky) expressed
in a way that allows for a simple Taylor expansion of the

dispersion around the zero energy point Kx
F as

εk = vF δkx + κ

2
δk2

y . (10)

The other choice is more subtle. We use

k + q = Kx
F + (δkx + qx, δky + qy)

= K̃x
F + (δkx + qx − �q, δky + qy)

⇒ k + q = K̃x
F + (δkx + δqx, δky + qy), (11)

where we have implicitly assumed that k + q is close to K̃x
F ,

which allows for a Taylor expansion of the dispersion about
K̃x

F as

ε̃k+q = −vF (δkx + δqx ) + κ

2
(δky + qy)2. (12)

This expansion is justified when δqx ≡ qx − �q � �q,
and the tilde is there to avoid confusion and keep it
explicit that the expansion is about the umklapp point. The
correctness of the sign of −vF can be verified by noting that
as either kx or qx increase, we go deeper into the umklapp FS,
thereby lowering the energy and vice versa. The linearization
requires vF �= 0, which holds for �q > 0 when the FS does
not hit the zone boundary.

With these ingredients in place the energy difference now
gives

εk − ε̃k+q = 2vF δkx + vF δqx − κ δky qy − κ

2
q2

y . (13)

The crucial feature is 2vF δkx, since the antiparallel velocities
cause the linear terms to add rather than cancel. Substituting
2vF δkx = −κ δk2

y from δ(εk ) and plugging in δ(� + εk −
ε̃k+q) gives

� + vF δqx − κ δky qy − κ
2 q2

y − κ δk2
y = 0, (14)

and we immediately see the δk2
y floating around in the energy-

conserving constraint compared to Eq. (7), which is the root
cause of the difference from the antipodal contributions.

For qy = 0, this reduces to

κ δk2
y = � + vF δqx ≡ � − �0(qx ), (15)

where we define the threshold frequency

�0(qx ) ≡ −vF δqx = vF (�q − qx ). (16)

The constraint (15) has real solutions δky =
±√

(� − �0)/κ only when � > �0. The Jacobian is

JU =
∣∣∣∣ ∂

∂δky

(
κδk2

y − � + �0
)∣∣∣∣ = 2κ |δky| = 2

√
κ (� − �0).

(17)

Summing over the two roots gives us

Im �U

�

∣∣∣∣
qy=0

= g2

4πvF
· �(� − �0)√

κ (� − �0)
, (18)

where the vF comes from the δkx integral over δ(εk ). This
is a square-root threshold singularity as Im �/� diverges as
1/

√
� − �0 as � → �+

0 .
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At the umklapp resonance qx = �q ⇒ �0 = 0, this be-
comes

Im �U(�q,�) ∝
√

�. (19)

For qy �= 0, Eq. (14) gives

κ δk2
y + κ δky qy + κ

2
q2

y = � + vF δqx. (20)

Completing the square gives κ ˜δky
2 = � − �0(q), where

˜δky ≡ δky + qy/2 and �0(q) ≡ vF (�q − qx ) + κ
4 q2

y = ε̃q −
κ
4 q2

y . Equation (18) maintains the same structure:

Im �U(q,�)

�
= g2

4πvF
· �(� − �0(q))√

κ (� − �0(q))
. (21)

In the above discussion, we considered an umklapp bubble
in the vicinity of Kx

F with qx ≈ �q. We also need to ac-
count for the contribution from Ky

F = (0, kF ), which requires
qy ≈ �q. Needless to say, the analysis remains exactly the
same with the substitution x � y throughout. This means
for a given q = (qx, qy), adding the contributions from Kx

F
and Ky

F ,

Im �U(q,�)

�
= g2

4πvF

[
�

(
� − �0(q)

)
√

κ (� − �0(q))

+ �(� − �0(q̄))√
κ (� − �0(q̄))

]
, (22)

with q̄ = (qy, qx ).

C. Extension to three dimensions

The key features of the calculation generalize to three
dimensions (3D) with modifications to the dimensionality of
the transverse integration. In 3D, the FS is a two-dimensional
(2D) surface, and the patch expansion near an umklapp point
involves two transverse momenta (δky, δkz ) rather than one
(δky) in 2D. After the FS constraint fixes the longitudinal
momentum δkx, the energy conservation becomes a constraint
on (δky, δkz ) as

κ1δk2
y + κ2δk2

z = � − �0(q), (23)

where κ1, κ2 are the two principal curvatures at the umklapp
point. This is an ellipse in (δky, δkz ) space and gives∫

dδky dδkz δ
(
κ1δk2

y + κ2δk2
z − E

) = π√
κ1κ2

�(E ). (24)

Therefore, in 3D the umklapp contribution to Im �/� has
a step-function threshold and no square-root singularity:

Im �3D
U /� ∼ �(� − �0). (25)

This implies that for critical heavy fermion systems, the
umklapp self-energy �U plays no serious role. This conclu-
sion does not change even when Im �3D

U is evaluated using
dressed fermion propagators, as can be seen at the end of
Appendix A.

