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With rapid progress being made in the development of platforms for quantum computation, there has
been considerable interest in whether present-day and near-term devices can be used to solve problems of
relevance. A commonly cited application area is the domain of quantum chemistry. While most experimen-
tal demonstrations of quantum chemical calculations on quantum devices have focused on the ground-state
electronic energy of the system, other properties of the ground state, such as the electric dipole moment,
are also of interest. Here, we employ the quantum-computed-moments method, based on the Lanczos
cluster expansion, to estimate the dipole moment of the water molecule on an IBM Quantum supercon-
ducting quantum device. The noise-mitigated results agree with full-configuration-interaction calculations
to within 0.03 ± 0.007 D (2% ± 0.5%), compared with direct expectation-value determination (i.e., varia-
tional quantum eigensolver, VQE) with errors of the order of 0.07 D (5%), even when the VQE calculation
is performed without noise. This demonstrates that moments-based energy-estimation techniques can
be adapted to noise-robust evaluation of nonenergetic ground-state properties of chemical systems. We
emphasize that the dipole moment is chosen as an example of such a property, but the method applies to
any property determined by one- or two-body interactions.

DOI: 10.1103/y4nq-kcw1

I. INTRODUCTION

The simulation of quantum chemical systems seems
a natural application of interest for quantum comput-
ers; however, due to strict accuracy requirements and
the need for deep circuits, practical demonstrations of
quantum-computed chemistry algorithms have been lim-
ited to proof-of-principle experiments, usually employing
the variational quantum eigensolver (VQE) [1] to esti-
mate the ground-state energy of small systems. More
recently, progress has been made on the implementation of
more sophisticated ground-state energy-estimation meth-
ods in chemistry, such as those based on variations of the
quantum phase-estimation algorithm [2], imaginary-time
evolution [3,4], Hamiltonian moments [5–9], subspace
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expansion [10–12], and selected configuration interac-
tion (also known as sample-based quantum diagonaliza-
tion) [13–18]. Additionally, other properties of interest
have been computed, such as excited states and band-
structure calculations [10,12,16,19–27], vibrational modes
[28], and dipole moments [29–31]. Dipole moments and
similar properties that do not depend on excited electronic
states or motion of the atomic nuclei seem a straight-
forward extension to the ground-state energy-estimation
problem. To date, however, quantum hardware compu-
tation of these properties has been primarily restricted
to direct expectation-value determination rather than tak-
ing advantage of techniques to improve energy estimation
such as those listed above. Nonetheless, we note that the
classical description obtained through sample-based meth-
ods makes this extension straightforward, and in recent
work, Oumarou et al. [32] proposed methods to estimate
such properties through Krylov subspace diagonalization.
Additionally, while specific methods have been proposed
for the estimation of molecular-response properties [33–
36]—i.e., the response of properties such as the dipole
moment to external fields due to excitation to higher
energy states—including quantum hardware computations
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[34,36], our interest is in evaluating nonenergetic proper-
ties of the ground state in the absence of external potentials
and in improving the accuracy of results when access to the
exact ground state is infeasible.

Here, we show improvement over the direct estima-
tion of ground-state observables, using the electric dipole
moment of the water molecule as an example, through
use of the Hamiltonian moments and the quantum com-
puted moments (QCM) method [37,38], which does not
require any additional quantum circuit depth. Based on the
Lanczos-cluster-expansion framework [39–41], the noise-
robust, moments-corrected estimate uses a Hellmann-
Feynman approach [42–45] and was previously applied
to Heisenberg models in simulation [45]. Here, we extend
this by demonstrating implementation of the method using
results from an IBM superconducting quantum device
[46]. This provides verification that the moments-based
QCM method produces superior estimates for such quan-
tities compared with direct evaluation when applied to
chemical systems. In addition, we consider a number of
ways in which the Hellmann-Feynman approach can be
combined with error-mitigation techniques and investigate
their behavior in Appendix A.

