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High-performance numerical methods are essential not only for advancing quantum many-body physics
but also for enabling integration with emerging quantum computing platforms. We present a scalable,
general-purpose parallel algorithm for quantum simulations based on OR-represented quantum algebra
(ORQA). This framework applies to arbitrary spin systems and naturally integrates with quantum circuit
simulation in the Heisenberg picture, making it particularly relevant to recent large-scale experiments on
superconducting qubit processors [Y. Kim et al. Nature (London) 618, 500 (2023)]. As a benchmark, we
simulate the kicked Ising model on a 127-qubit heavy-hexagon lattice, tracking the time evolution of local
magnetization using up to 1 x 102 Pauli strings. Executed on the supercomputer Fugaku, our simulations
exhibit strong scaling up to 27 parallel processes with near-linear communication overhead. These results
establish ORQA as a practical and high-performance tool for quantum many-body dynamics and highlight
its potential for integration into hybrid quantum-classical computational frameworks, complementing
recent advances in tensor network and surrogate simulation techniques.
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I. INTRODUCTION utility through accurate expectation value measurements,
enabled by sophisticated error mitigation techniques [3].
Remarkably, these results have been reproduced—and in
some cases even surpassed—by state-of-the-art classical
simulation methods [9-14]. In parallel, developments in
quantum machine learning have highlighted the potential
of hybrid quantum-classical optimization loops, sug-
gesting further opportunities for synergy between quantum
hardware and classical HPC infrastructures [15,16].

This class of hybrid quantum approaches relies equally
on progress in classical high-performance computation
and on the development of more capable quantum pro-
cessors. Among the many computational techniques devel-
oped to address quantum many-body systems, tensor-
network methods stand out as particularly powerful. In
particular, matrix product states (MPS) [17-20] and
projected entangled-pair states [21,22] have become foun-
dational tools in computational quantum physics [23,24].
While these methods were not originally designed to

Despite continuous progress in the development of
quantum hardware, the milestone of fault-tolerant quantum
computing (FTQC)—and with it, definitive quantum
supremacy—has yet to be achieved [1-4]. With the
steadily improving capabilities of noisy intermediate-scale
quantum devices [5,6], the hybrid integration of quantum
processors with high-performance computing (HPC) pipe-
lines has emerged as a promising strategy for realizing
quantum advantage before the FTQC era. Recent advances
in quantum-centric supercomputing architectures exem-
plify this direction [7,8]. At the same time, pre-fault-
tolerant quantum processors have demonstrated practical
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interface with quantum hardware, they have proven indis-
pensable for benchmarking, verifying, and interpreting
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results from quantum simulation experiments. In addition,
recent developments in surrogate simulation techniques,
such as sparse Pauli dynamics and operator-based classical
simulation frameworks [10,25,26], offer complementary
strategies that scale favorably with certain circuit struc-
tures or observables. These approaches are helping to
bridge the gap between classical and quantum simulations,
providing practical tools for interpreting experimental
results and guiding algorithmic design.

In this work, we demonstrate a large-scale, high-
performance implementation of the parallelized OR-
represented quantum algebra (ORQA) formalism [27],
executed on the supercomputer Fugaku. ORQA enables
efficient computation over large collections of Pauli strings
and is naturally suited for quantum simulations involving
operator dynamics, such as sparse Pauli evolution [14,26].
As a benchmark, we simulate the kicked Ising model on a
two-dimensional heavy-hexagon geometry, following the
layout used in the IBM Eagle processor [3]. Our imple-
mentation tracks the dynamics of over 1 x 10'? Pauli
strings, achieving a wall-clock time of only a few seconds
per quantum gate. This enables the simulation of circuits
containing more than 10 000 gates on 127 qubits, with an
overall run-time of just a few hours. Interestingly, we find
that the relationship between simulation accuracy and the
number of retained Pauli strings is highly sensitive to
model-specific parameters. In particular, tuning a single
physical parameter can significantly alter the complexity
and effectiveness of the ORQA simulation.

Our implementation demonstrates both strong and
weak scaling up to 2!7 parallel computational processes.
Beyond this point, linearly increasing communication
overhead becomes the dominant bottleneck and can
only be mitigated when the number of Pauli strings
exceeds the memory capacity of the available hardware.
Within these practical limitations, our method enables
the efficient simulation of arbitrary quantum circuits.
As such, the ORQA framework constitutes a powerful
and general-purpose numerical tool with broad
applicability, particularly in quantum-hybrid high-
performance computing and the simulation of quantum
many-body dynamics.

The remainder of this paper is organized as follows. In
Sec. II, we briefly review the ORQA formalism, introduce
its key data structures, and summarize the parallel imple-
mentation. Section III presents benchmark results for the
kicked Ising model on the heavy-hexagon geometry and
analyzes the performance characteristics of our method.
We conclude in Sec. IV with a summary of our findings
and an outlook for future work. Additional details regard-
ing the ORQA algorithm and the parallel implementation
are provided in Appendixes A-D. To further demonstrate
the versatility of our method, we include a second, smaller-
scale application to a different system in Appendix E.

Simulation accuracy is examined in Appendix F, and the
specifications of the computing system used for bench-
marking are detailed in Appendix G.

II. METHODS

The ORQA formalism [27] enables efficient manipu-
lation of Pauli strings by reducing matrix multiplications to
bitwise logical operations on encoded indices. A Pauli
string on n qubits is expressed as

n
o1 =0y |41, = @ 0y M
i=1

where each [; is a two-bit string encoding the ith local
Pauli operator according to the mapping o¢y, = id,
Oo1, = Oy, O19, = 0y, and oy, = 6,. We refer to the full
2n-bit concatenation [ =1;|---|[, as a multi-index.
The product of two arbitrary Pauli strings obeys the
algebraic rule

00] = l.B(I’J)UIXJ, (2)

where Vv denotes the bitwise exclusive-OR (XOR)
operation. The exponent B(I,J) is determined by local
contributions:

B(1.J) = b1, 7). 3)
i=1

where I;,J;€4{00,,01,,10,,11,}, and the local phase
b(I;,J;) captures the structure constants of the 8u(2)
algebra. Specifically, b(1;,J;) =0 whenever either I; =00,
or J; =00, (i.e., an identity operator is present).
Otherwise, the phase is given by b(I;,J;) = > 3_ €1
where ¢;;;, denotes the Levi-Cevita symbol.