III. IMPLICATIONS FOR TRANSPORT
NEAR CRITICALITY

As was noted in [14,15], near Ising-nematic criticality r →
0, the minimum umklapp momenta �q gives a dynamically
generated temperature scale TU , which decides the crossover
from ρ(T ) ∼ T 2 to ρ(T ) ∼ T as T increases from 0. After in-
corporating �U and the boson thermal mass, the fully dressed
boson propagator written in terms of real frequency � for the
values of q when �0(q) = 0 is

D−1(q,�) = q2 + aT − η
i�

q
− iλ

√
�. (26)

For q ∼ �q, this furnishes additional energy scales. Bal-
ancing η�/q with bare q2 gives the z = 3 crossover scale
T3 ∼ η−1�3

q [14,15]. Comparing λ
√

� with the bare kinetic
term q2 gives T4 ∼ λ−2�4

q. Balancing the boson thermal mass
with the bare kinetic term gives Tm ∼ a−1�2

q And finally,

comparing the two pieces of boson self-energy η�/q vs λ
√

�

gives T2 ∼ λ2�2
qη

−2. References [14,15] only have T3 as their
relevant temperature scale, giving TU ∼ T3, and there are no
analogs of T4, T2, and Tm.

Making use of �q as the source of a small parameter
furnishes us a hierarchy of scales:

T4 � T3 � T2 ∼ Tm. (27)

Now the question is, Under what circumstances is the
above relative T scale meaningful and consistent, and when
can we expect the reduced temperature scale T4 to act as the
crossover scale TU ?

A. Memory matrix transport

In Ref. [14], the authors evaluated umklapp transport resis-
tivity at criticality and found a crossover temperature TU ∼ T3

(T0 in their notation) which a priori demonstrates that T4

plays no role. Here we discuss why this disagreement comes
about.

They parametrized the boson propagator as D−1 = rq +
γq|�| and suspected that umklapp could modify γq and
thereby alter z = 3. Although γq ∼ 1/q can be calculated for
spherical dispersions, they set γq ∼ ∑

k δ(εk )δ(εk+q), as it al-
lowed them to numerically capture the nonuniversal effects by
performing the summation for general lattice dispersion εk. A
direct comparison with Eq. (5) gives γq ∼ ∑

k δ(εk )δ(εk+q −
�). Ignoring � inside the second δ function is unproblematic
for capturing the antipodal γq ∼ 1/q contribution, as can be
seen from the discussion following Eq. (7).

Our result shows that the umklapp correction does not take
the form of an � independent γq. Instead, it introduces a
qualitatively new term

√
� in the boson self-energy at q ∼ �q

which explicitly requires keeping � in δ(εk+q − �), as can
be seen from the discussion around Eq. (15). This term is
not captured by the simple γq|�| ansatz of [14] and does
not reflect in the transport properties they evaluate. Redo-
ing the memory matrix analysis with γq ∼ ∑

k δ(εk )δ(εk+q −
�) would hopefully capture the effects of �U at the
level of transport, but this lies much outside the scope of
this work.
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FIG. 2. The two umklapp contributions to �U. O is the center of
the original FS. Also shown are the two umklapp partners accessible
via momentum transfer q. The proportions are greatly exaggerated
for visual clarity. The analysis in the main text focuses on umklapp
along the x direction as the steps for the y direction are exactly the
same.

As a sanity check for the validity of the calculations per-
formed until now, we plot the full �/� ∝ ∑

k δ(εk )δ(εk+q −
�) from Eq. (5) as a function of � for the dispersion from
[14] numerically and compare it with � = �ATP + �U from
the analytical calculations shown above. We set q = (�q, 0),
which ensures that �0(q) = 0. Now for a fixed q, purely
from the antipodal contribution we expect �ATP/� to be a
constant in �, whereas � = �ATP + �U would give rise to
an additional 1/

√
� from Eq. (18), whose effects can be seen

clearly in Fig. 3.

B. Bottlenecks

In evaluating �(q,�) we have only used free fermion
propagators. The dressed boson propagator gives rise to
a fermion self-energy �(iω), which for non-Fermi liquids
(NFL) gives rise to a temperature scale TNFL below which
�(iω) dominates over the bare iω of the fermion propagator,
and the quasiparticle picture is invalidated [16,17].

An important point to note is that due to the momentum
activation threshold, �U does not modify fermion self-energy
in any meaningful way. When evaluating �(iω) using the fully
dressed D(q, i�), including both �ATP and �U, the effects
of �U kick in only when q ∼ �q. In this regime the boson
propagator is effectively gapped with a mass ∼�2

q, which
at worst only gives Fermi-liquid-like self-energy corrections
with prefactors that depend on �q, but it never really com-
petes with �(iω) and the dressed NFL propagator remains
completely intact. Now reevaluating �ATP using the dressed
fermion propagator gives back the same �/q result [17].