Moments-based approaches are closely related to quan-
tum Krylov methods [18,47–49], with moments-based
techniques corresponding to a specific choice of the Krylov
subspace. In particular, the Lanczos cluster expansion
[39–41] correction used here essentially results in an ana-
lytic diagonalization of the subspace including approx-
imate contributions from the remainder of the Hilbert
space; however, our technique is quite different from that

proposed by Oumarou et al. [32]. Where we accept a
higher measurement cost to minimize the quantum circuit
depth, Oumarou et al. [32] use quantum signal-processing
techniques to reduce the measurement cost at the expense
of deeper circuits.

II. METHOD

A. Quantum computed moments for ground-state
energy estimation

The trial-state preparation and measurement follow the
methods outlined in previous work [8] and are summa-
rized here for completeness. The water molecule (H2O) at
equilibrium geometry (HOH bond angle, 104.5◦; symmet-
ric OH bond length, 0.96 Å) is represented in the STO-3G
basis by the second-quantized Hamiltonian

H =
Ns∑

jk

hjka†
j ak +

Ns∑

jklm

gjklma†
j a†

kalam, (1)

where Ns = 14 is the number of spin orbitals, a†
j (aj )

are the electronic creation (annihilation) operators and hjk
(gjklm) are the classically computed one-body (two-body)
integrals. The spatial orbitals are shown in Fig. 1(a), each
corresponding to a pair of spin orbitals that account for the
electronic-spin degree of freedom. Subsequently, the core
(1s) orbitals of the oxygen atom are frozen, as they do not
participate in the bonding. The resulting Hamiltonian also
follows the form of Eq. (1) with Ns = 12 spin orbitals, but
with modified values for hjk and gjklm, and an additional

(a)

(b) (c) (d)

FIG. 1. Details of the application of the method to the electric dipole moment of the water molecule. (a) The STO-3G molecular
orbitals used to represent the water molecule. (b) Due to symmetry considerations, the electric dipole moment must be aligned with the
x axis. We use the convention that the dipole moment vector points from negative to positive charge. (c) By perturbing the Hamiltonian
with the dipole operator, the Hellmann-Feynman theorem can be applied to compute the dipole moment. (d) Here, Eλ is approximated
by EL(Hλ, |ψUCCD〉), and the finite-difference method is employed to estimate the derivative. Note that the trial state |ψtrial〉 = |ψUCCD〉
is independent of λ, allowing for reuse of the same quantum measurements and thereby reducing the effects of stochastic error. The
parameter � is the step size used for the finite-difference method.
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constant term. The Hamiltonian moment operators, Hp

for p ∈ {1, 2, 3, 4}, are determined using Wick’s theorem
to simplify products of creation and annihilation opera-
tors, bringing the creation and annihilation operators into
normal order. Each of these moment operators is then
reduced to an eight-spin-orbital operator by freezing two
additional orbitals (predominantly the oxygen 2s and 2pz
orbitals, where z is the axis perpendicular to the plane of
the molecule). As a result, these orbitals are not directly
simulated by the quantum device but are incorporated by
the moments-based correction. The remaining eight spin
orbitals are each mapped to a qubit via the Jordan-Wigner
encoding [50] and a selected unitary coupled cluster dou-
bles (UCCD, [51]) trial state, |ψUCCD〉, is constructed as a
variational wave function that is measured in 200 differ-
ent bases (25 000 measurements each) using readout-error
mitigation [52] (performed by preparing and measuring
known computational basis states to calibrate the measure-
ment statistics) and symmetry verification [53] (discarding
results that do not agree with the known total spin and
spin-projection values) to construct the four-body reduced
density matrix (RDM). Since there are only four electrons
remaining in the active space, the 4-RDM is sufficient to
evaluate all relevant operators. The RDM is then rescaled
[54] to enforce the correct trace. The circuit used to pre-
pare the trial state has eight qubits, 22 two-qubit gates and
a depth of 25 gates. Each measurement basis requires a dif-
ferent configuration of additional one- and two-qubit gates.
Further details are given in Appendix B.

In our previous work [8], the Hamiltonian moments for
the water molecule were evaluated from the 4-RDM for
both the trial state and the Hartree-Fock reference state,
|ψHF〉, with the latter used to mitigate noise in the former
by assuming a depolarizing noise model [55],

Tr(ρnoisyHp) = (1 − qp)Tr(ρexactHp)− qpTr(ρmixedHp).
(2)

Using the reference state, which has an efficiently com-
puted classical description, ρexact

HF , the effective noise level,
qp , of the circuit can be found for each moment, and
Eq. (2) can be inverted to correct the noisy trial-state result
[56,57].

