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A limiting factor to the exploitation of continuous variables in quantum computing, in particular in the
field of quantum machine learning, has been the hindrances of computing the derivatives of a model. The
constraint occurs when applying the parameter-shift rule to a photonic circuit, and the number of non-
Gaussian gates exceeds a logarithmic trend with respect to the length of the circuit. This condition occurs
when dealing with most nonlinear functions. Indeed, it hampers subroutines, such as backpropagation,
which are paramount for machine learning and, most significantly, the computation of the derivatives of
the model itself. To overcome this hurdle, we propose a method to compute derivatives of functions,
implemented by continuous variable circuits, directly through photonic quantum circuits. Unlike the
parameter-shift rule, this method does not fail when the number of non-Gaussian gates scales more than
logarithmically against the depth of the circuit. We exploit the fact that computing the derivative of a wave
function is equivalent to applying the momentum operator, which in the position basis acts as its
derivative. The action of this operator is physically embodied by photon-added coherent states. We prove
that, up to the second order of derivation, the number of operations does not scale with the depth of the
circuit, but only with the order of derivation. We showcase numerical examples of derivatives of
elementary functions parametrized on simulated photonic quantum circuits. Thanks to this method, we
unleash an embodiment of quantum neural networks on photonic quantum computing platforms.

DOI: 10.1103/yrst-tr19

I. INTRODUCTION

The class of continuous-variables (CV) quantum com-
puters leverages the quadratures of the electromagnetic
field in order to perform a floating-point calculus [1].
These variables indeed encode into the continuous spec-
trum of the canonical variables q̂ and p̂ the quantum
information units, referred to as qumodes [2,3]. While
linear transformations can be implemented by Gaussian
operations, such as displacement or squeezing, nonlinear
transformations require non-Gaussian gates, based on
phenomena, such as the Kerr effect [2,4], even though
measurement-induced techniques, relying on purely
Gaussian operations and non-Gaussian source states, are
rising [5–11]. In quantum machine learning, nowadays the
paramount technique to compute gradients of parametric
quantum circuits is implemented through the parameter-
shift rule. This method consists of evaluating the quantum
circuit shifting the value of a specific parameter, which
provides the derivative of the circuit with respect to the

evaluated parameter [12–14]. This approach therefore
grants a technique to perform gradient descent over quan-
tum circuits on classical devices, even though bound to
gates with two distinct eigenvalues—mainly single-qubit
rotations. A focus on this technique is provided in
Appendix A. To overcome such a limitation, innovative
techniques have been recently introduced, e.g., decom-
posing the unitary operators in a polynomial expansion
[15,16] or rather through the decomposition of the cost
function in terms of discrete Fourier transform [12]. For
instance, optimization techniques to train Gaussian Boson
sampling (GBS) algorithms and compute the gradient over
a cost function have been addressed in Ref. [17]. GBS is a
paradigm of CV quantum computing, which relies on
injecting squeezed light into the circuit, thereafter per-
forming passive linear operations via a mesh of Mach-
Zehnder interferometers and eventually counting the
number of photons. Even though an exponential quantum
advantage arises from switching from the CV frame to the
discrete samples in the Fock space, all the operations
involved in the circuit are Gaussian. A method for
computing the gradients in the discrete variables (DV)
frame, i.e., with single-photon sources, on passive inter-
ferometers has been addressed in Ref. [18].
Nevertheless, in the frame of CV computing, adding

non-Gaussian gates hinders the feasibility of performing
gradient descent techniques through the parameter-shift
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rule [13]. Specifically, since non-Gaussian operations
increase the degree of the polynomial of q̂ and p̂, the
higher the number of non-Gaussian gates, the more ineffi-
cient the parameter-shift rule becomes. When approximat-
ing a function through a photonic circuit, in the first place
the encoding of the input variable has to be performed by a
displacement gate, i.e., introducing a coherent state [2].
Employing the parameter-shift rule, calculating the deriv-
atives of such a function becomes unfeasible by growing
with the number of non-Gaussian operations, which
are still mandatory for universal computation [4,7,19].
Such an issue thus prevents the computation of the deri-
vatives of the primitive function, limiting the knowledge of
the physical system it represents. This issue, for instance,
poses a main obstacle when implementing quantum
physics-informed neural networks (QPINNs), where the
computation of first and second derivatives of the target
functions is mandatory [20–25]. On qubit-based or hybrid
architectures, this problem can be overcome through the
parametric shift rule or classical backpropagation [26–29],
while when shifting to qumodes, it has not been addressed
yet. Even if gradient-free methods—such as COBYLA or
Nelder-Mead [12,30–34]—are available for the parameters
to be optimized, native methods for evaluating derivatives
on photonic platform, with respect to the variables of
integration, are essential.
In this work, we introduce a method alternative to the

parameter-shift rule to analytically calculate the first and
second derivatives of any function implemented on CV
photonic quantum hardware. Contrary to the parameter-
shift rule, this new method does not fail when the number
of non-Gaussian gates exceeds a logarithmic trend, with
respect to the length of the circuit. As an interesting fact,
computing the derivative of a wave function is equivalent
to applying the momentum operator after the displacement
gate. Indeed, in first quantization, the same operator
acts as the derivative operator over the wavefunction in
the position basis. The method combines the output of
multiple circuits—retrieved by a homodyne detection—
into a single final result. As such, the method proves to be
completely parallelizable, once the proper circuits have
been assembled. Since most of the differential equations in
physics are of the second order, this work limits to the
development of a method to compute, for any function
parametrized on a photonic CV circuit, the first- and the
second-order derivatives. Unlike classical feed-forward
neural networks, the complexity of this operation does
not scale with the width of the circuit [35–37], but it
depends solely on the order of derivation, mainly due
to the preparation of the photon-added quantum states.
The main strategy to compute directly derivatives on
a photonic hardware relies on photon-added coherent
states (PACS), generated by the excitation of single
or multiple photons of a coherent state [38–41]. Single-
and double-photon sources can be achieved through

experimental techniques known as parametric down con-
version [42–45].
In Sec. II, we formalize the expression of the first and

second derivatives of the target function, represented by
the photonic circuit. In Sec. III, we sum up some staple
notions about PACS and their properties. In Sec. IV, we
build the quantum circuits to compute such derivatives on a
photonic quantum computer through the photon-added
coherent state. In Sec. V, we showcase some numerical
examples to prove the validity of the analytic expression.
In Sec. VI, we compare the complexity laws of classical
feed-forward neural networks, when computing their
derivatives, with respect to the optical quantum circuit.

II. DERIVATIVES OF THE TARGET FUNCTION

In this section, we outline the representation of the first
and second derivatives for a given function fθðxÞ para-
metrized on a photonic circuit. This function is defined as
fθ∶ D ⊆ R → C ⊆ R. We show a complete proof for the
first derivative, while we leave it in Appendix B for the
second order.
Computing the values of fθðxÞ corresponds to retrieving

the expectation value from a homodyne detection
Tro½ρ̂oq̂o�. We refer to the index o as the output mode,
which we want to perform the homodyne measurement on,
since other modes can be involved throughout the process.
In the Heisenberg picture, the same expression for fθðxÞ in
terms of CV operators can be described as

fθðxÞ ¼ Tro½ρ̂oq̂o� ¼ Tr½ρ̂q̂o�
¼ ⊗nh0jD̂†

i ðxÞL̂†
θq̂o L̂θD̂iðxÞj0i⊗n; (1)

where D̂i is the displacement operator, which installs the
input variable x in the ith channel, while the L̂θ operator
gathers all of the successive operations—i.e., the layers
of the computation. Take notice, L̂θ is an operator acting
between F⊗n Fock spaces, including the modes of the
input and output channels. This operator can include linear
multiport interferometers, squeezing and displacement
operations or non-Gaussian operations as well. For further
details on these layers of operations, see [2,21].