To make use of this formalism, we express a generic
Hermitian operator as a linear combination of Pauli
strings:

41

0=> 00, 4
1=0

where O; € R. In general, the summation runs over all 4"
possible Pauli strings on n qubits. However, in practice,
a large fraction of the coefficients O; may vanish or be
sufficiently small to be neglected without introducing
significant error. We denote by |O| the number of Pauli
strings retained in the representation of O and refer to this
quantity as the effective complexity, as it directly deter-
mines the computational cost of the algorithm.

We consider simulations of quantum circuits in the
Heisenberg picture, where the dynamics of observables O
measured at the end of the circuit are tracked. Using
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Eq. (2), the action of a unitary gate generated by a single Pauli string o; with rotation angle 8 on the operator O defined in

Eq. (4) can be expressed as

O )
z—lnTr[a,e"g"JOe*igﬁf} :{ !

for all multi-indices /. Here, the left-hand side denotes the
coefficient of o; in the operator O after conjugation by the
unitary i corresponding to the applied gate. Note that
this expression relies on the identity (/v J) v J = I as well
as B(I,J) = —B(J,I). This transformation enables a
straightforward generalization to arbitrary dynamics, as
it determines the evolution of each coefficient O; in an
arbitrary operator O under the action of the unitary gate

¢~ The full time evolution is then obtained by iter-
atively applying Eq. (5) to the operator O for each gate in
the circuit. This update rule is analogous to those used in
sparse Pauli dynamics [14,26,28,29] and low weight
efficient simulation [10,25], which evolve sums of Pauli
strings using stabilizer decompositions [30] or Pauli trans-
fer matrices [31,32]. In contrast, our method is based on
the ORQA formalism [27], without requiring circuit
preprocessing into Clifford and non-Clifford components.
Moreover, our implementation is optimized for execution
on large-scale CPU-based supercomputers. Additional
algorithmic details are provided in Appendix A.

cos(0)0; + (—1)" 2

if B(I,J)iseven,

B(L)+1 . . . (5)
sin(0)0; ;. if B(1,J)isodd,

We parallelize this calculation by distributing the
representation of the operator O across N parallel proc-
esses, each of which independently computes the updates
given in Eq. (5). The growth in the number of Pauli strings
over time and their distribution across different processes
are illustrated in Figs. 1(c) and 1(d). Details of the data
structure used to represent O numerically are provided in
Appendix B. Each process, labeled by index m, maintains
a partial representation O") of the full operator, such that

0= om, (6)

These partial representations are fully disjoint in the
sense that each possible multi-index / appears in exactly
one of the O™, To achieve and manage this efficiently,
we introduce a distribution map

(a) (b)
O

. 2
F1 {0,137 = Ny, (7)
t
(d)
Collected Al Calculated
in parallel in parallel

FIG. 1.

Illustration of the model and simulation method. (a) Heavy-hexagon geometry of the 127-qubit IBM Eagle processor

simulated in this work. Circles represent qubits, with connections indicating where two-qubit gates can be applied. The filled circle
near the center marks the location of the initial operator O, = %%, which is evolved in time. Half-filled circles indicate the interior of
the causal light cone after # = 5 time steps, originating from the initial operator. The two-qubit connectivity is partitioned into three
disjoint sets, each enabling the parallel application of gates. (b) Quantum circuit implementing the Trotterized dynamics of the kicked
Ising model. Each layer U, enclosed by a dashed box, consists of a sequence of single-qubit gates U, and two-qubit entangling gates
U,,, forming a single time step. The U,, gates are grouped into three color-coded sets, corresponding to the partitioning in (a), to
facilitate parallel execution. (c) Time evolution of the initial operator O, which begins as a single Pauli string and grows over time to
include many additional Pauli strings, distributed across parallel processes labeled by m. In the Heisenberg picture, the operator
evolution proceeds backward in time relative to the forward circuit direction shown in (b). (d) At each time step t, the partial

representations 05'") generate update lists A},, which are communicated in parallel to the target processes r. These updates are required

(r)

to construct the next-step operator O,;.

Note that the color coding in (a), (b) is unrelated to the color coding in (c), (d).

024046-3



BROERS, SUN, and YUNOKI

PHYS. REV. APPLIED 26, 024046 (2026)

which assigns each possible Pauli string to a specific
process meNy = {0, 1, ..., N — 1}. The exact form of f
is nontrivial and has a significant impact on parallel
performance; our approach and its rationale are discussed
in Appendix C. While the specific assignment of a given
multi-index / to a process m is not directly significant,
it is essential that f distributes multi-indices 7 € {0, 1}*"
approximately uniformly across all processes. This
ensures balanced memory usage and computational load,
ie., |0"|~|O|N~!, which is crucial for maintaining
scalability. Since each process holds a disjoint subset O,
it must also compute a corresponding subset of updates,
based on Eq. (5), that are needed by other processes. Each
process m is therefore responsible for generating a col-
lection of update lists, denoted A}, to be sent to processes
r # m. Efficient computation and distribution of these
updates across all processes is a central feature of
our algorithm. Further implementation details are provided
in Appendix A.

Within a circuit simulation, each quantum gate typically
generates additional Pauli strings, leading to a steady—and
potentially exponential—increase in the size of the oper-
ator representation O. To control this growth, we apply
dynamic truncation to each partial representations O™ by

(m)

removing components O; ’ that satisfy

101"] < egmax|O. ®)

where ¢, > 0 is a parameter that controls the strictness of
the truncation. Note that the maximum is taken over all
coefficients in the full operator O, not just those in o™ to
ensure consistent truncation across all processes, regard-
less of how the distribution map f partitions the data. In
principle, various truncation strategies can be employed.
We discuss the specific truncation scheme used in this
work in Appendix D and benchmark its accuracy through
comparisons with exact numerical results in Appendix F.