The moments are then combined in an analytic for-
mula derived from the cluster expansion of the Lanczos
recursion [39], which sums all Lanczos coefficients (trun-
cated to fourth order in the moments) to obtain a corrected
ground-state energy estimate, EL [40,41],

EL ≡ c1 − c2
2

c2
3 − c2c4

(√
3c2

3 − 2c2c4 − c3

)
,

cp = 〈Hp〉 −
p−2∑

j =0

(
p − 1

j

)
cj +1〈Hp−1−j 〉.

(3)

We note that quantum computation of Hamiltonian
moments has also been considered in other con-
texts [5], most notably in relation to the connected-
moments expansion [7,58–62]; however, the combina-
tion of error-mitigation and moments-based correction
described here was seen to work well, giving ground-
state energy estimates within millihartree accuracy of the
full-configuration interaction (FCI) result [8]. Here, we
aim to reproduce this accuracy for nonenergy observables
(namely the electric dipole moment).

B. Quantum computed moments for arbitrary
ground-state observable estimation

To estimate ground-state observables via the Hellmann-
Feynman theorem in the context of moments-based meth-
ods [42,43,45], consider the modified Hamiltonian

Hλ ≡ H + λμ, (4)

where λ is a real scalar and μ is the observable of interest.
For concreteness, let μ = μx be the x component of the
electric dipole moment operator [the only component with
nonvanishing expectation value by symmetry; Fig. 1(b)],

μ =
Ns∑

jk

fjka†
j ak, (5)

where fjk are classically computed integrals. Let |�λ〉
be the ground state of Hλ with energy Eλ. Then, the
Hellmann-Feynman theorem states

∂Eλ
∂λ

= 〈�λ|μ|�λ〉, (6)

and evaluating at λ = 0 gives expectation values with
respect to the ground state of the unmodified Hamiltonian

∂Eλ
∂λ

∣∣∣∣
λ=0

= 〈�0|μ|�0〉 ≡ μ0. (7)

While the Hellmann-Feynman theorem also holds for
states other than energy eigenstates, subject to conditions
on the energy derivative with respect to trial-state param-
eters, here, the formulation in terms of the ground state is
sufficient, as we aim to estimate nonenergetic ground-state
properties [right-hand side of Eq. (7)] from approximations
to the ground-state energy [left-hand side of Eq. (7)]. The
applicability of various forms of the Hellmann-Feynman
theorem is a much-studied topic [63,64].
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To approximate the derivative, we can employ the finite-
difference method [Fig. 1(d)], resulting in the approxima-
tion

μ0 ≈ 1
2�

(E� − E−�) . (8)

Further, using the moments-based correction to improve
the evaluation of E±�, and therefore the estimation of
the dipole moment relative to the standard variational
estimate, gives

μ0 ≈ 1
2�

[EL(λ = �)− EL(λ = −�)] . (9)

Note that the notation used here is that λ is a variable
(with respect to which we would like to take the deriva-
tive) while ±� is the value assigned to λ to compute the
finite-difference approximation to the derivative.

When performing finite-difference computations on a
quantum device, often, the accuracy of the difference for-
mula is severely limited by stochastic (sampling) noise;
however, in this case, the parameter with respect to
which the derivative is taken, λ, appears in postprocess-
ing rather than in the quantum computation, which allows
reuse of the quantum output for both λ = ±� values and
vastly reduces the accumulation of stochastic noise. In the
absence of the moments-based correction, reusing the trial
state in this way effectively assumes that the ground state is
independent of the change in the Hamiltonian, leading to
systematic errors due to the neglect of the wave-function
response terms. If the response terms are ignored com-
pletely and expectation values are taken at λ = ±�, then
the estimate of the dipole moment is simply the expecta-
tion value of the dipole operator with respect to the trial
state,

〈ψtrial|μ|ψtrial〉

= 〈ψtrial|H�|ψtrial〉 − 〈ψtrial|H−�|ψtrial〉
2�

. (10)

Although Eq. (10) holds exactly (since the modified
Hamiltonian is linear in λ, there is no error due to the finite-
difference method), it is not practically useful, as the costs
of evaluating the left- and right-hand sides are roughly
equal. Additionally, the dipole-moment estimate obtained
is the expectation value with respect to the trial state, rather
than the ground state, so systematically approaching the
ground-state expectation value requires improving the trial
state, leading to additional quantum gates and therefore
increased noise.