A. First derivative

In this section, we perform the derivative of the para-
metric function fθðxÞ defined in Eq. (1), and we assess
how the differential operator acts on the Fock space. The
circuital implementation of the expression achieved in
Eq. (2) is provided in the first theorem in Sec. IV and
in Fig. 2.
Theorem 1. Given an operator L̂θ∶ F⊗n → F⊗n

depending on a set θ of parameters, F being the Fock
space, given an input mode indexed by i∈ f1; ::; ng and an
output mode indexed by o∈ f1;…; ng, given a parametric
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function fθ∶ R → R, the first derivative of fθðxÞ as from
Eq. (1) is

f0ðxÞ ¼ −i ffiffiffi
2

p
⊗nh0jD̂†

i ðxÞp̂iL̂
†
θq̂oL̂θD̂iðxÞj0i⊗n

þ i
ffiffiffi
2

p
⊗nh0jD̂†

i ðxÞL̂†
θq̂o L̂θp̂iD̂iðxÞj0i⊗n

¼ 2xfðxÞ − ⊗nh0jD̂†
i ðxÞL̂†q̂o L̂â

†
i D̂iðxÞj0i⊗nþ

− ⊗nh0jD̂†
i ðxÞâiL̂†q̂oL̂D̂iðxÞj0i⊗n: (2)

Proof. The derivative of the fθðxÞ function means to
derive the displacement operator with respect to its
parameter x:

⊗nh0j∂x½D̂†
i ðxÞ�L̂†

θq̂o L̂θD̂iðxÞj0i⊗n

þ ⊗nh0jD̂†
i ðxÞL̂†

θq̂o L̂θ∂x½D̂iðxÞ�j0i⊗n: (3)

We know that the displacement operator, for real values x,
assumes the following representation:

D̂ðxÞ ¼ exp½xðâ − â†Þ� ¼ exp½i
ffiffiffi
2

p
xp̂�; (4)

i.e., the expression of the translations in first quantization
(with an additional

ffiffiffi
2

p
factor). Therefore, the expression

for the derivative of D̂ðxÞ reads as

∂xD̂ðxÞ ¼ ½â − â†�D̂†ðxÞ ¼ i
ffiffiffi
2

p
p̂ D̂ðxÞ: (5)

Inserting the above expression for ∂xD̂iðxÞ into the circuit
in scheme (2), we then achieve

−i ffiffiffi
2

p
⊗nh0jD̂†

i ðxÞp̂iL̂
†
θq̂o L̂θD̂ðxÞj0i⊗n

þ i
ffiffiffi
2

p
⊗nh0jD̂†

i ðxÞL̂†
θq̂oL̂θp̂iD̂iðxÞj0i⊗n; (6)

proving the first equality of the theorem. Take notice, since
p̂ and D̂ðxÞ commute, the above scheme could be written
swapping the two operators. Nevertheless, we now see
how applying p̂ after the displacement operator allows a
feasible implementation of an optical circuit.
We now reshape the above expression in terms of ladder

operators, thus the above expression is split into four
terms:

⊗nh0jD̂†
i ðxÞ½â†i − âi�L̂†

θq̂oL̂θD̂iðxÞj0i⊗n

þ ⊗nh0jD̂†
i ðxÞL̂†

θq̂oL̂θ½âi − â†i �D̂iðxÞj0i⊗n: (7)

Because of the property of the coherent states, âiD̂iðxÞj0i ¼
xD̂iðxÞj0i, the same expression can be read as

⊗nh0jD̂†
i ðxÞ½x − âi�L̂†

θq̂oL̂θD̂ðxÞj0i⊗n

þ ⊗nh0jD̂†
i ðxÞL̂†

θq̂o L̂θ½x − â†i �D̂iðxÞj0i⊗n: (8)

Reassembling the four terms properly:

2xfθðxÞ − ⊗nh0jD̂†
i ðxÞâiL̂†

θq̂oL̂θD̂iðxÞj0i⊗nþ
− ⊗nh0jD̂†

i ðxÞL̂†
θq̂oL̂θâ

†
i D̂iðxÞj0i⊗n; (9)

which ends the proof. ▪
Some physical considerations now arise. The term

a†D̂ðxÞj0i must be interpreted as a single-photon-added
coherent state (SPACS) and is well known and detailed
in the literature how to prepare such a state. If instead
we apply i

ffiffiffi
2

p
D̂ðxÞp̂j0i ¼ −D̂ðxÞâ†j0i, such a state would

have no physical interpretation.

B. Second derivatives

We now state a theorem about the explicit expression of
the second derivative f00ðxÞ. The circuital implementation
of the expression achieved in Eq. (10) is provided in the
second theorem in Sec. IV and in Fig. 3.
Theorem 2. Given an operator L̂θ∶ F⊗n → F⊗n

depending on a set θ of parameters, F being the Fock
space, given an input mode indexed by i∈ f1;…; ng and
an output mode indexed by o∈ f1;…; ng, given a para-
metric function fθ∶ R → R, the second derivative of the
function fθðxÞ in Eq. (1) reads

f00ðxÞ ¼ 4x2fðxÞ − 2fðxÞ − 4xf0ðxÞ
þ ⊗nh0jD̂†

i ðxÞâ2i L̂†
θq̂oL̂θD̂iðxÞj0i⊗n

þ ⊗nh0jD†
i ðxÞL̂†

θq̂oL̂θD̂iðxÞ½â†i �2j0i⊗n

þ ⊗nh0jD†
i ðxÞâiL̂†

θq̂oL̂θâ
†
i D̂iðxÞj0i⊗n: (10)

Proof. See Appendix B.

III. PHYSICAL IMPLEMENTATION OF PACS

Before to describe the circuits able to perform the
derivation of the function f, we first describe the physics
of the photon-added coherent states, whose role is crucial
in the method we propose. PACS can be considered as
single-photon excitations of a classical coherent field [38],
introducing quantum phenomena in between the charac-
terization of a coherent state and a Fock state. Such states
can be represented as

jα; mi ¼ kα;mðâ†Þmjαi; (11)

α represents here the field amplitude of the coherent state,
m the population of the Fock state—the number of
photons—and kα;m is the proper normalization factor for
this new state [41]:

kα;m ¼ ½m!Lmð−jαj2Þ�−1=2; (12)

PHYSICAL IMPLEMENTATION OF ANALYTIC… PHYS. REV. APPLIED 26, 014107 (2026)

014107-3



with LmðxÞ being the Laguerre polynomials. For the
SPACS, this peculiar state assumes the form

jα; 1i ¼ kα;1â†jαi ¼
â†jαiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ jαj2

p : (13)

In fact, we can notice that the norm of the â†jαi state is
given by

kâ†jαik2 ¼ hαjââ†jαi ¼ 1þ hαjâ†âjαi ¼ 1þ jαj2; (14)

from which the normalization in Eq. (13). Single photons
can be generated by stimulating the spontaneous emission
of a single down-converted photon in the mode of a
coherent state, injected into an optical parameter amplifier.
The Hamiltonian of interaction can be described as [38,46]

Ĥ ¼ iℏχðâ†i â†s − âiâsÞ; (15)

where s refers to the signal mode, while i to the idle
one. The χ parameter, instead, is proportional to the
amplitude of the classical pump and the second-order
susceptibility of the medium. The evolution of the initial
state is described exponentiating the above Hamiltonian,
expð−iĤt=ℏÞ ¼ expðgðâ†i â†s − âiâsÞÞ, with g ¼ χt being
the parameter gain. For g ≪ 1, which means for very short
times, the first-order expansion of the time evolution can
be written as

jψðtÞi ¼ ÛðtÞjψð0Þi
¼ ½1þ gðâ†i â†s − âiâsÞ þ oðg2Þ�jαisj0ii
¼ jαisj0ii þ gâ†s jαisj1ii þ oðg2Þ: (16)

With a few calculations, the probability to get the state
with an idler signal 1 is jgj2ð1þ jαj2Þ. If getting up to the
oðg3Þ order in the Taylor expansion, it is possible to detect
a two photons-added coherent state as well [47], with
probability 1

4
jgj4ðjαj2 þ 1Þ2 ¼ 1

4
jgj4ðjαj4 þ 2jαj2 þ 1Þ2,

which is indeed proportional to the expression of the
Laguerre polynomial L2ð−jαj2Þ. By extending the expan-
sion up to the second order, we achieve the two photon-
added coherent state (TPACS), which, we are seeing in the
next sections, cover a paramount role in the algorithm we
propose.
Experimentally, in the standard scheme [38], a weak

coherent state jαi is mode-matched with the signal output
of a low-gain optical parametric amplifier, while the idler
mode is monitored by a single-photon detector, see Fig. 1.
A dichroic mirror (DM) is set to tune a total reflectivity for
the coherent state jαi and complete transmissivity for the
pump source. The outcome results into a superposition of
the two sources of light. Take notice, the pump is a
coherent state as well, with a wavelength λpump ¼ λα=2, jαi

being the coherent state jαi we are evolving into a PACS.
When the two beams of light enter the optical parametric
amplifier (OPA), the pump source generates couples of
photons, namely the signal and the idler, through a non-
linear process in the crystal described by the Hamiltonian
in Eq. (15) and the process in Eq. (16). Nonetheless, the
photons emitted by this process half their wavelength,
matching indeed λα. In the next step, the pump radiation is
filtered by an opportune cutoff. The idle and signal
photons are therefore separated by a polarized beam-
splitter (PBS). In order to match the splitting induced
by the beam splitter, a half wave plate (HWP) rotates the
polarization of the incoming beams. Eventually, before the
idle photons enter a photon-number-resolver detector
(PNRD), accurate spatial and temporal mode matching
between the coherent input and the down-converted field is
ensured by applying an appropriate spatial and spectral
filtering to the idler channel, typically using single-mode
fibers and Bragg-grating filters. In the low-gain regime,
conditioning on the detection of a photon in the idler
projects the signal mode onto a single-photon-added
coherent state â†jαi up to normalization. The scheme
can be extended to higher-order photon addition by
operating at higher pump powers and conditioning on
multiphoton detection events in the idler, as originally
proposed in [48]. Recent experiments have demonstrated
the heralded generation of multiphoton-added coherent
states up to three added photons by employing multiplexed
on-off detectors acting as effective photon-number-
resolving detectors [49] (see Fig. 1). In these implemen-
tations, coincidence detection across several detector
channels enables selective projection onto ðâ†Þmjαi, while
homodyne tomography is used for state characterization.
Although true photon-number resolving detectors based on
superconducting technologies promise improved effi-
ciency and scalability, present realizations remain prob-
abilistic and strongly limited by mode matching, detection
efficiency, and the rapidly decreasing heralding rates for
increasing photon number.

