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We investigate the impact of missing input data on the construction of second-generation time-delay-
interferometry (TDI) variables, which enable data analysis for the Laser Interferometer Space Antenna
(LISA). TDI relies on the introduction of precise time delays into the raw interferometric data streams
before they are combined to suppress otherwise dominant laser phase noise. We show that a single missing
sample, corresponding to 0.25 s of data, will result in an effective data gap of approximately 90 s in the
second-generation TDI output if further measures are not taken. This additional gap is largely independent
of the initial gap duration, but it increases linearly with the order of the fractional-delay filter used for the
computations. For a realistic gap scenario, incorporating both planned and unplanned data interruptions
consistent with a target duty cycle of approximately 84%, we find that frequent, short-duration gaps (e.g.,
a total of 1000 per year, each of which has a duration of approximately 100 s) could result in an additional
loss in the TDI variables of about one day per year, corresponding to a reduction of approximately 0.3%
in duty cycle. This amounts to a loss of approximately one day of LISA data suitable for the global fit per

year.
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L. INTRODUCTION

The Laser Interferometer Space Antenna (LISA) is a
European Space Agency-led space-based gravitational-
wave (GW) observatory with the goal of observing astro-
physical gravitational waves at frequencies between 0.1
mHz and 1 Hz [1]. Unlike ground-based detectors, LISA
is expected to be signal dominated, observing a multitude
of GWs that overlap in both time and frequency [2,3]. Cur-
rent GW-inference techniques for LISA are not designed
to operate directly on the raw phasemeter data; instead,
they take preprocessed data from an initial noise-reduction
pipeline that transforms the raw phasemeter measurements
into calibrated data streams suitable for analysis [4]. This
is due to the dominance of laser frequency noise—arising
both from intrinsic laser instability and arm-length varia-
tions—which exceeds the (GW) astrophysical signal by 8
to 9 orders of magnitude in amplitude. In contrast, ground-
based GW detectors such as LIGO, VIRGO, and KAGRA
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are able to suppress laser noise almost perfectly by con-
structing near-equal-arm interferometers [5,6]. LISA oper-
ates as a formation-flying constellation in space, with three
spacecraft arranged in an approximately equilateral trian-
gle that trails Earth in a heliocentric orbit inclined by 60° to
the ecliptic [1]. While the nominal arm lengths are approx-
imately 2.5 x 10% km, they are neither equal nor constant
over the mission lifetime. As a result, LISA cannot adopt
a traditional equal-arm Michelson interferometer design.
To address this, LISA employs time-delay interferome-
try (TDI), a technique that synthesizes virtual equal-arm
interferometers by appropriately time shifting and linearly
combining measurements taken along different arms. This
process effectively suppresses the laser frequency noise to
levels compatible with GW science objectives [7—11].
Each LISA spacecraft (S/C) hosts two moving optical
subassemblies (MOSAs), and each of these carries an opti-
cal bench (OB) equipped with three distinct interferome-
ters (IFOs): (i) an intersatellite IFO (sci), (ii) a test-mass
IFO (tmi), and (iii) a reference IFO (ref) [1]. The test-mass
IFO measures subnanometer fluctuations in the displace-
ment between the OB and its associated free-falling test
mass, which provides a local inertial reference. The inter-
satellite IFO interferes the incoming light from a remote
spacecraft with locally generated laser light, measuring the
relative optical path length between the distant OB and the
local OB. Finally, the reference interferometer combines
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FIG. 1. LISA’s measurement system, adapted from [16] with
support from O. Hartwig. This schematic shows how each space-
craft uses three main interferometers (IFOs) to detect GWs. The
interspacecraft [FO (ISI) captures the GW signal, buried within
much louder noise, primarily from laser frequency fluctuations.
The other two IFOs, the reference and test-mass IFOs (RFI and
TMI, respectively), help remove noise due to spacecraft motion
and reduce the number of lasers from six to three. Addition-
ally, clock sidebands and pseudorandom noise codes correct for
timing and laser noise, while the differential wavefront sensing
measures beam angles to minimize the effects of angular jitter.

the laser from the adjacent OB with the local laser. Its
main purpose is to simplify the LISA measurement chain
by comparing the six lasers via optical fibers, effectively
reducing them to three [12]. These give a total of 18 inter-
ferometric phasemeter measurements. In total, however,
the full raw phasemeter data has 66 channels—including
clock sidebands and measured pseudoranges (MPRs) com-
prising the interspacecraft distance plus clock offset and
ranging noises—that are needed to fully correct for timing
and laser noise. Additional differential wavefront sensors
measure the laser beam angles, and these are used to
minimize the effects of angular jitter [13—15]. All these
measurements are sampled at 4 Hz before transmission to
Earth, and they are summarized in Fig. 1.