The Hellmann-Feynman theorem may be of practical
use in cases where we have access to approximate ground-
state energies but not to the corresponding state. This is
the case for a number of ground-state energy-estimation

techniques such as the moments-based correction [42]. In
this case, the estimates are able to incorporate additional
information from the Hamiltonian to circumvent the limit
imposed by the trial state, effectively incorporating some of
the wave-function response and improving on the dipole-
moment estimate. We denote the dipole-moment estimate
computed this way using the moments-based correction,
EL, as μL(�, |ψ〉), so the final expression used for the
dipole-moment estimation in this work is

μ0 ≈ μL(�, |ψtrial〉)

≡ 1
2�

[EL(�, |ψtrial〉)− EL(−�, |ψtrial〉)] . (11)

Figure 2 outlines three methods for calculating the
reference-state calibrated moments from the reduced den-
sity matrix. The first of these (method A) we term de novo
moments, as each time � is adjusted (e.g., to test for con-
vergence to the� → 0 limit), the classical computation of
the moments must begin anew, though the quantum com-
putation need not be repeated. To minimize the required
classical computation, we can instead express Hp

λ analyti-
cally as a polynomial in λ and compute the operator-valued
coefficients (methods B and C in Fig. 2). This allows
evaluation of the moments-corrected ground-state energy
estimate for many values of � with minimal additional
processing; however, as indicated in Fig. 2, we apply
the reference-state calibration to the modified moments,
〈Hp

λ〉. We term this method “postmitigated moments,” as
the reference-state error mitigation is performed after con-
struction of the modified moments (method B). In contrast
to applying the reference-state calibration to the coef-
ficients, 〈H〉, 〈μ〉 etc. (method C), we find this to be
more stable to noise. We refer to method C as the “pre-
mitigated moments” method because reference-state error
mitigation is performed before construction of the mod-
ified moments. Further investigation of the adverse error
propagation is given in Appendix A. Based on the noise
analysis, Appendix A also introduces methods D and E,
which we refer to as “truncated postmitigated moments”
and “truncated premitigated moments,” respectively, and
which correspond to discarding higher-order dependencies
on �.

We note that there are many improvements and adapta-
tions that can be made to VQE to improve its accuracy
and/or reduce the quantum computational cost, and we
expect many of these to be compatible with the moments-
based methods for energy and nonenergetic property esti-
mation. Such techniques could include explicit correlation
methods [65–70], Hamiltonian factorization and down-
folding schemes [71–80], specific basis choices or the
use of basis-set-free methods [81–83], and/or perturbative
techniques [84,85].

We also note that the major computational bottlenecks
of the method presented here are the required number of
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Estimation of modified moments, using 〈H2
Δ〉 as an example

Compute: H2, Hμ, μ2

Evaluate:
〈H2〉, 〈{H, μ}〉, 〈μ2〉

Assign: λ = Δ

Compute: 〈H2
Δ〉 =

〈H2〉 + Δ〈{H, μ}〉 + Δ2〈μ2〉

Error mitigate: 〈H2
Δ〉

Assign: λ = Δ

Simplify: HΔ = H + Δμ

Compute: H2
Δ

Evaluate: 〈H2
Δ〉

Error mitigate: 〈H2
Δ〉

Compute: H2, Hμ, μ2

Evaluate:
〈H2〉, 〈{H, μ}〉, 〈μ2〉

Error mitigate:
〈H2〉, 〈{H, μ}〉, 〈μ2〉

Assign: λ = Δ

Compute: 〈H2
Δ〉 =

〈H2〉 + Δ〈{H, μ}〉 + Δ2〈μ2〉

Method A
(de novo moments):

Method B
(postmitigated moments):

Method C
(premitigated moments):