FIG. 1. In the above figure, the apparatus to generate a PACS is
described. The signal is the jα; mi state we are employing in
Sec. IV to compute the derivatives of a parametric fθðxÞ function
implementable on a quantum optical circuit.
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IV. CIRCUITAL IMPLEMENTATION
OF THE DERIVATIVES

In order to implement fðxÞ, all we need is a circuit
endowed with a single mode, or even multiple modes
picking up the ith to encode the input. Nevertheless, to
compute its derivatives f0ðxÞ and f00ðxÞ an auxiliary mode
is required, and moreover, we need PACS as input states
for the computation. In this section, we describe how to
compute the expressions for the first and second deriva-
tives in Eqs. (2) and (10) via some opportune circuits.
We provide the explicit calculus for the first derivative,
delegating it to Appendix C for the second derivative. An
alternative approach to compute the first derivatives is
proposed in Appendix D

A. Circuital implementation of the first derivative

We now state a theorem, which allows to build a
circuital representation of the result in Eq. (2).
Theorem 3. For a given Fock space F⊗n ⊗ F , let

L̂θ∶ F⊗n → F⊗n, let B̂Sjk be a 50∶ 50 balanced beam-
splitter entangling the channels j and k, let i∈ f1;…; ng
be the channel where to encode the input variable and a ¼
nþ 1 the auxiliary mode. Labeling j ffiffiffi

2
p

xii the coherent
state on the ith mode with average on the q̂ quadrature
equal to

ffiffiffi
2

p
x∈R, j0ia, and j1ia as Fock states with

occupation levels, respectively, of 0 and 1 on the auxiliary
mode, and j ffiffiffi

2
p

x; 1ii a single-photon-added coherent state

on the ith mode, we can describe the signals gð−Þio ðxÞ,
gðþÞ
io ðxÞ from two circuits, respectively, as

gð−Þio ðxÞ
¼ ah1jih

ffiffiffi
2

p
xjB̂S†iah0jL̂†

θq̂oL̂θj0iB̂Siaj
ffiffiffi
2

p
xiij1ia

(17a)

gðþÞ
io ðxÞ
¼ ah0jih

ffiffiffi
2

p
x; 1jB̂S†iah0jL̂†

θq̂oL̂θj0iB̂Siaj
ffiffiffi
2

p
x; 1iij0ia;

(17b)

where j0i ¼ j0i⊗n−1. Once these two values are retrieved,
the first derivatives f0θðxÞ can be computed as the combi-
nation of these signals along with x and fθðxÞ:

2xfðxÞ − gðþÞ
io ðxÞk−2x;1 − gð−Þio ðxÞ

x
; (18)

with kx;1 the normalization factor for the PACS described
in Eq. (12).
Proof. First, we sort out the action of the balanced beam-

splitter over the Fock states and the coherent/photon-added
coherent states. These two states can be described, in a
compact notation, as

k
sj
x;1â

†
j D̂ið

ffiffiffi
2

p
xÞj0iij0ia: (19)

Here, if j ¼ i, we have the photon-added coherent state for
the ith mode along with the vacuum state on the auxiliary
channel; otherwise, if j ¼ a, we have a single-photon state
for a and a coherent state on i. The sj factor is equal to 0 if
j ¼ a, since no normalization is required, while sj ¼ 1 for
j ¼ i in order to normalize the SPACS in the Heisenberg
picture. These two circuits are reported in Fig. 2. Recalling
the expression for the displacement operator in Eq. (4),
acting with the balanced beam-splitter transforms the
above operators into

k
sj
x;1

â†i � â†affiffiffi
2

p D̂iðxÞD̂aðxÞj0iij0ia ¼ k
sj
x;1

â†i � â†affiffiffi
2

p jxiijxia:
(20)

The þ sign holds if j ¼ i, while the − one for the j ¼ a
case. For further details about the transformation on the
displacement operator, see Eq. (C3). Afterward, we apply
the operator L̂θ in order to allocate the fθðxÞ function on
the optical circuit, and we thus perform the homodyne
measurement over the whole state jΨi ¼ j0ijxiajxii:

k
2sj
x;1 ahxj ihxjh0j

âi � âaffiffiffi
2

p L̂†
θq̂oL̂θ

â†i � â†affiffiffi
2

p j0ijxiijxia: (21)

Again, j0i ¼ j0i⊗n−1. Call gðþÞ
io ðxÞ the signal from the

circuit with j ¼ i, gð−Þio ðxÞ the circuit with j ¼ a. If we

(a)

(b)

FIG. 2. The input mode (violet) is processed through a bal-
anced beam-splitter; therefore, it enters the circuit, implemented
by the L̂θ operator, along with all the other modes (blue, yellow,
and green). Eventually, on the output mode (cyan), a homodyne
detection is performed. (a) The input state jxi is a coherent one,
and it is made to interact with a single-photon state j1i into the
beam splitter. (b) The input state jx; 1i is a SPACS, and it is made
to interact with the vacuum state into the beam splitter.
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subtract these signals, we achieve

k−2x;1g
ðþÞ
io ðxÞ − gð−Þio ðxÞ

¼ ahxjihxjâ†ah0jL̂†
θq̂oL̂θâ

†
i j0ijxiijxia

þ ahxjihxjâ†i h0jL̂†
θq̂oL̂θâ

†
aj0ijxiijxia; (22)

but since hxjâjxi ¼ hxjâ†jxi ¼ x, the ladder operators over
the auxiliary mode can be factorized out, achieving

k−2x;1g
ðþÞ
io ðxÞ − gð−Þio ðxÞ

¼ xð ihxjh0jL̂†
θq̂oL̂θâ

†
i j0ijxii

þ ihxjh0jâ†i L̂†
θq̂oL̂θj0ijxiiÞ: (23)

Comparing the above result with the expression for f0ðxÞ
in Eq. (2), we have proved the initial statement. ▪
The algorithm to implement the first derivative of fθðxÞ

is summed up in the pseudocode 1.

B. Circuit for the second derivative

We now state a theorem, which allows to build a
circuital representation of the result in Eq. (10).
Theorem 4. For a given Fock space F⊗n ⊗ F , let

L̂θ∶ F⊗n → F⊗n, let B̂Sjk be a 50∶ 50 balanced beam-
splitter entangling the channels j and k, let i∈ f1;…; ng
be the channel where to encode the input variable and a ∉
f1;…; ng an auxiliary mode. Labeling j ffiffiffi

2
p

xii a coherent
state on the ith mode with field amplitude

ffiffiffi
2

p
x∈R, j0ia

and j1ia as Fock states with occupation levels, respec-
tively, of 0 and 1 on the auxiliary mode a, j0i ¼ j0i⊗n−1
and j ffiffiffi

2
p

x; 1ii a single-photon-added coherent state on the

ith mode, we can describe the signals gðþÞ
io ðxÞ, gð−Þio ðxÞ,

g2γðxÞ, and g1γðxÞ from four circuits as

gðþÞ
io ðxÞ
¼ ah0j ih

ffiffiffi
2

p
x; 2jB̂S†iah0jL̂†

θq̂oL̂θj0iB̂Siaj
ffiffiffi
2

p
x; 2iij0ia

(24a)

gð−Þio ðxÞ
¼ ah2j ih

ffiffiffi
2

p
xjB̂S†ia h0jL̂†

θq̂oL̂θj0iB̂Siaj
ffiffiffi
2

p
xiij2ia

(24b)

g2γðxÞ ¼ ih
ffiffiffi
2

p
x; 2jh0jL̂†

θq̂oL̂θj0ij
ffiffiffi
2

p
x; 2ii (24c)

g1γðxÞ ¼ ih
ffiffiffi
2

p
x; 1jh0jL̂†

θq̂oL̂θj0ij
ffiffiffi
2

p
x; 1ii (24d)

then the second derivatives f00θðxÞ can be described as

�
k−2x;2g

ðþÞ
io ðxÞ þ gð−Þio ðxÞ − k−2x;2

2
fθðxÞ − 2g1γðxÞk−4x;1

− k−2x;2
2

g2γðxÞ
�

2

x2
þ k−2x;1g1γðxÞ þ 4x2fðxÞ

− 2fðxÞ − 4xf0ðxÞ: (25)

Proof. See Appendix C. The four circuits are repre-
sented in Fig. 3. The algorithm for differentiating twice the
primitive function fθ is summed up in the pseudocode 2.