Reevaluating �U using the dressed NFL fermion propaga-
tor weakens the contribution from

�U ∼
√

� −→ �2/3. (28)

FIG. 3. The frequency divided boson self-energy as a func-
tion of boson frequency for fixed q = (�q, 0). The tildes ensure
that everything is dimensionless. The dispersion is from [14],
εk = −2t (cos(kx ) + cos(ky )) − 4t ′ cos(kx ) cos(ky ) − μ. We choose
(t, t ′, μ) = (1.0, 0.3, 1.1), where the accompanying FS is in the
inset. For values of �̃ smaller than the ones shown in the plot,
deviations kick in due to the numerical implementation of the Dirac δ

function, which can be remedied by a smaller regulator at the expense
of longer runtime. For values of �̃ larger than the ones shown in the
plot we again see deviations, but those are due to the breakdown of
the patch approximation and the �̃−1/2 behavior is not expected for
such high frequencies. Within the practical and theoretical bound we
see a nice agreement of the exact result with the calculation of �U

performed in this work.

A hand-wavy way of seeing this is as follows. Ignoring �0

for the moment, we saw that �U/� ∝ 1/
√

�. In Eq. (21)
the square root comes from the integral over δk2

y , and the �

inside the square root comes from the iω kinetic term in the
free fermion propagator. In the NFL regime we can ignore the
iω term and worry only about �(iω) in the dressed fermion
propagator to obtain

�U ∝ �√
�(i�)

. (29)

This argument is fairly schematic, does not hold under
technical scrutiny, and has only been presented to show trans-
parently why the correct answer (derived in Appendix A)
looks the way it does.

Now for (d, z) = (2, 3) criticality, �(i�) ∼ �2/3, which
immediately gives �U ∼ �2/3. Even at q ∼ �q and very low
�, when �2/3 dominates over �/q, �2/3 ∼ �2

q still gives
� ∼ �3

q, so z = 3 criticality remains intact even at higher
values of q for T → 0.

C. Consistency requirements

For the lowered temperature T4 to exist robustly we need
the following condition:

TNFL � T4, (30)

where TNFL is the temperature scale above which the bare
iω dominates over �(iω) in the dressed fermion propagator.
Working above TNFL justifies the use of free fermion propa-
gators, leading to �U ∼ √

�, which then gives rise to T4. If
T4 � TNFL, then T4 and T2 never show up, since below TNFL

we have �U ∼ �2/3, which gives rise to the exact same T3 as
was obtained from �/q up to numerical prefactors.
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We use the fact that for spherical FS, vF = kF /m, κ = m−1,
and εF ∼ k2

F /m, where kF is the Fermi momenta and m is
the fermion mass. This gives T4 ∼ (�q/kF )4 ε3

F g−4 and T3 ∼
(�q/kF )3 ε2

F g−2, since λ ∼ g2m3/2k−1
F and η ∼ g2m2k−1

F , as
can be seen from Eq. (22), and T2 ∼ (�q/kF )2εF , having
ignored factors of 2 and π , etc.

Now we have to check when exactly is TNFL � T4.

1. Yukawa-SYK model

For the Yukawa-Sachdev-Ye-Kitaev model (Y-SYK)
model TNFL ∼ g4ε−1

F [17], and the require-
ment TNFL � T4 ⇒ g2ε−1

F � �q/kF is completely
inconsistent with (and in fact the exact opposite of)
T4 � T3 ⇒ �q/kF � g2ε−1

F . Thus in this large-N limit,
the following condition does not hold consistently:

TNFL � T4 � T3. (31)

When �q/kF � g2ε−1
F , the condition that actually holds is

T4 � T3 � TNFL. (32)

But just because a condition is consistent does not mean it is
physically meaningful. As discussed up above, below TNFL,
we have �U ∼ �2/3 and �ATP ∼ �/q, both of which give
T3 as the physically relevant scale and T4 does not show up
in this case, so the possibility of TU ∼ T4 can be rejected
immediately.

The other consistent possibility comes from �q/kF �
g2ε−1

F , giving

TNFL � T2 � T3 � T4. (33)

But in this case, g2ε−1
F acts as the small parameter, making

T2 the smallest scale and in fact, above T2, �ATP strongly
dominates over �U, so we would still expect TU ∼ T3 for this
case.