Expensive when computing
many values of λ Method of choice

Unpredictable in the
presence of noise

FIG. 2. Three methods for evaluating the second moment, 〈H2
�〉. The computational bottleneck is the implementation of Wick’s

theorem to multiply the fermionic operators (red boxes). Performing these steps in a way that is independent of � (methods B and C)
allows for much more efficient evaluation of 〈H2

�〉 at many values of λ because steps prior to assigning a value of λ (above the blue
boxes) do not need to be repeated; however, for certain values of λ, method C was seen to be unstable to errors from the quantum
computation (see Appendix A). Note that 〈{H,μ}〉 ≡ 〈Hμ+ μH〉 = 2Re〈Hμ〉. The methods may be generalized to evaluate 〈Hp

�〉.

quantum measurements and the necessary classical pre-
computation. In computing the pth-order moment operator
Hp , there are N 4p

s products of excitations that need to be
considered for Ns spin orbitals, given that there are Ns spin
orbitals and therefore N 4

s terms in the electronic Hamilto-
nian. While this is clearly challenging for large systems, it
can be circumvented by methods that encode the Hamilto-
nian directly into the quantum circuit [86–89], as opposed
to the term-by-term evaluation used here, to allow imple-
mentation on current noisy hardware. These circuit-based
methods may also be able to reduce the shot requirement;
however, they require circuit depths that are beyond cur-
rent quantum hardware and so are better suited to the
fault-tolerant or early-fault-tolerant regimes. Additionally,
the Hamiltonian cannot be varied in postprocessing, as it is
encoded directly into the quantum circuit; this would likely
result in a loss of robustness in the finite-differencing step
used to estimate nonenergetic properties, as the stochas-
tic (sampling) errors on each side of the finite difference
would be independent. Whether there exists a “best of
both” solution that reduces the preprocessing and the num-
ber of shots while avoiding amplification of stochastic
noise in the finite difference step remains an open question.

III. RESULTS AND DISCUSSION

The results of the dipole-moment calculation are shown
in Fig. 3. With the moments-based correction, the UCCD
trial-state results from ibm_torino (blue dash-dotted line)
reproduce statevector simulation results (green dash-dotted
line) to within 1 standard deviation (shaded area, deter-
mined from 100 bootstrapping samples) for small values
of �, i.e., in the region of interest. On the other hand,
direct evaluation of the expectation value (blue dotted line)
fails to reproduce the statevector simulation results (green
dotted line) [90]. In addition to the moments-corrected μL
being closer to the target FCI value, its variance is also
notably smaller than that of the expectation value, 〈μ〉,
demonstrating that the observed error-robustness property
[38] of the moments-based energy correction transfers to
the evaluation of nonenergetic properties.

We note that the expectation values, 〈μ〉, appear to
be completely independent of �, as expected, since the
finite-difference error vanishes when the function is linear
as in Eq. (10). In truth, there is a very slight � depen-
dence in the error-mitigated (blue dotted) results, since
the postmitigated moments method assigns λ = � prior
to reference-state calibration, leading to an approximation
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FIG. 3. Results of evaluating the dipole moment using statevector simulation (green) and quantum hardware (blue) compared with
the FCI result (black). The dash-dotted and dotted lines indicate the results from the UCCD state with and without the moments-based
correction, respectively. The shaded regions represent 1 standard deviation (determined by 100 bootstrapping samples). Note that as
� varies, the approximation is calculated from the same data from the quantum device (or simulator), postprocessed using different
values of �. Dashed and solid lines show the results for the Hartree-Fock reference state with and without the moments correction,
respectively. Since the Hartree-Fock state is used to correct the quantum hardware results, the hardware results for the Hartree-Fock
state exactly match the statevector simulation and are not shown. The finite-difference error vanishes in the limit � → 0; the results
for larger � values are plotted to demonstrate the convergence of μL.

to the truly linear behavior of the statevector simulation;
however, the difference between � = 0 and � → ∞ is
only 3.7 mD. On the other hand, EL(Hλ, |ψ〉) is highly
nonlinear, leading to a � dependence in its approximate
derivative μL.