III. RESULTS

To test our method, we consider the kicked Ising model,
which has been studied experimentally [3] and whose
dynamics have been semiqantitatively reproduced using
various classical simulation techniques [9-14]. The unitary
dynamics of this model are described by a Trotterized
sequence of single- and two-qubit gates:

U= Hexp (—i%aéoﬁ) Hexp (—z%d> 9)
(i.j) J=1

Uzz Uy

where ¢} and o-é are the Pauli-X and Pauli-Z operators
acting on the jth qubit. The two-qubit interactions are

defined between neighboring qubits on a two-dimensional
heavy-hexagon geometry with n = 127 qubits, as illus-
trated in Fig. 1(a). The notation (i, j) in Eq. (9) refers to a
pair of adjacent qubits i and j on this lattice. The
corresponding quantum circuit structure, consisting of
layers of U,, and U, gates, is shown in Fig. 1(b).
Throughout this work, we fix the interaction strength at
0,, = —% and vary the transverse field parameter 0,.
Within this model, we study the local magnetization at
qubit j = 62 after applying ¢ layers of U, defined as

(M,) = (0|(U")'6%2(U)'|0), (10)

where |0) = |0)®" is the initial product state. We compute
this quantity in the Heisenberg picture by evolving the
initial observable O, = ¢%2. We emphasize that, owing to
the generality of our method, any linear combination of
Pauli strings with arbitrary coefficients can be used as the
initial operator O,. Likewise, the method is applicable to
arbitrary quantum circuits U. Details of the computing
system used for our simulations are provided in
Appendix G.

We present the results of our simulations in Figs. 2
and 3. Figure 2(a) shows the time evolution of the
magnetization (M,) for 8, = 0.1z and truncation thresh-
olds €, = 107* (green), 10> (blue), and 107° (red). The
corresponding effective complexity |O|, defined as the
number of retained Pauli strings, is shown in Fig. 2(b) for
the same set of parameters. Figures 2(c) and 2(d) present
the same quantities for 6, = 0.25z. The magnetization
results exhibit a visible dependence on the truncation
threshold ¢, reflecting the impact of the number of
Pauli strings retained at each stage of the evolution. As
€y decreases, truncation becomes less aggressive, resulting
in a systematic increase in |O| and improved simulation
accuracy. In all cases, the number of Pauli strings grows
rapidly at early times, followed by a pronounced slow-
down and eventual saturation due to truncation. This
saturation behavior is qualitatively influenced by the
choice of 6,, with different values leading to markedly
different asymptotic values of |O| for the same e.
Nonetheless, even in regimes where saturation occurs,
truncation-induced errors can accumulate over long time
evolutions and eventually degrade simulation accuracy.
This effect is particularly evident in Fig. 2(a), where
maintaining accuracy up to ¢t = 50 requires setting ¢, as
low as 107°.

Figure 2(e) shows the magnetization (M,) and the
effective complexity |O| as functions of 6, at a fixed
evolution time ¢ = 20, for several values of the truncation
threshold ¢,. Error-mitigated experimental results from
Ref. [3] are also shown as black solid lines with shaded
confidence intervals. Notably, the parameter regime
0, € [n/8,n/4] is particularly sensitive to truncation,
exhibiting the largest deviations among the different values
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FIG. 2. Simulation of the kicked Ising model on the 127-qubit heavy-hexagon lattice. (a) Time evolution of the magnetization (M)
for @, = 0.1z and truncation thresholds e, = 10~* (green), 107> (blue), and 10~° (red). (b) Corresponding effective complexity |O] for
the same simulations as in (a). (c), (d) Same as (a), (b), respectively, but for 6, = 0.25z. (e) Magnetization (M,) (solid circles) and
effective complexity |O| (dashed lines) at r = 20 as functions of 6, for different values of ¢: 1072 (purple), 10~* (green), 107> (blue),
and 107 (red). Error-mitigated experimental results from Ref. [3] are shown as black solid lines with shaded confidence intervals. For
comparison, the results obtained using a tensor-network method based on projected entangled-pair operators, extrapolated to infinite
bond dimension (y — o), from Ref. [9] are shown as black squares. The underlying heavy-hexagon geometry and the location of the
magnetization observable are shown in Fig. 1(a).
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FIG. 3. Scaling behavior of quantum circuit simulations. (a) Wall time per quantum gate as a function of the number of parallel
computational processes N. The solid black line denotes the minimal communication overhead that persists even in the limit |O] — 0.
Colored curves show the total wall time per gate (solid lines with symbols) and the effective communication overhead (dashed lines) for
various effective complexities |O|, as labeled. Diagonal grid lines represent ideal N and N~! scaling for visual reference. (b) Wall time
per quantum gate as a function of effective complexity |O| for different values of N, as indicated, using the same vertical-axis scale as in
(). For small |O|, performance is limited by the minimal communication overhead (dashed lines). As |O| increases, the computational
cost of simulating the operator dynamics becomes dominant, resulting in favorable scaling. Strong scaling is evident from the
approximate N~! scaling of wall time (vertical arrow), and the results also exhibit near-perfect weak scaling, with wall time remaining
nearly constant when both |O] and N are scaled proportionally (horizontal arrow).
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of ¢y. This challenging regime coincides with the
region where other classical simulations also report
substantial discrepancies, as discussed in recent studies
(see, for example, Fig. 8 in Ref. [11]). We additionally
include the numerical results from Ref. [9], shown as
black squares. These data were obtained using a
projected entangled-pair operator (PEPO) method,
extrapolated to infinite bond dimension. The PEPO
results are in excellent agreement with our simulation
at €, = 1079, lending further support to the accuracy of
our method in this regime.