(a)

(b)

(c)

(d)

FIG. 3. (a) The input coherent state (violet) is made to interact
with a Fock state with occupation 2 via a balanced beam-splitter,
then it enters the circuit, implemented by the L̂θ logic gate, along
with the other computational modes (blue, yellow, and green).
Eventually, on the output mode (cyan), a homodyne detection is
performed. (b) The coherent state is replaced by a TPACS, and
it interacts with the vacuum state in the 50:50 beam-splitter
before to enter the circuit. (c) The input state—a TPACS—enters
the photonic circuit. (d) The input state—a SPACS—enters the
photonic circuit.
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V. NUMERICAL SIMULATIONS

In this section, we report numerical simulations sup-
porting the derivative-evaluation scheme introduced in
Sec. IV. The method we propose is the following. We
first train the variational circuit to fit a specific target
function fðxÞ—sinðπxÞ and x3, as from Fig. 4—which

required to train the model with respect to θ, see the loss
function in Eq. (28). Thereafter, once the analytical
expression of the function is encoded by the variational
circuit with sufficient accuracy, i.e., fθðxÞ ≃ fðxÞ, we can
benchmark the results from the method we propose—the
expression of f0θðxÞ and f00θðxÞ—along with the analytic
expression of the derivatives f0ðxÞ, f00ðxÞ with respect to
the input value x. All simulations are performed with
Strawberry Fields, a full-stack Python library for
designing and simulating continuous-variable photonic
circuits on classical hardware [50]. For the variational
training, we employ TensorFlow [51].

A. CV-QNN model and classical emulation

The primitive function fθðxÞ is represented by a single-
mode continuous-variables quantum neural network
(CV-QNN) with input encoding D̂ðxÞ followed by a
depth-L variational block L̂ðθÞ [20–22]. In the numerical
experiments reported here, we use L ¼ 5 layers and a trun-
cated Fock simulation with cutoff dimension dcut ¼ 30. By
repeated experiments, we found that these hyperpara-
meters provide a good tradeoff between a good accuracy

TABLE I. Training/evaluation hyperparameters.

Hyperparameter Value

Run name constant_lr
Target functions sinðπxÞ, x3
LR scheduler constant
Learning rate 1.0 × 10−2
Epochs 5000
Collocation points per epoch 50
Input domain x∈ ½−1; 1�
QNN layers 5
Qumodes 1
Fock cutoff 30
Derivative evaluation points 100
BS derivative scheme enabled

FIG. 4. We showcase two numerical examples, i.e., we first train the variational circuit to fit the functions sinðπxÞ and x3 in the
½−1;þ1� domain. Thereafter, we compute the circuital derivatives for the first and second orders, and we compare the results with
the ground truth. In the last row, we exhibit the pointwise MSE loss function (i.e., the MSE computed for each sampled point inside the
domain of training) averaged over both the two functions, as reported in Table II.
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and the computational bottleneck of the classical emu-
lation. Each layer applies the gate sequence

L̂ ¼ R̂ðϕ1ÞŜðrÞR̂ðϕ2ÞD̂ðαÞK̂ðκÞ; (26)

i.e., phase rotation, squeezing, phase rotation, displace-
ment, and Kerr nonlinearity. By default, implementing L̂
does not require additional modes, see Ref. [2], still the
effective number of possible auxiliary qumodes depends
on the hardware and on the heuristic process of optimi-
zation, see Ref. [21]. The number of auxiliary modes in the
circuit, in fact, may depend on the performances of the
variational circuit, but does not vary with the computation
of the derivatives, where the number of additional modes is
fixed to 1. In the numerical simulations we carried on, we
set a total number of qumodes n ¼ 1 during the training to
optimize θ, and we added an additional ancillary mode for
the computation of both the first and second derivatives
with respect to x once the model has been trained, see
Figs. 2 and 3. Referring to Eq. (1), the output of the model
is defined as the expectation value of the q̂ quadrature in
the output mode,

fθðxÞ ¼ hq̂i; (27)

computed from the simulated state.

B. Training protocol (function approximation)

We train two independent instances of the CV-QNN to
approximate the target functions sinðπxÞ and x3 over the
domain x∈ ½−1; 1�. Training points are generated once per
epoch using a one-dimensional Latin-hypercube design
with N ¼ 50 points, and the loss is the mean squared error

LðθÞ ¼ 1

N

XN
i¼1

ðfθðxiÞ − fðxiÞÞ2: (28)

Optimization is performed with Adam for 5000 epochs
using a full-batch update (batch size N ¼ 50) and learning
rate η ¼ 10−2. All trainable parameters are initialized i.i.d.
from small normal distributions (standard deviations
approximately 10−1 for linear-Gaussian gates and approx-
imately 2 × 10−2 for the Kerr strength), and we fix random
seeds to ensure reproducibility.

C. Derivative evaluation circuits

After training, derivatives with respect to the input
variable x are computed by executing a constant number
of auxiliary circuits and classically recombining the
corresponding homodyne expectation values according
to Eqs. (18) and (25). In the simulations, we focus on
the circuital differentiation scheme, which reconstructs
derivatives from a finite set of homodyne expectation
values obtained by running a small number of auxiliary
circuits in addition to the primitive one.

D. Circuital differentiation

After the primitive function fθðxÞ has been trained,
the next step consists of computing its derivatives. The
procedure is summed up in pseudocodes 4 and 5, while the
representation of the circuits is provided in Figs. 2 and 3.
In this circuital differentiation scheme, we need to

rescale the input displacement as x ↦
ffiffiffi
2

p
x to match

the normalization adopted in the analytical derivation,
see Eqs. (17) and (24).

E. Numerical stability near x= 0

The analytic recombination formulas contain factors
1=x and 1=x2, which induce removable discontinuities
around x ¼ 0 in finite-precision arithmetic, see Eqs. (18)
and (25). In practice, we handle a small neighborhood of
the origin by adopting a numerically stable evaluation rule
for jxj < ε (in the simulations we use ε ¼ 10−6), while
using the closed-form recombination elsewhere.

F. Results

Figure 4 reports the learned approximations for sinðπxÞ
and x3 together with their first and second derivatives. For
each target, we show (i) the CV-QNN output fθðxÞ, (ii) the
derivative obtained from the circuital estimators, and
(iii) the analytical derivatives of the target functions. The
observed agreement confirms that the proposed derivative-
evaluation protocol reproduces the correct derivatives of
the trained CV-QNN while requiring only a constant
number of circuit executions for first and second order.

VI. COMPLEXITY LAWS

In this section, we compare the complexity laws when
computing derivatives f0θ, f

00
θ of the model fθðxÞ on both

TABLE II. Mean squared error (MSE) vs ground truth.

Function MSE½f� MSE½dfdx�Tape MSE½dfdx�Circuit MSE½d2fdx2�Tape MSE½d2fdx2�Circuit
sinðπxÞ 2.874 × 10−6 7.383 × 10−4 7.383 × 10−4 2.173 × 101 8.831 × 10−2
x3 4.140 × 10−6 1.575 × 10−3 1.575 × 10−3 2.289 × 10−1 2.440 × 10−1

Mean over functions 3.507 × 10−6 1.157 × 10−3 1.156 × 10−3 1.098 × 101 1.662 × 10−1
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classical networks and the circuital scheme we proposed in
the previous sections. We inquire whether a overhead or
rather a speedup occur, comparing the proposed method
with respect to classical backpropagation. We find that,
even though a net quantum advantage cannot be stated, still
a quantum utility arise, since the complexity in the number
of operations can be reduced by a factor 2 when calculating
the first derivatives, and 3 for the second ones. Contrary to
the classical backpropagation, computing the first and
second derivatives does not scale in terms of complexity.