While the percentage error in μL (1.7%) is smaller than
that of 〈μ〉 (8.7%), these are both much larger than the per-
centage error in the energy estimation (0.05% and 1.2% for
EL and 〈H〉, respectively). This is to be expected because
for small rotations, dθ , away from the true ground state,
the changes in the observables are

d〈H〉θ = O(dθ2),

d〈μ〉θ = O(dθ), (12)

where the O(dθ) term in the energy change vanishes since
the trial state is near a minimum. The same arguments
hold for the changes in the moments d〈Hp〉 = O(dθ2) and
modified moments d〈Hp

λ〉 = O(dθ).
It is also possible that the reason the percentage error

in the dipole operator is larger than that of the energy is
that, despite having fewer terms in Eq. (5) compared with
Eq. (1), the Hamiltonian is dominated by diagonal terms,
in particular the one-body terms, gjj ; in contrast, for the
dipole, there is also a significant contribution from the off-
diagonal terms, fjk. Since the off-diagonal elements of the
reference-state RDM and the mixed-state RDM are the
same,

Tr(ρexact
HF a†

j ak) = Tr(ρmixeda†
j ak) = 0, j 
= k, (13)

they cannot be corrected directly using the reference-state
error mitigation because Eq. (2) does not have a unique

solution for q. For this reason, the noise calibration is
applied to 〈Hp

�〉 instead of to the individual RDM ele-
ments, which allows errors in the off-diagonal elements
to be corrected indirectly, essentially by assuming that the
correct q value is related to the error level in the diago-
nal elements; however, a more effective method to correct
these off-diagonal elements might be to use reference states
that have nonzero off-diagonal terms.

IV. CONCLUSION

While ground-state energies are important in the appli-
cation of quantum algorithms to quantum chemistry, it
is also important to be able to evaluate other chemical
properties in an accurate, noise-robust way. In contrast to
previous results that evaluate expectation values, we have
demonstrated that moments-based ground-state energy
corrections can be adapted to evaluate such properties
(using the electric dipole moment of the water molecule
as an example) using the Hellmann-Feynman theorem,
and that such a method transfers the inherent accuracy
and noise-robustness of the corrected energy value to the
quantity of interest. These observations broaden the poten-
tial range of applications in chemistry to which quantum
devices could provide a potential advantage over classical
computation.
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APPENDIX A: ESTIMATING MODIFIED
MOMENTS IN THE PRESENCE OF NOISE

1. Noise analysis of the premitigated-moments method

In Fig. 2, we asserted that the premitigated-moments
method (method C) was unsuitable due to its unpredictable
behavior in mitigating quantum noise. Here, we will inves-
tigate this behavior in more detail. To do this, we will begin
at the point where the pre- and postmitigated methods
diverge, that is, with the error mitigation of the coeffi-
cients, 〈H〉, 〈μ〉, 〈Hμ〉, etc. Figure 4 shows the application
of the reference-state error-mitigation technique to these

coefficients. Notably, the coefficients that are quadratic in
the dipole operator, μ, are mitigated poorly. In fact, for
quadratic and quartic operators, the noisy measurements
drift away from the maximally mixed state compared with
their noiseless values. This suggests that the white-noise
model used in the mitigation does not accurately character-
ize the behavior of the device, though it works reasonably
well for the unmodified moments. We note that the quartic
term is still mitigated reasonably well since the Hartree-
Fock (HF) and UCCD expectation values are close to each
other, relative to the operator norm.

While the fractional errors in Fig. 4 appear to depend
only on the order in μ, there is small variation between
terms that is not visible on the scale presented. The
final error levels for the UCCD state after mitigation
are approximately −0.1% ± 0.3% for terms independent
of μ, −2.0% ± 1.5% for linear terms, 20%–30% ± 4%
for the quadratic terms, −1.3% ± 1.7% for cubic terms
and 2.6% ± 2.9% for the quartic term. The error in the
final moments-corrected dipole-moment estimate (where
the statevector simulation and mixed state are defined as
0% and 100% error, respectively) is about 0.1%–0.3% ±
0.2–0.3%, depending on the method.

Noting that the error mitigation works well for terms that
are constant or linear in μ, and that the dependency on �
and μ matches, the dipole-moment estimation should be
reasonable in the region �2 � �. This is observed in Fig.
5, which presents the same results as Fig. 3 in addition
to the equivalent results from method C and another two
methods (D and E) outlined below.