While these methods are not straightforward to compare
directly, we provide representative metrics from Ref. [9]
for context. The memory footprint of PEPO is 645" bytes
per site for double-precision complex numbers, where n
denotes the local coordination number. On the 127-qubit
heavy-hexagon lattice, this corresponds to approximately
20 GB for y =256, and obtaining a single data point
required about 7 h in their simulations. Scaling to larger
bond dimensions is expected to be challenging, as the
memory and time complexities scale as O(y*) and O(y°),
respectively. Moreover, such tensor-network approaches
are generally difficult to scale efficiently to massively
parallel multiprocess architectures. For comparison, in
our most accurate simulations with ¢, = 107, we find
|O| ~ 10" at 6, = n/4. This corresponds to a memory
footprint of approximately 4 TB (about 40 bytes per Pauli
string) and a simulation time of about 25 min using 12 288
computational nodes in parallel. Since both memory and
run-time scale approximately linearly with |O|, many of
the data points at ¢y = 107 require substantially fewer
computational resources. For example, at 6, = 0.15z, we
find |O| ~ 2 x 103, corresponding to a memory footprint
comparable to 20 GB, while the simulation completes
within a few seconds using 4096 nodes in parallel. In
Appendix E, we present an additional benchmark compar-
ing our method with MPS simulations, providing further
insight into the differences between these approaches.

For 6, = 0 and 6, = /2, the dynamics correspond to a
fully classical regime and a dual-unitary circuit, respec-
tively, both of which exhibit minimal effective complexity.
As 0, increases from zero, the effective complexity grows
rapidly, reflecting the increasingly entangled and intricate
nature of the system’s dynamics. It is worthy to note,
however, that a large number of Pauli strings does not
necessarily indicate physically complex behavior. For
example, when 6, < z/2, the system undergoes rapid
thermalization, resulting in a fast decay of the magneti-
zation. This qualitative feature is captured even under
strong truncation, as shown for ¢, = 1072 in purple. In this
regime, although the magnetization quickly decays and
becomes featureless, the effective complexity still
increases sharply as 6, decreases from /2, indicating
that the growth in |O| is not always directly linked to
observable physical complexity.

Figure 3(a) shows the wall time required to apply a
single quantum gate as a function of the number of parallel
computational processes N during circuit simulation. This
value is computed as the average wall time per circuit
layer, obtained by dividing the total wall time for each
layer by the number of gates that it contains (127 single-
qubit X-rotation gates and 144 two-qubit ZZ-rotation
gates). The total wall times per gate are shown as solid
lines with symbols. Results are shown for various values of
the effective complexity |O| (i.e., the number of retained
Pauli strings), corresponding to snapshots taken at differ-
ent times during the time evolution of the operator O with
varying parameters. The data exhibit clear strong-scaling
behavior: the wall time approximately follows a N~
power-law scaling until communication overhead becomes
the dominant cost.

Dashed lines in Fig. 3(a) represent the measured
communication overhead across processes. This includes
both the actual data transfer time and the additional cost
associated with initiating and finalizing MPI communica-
tion routines involving a large number of processes. We
refer to this latter contribution as the minimal communi-
cation overhead, which is also indicated in isolation as a
solid black line. Notably, when communication becomes
the bottleneck, the actual data transfer time remains
negligible, and nearly the entire overhead arises from this
minimal initialization and finalization cost. As a result, we
observe consistently favorable scaling across all tested
values of |O|. The minimal communication overhead is
reported as an average, as it fluctuates slightly between
runs depending on the physical allocation of processes
and the topology of the interconnect network on the
computing system. At N = 2'8, the minimal communica-
tion overhead becomes sufficiently large such that main-
taining strong-scaling efficiency requires simulating more
than |O| = 10'? Pauli strings. This value approaches the
memory limits of our current hardware configuration,
rendering further increases in N ineffective under the
present setup.

Figure 3(b) shows the average wall time per quantum
gate as a function of the effective complexity |O|. Each
curve corresponds to the same circuit simulation executed
with a different number of parallel computational proc-
esses N. At early stages of the time evolution, the number
of Pauli strings is relatively small, and the wall time is
dominated by the minimal communication overhead,
which is largely independent of |O| but increases with N.
As the simulation progresses and the number of Pauli
strings grows, the computational cost associated with
updating the time-evolved operator O becomes the dom-
inant factor. In this regime, the wall time decreases
approximately linearly with N, confirming strong-scaling
behavior, as indicated by the vertical arrow. Furthermore,
the results demonstrate near-perfect weak scaling: the wall
time remains nearly constant when both |O| and N are
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increased proportionally, as indicated by the horizon-
tal arrow.

Finally, we emphasize that the scaling behavior shown
in Fig. 3 is general and does not explicitly depend on
physical details of the simulated system, such as the
number of qubits. Instead, the overall performance is
primarily dictated by the effective complexity |O|, which
is governed by the chosen truncation strategy. By contrast,
the relationship between |O| and the accuracy of the
simulation is determined by the physical characteristics
of the system under study. Ultimately, it is these system-
specific properties that determine the practical effective-
ness of our method.

IV. CONCLUSION

We have presented a large-scale, parallelized, high-
performance implementation of the ORQA formalism [27]
for simulating unitary quantum dynamics in the
Heisenberg picture, in the spirit of sparse Pauli dynamics
[13]. As a benchmark application, we simulated the kicked
Ising model on a 127-qubit heavy-hexagon geometry,
involving over 10 000 quantum gates and up to 50 circuit
layers. Our implementation tracked over 1 x 10'? Pauli
strings across 2!7 parallel processes, achieving wall times
of only a few seconds per gate, resulting in total run times
of just a few hours on the supercomputer Fugaku. This
performance highlights the scalability and numerical
efficiency of our approach. Moreover, the ORQA frame-
work is well suited for development on GPU-based
supercomputing architectures, which promises to further
accelerate performance. It also has the potential to play a
vital role in quantum-HPC hybrid workflows on emerging
quantum-centric supercomputing platforms.