A. Quantum evaluation of analytic derivatives

All the operations previously described on a quantum
optical circuit are highly parallelizable. In the first place,
we need a single circuit to evaluate fθðxÞ, two circuits for
f0θ in the first scheme described in Sec. IVA, three in the
second scheme reported in Appendix D, while four circuits
to compute f00θ as described in Sec. IV B. All the para-
meters θ must not vary between fθ, f0θ, and f00θ . The
complexity of these operations is summed up in the
pseudocode 1 for the first-order derivative, and in pseu-
docode 2 for the second order.
As we see, in both the pseudocodes 1 and 2, all the

operations to prepare the PACS are required before to start
computing throughout the layers of the circuit, thus their
complexity does not depend on the length of the circuit.
Moreover, all the operations before and inside the for loop
can be parallelized by installing a proper number of
circuits to retrieve each outcome (3 circuits for the first
derivative, 7 for the second derivative). Overall, to com-
pute both the derivatives f0θðxÞ, f00θðxÞ, and the primitive
fθðxÞ, the complexity of the algorithm with respect to the
length of the circuits scales as approximately 2nL, L being

the number of layers of operations being iterated by the L̂θ

operator, which can be decomposed as a sequence of L̂θl
operators being repeated per each layer, see the pseudoc-
odes 1 and 2. Instead, n accounts the size of the Mach-
Zehnder mesh, with n being the number of entries [21]. To
implement any algebraic operation, this mesh needs to be
repeated twice. Take notice, the size of the circuits,
differently from the classical neural networks, does not
vary through the layers, and usually n is very close to the
number of input modes [20–22]. The sole overhead when
preparing the circuits for the derivatives, compared with
the fθ one, consists of the 50∶ 50 beam-splitter and the
preparation of the PACS. The main source of hindrances,
indeed, derives from the process of parametric down
conversion, which, as stated in Sec. III, still remains
intrinsically a probabilistic process.

B. Classical evaluation of analytic derivatives

A classical feed-forward model can be modeled as a
composition of multiple activation functions layer after
layer, i.e.,

ALGORITHM 1. Quantum circuital derivative (I).

1: # Primitive source state
2: Generate jψ0i ¼ D̂ðxÞj0i ¼ jxi
3: # First derivative source states
4: Generate jψ1i ¼ jxij1i
5: Generate jψ2i ¼ jx; 1ij0i
6: # 50:50 beam-splitters
7: jψ1i ¼ B̂Sðπ

4
Þjψ1i

8: jψ2i ¼ B̂Sðπ
4
Þjψ2i

9: L̂θ ¼ L̂1 ∘ L̂2 ∘… ∘ L̂L

10: for l in f1;…; Lg do
11: jψ0i ¼ L̂θl jψ0i
12: jψ1i ¼ L̂θl jψ1i
13: jψ2i ¼ L̂θl jψ2i
14: end for
15: fðxÞ ¼ hψ0jq̂jψ0i
16: g−ðxÞ ¼ hψ1jq̂jψ1i
17: gþðxÞ ¼ k−2x;1hψ2jq̂jψ2i
18: f0ðxÞ ¼ 2xfðxÞ − ½gþðxÞ − g−ðxÞ�=x

ALGORITHM 2. Quantum circuital derivative (II).

1: # Primitive source state
2: Generate jψ0i ¼ D̂ðxÞj0i ¼ jxi
3: # First derivative source states
4: Generate jψ1i ¼ jxij1i
5: Generate jψ2i ¼ jx; 1ij0i
6: # Second derivative source states
7: Generate jψ3i ¼ jx; 2ij0i
8: Generate jψ4i ¼ jxij2i
9: Generate jψ5i ¼ jx; 2i
10: Generate jψ6i ¼ jx; 1i
11: # 50:50 beam-splitters
12: for i in {1,2,3,4} do
13: jψ ii ¼ B̂Sðπ

4
Þjψ ii

14: end for
15: for i in f1;…; Lg do
16: for j in {1,2,3,4,5,6} do
17: jψ ii ¼ L̂θl jψ ii
18: end for
19: end for
20: fðxÞ ¼ hψ0jq̂jψ0i
21: gþðxÞ ¼ hψ1jq̂jψ1i
22: g−ðxÞ ¼ hψ2jq̂jψ2i
23: f0ðxÞ ¼ 2xfðxÞ − ½gþðxÞ − g−ðxÞ�
24: gþðxÞ ¼ hψ3jq̂jψ3i
25: g−ðxÞ ¼ hψ4jq̂jψ4i
26: g2γðxÞ ¼ hψ5jq̂jψ5i
27: g1γðxÞ ¼ hψ6jq̂jψ6i
28: f00ðxÞ ¼ ½k−2x;2gþðxÞ þ g−ðxÞ − k−2x;2

2
fθðxÞ − 2g1γðxÞk−4x;1þ

− k−2x;2
2
g2γðxÞ� 2

x2 þ k−2x;1g1γðxÞ
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fθðxÞ ¼ σðLÞθL
∘ σðL−1ÞθL−1 ∘… ∘ σð1Þθ1

ðxÞ; (29)

where θ collects all the parameters layer by layer, or in
other words, θ ¼ ⋃L

l¼1θl. As we see, the analogy between
the classical feed-forward neural network and the quantum
parametric circuit is quite straightforward, since both the
algorithms scale linearly with the number L of layers. We
provide a pseudocode for the computation of the feed-
forward neural network in the pseudocode 3, in order to
check with ease that the complexity of the algorithm scales
with approximately n̄L, n̄ being the averaged size of the
hidden layers. In fact, while the algebraic operations
between Wmk and ym involve n steps (n being the entries
of the input vector yn) if the hardware allows complete
parallelization, the σðzmÞ operation can be accomplished
within Oð1Þ if full parallelization, again, is allowed,
see Eq. (E2).
Nevertheless, when computing the first derivative of this

network w.r.t. its input, the complexity of the algorithm
slightly varies. As it can be seen from the pseudocode 4,
the process still involves L steps, assessing the complexity
of the computation, with respect to the length of the
network, up to OðLÞ. Each step requires to compute zm,

ym, σ0m, and ∂iy
ðlÞ
m , i.e., 4 objects. Consider a perfect

parallelizing device to be available, so that all the oper-
ations (i.e., row by column multiplication) can be reduced
to their minimal complexity. In this frame, computing zm
requires n steps, the complexity for the matrix times vector
multiplication. Here, n stands for the size of the input
vector ym. Instead, computing ym and σ0m can be highly
parallelized, involving a Oð1Þ scaling. Since we are
considering a derivative over a single variable xi, yim
can be dealt with as a vector, i being fixed. Therefore, the

computation of ∂iy
ðlÞ
m requires again n steps, resulting

overall in a approximately 2n complexity. Averaging over
the number of neurons per layer n̄, the overall complexity
to compute the first derivative of a feed-forward neural
network can be assessed up to approximately 2n̄L.
We now focus on the computation of the second

derivatives. We describe the overall procedure in the
pseudocode 5. As we can see, each iteration demands 7
steps of computation, i.e., computing zm, ym, σ0m, and σ00m,
the first derivatives ∂iy

ðlÞ
m and ∂jy

ðlÞ
m and, eventually, the

second derivative ∂2ijy
ðlÞ
m . If we consider the case of a

second derivative computed in the same variable, i.e.,

∂2iiy
ðlÞ
m , the number of operations reduces to 6. Moreover,

each matrix-vector multiplication incurs a complexity,
which amounts to approximately n (n being the size of
the input vector) if optimally parallelized, and Oðn2Þ for
matrix-matrix products (assuming the matrices are both
squared). Overall, considering the hypothesis of a deriva-
tive over the same variable xi, the yim, yjm, and yijm tensors
can be reduced to rank 1 (i.e., they can be dealt with as
vectors), thus the total amount of operations scales to
approximately 3n per layer. The cumulative number of
operations in the feed-forward network thus amounts to
approximately 3n̄L, n̄ being the averaged size of the
hidden layers throughout the network itself.
Summing up the results, no quantum supremacy arises,

nevertheless a quantum utility can be stated. In fact, while
differentiating a classical feed-forward neural network
implies raising the complexity of the algorithm by a factor
2 for the first derivatives with respect to the length L and
by a factor 3 for the second order, the order of derivation, at
least up to f00θ , does not entail higher complexity. Yet, it is

ALGORITHM 4. Classical feed-forward derivative (I).

1: ym ¼ yð0Þm ¼ xm # input
2: yim ¼ ∂iy

ð0Þ
m ¼ δim

3: for i in f1;…; Lg do
4: zm ¼ P

k W
ðlÞ
mkym þ bðlÞm

5: ym ¼ σðzmÞ
6: σ0m ¼ σ0ðzðlÞm Þ
7: ∂iy

ðlÞ
m ¼ σ0m

P
k Wmkyik

8: yim ¼ ∂iy
ðlÞ
m

9: end for

ALGORITHM 5. Classical feed-forward derivative (II).

1: ym ¼ yð0Þm ¼ xm # input
2: yim ¼ ∂iy

ð0Þ
m ¼ δim

3: yjm ¼ ∂jy
ð0Þ
m ¼ δjm

4: yijm ¼ ∂2ijy
ð0Þ
m ¼ 0

5: for i in f1;…; Lg do
6: zm ¼ P

k W
ðlÞ
mk yk þ bðlÞm

7: ym ¼ σðzmÞ
8: σ0m ¼ σ0ðzmÞ
9: σ00m ¼ σ00ðzmÞ
10: ∂iy

ðlÞ
m ¼ σ0ðzmÞ

P
k Wmk yik

11: ∂jy
ðlÞ
m ¼ σ0ðzðlÞm ÞPk Wmk yjk

12: yim ¼ ∂iy
ðlÞ
m

13: yjm ¼ ∂jy
ðlÞ
m

14: ∂2ijy
ðlÞ
m ¼ σ00m

P
kn W

ðlÞ
mnW

ðlÞ
mk yimyjm þ σ0m

P
k W

ðlÞ
mk yijm

15: yijm ¼ ∂2ijy
ðlÞ
m

16: end for

ALGORITHM 3. Classical feed-forward neural network.