2. Naive large-N limit

In the naive large-N limit with N species of fermions
and a single bosonic field we have TNFL ∼ g4ε−1

F N−3 [14],
which is adequately suppressed for large enough N . Now re-
quiring TNFL � T4 immediately gives N−3/4g2ε−1

F � �q/kF ,
which can be satisfied consistently with T4 � T3 ⇒ �q/kF �
g2ε−1

F . This is precisely the large-N limit and temperature
regime studied in [14]. In this case the following condition
holds consistently,

TNFL � T4 � T3 � T2, (34)

which suggests the possibility that TU ∼ T4, but this needs to
be confirmed using a more careful transport analysis. It is
called the naive large-N limit due to the technical problems
that occur for T � TNFL as the N−1 expansion becomes ill
defined [18,19] and other methods are needed as a remedy
[20,21].

3. Matrix large-N limit

In this case the scalar field comes with N2 matrix valued
components and gives rise to TNFL ∼ g4ε−1

F N [22]. Since both
�ATP and �U are O(N−1) for this model we immediately get
T3 ∼ O(N ), T4 ∼ O(N2), and T2 ∼ O(1).

FIG. 4. The scattering rate of the electron at Kx
F in terms of

dimensionless temperature for the Y-SYK model above TNFL. The
boson thermal mass has been included here with Tm = T4 set by hand.
Here �q/kF = α g2ε−1

F with α = 10, which sets T2 = α−1T3 � T3 �
T4 = αT3. The three tick labels shown on the x axis correspond to
T = T2, T3, and T4, respectively. The effect of �U is only minute
and quantitative.

Although this case is the most messy since we have three
different small parameters N−1, �q/kF , and g2/εF , for large
enough N the lowest T scale is always T2, above which �ATP

completely dominates �U and again, we expect nothing very
interesting.

IV. SCATTERING RATE

For SYK and naive large-N models for temperatures above
TNFL, we reanalyze the scattering rate in [15] with two modi-
fications. We include the boson thermal mass aT and include
�U in the boson propagator. For simplicity, we focus on the
scattering rate of the electron that originally sits at Kx

F to
scatter and land in the vicinity of K̃x

F right on the umklapp
FS from Fig. 2, as was the case at the start of [15]. Since
the scattering rate obtained in [15] did not involve the boson
mass, for T > T3 an indefinite linear in T scattering rate
was obtained. It was at the level of the quantum Boltzmann
equation along with the relaxation time approximation that it
became clear that there is another scale T1 ∝ γ0�q set by the
potential disorder γ0, above which the linear in T resistivity
saturates to a

√
T dependence.

The exact same simple scattering rate when evaluated in-
cluding the boson thermal mass gives

γ̃ (T ) ≈ T
∫ ∞

−∞

dφ

q2
φ + aT

∝ T√
�2

q + aT
, (35)

which immediately gives a scale Tm ∼ a−1�2
q, above which

the scattering rate becomes
√

T . In the accompanying plots
we arbitrarily set Tm as exactly the same as the largest relevant
T scale.

In Fig. 4, for T2 < T < T3, the effects of �U seem ex-
tremely benign and only quantitative as discussed earlier
for the Y-SYK model. The physically appropriate choice
would be �q/kF = 0.1, g2εF = 0.01 but in the evaluation
it is the relative ratios that matter, so we set �q/kF = 10,

g2ε−1
F = 1.0
In Fig. 5 for the naive large-N model, we can see that due

to the presence of �U, the scattering rate gets enhanced at
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FIG. 5. The same plot for the naive large-N limit. The boson ther-
mal mass has been included in both cases with T2 = Tm for simplicity,
which leads to

√
x saturation at large x. Here �q/kF = α g2ε−1

F , with
α = 0.1, which sets T4 = αT3 � T3 � T2 = Tm = α−1T3. The three
tick labels shown on the x axis correspond to T = T4, T3, and T2,
respectively. �U leads to a substantial enhancement of the scattering
rate beyond T4.

a much lower T ∼ T4 compared to what is expected without
�U, where we see an upturn only around T3. At higher temper-
atures, both scattering rates saturate due to the boson thermal
mass. The details regarding the evaluation of these plots can
be found in Appendix B.

V. CORRECTIONS TO ONE-LOOP RESULTS

There are deep structural reasons why �ATP ∼ �/q re-
tains its form irrespective of evaluation using free or dressed
fermion propagator and higher-order corrections to one-loop
calculation are regular (though they can be nonanalytic)
[19,23,24]. This comes from the fact that for small momen-
tum transfers q ∼ 0, there is charge conservation in each FS
patch, and that the low-energy scattered fermions k, k + q
are nearly collinear. Therefore even though individual correc-
tion diagrams can be singular, the constraints from the above
conditions lead to precise cancellations that leave only regular
corrections intact.

The situation for umklapp contribution is drastically dif-
ferent since fermions hop across the BZ boundary, there is no
FS patch charge conservation for the individual process (al-
though, of course, global charge conservation remains intact),
and the scattered fermions k, k + q for q ∼ �q are nearly
antiparallel, which necessitates a closer look at higher-order
corrections to one-loop results.