We have compared our simulation results for the
magnetization (M,) at r =20 across various values of
0, with error-mitigated experimental data obtained from
the IBM Eagle processor [3]. Overall, the agreement is
satisfactory, except in the region 6, ~ 0.27—0.25z, which
coincides with the regime where different classical
simulation techniques yield divergent results, as compre-
hensively summarized in Ref. [11]. It is worth noting,
however, that our results obtained with the smallest
truncation threshold, ¢, = 107%, exhibit excellent agree-
ment across all values of 6, with those produced by a
tensor-network method based on PEPO in the Heisenberg
picture, extrapolated to infinite bond dimension [9].
While we do not claim that our results are definitive,
as systematic convergence checks with respect to ¢
remain to be performed, these comparisons suggest that
further experimental investigations, particularly in this
challenging parameter regime, would be highly valuable,
in parallel with continued advancements in classical
simulation techniques.

Moreover, we have demonstrated both weak and strong
scaling in our method, as well as a time complexity that

scales nearly linearly with the number of retained Pauli
strings. Notably, this scaling behavior is independent of the
specific physical system being simulated. The accuracy
and tractability of simulations performed using our
approach depend solely on the number of Pauli strings
that can be safely discarded without incurring significant
error. This trade-off is governed by the physical properties
of the system and the specific truncation strategy
employed. We anticipate that future efforts aimed at
tailoring truncation schemes to the structure of particular
physical problems will play a central role in further
improving both the efficiency and the scope of applicabil-
ity of our algorithm.

The method presented in this work is general and highly
versatile: it can, in principle, be applied directly to
arbitrary quantum circuits, observables, and states, irre-
spective of the system’s geometry or number of qubits.
Although not explored in the present study, our imple-
mentation can be readily extended to simulate dissipative
dynamics and imaginary-time evolution. By design, it
provides direct access to the coefficients of all retained
Pauli strings contributing to a given expectation value,
without requiring additional computational overhead.
These features establish our implementation as a powerful
and broadly applicable numerical tool for quantum many-
body physics, with potential relevance to a wide range of
problems in quantum simulation and quantum-HPC hybrid
computation.
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APPENDIX A: ALGORITHMIC DETAILS

Our parallel numerical algorithm proceeds as follows.
Each process m holds a partial representation O") of the
full operator O, such that their union reconstructs the
complete operator, as described in Eq. (6). Each O™ is

implemented as a dynamically sized list of tuples (/, OY") )s

where [ is the multi-index labeling a Pauli string and 05"”
is its corresponding coefficient. Each process sequentially
applies the gates in the quantum circuit, where each gate is
represented as a tuple (J, 8;) corresponding to the unitary
operator =91, For each gate, the process loops over the
elements (7, 05’")) of its local operator 0. If ¢, and o,
do not commute, the process registers the corresponding
updates using Eq. (5). Each process m maintains N

dynamically allocated update lists, denoted A}, one for

each process 7 < N. The local update 0\") « cos(6,)0\"
is performed immediately. The associated nonlocal update

is appended to the list A;’,’< [vy) 3sa tuple

(1 VI, (=1 sin(aj)oﬁ’”)) (A1)

where f denotes the index-distribution function defined in
Eq. (7). After all elements of O have been processed,
process m will have generated update lists A" for each r,
representing the contributions that process r must apply
due to Pauli strings originally held by m. Each process then
writes its update list A} into a remote memory window
associated with process r. Finally, each process m gathers
and applies the updates addressed to it, i.e., the union
Uf’z’ol A7, to its local operator O"). These procedures are
schematically summarized in Figs. 1(c) and 1(d). This
yields a globally consistent update to the operator O, with
contributions uniformly distributed across all N processes.
In Algorithm 1, we present the pseudocode for our
parallel method, describing the operations performed by
process m during a single layer of quantum gates. The
algorithm captures the essential structure, including the
sequence of computational and communication steps,
while omitting certain implementation-specific details.
In particular, we do not show the specifics of the truncation
strategy nor the procedure used to evaluate and broadcast
the global maximum value of |O;| across all processes. We
also omit technical aspects such as the additional commu-
nication required to allocate the appropriate buffer size for
the remote memory access (RMA) window A. The
symbols < and = are used to denote the insertion and
deletion of elements in a list or hash map, respectively.

ALGORITHM 1. Parallel ORQA Circuit Simulation.

Require: Partial operator representation O = {(I, 05"1)), -}
Require: Quantum circuit U = {(J,0,), -}
Require: Distribution map f: {0,1}*" — Ny
Require: Truncation threshold €
for (/,6;) in U do > Loop over quantum gates
Initialize update buffers: A} < @ VreNy
for (1,0\")) in 0 do
¢ < B(I,J)
if ¢ is odd then
0" cos(0,)0"
A = (I T, (=1)5 sin(0,)0)")
end if
end for
Allocate RMA windows: A!, « @ VreNy
for r in Ny do > Distribute updates
if A7 # @ then
MPI_Put A” — Al
end if
end for
for (1,8) in U, A" do
if 7 ¢ O™ then

> Loop over Paulis trings

> Calculate updates

> Apply received updates

0" « (1,6)
else

0" < o +
end if

end for
for (1,0\")) in O™ do
if |0\")] < ¢ then
om = (1,0y")
end if
end for
end for

> Truncate

APPENDIX B: HASH MAP REPRESENTATION

An essential aspect of our implementation is the choice
of data structure used to store the partial operator O, To
this end, we employ a hash map. The suitability of a given
hash map depends on several performance-critical criteria
that vary by application. In our case, the data structure
must satisfy the following three key requirements: First, it
must support efficient read, write, and erase operations,
even when managing more than 107 elements. Second, it
must incur minimal memory overhead, as memory usage
constitutes a primary bottleneck in large-scale simulations.
Third, it must provide high iteration speed, since the
algorithm loops over the entire contents of O™ twice per
quantum gate applied. While a custom-designed hash map
tailored specifically to the ORQA formalism could, in
principle, offer further performance gains, we found that
the open-source library emhash8 [33] meets all three of
the above requirements. Among the various alternatives
that we tested, emhash8 demonstrated the best overall
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performance in terms of memory efficiency, access speed,
and iteration throughput.