FIG. 4. Effectiveness of reference-state error mitigation for the premitigated-moments method. The known correction required for
the Hartree-Fock state (solid lines) is used to correct the UCCD-state results (dotted lines), in both cases, the red and blue lines indicate
unmitigated and mitigated results, respectively. There is no uncertainty in the mitigated Hartree-Fock-state values, as these are the
classically efficient baseline used for the calibration. The errors have been normalized so that the maximally mixed state gives an error
of 1. While most of the coefficients have errors of the order of a few percent, the terms quadratic in μ all have errors of at least 20% due
to the breakdown of the noise model. Note that here, “unmitigated” means no reference-state error mitigation; other error-mitigation
techniques have been applied.
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FIG. 5. Final estimates of μ0 using methods B–E. In each case, the moments-based estimate (blue dash-dotted line) converges
(in the � → 0) limit to the statevector result (green dash-dotted line). The blue and green dotted lines indicate the application of
the Hellmann-Feynman theorem without the moments correction for mitigated data and statevector simulation, respectively. Results
from the Hartree-Fock state are shown in dashed (solid) green with (without) the moments correction. Note that dotted lines indicate
UCCD results and dashes represent the moments correction, so dash-dotted lines correspond to both. The colors indicate the backend
(hardware or simulator). The left (right) column plots correspond to postmitigated (premitigated) methods and the top (bottom) row to
untruncated (truncated) methods.

In method B, the error mitigation is not applied
directly to 〈μ2〉 and is instead applied to 〈H2

�〉 = 〈H2 +
�{H,μ} +�2μ2〉, where the correction is dominated by
the lower-order terms in �, so the effects of the noise
model failing are less pronounced. If we consider the
action of the reference-state error mitigation to be some
nonlinear function f , then the different results between
methods B and C are simply a manifestation of this
nonlinearity:

f (〈H〉 +�〈μ〉) 
= f (〈H〉)+�f (〈μ〉) . (A1)

It is also curious that in the large-� limit, the estimate
from premitigation converges to 〈μ〉. Examining this, we
find that the component of Eq. (3) inside the square root
becomes negative [92] for |�| � 0.01. Since the imaginary
part is discarded, the resulting correction term will have the
form −c3/(c2

3 − c2c4). In this case, we also see that due
to noise, c4 is an order of magnitude larger than c2 or c3
for |�| � 0.04, causing the correction term to vanish and
the estimates to converge to the naive expectation-value
estimate. Additionally, discarding the imaginary compo-
nent results in a discontinuity in the gradient of EL. This
forms a pair of sharp peaks in Fig. 6, and using points

near these in the finite-difference approximation leads to
the spike observed in Fig. 5.

2. Truncation of higher-order terms

Since the error is predominantly introduced via the
quadratic and, to a lesser extent, higher-order terms, we
could also consider simply discarding these terms. Because
the region of interest is the limit as� → 0, this should not
affect the final estimate too much. Running two methods,
methods D and E, corresponding to truncation of meth-
ods B and C, respectively, we find that these converge to
within 0.1 mD of the untruncated versions at � = 0.02
and expect that the remaining discrepancy will vanish as
� approaches zero. Table I summarizes the differences
between methods A–E.

We note in Fig. 5 that the truncation in methods D and
E affects not only the quantum hardware results but also
the classical simulation values. Due to the truncation of
the noisy higher-order terms, we find that method E per-
forms much better than method C, while method D offers
only a minimal reduction in variance over method B due
to method B’s much more stable behavior in comparison
with method C. We note that if it was the linear terms that
had mitigated poorly, then the truncated methods would
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FIG. 6. Estimation of EL as a function of � through methods B–E. The error-mitigated results from ibm_torino (blue) match the
statevector results (green) closely for methods B, D, and E, but method C is too sensitive to noise in the higher-order terms in �.
The left (right) column plots correspond to postmitigated (premitigated) methods and the top (bottom) row to untruncated (truncated)
methods.

not be likely to grant any improvement in noise resilience,
though method B may still be able to succeed, provided
that the constant terms are not too noisy.