Here we focus on the following concrete problem of fre-
quency dependence of higher-order corrections to �U(i�)
for the specific case of q = (�q, 0) (as it does away with
the complications of �0(q)). This is very closely related to
the calculations performed in [23,25,26], which looked at
frequency-dependent corrections to boson self-energy at q =
(0, 0) boson momenta, as it is directly connected to optical
conductivity.

Firstly we distinguish between �0
U ∼ ∫

G0 · G0 ∝ √
� and

�U ∼ ∫
G · G ∝ �2/3 and closely follow [26], where we can

see the corrections to boson self-energy having been classi-
fied into three categories: self-energy (SE), Maki-Thompson
(MT), and Aslamazov-Larkin (AL) contributions.

Now interestingly, the most complicated AL corrections
are the ones that can be seen to be least problematic. This
is because one can see that for an external boson momenta
q, there is always at least one internal boson momenta
with q dependence as

∫ · · · D(q + l ) D(l ) dl , so for our case
of q ∼ �q ⇒ D−1(q + l ) ∼ �2

q + · · · is effectively gapped
so it cannot give a singular contribution and even its regular
contribution cannot be as strong as contributions due to SE
and MT corrections, both of which feature internal boson lines
with purely low momentum dependence therefore are always
critical.

Now an important takeaway from [23,25,26] is that both
SE and MT corrections have the same frequency scaling, and
it is the numerical prefactors that make them cancel each other
off.

For both SE and MT contributions, we find the correction
to the bare bubble:

δ�0,MT
U (i�), δ�0,SE

U (i�) ∝ �1/6 (36)

and

δ�MT
U (i�), δ�SE

U (i�) ∝ �2/3, (37)

where the calculation is presented in Appendix C. We know
for �ATP that the surviving corrections coming from MT, SE,
and AL to the bare fermion bubble

∫
G0G0 goes as �1/3

[23,25], so it is interesting to see that the same correction
for the umklapp bubble is the square root of the antipodal
correction

√
�1/3 ∼ �1/6.

We add that the SE correction to the dressed bubble is
somewhat meaningless, as the dressed bubble already fully
accounts for the fermion self-energy effects, but this correc-
tion just shows self-consistency of the dressed �U ∝ �2/3.

We immediately see that the corrections to the bare bubble
�1/6 � �1/2 for small �, which is in sync with our calcula-
tion that shows that at low frequencies

√
� → �2/3, so the

corrections have to take over at low enough �.

VI. CONCLUSION

We computed the umklapp contribution to the particle–
hole polarization bubble for d = 2 Ising-nematic metal whose
Fermi surface approaches the Brillouin zone boundary. The
key result is that umklapp processes do not simply renor-
malize the Landau damping coefficient γq ∼ 1/q as was
previously posited [14]. Instead, they introduce a qualitatively
distinct contribution �U ∝ �α , where α = 2/3 for T � TNFL

and α = 1/2 for T � TNFL at the minimum umklapp momen-
tum q ∼ �q, separated from q = 0 by a frequency threshold
�0(q). For T � TNFL, both �2/3 and �/q give z = 3. This
conclusion does not hold for model deformations with gen-
eralized boson dispersion [27] q2 → q1+ε , where additional
competing scales are generated. The schematic formula (in the
non-Fermi-liquid regime)

�U(�) ∝ �√
�(i�)

(38)

immediately gives a first-order insight into the potential im-
portance of �U.

The impact of �U is strongly controlled by the nature
of the large-N limit. For Yukawa-SYK and matrix large-N
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models, within the scope of this work the effects of �U

seem inconsequential. For the naive large-N model there is a
possibility for a lower temperature T4 acting as the crossover
scale for the activation of critical umklapp transport compared
to T3 as is previously expected. We’ve shown this to be the
case at the level of simple scattering rate, but whether this
actually modifies TU depends on a transport calculation that
goes beyond the present work.

For physically realistic systems, N ∼ O(1), so the energy
scale estimates made for the Y-SYK model seem most re-
alistic, as there we do not have prefactors of N artificially
suppressing or inflating any T scale, which leads us to be-
lieve that for realistic systems the effects of �U would be
benign.