APPENDIX C: DISTRIBUTION MAP

The distribution map f introduced in Eq. (7) deter-
ministically assigns each Pauli string to one of the
available computational processes, with the goal of
achieving an approximately uniform distribution. A
straightforward and viable choice for f would be a
deterministic, noncryptographic hash function. However,
a more subtle yet equally significant requirement is the
sparsity of the update pattern A7'—that is, each process m
should ideally communicate with only a small subset of
other processes r, while still maintaining global load
balance. This sparsity becomes increasingly crucial at
large scales: as the number of processes grows, minimiz-
ing the total number of interprocess communication calls
becomes more significant than reducing the size of
individual messages. Standard hash functions typically
yield a uniform distribution of message sizes across all
destinations, but they also tend to produce a large
number of small messages sent to many different targets.
This pattern can congest the communication network and
introduce significant latency due to message handling
overhead. To mitigate this, we adopt a more structured,
enumeration-based scheme for f in place of a generic
hash function. Details of our mapping strategy are
described below.

Given a multi-index I, we define the distribution
map f as

211

f) = lz I(f*k)] mod N,

where n is the number of qubits, N is the number of
computational processes, and k is an integer block size
parameter chosen such that 2% is ideally close to N. Here,
1U%) denotes the jth k-bit segment of the 2n-bit multi-
index I, counted from the least significant bits (i.e., from
the right in our convention), and interpreted as an integer
(e.g., 00, =0, 01, =1, 10, =2, and 11, =3 when
k = 2). This procedure partitions / into [2n/k] blocks
of k bits, converts each block to an integer, sums the
resulting values, and applies a modulo-N reduction. This
mapping approximately distributes all possible Pauli
strings uniformly across the N processes while promoting
communication sparsity—that is, each process tends to
interact with only a small subset of other processes.

To understand this, consider the set P, ={l€
{0,1}?"|f(I) = m}, which represents all possible Pauli
strings assigned to process m. When a quantum gate
generated by o; is applied, the multi-index is updated
as I Vv J, and the new target process becomes

(ChH

24|
fIvJI)=m+ Zjﬁjf mod & mod N,
J=1

(C2)

where |J| is the number of nonidentity local Pauli
operators in ¢, and J; denotes the position of the jth
such operator in the multi-index J.

As an illustrative example, consider the four-qubit Pauli
string 6,0¢0.0,. Here, |J| = 2 since two nonidentity Pauli

operators are present: 621) and 623), counting from the

right. The full multi-index of this Pauli string is 11001100,
so that possible bit flips occur only at positions J; = 2,
J, =3,J3 =6, and J, = 7, again counting from the right
and starting from 0. In this case, the number of distinct
target processes f(IvJ) is bounded by 22Vl +1 =17
(depending on N and k), which represents a substantial
reduction compared with the N possible destinations that
would arise when using a typical hash function. Thus,
Eq. (C1) achieves sparse interprocess communication
while maintaining an approximately uniform global dis-
tribution of Pauli strings.

To demonstrate that the distribution map f produces an
overall uniform distribution of Pauli strings while main-
taining communication sparsity, we present in Fig. 4 the
ratio between the largest and smallest values of |0
across all processes, plotted as a function of the minimum
value min,,(|O"|) observed in a representative simula-
tion. When this ratio approaches unity, the distribution of
Pauli strings is considered effectively uniform. For small-
scale simulations involving on the order of 10° Pauli
strings, this ratio can reach values as high as 4, or even
higher for fewer Pauli strings, indicating some degree of
load imbalance. However, such imbalance is relevant only
in the regime of very small problem sizes and has
negligible impact on large-scale performance. As the
number of Pauli strings per process increases, the ratio

10

EER

e :

ISHSTR

H i

21 2 R

E e e e e e = = _ tu:":'i*_?-t.*xm.._
O L L L L
10 100 1000 10* 105 10° 107

FIG. 4. Uniformity of Pauli string distribution across proc-
esses. Ratio between the maximum and minimum number of
Pauli strings among all partial representations O, plotted as a
function of the minimum value min,, (|O"|). Values approach-
ing unity indicate a more uniform distribution of Pauli strings
across the parallel processes.
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consistently converges toward 1, indicating improved
load balancing. In particular, once the number of
retained Pauli strings exceeds approximately 103 per
process, the distribution becomes sufficiently uniform
for practical purposes. In large-scale scenarios, such as
simulations executed on the supercomputer Fugaku, it
is advisable to target workloads involving between 10°
and 10% Pauli strings per process. In this regime, the
distribution achieved by the distribution map f is
effectively uniform, and the associated communication
overhead becomes negligible.

Although not employed in the present study, the
uniformity of the distribution map can be further improved
by modifying the baseline distribution map f to a per-
turbed version:

gs(I) = f(I) + (h(I) mod s) mod N, (C3)
where h(I) is a deterministic, noncryptographic hash
function, and s is a small positive integer. This extension
introduces mild stochasticity into the output of f, effec-
tively randomizing the distribution while largely preserv-
ing the communication sparsity provided by the original
map. The limiting behavior of g, is well controlled: when
s = 1, we recover the original mapping g, (1) = f(I); for
s = N, the distribution approximates that of a conventional
hash function. In this work, we adopt the unperturbed
case g,(I) = f(I), which provides a favorable trade-off
between communication sparsity and implementation
simplicity. Nonetheless, choosing a small value of s > 1
may offer improved load balancing in other settings, and
exploring this direction could be valuable for future
applications.

APPENDIX D: TRUNCATION

For a given physical problem, it is generally difficult to
predict in advance how many Pauli strings must be
retained in representing the time-evolved operator to
achieve a desired level of accuracy. It is therefore essential
to employ a truncation heuristic that selectively discards
coefficients deemed negligible. Although such truncation
inevitably introduces numerical error, it is crucial for
keeping the effective complexity of the operator within
computationally tractable bounds. The overarching objec-
tive is to maximize accuracy while minimizing the number
of retained Pauli strings. We consider the development of
more advanced truncation strategies to be a promising
direction for further improving both the efficiency and
accuracy of our method. As a baseline, in this work, we
analyze the simple amplitude-based criterion defined
in Eq. (8).