APPENDIX B: QUANTUM COMPUTATIONAL
DETAILS

The quantum computational details—i.e., the trial-state
design, the measurement scheme, and the method for
extracting operators from reduced density matrices—were

presented in prior work [8]. To keep this work self-
contained, they are summarized below.

1. Trial-state design

To limit the quantum circuit depth, the trial circuit
involves only the four double-excitation operators with the
largest contribution to the true ground state. The qubit-
to-spin-orbital ordering is selected in such a way that the
number of operations required to implement these exci-
tations is minimized and single excitations are excluded

TABLE I. Brief summary and comparison of moments-corrected dipole-moment estimation methods through the Hellmann-Feynman
theorem. The key difference between methods A–C is at what stage the finite difference step-size � is converted from a symbolic
parameter to a numeric one. Note that the approximations introduced by methods D and E converge in the same limit in which the
finite-difference approximation to the Hellmann-Feynman theorem (present in all methods) does.

Method Description Features

A � is numeric throughout Faster for a single choice of � but need to start over each
time � is changed

B � is symbolic for moment-operator computation and
numeric for error calibration

Changing � requires the (classical) error calibration to be
repeated, but not the moment-operator computation

C � is symbolic throughout Changing � is trivial, simple substitution into a formula;
more prone to errors

D Analogous to B, but moment operators are approximated Slightly lower cost and very slightly lower variance for
small �

E Analogous to C, but moment operators are approximated Slightly lower cost and much lower variance for small �
(relative to C)
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FIG. 7. Structure of the UCCD circuit used to prepare the trial state. The optimized parameters found were (θ0, θ1, θ2) =
(−0.051π , −0.029π , 0.032π), and the corresponding Hamiltonian is available in the supporting data [91]. The state preparation is
followed by basis-rotation circuits to allow measurement of the required operators as described in Sec. B 2.

because they contribute less than the double excitations
for the specific Hamiltonian in question. This results in
a trial circuit with three variational parameters that are
optimized using the simultaneous perturbation stochastic
approximation minimizer and classical statevector simula-
tion. The stochastic optimization was run five times and
found to converge to the same minimum after about 50–60
iterations in each case. The trial-circuit structure is given
in Fig. 7.

2. Measurement of reduced density matrices

Instead of converting the fermionic operators to be mea-
sured into Paulis using the Jordan-Wigner transform, the
operators are decomposed into sums of products of the real
and imaginary components of single-excitation operators,

e.g., for real-valued spin orbitals,
〈
a†

j a†
kalam

〉
= −

〈
Re

(
a†

j al

)
Re

(
a†

kam

)〉

+
〈
Im

(
a†

j al

)
Im

(
a†

kam

)〉
. (B1)

Each real or imaginary component can then be measured
by the circuits given in Fig. 8; the resulting eigenvalues for
each factor in the product are multiplied and averaged over
many shots. Each term in the summation is averaged sepa-
rately, and the averages are summed. One advantage of this
measurement method is that it can allow symmetry verifi-
cation based on the known charge and spin of the molecule.
Additionally, the number of qubits involved in each mea-
surement scales with the order of the excitation instead of

(a)

(c) (d)

(b)

FIG. 8. Circuits used to measure the (a) real and (b) imaginary parts of a single excitation operator a†
j ak and (c) the number operator

a†
j aj . (d) The fermionic swap operator is used to reorder qubits when |j − k| > 1.
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with the separation between the orbitals; i.e., it avoids the
long Z-Pauli strings present in the straightforward Jordan-
Wigner transform. This can potentially reduce the effect
of measurement errors and allows for more trivially com-
muting bases that can be measured simultaneously. It is
noted, however, that the fermionic swap network required
to reorder the measurements introduces a linear overhead
in additional circuit depth. More details can be found in
Ref. [8].

3. Computation of operators from reduced density
matrices

To compute the 4-RDM, all relevant (i.e., spin-
preserving) four-body excitations of the form

Rk1k2k3k4
j1j2j3j4 = 〈a†

j1a†
j2a†

j3a†
j4ak1ak2ak3ak4〉 (B2)

are measured using the method described above. Lower-
order excitations can then be computed from the RDMs
using

Rk1...kp
j1...jp = 1

Ne − p

∑

l

Rk1...kp l
j1...jp l . (B3)
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