In d = 3 the additional transverse momentum integra-
tion removes the square-root dependence to �3D

U ∼ �, which
does not compete with the antipodal �/q damping. Con-
sequently, despite the original physical motivation for the
current work [7,8,10–12], we find that the umklapp correction
plays no significant role for three-dimensional critical sys-
tems such as heavy-fermion metals near a Kondo-breakdown
transition.
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APPENDIX A: UMKLAPP SELF-ENERGY
AT LOW TEMPERATURES

We start with the self-consistent patch calculation of the
antipodal piece as it makes the subsequent calculations more
illuminating. Starting with q = (0, q‖),

εk = vF δk⊥ + κ

2
δk2

‖

εk+q = vF δk⊥ + κ

2
(δk‖ + q‖)2, (A1)

we can write down the antipodal part of the boson self-energy
bubble as [17]

�ATP(q, i�m)

= −2g2T
∑
ωn

∫
d2k

4π2

1(
W (iωn) − vF δk⊥ − κ

2 δk2
‖
)

· 1(
W (iωn + i�m) − vF k⊥ − κ

2 (δk‖ + q‖)2
) , (A2)

where we use a placeholder W (iω) ≡ iω − �(iω) to avoid
clutter. Performing the integral over δk⊥ gives

�ATP(q, i�m)

= −ig2T

vF

∑
ωn

∫
dky

(2π )

× sgn (ωn + �m) − sgn (ωn)

W (iωn + i�m) − W (iωn) − κ
2 q2

‖ − κq‖k‖
, (A3)

and performing the contour integral over δk‖ gives [17]

�ATP(q, i�m) = g2T

2κvF |q‖|
∑
ωn

sgn (�m)

× [sgn (ωn + �m) − sgn (ωn)]

= − g2|�m|
2πκvF |q‖| . (A4)

For the umklapp contribution the fermion dispersion that
acts as the starting point is

εk = vF δkx + κ

2
δk2

y

ε̃k+q = −vF (δkx + δqx ) + κ

2
(δky + qy)2. (A5)

As explained in Sec. III B, despite this umklapp contribution,
the fermion self-energy �(iωn) remains unchanged. For the
d = 2 Yukawa-SYK model �(iω) = −iBsgn(ω)|ω|2/3 with√

3B = g4/3κ1/3(vF /2π )−2/3 [17]. The umklapp particle–hole
bubble in Matsubara frequencies is

�U(q, i�m) = −g2T
∑
ωn

∫
d2k

(2π )2

1(
W (iωn) − vF δkx − κ

2 δk2
y

)(
W (i(ωn+�m)) + vF (δkx + δqx ) − κ

2 (δky + qy)2
) . (A6)

The first factor comes from the propagator at the patch near
Kx

F , the second from the umklapp partner K̃x
F from Fig. 2.

The integrand takes the form

1

(α − vF δkx )(β + vF δkx )

= −1

v2
F

· 1

(δkx − α/vF )(δkx + β/vF )
, (A7)

where the two poles in the complex δkx plane

P1 = α

vF
, Im(P1) = Im W (iωn)

vF
∝ sgn(ωn), (A8)

P2 = − β

vF
,

Im(P2) = − Im W (i(ωn+�m))

vF
∝ −sgn(ωn+�m), (A9)

are defined in terms of

α ≡ W (iωn) − κ

2
δk2

y ,

β ≡ W (i(ωn+�m)) + vF δqx − κ

2
(δky + qy)2. (A10)
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For ωn > 0, we pick up the residue at P1:∮
d δkx

2π

−1

v2
F

· 1

(δkx − P1)(δkx − P2)
= −1

v2
F

· i

P1 + β/vF

= −i

vF (α + β )
. (A11)

For ωn < −�m, we pick up the residue at P2 = −β/vF :

−1

v2
F

· i

−β/vF − P1
= −1

v2
F

· i

−(α + β )/vF
= +i

vF (α + β )
.

(A12)

Combining both sectors, the δkx integral gives∫
d δkx

2π
G1 · G2 = −i [sgn(ωn) + sgn(ωn+�m)]

2vF (α + β )
· (A13)

The factor 1
2 [sgn(ωn+�m) + sgn(ωn)] equals ±1 when both

signs agree, and zero otherwise. The denominator can be

written as ( ˜δky ≡ δky + qy/2):

α + β = W (iωn) + W (i(ωn+�m)) + vF δqx − κδk2
y

− κδkyqy − κ

2
q2

y

= W (iωn) + W (i(ωn+�m)) − �0(q) − κδk̃2
y ,

(A14)

which gives us

�U(q, i�m)

= ig2T

2vF

∑
ωn

[sgn(ωn) + sgn(ωn+�m)]

×
∫

d δk̃y

2π

1

W (iωn) + W (i(ωn+�m)) − �0(q) − κδk̃2
y

.