However, it is a priori not clear how many Pauli strings
will be retained for a given choice of the truncation
threshold ¢,. In practice, we begin with simulations at
relatively large truncation thresholds, typically €, ~ 1073,

where only a small number of Pauli strings is retained.
These simulations are computationally inexpensive and
can be efficiently repeated for progressively smaller values
of €y, typically decreasing in orders of magnitude. This
procedure allows us to estimate the number of retained
Pauli strings for a given circuit and choice of e, and
thereby determine the required computational resources. A
more systematic approach to selecting ¢, and quantifying
its relation to the effective complexity depends on the
specific truncation strategy, which is itself heuristic. A
comprehensive study of truncation strategies and their
impact on the effective complexity of our method is a
substantial task that we leave for future work.

An interesting feature of the truncation procedure
emerges in the regime where a large number of Pauli
strings are retained: the distribution of their coefficients
begins to exhibit stochastic characteristics. As the number
of retained Pauli strings increases, the values of their
coefficients tend to form a continuous distribution. To
illustrate this behavior, we examine the normalized histo-
gram of the coefficients O; in the time-evolved operator O,
obtained from a representative simulation after ¢ circuit
layers. We refer to this histogram as the Pauli string
density, denoted D, (x), which characterizes the coefficient
distribution in the presence of truncation. To account for
the overall decay in the magnitude of O; over time, we
introduce a rescaled variable x = O;/max;|O;|. Under this
normalization, the truncation threshold in Eq. (8) corre-
sponds to a sharp cutoff at |x| = .

In Fig. 5, we present the Pauli string density D,(x) as a
function of time ¢ for a representative quantum circuit
simulation with 6, = 0.1z and a truncation threshold of
€y = 107°. At early times, the limited number of Pauli
strings is evident from the appearance of discrete, high-
density peaks in the histogram. As the simulation pro-
gresses, the number of retained Pauli strings increases, and

107> 1074 1073 1072 100! 1

t

FIG. 5. Dynamics of the Pauli string density. Normalized
histogram D,(x) of the rescaled Pauli string coefficients
x = 0;/max;|O,;| as a function of time ¢, computed for
0, = 0.1z with truncation threshold e, = 107°. The sharp cutoff
at |x| < ¢ reflects the applied truncation.
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the histogram gradually evolves into a smoother, continu-
ous distribution. A sharp cutoff appears at |x| < e,
reflecting the imposed truncation threshold. The shape
of the density distribution is governed by the dynamics of
the underlying physical system and can vary significantly
across different models. Consequently, the effectiveness of
truncation is highly sensitive to the system-specific struc-
ture of the Pauli coefficient distribution. We anticipate that
a deeper understanding of such distributions in various
physical contexts will be essential for developing more
effective and adaptive truncation strategies.

APPENDIX E: FURTHER DEMONSTRATION

For the purpose of further demonstrating the versatility
of our algorithm, we present a second example on a
smaller system size, comparing our results with MPS and

state-vector simulations. We consider the isotropic
Heisenberg model
H= JZ ol + clol) +hza§, (E1)

for which we construct a digitized (Floquet) version, i.e., a
kicked Heisenberg model, analogous to the kicked Ising
model discussed in Sec. III. Here, o, denotes the Pauli-Y
operator acting on the jth qubit. In this example, a single
time step is generated by the unitary operator

U = He—z./ax Ae—z]a 0\ e—tja o, He—ihqf’

J

(E2)

which defines the Trotterized time evolution. In both
Egs. (E1) and (E2), (i, j) denotes pairs of nearest-neighbor
qubits on a fragment of three loops of the heavy-hexagonal
lattice consisting of n = 28 qubits, as shown in Fig. 6(a).
We set the parameters to J = —h. We simulate r = 30
layers of U using our algorithm and compare the results
with  MPS simulations with bond dimensions up to
x = 4000, as well as exact state-vector calculations. For
this purpose, we consider the expectation value

(me) = (wl(U")'o;°(U) ).

where |y) = ®; |¢g;) is a product state of |0) and [I)
forming a checkerboard pattern, as shown in Fig. 6(a), with
i =0o0n white sites and ¢; = 1 on black sites. The initial

(E3)

operator 016 is located at the highlighted site at the center
of the lattice.

Figure 6(b) shows the expectation value (m,) up to
t =30 for h = 0.48 (blue), 0.44 (green), and 0.4 (red).
The solid lines correspond to the ORQA results, while the
dashed lines represent the MPS results. The brightness
of the colors indicates the numerical complexity of the

a
( ) == MPS (x =1000)
=== MPS (x =4000)
—ORQA (0] = 10%
—ORQA (0] 10"
— h =048 ¢ exact
(b) 1.0 — h=044 = exact |]
— h =04 - exact
0.8}
— 06/
g
= 04}
02} NN
0.0
0 5 10 15 20 25 30
t

FIG. 6. Comparison of ORQA and MPS simulations of the
kicked Heisenberg model defined by the Floquet unitary operator
U in Eq. (E2). (a) Fragment of the heavy-hexagonal lattice with
n = 28 qubits on which the Trotterized dynamics is simulated.
White and black circles represent qubits initialized in the |0) and
|1) states in |y), respectively. Two-qubit gates are applied in
parallel between qubits connected by bonds of the same color.
The highlighted central qubit is the site at which the initial local
magnetization .° is defined. (b) Expectation value (m,) obtained
from the ORQA (solid lines) and MPS (dashed lines) simulations
for three values of & up to t = 30. The brightness of the lines
indicates the numerical complexity, corresponding to the number
of retained Pauli strings |O] in ORQA and the bond dimension y
in MPS. Exact state-vector results are shown as black dots.

simulations, corresponding to the number of retained Pauli
strings |O| in ORQA and the bond dimension y in MPS.
For reference, results obtained from exact state-vector
simulations are shown as black dots. For & = 0.48, both
ORQA and MPS perform very well, with only the MPS
simulations at y = 1000 showing slight deviations at later
times. In contrast, for 7 =0.44 and h = 0.4, ORQA
exhibits significantly improved convergence compared
with MPS. In particular, for 4 = 0.4, MPS calculations
with a maximum bond dimension of y = 4000 still show
noticeable deviations, whereas even a smaller ORQA
simulation with approximately |O|~ 108 Pauli strings
already achieves excellent agreement with the exact
results. This demonstrates that ORQA can achieve higher
accuracy than MPS at comparable computational cost in
this regime.