1: ym ¼ yð0Þm ¼ xm # input
2: for i in f1;…; Lg do
3: zm ¼ P

k W
ðlÞ
mkym þ bðlÞm

4: ym ¼ σðzmÞ
5: end for
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worthy to stress that physical and engineering limitations
still pose a hurdle to this implementation, in the first place
when generating single photons through the parametric
down conversion. Nonetheless, such hurdles do not con-
cern the complexity of the algorithm, but instead the
preparation of the input state (the PACS).

VII. CONCLUSIONS

In this work, we propose a method to compute the first
and second derivatives for a parametric function imple-
mented on a continuous-variables photonic circuit. We
compare this result with the methods developed by Schuld
et al. in their seminal work [13]. Although, in the CV
frame, a pipeline for computing the gradient over the
parameters θ is still not available, this work addresses a
method to compute the first and second derivatives of the
target function fθðxÞ implemented by the quantum circuit,
with respect to the input values x. However, while the task
of training the parameters θ can be accomplished with ease
via gradient-free methods (such as the aforementioned
COBYLA and Nelder-Mead), the computation of the
derivatives cannot circumvent differentiation. The method
proposed here overcomes the constraint of a logarithmic
number of non-Gaussian gates, as established in [13], or
rather numerical differentiation, an approach which leads
into numerical imprecision and higher computational
effort. Observe that, if the circuits were composed solely
by Gaussian gates, the method we developed does not
provide an advantage with respect to the parameter-shift
rule. However, it is well known in the literature that no
quantum advantage can be retrieved by purely Gaussian
circuits, remarking the relevance of this new approach.
This method works even when the number of non-
Gaussian gates scales more than logarithmically against
the depth of the circuit, a condition which makes the
parameter-shift rule unfeasible. The physical phenomenon
this new scheme relies on is based on the preparation of the
input states as photon-added coherent states. Up to the
second order of derivation, the number of operations does
not scale with the depth of the circuit, but only with the
order of derivation itself. We provide some numerical
examples of derivatives of elementary functions, para-
metrized on simulated photonic quantum circuits, to
showcase the correctness of this new method. Thanks to
this method, the calculation of first and second derivatives
is unleashed on general photonic parametric circuits.
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APPENDIX A: THE PARAMETER-SHIFT RULE

The parameter-shift rule was introduced to compute the
derivatives for both the DV quantum gates and the CV
ones, provided that a number of at most logarithmically
non-Gaussian operations are applied to the circuit. Up to
the statement of the authors from Ref. [13], when such a
condition holds no more, no approach is actually known.
We underline, again, the fact that the work we present is
strictly focused on the displacement operators, applied at
the beginning of the computation to encode the input
variables, allowing in this case to evaluate the derivative of
the objective function under any regime and number of
non-Gaussian gates. To train and update the parameters θ
of the variational circuits, gradient-free methods are
already available. In this Appendix, we summarize the
approach from Ref. [13] to the parameter-shift rule.

1. Discrete variables

When dealing with discrete variables, the paramount
unit of information is the qubit, i.e., a quantum two-levels
system. The paramount operators acting on the states of
this system are represented by the Pauli gates σ̂i. Since
σ̂2i ¼ I ∀ i, it follows that the sole eigenvalues of any σi are
given by �1. Furthermore, it also follows that, once σ̂i is
exponentiated, due to σ̂2i ¼ I we achieve

ÛðθÞ ¼ expðiθσ̂iÞ ¼ cosðθÞ þ iσ̂i sinðθÞ: (A1)

We now define the objective function. In a variational
circuit, this function derives from a measurement on a
single observable Ô after many layers of parametric
gates ÛðθiÞ:

f ¼ ⊗nh0jÛ†ðθ1Þ…Û†ðθmÞÔ ÛðθmÞ…Ûðθ1Þj0i⊗n:
(A2)

Here, m represents the total number of parametric gates to
be applied, each one endowed with its parameter θi, and n
the number of qubits. In most cases, all the qubits are
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initialized in the j0i state. Suppose we want to derive f
with respect to the ith parameter θi. In this case, we can
write

∂if ¼ ∂ihψjÛ†ðθiÞÔ0ÛðθiÞjψi (A3)

where the new state reads jψi ¼ Q
i−1
j¼1 ÛðθjÞj0i⊗n and the

observable Ô0 ¼ Qiþ1
j¼m Û†ðθjÞÔ

Q
m
j¼iþ1 ÛðθjÞ. The deri-

vative of Eq. (A3) reads

∂if ¼ hψ jÛ†ðθiÞÔ0ðiσ̂ÞÛðθiÞjψi þ H:c: (A4)

H.c. standing for Hermitian conjugate. After this oper-
ation, we definitively reabsorb ÛðθiÞ into jψi, making the
expectation value

∂if ¼ hψ jÔ0ðiσ̂Þjψi þ H:c: (A5)

Now, we can state the following rule: for any operators Â,
B̂, Ĉ we have

hψjÂ†B̂Ĉjψi þ H:c: ¼ 1

2
½hψjðÂþ ĈÞ†B̂ðÂþ ĈÞjψi

þhψ jðÂ − ĈÞ†B̂ðÂ − ĈÞjψi�
(A6)

We exploit this result into Eq. (A5), with Â ¼ Î, B̂ ¼ Ô0,
Ĉ ¼ ir−1σ̂, r being �1:

∂if ¼ hψjÔ0ðir−1σ̂Þjψi þ H:c:

¼ 1

2
½hψ jðÎ þ ir−1σÞ†Ô0ðÎ þ ir−1σ̂Þjψi

þ hψ jðÎ − ir−1σ̂Þ†Ô0ðÎ − ir−1σ̂Þjψi� (A7)

Indeed, if we set Ûð π
4rÞ, we notice that

Û
�
π

4r

�
¼ cosðπ=4Þ þ ir−1σ sinðπ=4Þ ¼ Î þ ir−1σ̂ffiffiffi

2
p (A8)

Summing the contributions from Ûð π
4rÞ and Ûð− π

4rÞ, we
achieve the two terms in Eq. (A7), i.e., the derivative of the
objective function w.r.t. the parameter θi.

2. Continuous variables

In the optical CV frame, information is encoded by
the quadratures operators q̂i, p̂i. Limiting the available
transformations to Gaussian gates, we can introduce a
vectorial operator gathering all the quadratures of the n
modes:

Ĉ ¼ ðÎ; q̂1; p̂1;…; q̂n; p̂nÞ: (A9)

Indeed, the action of the Gaussian gates leaves the number
of quadratures unaltered. Instead, non-Gaussian transfor-
mations increase the number of operators describing the
system, e.g., q̂ip̂j, q̂2i and so on. We now see how this
behavior affects the feasibility of the parameter-shift rule.
In the first place, the action of a unitary operator ÛðθÞ

over the quadratures Ĉi can be formulated as follows:

Û†ðθÞĈiÛðθÞ ¼
X
j

MijðθÞĈj (A10)

To provide a concrete example, the authors from Ref. [13]
sketch the action of the squeezing gate ŜðrÞ. In the phase
space, i.e., acting over the quadrature operators instead of
the Fock space, its representation reads

MðrÞ ¼
0
@ 1 0 0

0 e−r 0

0 0 er

1
A: (A11)

Since the squeezing is a single-mode operator, the vector
of quadratures it is acting on is given by ðÎ; q̂; p̂Þ. We now
select an objective function, on which it acts a sequence of
gates V̂ÛðθÞŴ. It is mandatory for V̂ and ÛðθÞ to be
Gaussian. This time, the objective function is computed
over a linear combination of quadratures, D̂ ¼ P

i biĈi.
We thus have

f ¼ h0jŴ†Û†ðθÞV̂†D̂ V̂ ÛðθÞŴj0i
¼

X
ijk

h0jŴ†ĈkŴj0ibiMU
jkðθÞMV

ij: (A12)

To compute the derivative of f w.r.t. θ, we simply achieve

∂θf ¼
X
ijk

h0jŴ†ĈkŴj0ibi ∂θ½MU
jkðθÞ�MV

ij: (A13)