(A15)

Taking �m > 0 allows us to write (ω̃n ≡ −ωn − �m):

∑
ωn

[sgn(ωn) + sgn(ωn+�m)] f (ωn) =
∑
ωn>0

[2] f (ωn) +
∑

ωn<−�m

[−2] f (ωn) =
∑
ωn>0

[2] f (ωn) +
∑
ω̃n>0

[−2] f (−ω̃n − �m)

= 2
∑
ωn>0

f (ωn) − f (−ωn − �m). (A16)

This allows us to write

�U(q, i�m) = ig2T

vF

∑
ωn>0

∫
d δk̃y

2π

1

W (iωn) + W (i(ωn+�m)) − �0(q) − κδk̃2
y

− 1

W ( − i(ωn+�m)) + W (−iωn) − �0(q) − κδk̃2
y

= ig2T

vF

∑
ωn>0

∫
d δk̃y

2π
(2i)Im

[
1

W (iωn) + W (i(ωn+�m)) − �0(q) − κδk̃2
y

]

= −2g2T

vF
Im

⎡
⎣∑

ωn>0

∫
d δk̃y

2π

1

W (iωn) + W (i(ωn+�m)) − �0(q) − κδk̃2
y

⎤
⎦

= −2g2T

vF
Im

⎡
⎣∑

ωn>0

−i

2
√

κ (W (iωn) + W (i(ωn+�m)) − �0(q))

⎤
⎦

= g2T

vF
√

κ
Re

⎡
⎣∑

ωn>0

1√
W (iωn) + W (i(ωn+�m)) − �0(q)

⎤
⎦, (A17)

where we have used the fact that W (−iωn) = W ∗(iωn) since
W is purely imaginary, and in performing the contour in-
tegral over δk̃y, we have used the fact that Im [W (iωn) +
W (i(ωn+�m)) − �0(q)] > 0 for ωn,�m > 0. The above
expression gives insight into the origin of the threshold dis-
cussed in Sec. II B. In the extreme case of large �0(q), the
piece in the summation is almost purely imaginary, dominated
by −�0(q) inside the square root for small ωn, so the real
part becomes negligible and at large ωn, the �m dependence
is washed away anyway. The summation over ωn is divergent

and the physically meaningful �m-dependent piece is cap-
tured by ��U(q, i�m) ≡ �U(q, i�m) − �U(q, 0).

To gain insight into the scaling behavior of �U, we take
δqx = qy = 0 ⇒ �0(q) = 0 and approximate the Matsubara
summation with continuous integrals to obtain

��U(q = (�q, 0), i�) ∝ Re

[ ∫ ∞

0
dω [W (iω)

+ W (i(ω+�))]−1/2 − [2W (iω)]−1/2

]
. (A18)
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We first approximate W (iω) ≈ −�(iω) ∼ iBω2/3 deep in
the non-Fermi-liquid regime. Then we rescale ω = �ω̃ to find
immediately that

�U(q = (�q, 0), i�) ∼ g2�2/3

vF

√
κB

, (A19)

which is what we discussed in Sec. III B. At higher tempera-
tures it is safe to approximate W (iω) ≈ iω, in which case the
frequency rescaling remains the same, ω = �ω̃, giving

�U(q = (�q, 0), i�) ∝
√

�. (A20)

We also discuss what happens in three dimensions. When
all is said and done, we end up with an expression that looks
like

�3D
U (q = (�q, 0), i�m) ∝

∫
dω · · ·

∫
d δky d δkz

2π

× 1

W (iωn) + W (i(ωn+�m)) − κ δk2
y − κ δk2

z

,

(A21)

which on moving to polar coordinates becomes

�3D
U (q = (�q, 0), i�m) ∝

∫
dω

· · ·
∫

rdr

W (iωn) + W
(
i(ωn+�m)

) − r2
, (A22)

which is now a simple logarithmic integral. How W (iω) scales
with ω does not influence how �3D

U (i�) scales with �. We
still need to rescale ω = �ω̃, and that gives us back the same

result as found in Sec. II C:

�3D
U (q = (�q, 0), i�) ∝ �. (A23)

APPENDIX B: SCATTERING RATE ESTIMATE

We start with the dressed boson propagator:

D−1(q,�) = q2 + aT − η
i�

q
− iλ

�√
� − �0(q)

, (B1)

from which we can immediately write down the spectral func-
tion as

B(q,�) =
η�/q + λ �√

�−�0(q)

(q2 + aT )2 + (
η�/q + λ �√

�−�0(q)

)2 . (B2)

We reuse the scattering rate estimate formula from [15]

γ̃ (T ) ∝ T
∫ T

0
d�

∫ φmax

−φmax

dφ
B(qφ,�)

�

= T
∫ T

0
d�

∫ φmax

−φmax

dφ

× η q−1
φ + λ(� − �0(q))−1/2

(q2 + aT )2 + �2(η q−1
φ + λ(� − �0(q))−1/2)2 .