We further present results of ORQA simulations of the
staggered magnetization,

) =l [ Steed | Wi, @b

J
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FIG. 7. ORQA simulations of the expectation value of the
staggered magnetization (A;) in Eq. (E4) for h = 0.44 on the
heavy-hexagonal lattice with n =28 qubits [see Fig. 6(a)].
The number of retained Pauli strings |O| ranges from 10° to 10",
as indicated by the brightness of the solid lines, corresponding to
truncation thresholds from e, = 103 down to ¢, = 1076. Exact
state-vector results are shown as black dots.

to demonstrate the capability of our method to handle
more involved initial operators. Figure 7 shows results up
to t =50, with the number of retained Pauli strings
ranging from 10° to 10", as indicated by the brightness
of the solid lines. For comparison, exact state-vector
results are also shown as black dots. Although the
staggered magnetization takes very small values at later
times, the ORQA simulations show reliable convergence
to the exact results. Notably, later times do not neces-
sarily converge more slowly than earlier times, indicating
that truncation errors do not simply accumulate over time
but instead emerge at specific times depending on the
dynamics and the truncation heuristic employed in
ORQA. This further supports the robustness of ORQA
in capturing nontrivial operator dynamics.

APPENDIX F: ERROR ANALYSIS

We validate the correctness of our algorithm by setting
the truncation threshold to €y =0 and comparing the
results with those obtained from an exact state-vector

A(M;) = ---|0|

103 t=m6m7 mg =9 m]Q Lol
1074+ 11010
1073t 1109
10°6¢ 1108
1077+ 1107
1078} 1106
1079+ 1103
-10 104

1011107191079 1078 107 1076 10~
€o

FIG. 8. Residual of the magnetization A(M,) after # time steps
as a function of the truncation threshold ¢, for the kicked Ising
model with 8, = 0.9z on a heavy-hexagonal lattice with n = 127
qubits. The residual is defined with respect to a reference
simulation using e, = 10712, Results are shown for all time
steps from ¢ = 6 (darkest color) to r = 10 (brightest color). The
data for + = 6 and ¢ = 10 are connected by solid lines to guide
the eye. For these cases, the corresponding effective complexity
|O] is also shown as dashed lines.

simulation for a tractable system size. Specifically, we
simulate the first five time steps of the same system studied
in Sec. II1, using 8, = 0.9z. During this time evolution, the
causal light cone reaches a maximum extent of 31 qubits,
as illustrated in Fig. 1(a). Theoretically, our method
becomes exact in the limit ¢y — 0. Indeed, for ¢y = 0,
we find that our results agree with the exact state-vector
simulation within numerical double-precision accuracy
(see Table I). Furthermore, even at a small but finite
truncation threshold e, = 107>, the results remain in
excellent agreement with the exact solution, as shown
in Table I. This confirms that the truncation procedure is
correctly implemented and does not introduce spurious
errors for sufficiently small values of €.

TABLE I. Magnetization (M,) for the kicked Ising model with 8, = 0.9z up to t = 5 computed using an exact
state-vector simulation and our ORQA method with truncation thresholds ¢, = 0 and ¢, = 107>, Excellent
agreement is observed for e, = 0, and the results for €, = 107> remain close to the exact values, validating the

accuracy of our implementation.

t State vector € =0 € =107

1 —0.95105651629515 —0.95105651629515 —0.95105651629515
2 0.90450849718747 0.90450849718747 0.90450849718747

3 —0.9423841865631 —0.9423841865631 —0.9423841865631

4 0.97436799430392 0.97436799430396 0.97438562148434

5 —0.95315824248959 —0.95315824248965 —0.95311531321393
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We continue this analysis and further study the same
setup up to ¢t = 10, for which exact solutions are unavail-
able. Here, we compare the residual of the magnetization
(M) obtained with a truncation threshold ¢, to that of a
reference simulation using e, = 107'2, defined as

AM,) = [(My)e, = (M) 1072 (FD)

Figure 8 shows this residual as a function of €, on a log-
log scale. The corresponding effective complexity |O| at
t =6 and ¢t = 10 is also shown as dashed lines. In these
calculations, the residual exhibits systematic convergence
as the truncation threshold ¢, is decreased. This demon-
strates that the truncation error is well controlled and can
be systematically reduced.

APPENDIX G: COMPUTATIONAL
ENVIRONMENT

The simulations presented in this work were performed
on the supercomputer Fugaku, which comprises 414 racks,
each containing 384 compute nodes, for a total of 158 976
nodes. Each node is equipped with 48 computational cores
and 32 GiB of memory. Because memory usage constitutes
a primary constraint in our implementation, we utilized
between 8 and 22 computational processes per node,
assigning one process per core. This allocation provides
each process with approximately 1-4 GiB of memory,
sufficient to store on the order of 107 Pauli strings,
including all associated memory overhead. In our largest
simulations, we employed up to 12 288 nodes, correspond-
ing to a total of up to 2'8 = 262, 144 parallel processes.
This configuration allows us to efficiently simulate oper-
ator dynamics involving more than 10'> Pauli strings
within practical wall-time limits. Remarkably, even at this
scale, only a few percent of the total wall time is spent on
interprocess communication, underscoring the scalability
and efficiency of our implementation.
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