The number of Gaussian operators is limited: squeezing,
displacement, beam-splitters, and phase-shifter are all the
Gaussian gates we can implement, and their derivatives in
the phase space can be achieved as linear combinations
of different circuits as for the DV in Appendix A 1,
see Ref. [13].
By introducing non-Gaussian gates, the number of

quadratures involved in the Ĉ vectorial operator of
Eq. (A9) increases exponentially, as well as the size of the
Gaussian operatorsM in the phase space, which have to be
adapted to the new quadratures as well. For this reason, the
authors state that, if the number of non-Gaussian gates is
limited to a logarithmic number w.r.t. the length of the
circuit, gradient-free methods are still envisaged to be
feasible.
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APPENDIX B: PROOF OF THEOREM 2

In this Appendix, we provide an explicit proof of the
theorem in Sec. II B. In this section, we adopt the
convention j0i ¼ j0i⊗n to streamline the notation. If
applying the differential operator on fθðxÞ, we achieve
the following terms:

f00θðxÞ ¼ h0j∂2x½D̂†
i ðxÞ�L̂†

θq̂o L̂θD̂iðxÞj0i
þ h0jD̂†

i ðxÞL̂†q̂oL̂θ∂2x½D̂ðxÞ�j0i
þ 2h0j∂x½D̂†

i ðxÞ�L̂†
θq̂oL̂θ∂x½D̂iðxÞ�j0i (B1)

for which the expression for ∂2xD̂ðxÞ is required:

∂2xD̂ðxÞ ¼ −2p̂2D̂ðxÞ ¼ ½ðâ†Þ2 þ â2 − ââ† − â†â�D̂ðxÞ:
(B2)

The first term from Eq. (B1) can thus be written as

h0jD̂†
i ðxÞ½ðâ†i Þ2 þ â2i − âiâ

†
i − â†i âi�L̂†

θq̂o L̂θD̂iðxÞj0i
(B3)

Nevertheless, some considerations arise. In the first place,
½â; â†� ¼ 1, thus ââ† ¼ 1þ â†â. Secondly, h0jD̂ðxÞâ† ¼
xh0jD̂ðxÞ, making the above expression to be rewritten as

h0jD̂†
i ðxÞ½x2 þ â2i − 2xâi − 1�L̂†

θq̂o L̂θD̂iðxÞj0i
¼ x2fðxÞ þ h0jD̂†

i ðxÞâ2i L̂†
θq̂oL̂D̂iðxÞj0iþ

− 2xh0jD̂†
i ðxÞâiL̂†

θq̂oL̂θD̂iðxÞj0i − fðxÞ: (B4)

A similar scheme occurs when evaluating the second
term in Eq. (B1), this time with âD̂ðxÞj0i ¼ xD̂ðxÞj0i.
Therefore, we set ââ† ¼ 1þ â†â.

h0jD̂†
i ðxÞL̂†

θq̂o L̂θ½x2 þ ðâ†i Þ2 − 2xâ†i − 1�D̂iðxÞj0i
¼ x2fðxÞ þ h0jD̂†

i ðxÞL̂†
θq̂oL̂θðâ†i Þ2D̂iðxÞj0iþ

− 2xh0jD̂†
i ðxÞL̂†

i q̂oL̂θâ
†
i D̂iðxÞj0i − fðxÞ: (B5)

The third term in Eq. (B1) can be rendered as

h0jD̂†
i ðxÞ½−âi þ â†i �L̂†

θq̂oL̂θ½âi − â†i �D̂iðxÞj0i
¼ −xh0jD̂†

i ðxÞâiÔ†q̂oL̂ D̂ðxÞj0i
þ h0jD̂†

i ðxÞâiL̂†
θq̂oL̂θâ

†
i D̂iðxÞj0i

þ x2fðxÞ − xh0jD̂†
i ðxÞL̂†

θq̂oL̂θâ
†
i D̂iðxÞj0i: (B6)

Summing all of the terms together, the overall result reads:

f00ðxÞ ¼ 4x2fðxÞ þ h0jD̂†
i ðxÞâ2i L̂†

θq̂oL̂θj0iþ
− 4xh0jâiL̂†

θq̂oL̂θD̂iðxÞj0iþ
− 2fðxÞ þ h0jD̂iðxÞL̂†

θq̂oL̂θðâ†i Þ2D̂iðxÞj0iþ
− 4xh0jD̂iðxÞL̂†

θq̂oL̂θâ
†
i D̂iðxÞj0i

þ 2h0jD̂iðxÞâiL̂†
θq̂oL̂θâ

†
i D̂iðxÞj0i: (B7)

Nevertheless, the third and the sixth terms are proportional
to the first derivatives. The expression can be thus
reassembled into

f00ðxÞ ¼ 4x2fðxÞ þ h0jD̂†
i ðxÞâ2i L̂†

θq̂oL̂θj0iþ
− 4xf0ðxÞ − 2fðxÞ
þ h0jD̂iðxÞL̂†

θq̂oL̂θðâ†i Þ2D̂iðxÞj0i
þ 2h0jD̂iðxÞâiL̂†

θq̂oL̂θâ
†
i D̂iðxÞj0i; (B8)

which ends the proof. ▪
The terms that need to be computed are the following:

h0jD̂†
i ðxÞâ2i L̂†

θq̂oL̂θj0i (B9a)

h0jD̂iðxÞL̂†
θq̂oL̂θðâ†i Þ2D̂iðxÞj0i (B9b)

h0jD̂iðxÞâiL̂†
θq̂oL̂θâ

†
i D̂iðxÞj0i: (B9c)

The task to compute the above terms is accomplished in
Sec. IV B.

APPENDIX C: PROOF OF THEOREM 4

In this section, we provide an explicit proof of the
theorem in section. In order to implement second deriv-
atives, we need two photons instead of a single source,
then we apply the usual balanced 50∶ 50 beam-splitter.
Again, as for the first derivatives, the input states read

k
sj
x;2ðâ†jÞ2D̂ið

ffiffiffi
2

p
xÞj0iij0ai (C1)

i being the input channel, and j ¼ i for the gðþÞ
io ðxÞ case,

j ¼ a for the gð−Þio ðxÞ one. Again, as in the case for the first
derivative in Sec. IVA, kx;2 is the normalization factor, this
time for the TPACS, and sj ¼ 0 if j ¼ i, otherwise 0.
Depending on the value of the index i, when applying the
balanced beam-splitter, we achieve

B̂Sia½â†j �2D̂ið
ffiffiffi
2

p
xÞj0iij0ai

¼ B̂Sia½â†j �2D̂ið
ffiffiffi
2

p
xÞB̂S†iaB̂Siaj0iij0ai: (C2)

Now, considering that âj!B̂Sðâi � âaÞ=
ffiffiffi
2

p
, we get
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B̂SiaD̂iðx
ffiffiffi
2

p
ÞB̂S†ia ¼ B̂Sia expððâi − â†i Þx

ffiffiffi
2

p
ÞB̂S†ia

¼ expððâi þ âa − â†i þ â†aÞxÞ
¼ D̂iðxÞD̂aðxÞ: (C3)

Thus, the initial state evolves into

k
sj
x;2

1

2
½ðâ†i Þ2 þ ðâ†aÞ2 � 2â†i â

†
a�D̂iðxÞD̂aðxÞj0iij0ai: (C4)

We thereafter apply the L̂θ operator to achieve the final
form of the state via two homodyne detections, which we

named gðþÞ
io ðxÞ and gð−Þio ðxÞ:

gð�Þ
io ðxÞ ¼ k

2sj
x;2

1

4
ahxj ihxjh0j½â2i þ â2a � 2âiâa�L̂†

θq̂oL̂θ

∘ ½ðâ†i Þ2 þ ðâ†aÞ2 � 2â†i â
†
a�j0ijxiijxia: (C5)

Henceforth, in this section we adopt the convention j0i ¼
j0i⊗n−1 to streamline the notation. If we sum these two

contributions, i.e., we perform k−2x;2g
ðþÞ
io ðxÞ þ gð−Þio ðxÞ, the

overall signal we achieve is

1

2
ahxj ihxjh0j½â2i þ â2a�L̂†

θq̂oL̂θ½ðâ†i Þ2 þ ðâ†aÞ2�j0ijxiijxia
þ 2 ahxj ihxjh0jâiâaL̂†

θq̂oL̂θâ
†
i â

†
aj0ijxiijxia: (C6)

Considering the terms we need to compute in Equation,
and applying the property of the coherent states
hxjâjxi ¼ x and the normalization of the PACS,
kð̂a†Þmjxik ¼ k−2x;m, we account for the following terms:

1

2
ihxjh0jâ2i L̂†

θq̂oL̂θðâ†i Þ2j0ijxii (C7a)

x2

2
ihxjh0jL̂†

θq̂oL̂θðâ†i Þ2j0ijxii (C7b)

x2

2
ihxjh0jâ2i L̂†

θq̂oL̂θj0ijxii (C7c)

1

2
ihxjh0jL̂†

θq̂oL̂θj0ijxii ahxjâ2aðâ†aÞ2jxia

¼ 1

2
fθðxÞk−2x;2 (C7d)