(B3)

We choose T3 as the temperature scale relative to which we
evaluate the dimensionless scattering in terms of the x ≡ T/T3

rate, which gives us

γ̃ (x) = x
∫ x

0
d�̃

∫ φmax

−φmax

dφ
α3 q̃−1

φ + α3/2(�̃ + α−3 sin2(φ)/4)−1/2

(q̃2
φ + αMx)2 + �̃2(α3 q̃−1

φ + α3/2
(
�̃ + α−3 sin2(φ)/4

)−1/2
)2

. (B4)

In the above formula �̃ ≡ T3�, q̃φ ≡ qφ/kF , q2
φ ≡

q(θ = 0, θ ′ = π − φ) = k2
F + (�q + kF )2 − 2kF (kF +

�q) cos(φ), α ≡ [�q/kF ]/[g2ε−1
F ], and cos(φmax) ≡

kF /(kF + �q) where the corresponding angles and
momentum definitions can be seen in Fig. 6.

We also need to use the fact that �0(q) ≡ vF (�q − qx ) +
κ
4 q2

y = ε̃q − κ
4 q2

y . When the scattering out electron lies ex-
actly on the umklapp FS, we have ε̃q = 0 ⇒ −�0(q) =
κ
4 k2

F sin2(φ), since qy = kF sin(φ).
The analogous formula with the boson thermal mass but

without �U from [15] is

γ̃ (x) = x
∫ x

0
d�̃

∫ φmax

−φmax

dφ
α3 q̃−1

φ(
q̃2

φ + αMx
)2 + �̃2

(
α3 q̃−1

φ

)2 .

(B5)

The value of αM is set by the specific model of our
choosing. For the SYK model, since we set Tm = T4 this gives
us αM = α. For the naive large-N model, since we set Tm = T2

this gives us αM = α3.

APPENDIX C: BOSON SELF-ENERGY
CORRECTION ESTIMATES

We evaluate these corrections with the full fermion propa-
gators, keeping W (iω) ≡ iω − �(iω), which will allow us to
interpolate between corrections to free fermion �0

U or �U by
setting W (iω) ≈ iω, −�(iω) above and below TNFL, respec-
tively.

1. MT correction

We start with [25]

δ�MT
U (q = (�q, 0), i�)

∝
∫

dω dν dkx dky dlx dlyG(k, iω) G(k + q, iω + i�)

× G(k + l, iω + iν)G(k + q + l, iω + i� + iν) D(l, iν).

(C1)

To proceed further, we make the following assumptions: (i)
D is nearly independent of momenta in the x direction [25],
which allows us to do the kx, lx integrals and use Eq. (A13),
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FIG. 6. The parametrization of the FS used to evaluate the scattering rate. The point Kx
F corresponds to the electron at θ = 0, which sets

θ ′ + φ = π . For this electron the scattering momenta qφ ≡ q(θ = 0, θ ′ = π − φ).

(ii) that ly dependence in fermion propagator is ignored,
which allows us to immediately perform

∫
dly D(l, iν) ∝

ν−1/3, which is essentially giving up on momentum conserva-
tion for the moment. Stressing over momentum conservation
is important for correct prefactors, but for frequency scaling it
is not essential (at least for this problem). When all is said and
done, we end up with

δ�MT
U (q = (�q, 0), i�)

∝
∫

dω dν dky
1

W (iω) + W (iω + i�) − κk2
y

× 1

W (iω) + W (iω + i� + iν) − κk2
y

ν−1/3. (C2)

Irrespective of T , we have to scale ω ∝ � ω̃ and ν ∝ � ν̃,
which gives

∫
dω dν ν−1/3 ∝ �2 · �−1/3.

Now for T � TNFL we have W (iω) ≈ iω, so the two de-
nominators give �−2 and we need to scale ky → √

� k̃y,
finally giving us

δ�0,MT
U ∝

√
� · �−1/3 = �1/6. (C3)

For T � TNFL we have W (iω) ≈ iω2/3, so the two denomi-
nators give �−4/3, and we need to scale ky → �1/3 k̃y to obtain

δ�MT
U ∝ �2 · �−1/3 · �1/3 · �−4/3 = �2/3. (C4)

2. SE correction

We only look at the frequency dependence of a single
correction piece, keeping in mind that all other pieces have
exactly the same frequency dependence.

The piece we look at is [26]

δ�SE
U

(
q = (�q, 0), i�

) ∝
∫

dω dkx dky �(iω + i�)

× G2(k + q, iω + i�)G(k, ω).

(C5)

Here the frequency scaling can be peeled off very simply
without the need for any further massaging of the expression.

We set ω ∝ � ω̃ throughout.
Now for T � TNFL we have W (iω) ≈ iω, so the three

denominators give �−3 and we need to scale kx ∝ � k̃x and
ky ∝ √

� k̃y, finally giving us

δ�0,SE
U ∝ �2

√
� · �2/3�−3 = �1/6. (C6)

For T � TNFL we have W (iω) ≈ iω2/3, so the three de-
nominators give [�2/3]−3 and we need to scale kx → �2/3 k̃x

and ky → �1/3 k̃y to obtain

δ�SE
U ∝ � · �2/3 · �1/3 · �−2 · �2/3 = �2/3. (C7)
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