2 ihxjh0jâiL̂†
θq̂oL̂θâ

†
i j0ijxii ahxjâaâ†ajxia

¼ 2 ihxjh0jâiL̂†
θq̂oL̂θâ

†
i j0ijxiik−2x;1: (C7e)

The k−2x;1 and k−2x;2 factors derive from the PACS normali-
zation, see Eqs. (12) and (13). Looking at Eq. (10), we
understand that the terms we need are those in
Eqs. (C7b), (C7c), and (C7e), the last one still without

the ð1þ x2Þ factor. We therefore need to discard the terms
in Eqs. (C7a) and (C7d). It is very straightforward to
remove this last term, since the value of the primitive
function is already available. To remove the first term in
Eq. (C7a), it is possible to compute the primitive function
but on a TPACS instead of a coherent state. We call this
function g2γðxÞ

g2γðxÞ ¼ ihx; 2j⊗n−1h0jL̂†
θq̂oL̂θj0i⊗n−1jx; 2ii: (C8)

The same strategy can be adopted for the term in
Eq. (C7e), this time relying on a SPACS:

g1γðxÞ ¼ ihx; 1j⊗n−1h0jL̂†
θq̂oL̂θj0i⊗n−1jx; 1ii: (C9)

The unknown terms in Eq. (10) can thus be summarized by
computing

�
k−2x;2gþðxÞ þ g−ðxÞ − k−2x;2

2
fθðxÞ − 2g1γðxÞk−4x;1þ

− k−2x;2
2

g2γðxÞ
�

2

x2
þ k−2x;1g1γðxÞ; (C10)

which ends the proof. ▪

APPENDIX D: AN ALTERNATIVE CIRCUIT TO
COMPUTE THE FIRST DERIVATIVES

In this section, we propose an alternative approach to the
scheme developed in Sec. IVA to compute the first
derivatives of a parametric function fθðxÞ. If we consider
just one out of the two homodyne signals, see Eq. (21), we
are left with the following terms, up to the normalization

factor k−2x;1 for the gð�Þ
io ðxÞ case:

1

2
ihxj⊗n−1h0jâiL̂†

θq̂oL̂θâ
†
i j0i⊗n−1jxii (D1a)

� x
2

ihxj⊗n−1h0jL̂†
θq̂oL̂θâ

†
i j0i⊗n−1jxii (D1b)

� x
2

ihxj⊗n−1h0jâiL̂†
θq̂oL̂θj0i⊗n−1jxii (D1c)

1

2
ihxj⊗n−1h0jL̂†

θq̂oL̂θj0i⊗n−1jxiik−2x;1 ¼
1

2
fθðxÞk−2x;1:

(D1d)

As usual, we deployed the properties of the coherent states
and PACS, i.e., hxjâjxi ¼ x and hxjââ†jxi ¼ k−2x;1. The
second and the third terms are required by Eq. (2); the
others instead have to be discarded. We can notice that the
first term in Eq. (D1a) is nothing but the computation of fθ
on a SPACS instead of a coherent state and can be achieved
from the following circuital output:
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g1γðxÞ ¼ ihx; 1j⊗n−1h0jL̂†
θq̂oL̂θj0i⊗n−1jx; 1ii: (D2)

The term in Eq. (D1d), instead, is already available due to
the knowledge of fθ. Summing up:

�2
gð�Þ
io ðxÞk−2j�x;1 − 2−1k−2x;1fθðxÞ − 2−1k−2x;1g1γðxÞ

x
(D3)

with jþ ¼ 1 and j− ¼ 0.

APPENDIX E: DERIVATIVES OF CLASSICAL
FEED-FORWARD NETWORKS

In this section, we backtrack the process of differ-
entiation of a classical feed-forward neural network. This
algebraic procedure is mandatory to yield the pseudoc-
odes 4 and 5. As already stated in Sec. VI B, classical feed-
forward model can be modeled as a composition of
multiple activation functions layer after layer, i.e.,

fθðxÞ ¼ σðLÞθL
∘ σðL−1ÞθL−1 ∘… ∘ σð1Þθ1

ðxÞ; (E1)

where θ ¼ ⋃L
i¼1θi, and each layer reads as

σðlÞθl ðxÞ ¼ σðWxþ bÞ

¼
�
σ

�X
j

w1jxj þ b1

�
; σ
�X

j

w2jxj þ b2

�
;…

�
:

(E2)

Here, wij; bi ∈ θl ∀ i; j. To streamline the notation, we
sum up the affine transformation into the brackets of σ
as zðlÞðxÞ:

σðlÞθl ðxÞ ¼ σðzðlÞðxÞÞ ¼ ½σðzðlÞ1 ðxÞÞ; σðzðlÞ2 ðxÞÞ;…�: (E3)

Here, the subscripts i to the zi variables refer to those in the
weight matrix and the bias vector in

P
j wijxj þ bi. Since

the input from any lth layer is the output from the l − 1th
one, we now introduce the yðl−1Þ ¼ σðzðl−1Þðyl−2ÞÞ symbol

to denote the input variable for σðlÞθl .

1. First derivatives

If we derive the expression in Eq. (E3) with respect to xi,
the following result holds:

∂yðLÞm

∂xi
¼ ∂

∂xi
σðzðLÞm Þ ¼ ∂σðzðLÞm Þ

∂zðLÞm

∂zLmðyðL−1ÞÞ
∂xi

¼ σ0ðzðLÞm Þ
X
k

WðLÞ
mk

∂yðL−1Þk

∂xi
¼

X
k

SðLÞmk
∂yðL−1Þk

∂xi
:

(E4)

As we see, a recursive structure occurs, with yð1Þ ¼ x (i.e.,

the inputs), so that Sð0Þki ¼ ∂yð0Þk =∂xi ¼ δik. The pseudocode
4 takes into account the first and the fourth members of
Eqs. (E4). Moreover, from the same Equation we can
retrieve the gradient of the function fθ:

∇fθ ¼
Y1
l¼L

SðlÞ; SðlÞij ¼ σ0ðzðlÞi ÞWðlÞ
ij : (E5)

Each SðlÞ requires to compute the values of the model
function fθ up to the lth layer, then derive the outputs with

respect to the last input variable zðlÞi and multiply them

element-wise with the matrix WðlÞ
ij .

2. Second derivatives

We now focus on the computation of the second
derivatives. We have seen from Eq. (E4) that

∂yðlÞm
∂xi

¼ ∂
∂xi

σðzðlÞm Þ ¼ σ0ðzðlÞm Þ
X
k

WðlÞ
mk

∂yðl−1Þ
∂xi

: (E6)

ALGORITHM 6. Quantum circuital derivative (I), alternative
scheme.

1: # Primitive source state
2: Generate jψ0i ¼ D̂ðxÞj0i ¼ jxi
3: # First derivative source states
4: Set j�
5: if jþ then
6: Generate jψ1i ¼ jx; 1ij0i
7: else if j− then
8: Generate jψ1i ¼ jxij1i
9: end if
10: Generate jψ2i ¼ jx; 1i
11: # 50:50 beam-splitters
12: jψ1i ¼ B̂Sðπ

4
Þjψ1i

13: L̂θ ¼ L̂1 ∘ L̂2 ∘… ∘ L̂L

14: for l in f1;…; Lg do
15: jψ0i ¼ L̂θl jψ0i
16: jψ1i ¼ L̂θl jψ1i
17: jψ2i ¼ L̂θl jψ2i
18: end for
19: fðxÞ ¼ 2−1k−2x;1hψ0jq̂jψ0i
20: g�ðxÞ ¼ k−2j�x;1 hψ1jq̂jψ1i
21: g1γðxÞ ¼ k−2x;1hψ1jq̂jψ1i
22: f0ðxÞ ¼ �2½g�ðxÞ − fðxÞ − g1γðxÞ�=x

PHYSICAL IMPLEMENTATION OF ANALYTIC… PHYS. REV. APPLIED 26, 014107 (2026)

014107-15



We now perform a derivative of the second order, which
means

∂2yðlÞm
∂xi∂xj

¼ ∂σ0ðzðlÞm Þ
∂xi

X
k

WðlÞ
mk

∂yðl−1Þm

∂xj

þ σ0ðzðlÞm Þ
X
k

WðlÞ
mk

∂2yðl−1Þm

∂xi∂xj
: (E7)

The first term on the second hand of the equation can thus
be developed as follows:

∂2yðlÞm
∂xi∂xj

¼ σ00ðzðlÞm Þ
X
kn

WðlÞ
mnW

ðlÞ
mk

∂yðl−1Þm

∂xj
∂yðl−1Þm

∂xi

þ σ0ðzðlÞm Þ
X
k

WðlÞ
mk

∂2yðl−1Þm

∂xi∂xj
: (E8)

The pseudocode 5 sums up this algebraic procedure.
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