Given the complexity of the LISA instrument and oper-
ations [17], data artifacts are to be expected [18,19]. Here,
we will focus on the impact of missing data (that is, data
gaps) potentially due to corrupted data that is removed
having been rendered unsuitable for further analysis. The
gap patterns considered in later sections of our study rep-
resent plausible scenarios that incorporate both scheduled
short-term interruptions and unscheduled long-term data
gaps.

Scheduled short gaps are expected when scientific
measurements are temporarily disrupted by operational
activities. For instance, these may occur during the peri-
odic repositioning of the high-gain antenna to maintain
Earth communication, or during adjustments made by the
point-ahead angle mechanism (PAAM) to correctly align
laser links. Although not strictly periodic, such gaps are

anticipated to recur with near-regular frequency. Their
duration may vary: antenna-related gaps could last a few
hours and occur approximately every two weeks (medium-
duration gap), while PAAM-related gaps are expected to be
shorter—typically under 100 s—occurring a few times per
day.

In contrast, unscheduled long-duration interruptions are
random and typically arise from unexpected anomalies.
These may include events such as system failures requir-
ing recovery procedures, similar to those encountered in
LISA Pathfinder, or impacts from micrometeoroids. In
the scenario adopted here, we assume that several such
events may occur annually, each lasting anywhere from 1
to 3 days.

Routine maintenance, as well as periods of partial or
complete data loss, is also expected. The nature and fre-
quency of planned gaps will depend on the finalized design
and operational strategy of the spacecraft and instruments.

To the authors’ best knowledge, all existing studies on
the impact of data gaps [18—24] have focused on signal
recovery from postprocessed gapped TDI observables, i.e.,
after the suppression of laser frequency noise, and none
have examined the effects of missing phasemeter data on
TDI itself. The goal of this work is to investigate how
data gaps that are present in the scientific telemetry vari-
ables propagate through the initial noise-reduction pipeline
and affect the construction of the final TDI observables.
In particular, we aim to quantify the “augmentation” of
gaps: the increase in missing or invalid samples caused
by the propagation of data gaps through intermediate pro-
cessing steps. Understanding this compounding data loss
is essential for ensuring that downstream stages of the
LISA analysis pipeline, including parameter estimation
and source population inference, are based on maximally
preserved and well-characterized datasets. The global fit
for LISA aims to jointly recover both gravitational-wave
sources and the underlying noise properties [25—28]. Accu-
rate noise modeling is crucial since likelihood functions
such as the Whittle likelihood [29] rely on assumptions
of stationary, Gaussian, and circulant noise. Under these
conditions, the Fourier transform diagonalizes the noise
covariance, enabling efficient likelihood evaluation; how-
ever, real LISA data include effects like data gaps [30,31]
and noncirculant (Toeplitz-like) noise, making the Whittle
likelihood only an approximation. Mischaracterizing the
noise can bias parameter estimation [19], so it is essential
to carefully track and understand noise contributions from
raw spacecraft measurements through to TDI variables and
the global-fit likelihood. The results presented here aim to
inform future strategies for telemetry management and gap
mitigation.

The remainder of this paper is organized as follows. In
Sec. II, we give a brief discussion of TDI in Sec. [T A and
the Lagrange-interpolation methods used to compute frac-
tional delays in Sec. IIB. Section III contains our main
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analytical results. Specifically, in Sec. III A, we discuss our
analytical treatment of missing data and gaps; we compute
the widening of the gaps in the intermediary variables in
Sec. I1I B and in the TDI variables in Sec. III C. Our analyt-
ical results are supported via Appendices A—C. Our results
are presented in Sec. IV. In Sec. IV A, we numerically ver-
ify our analytical results in Fig. 2. To conclude, we then
perform full LISA-like simulations in Secs. [V B and [V C
to understand (1) the duty cycle of the LISA mission and
(2) the overall loss of data in a four-year LISA-like simu-
lation due to TDI postprocessing on missing data. Finally,
throughout our work, we will follow the conventions of
PYTDI and LISAINSTRUMENT [32,33].

II. TIME-DELAY INTERFEROMETRY

To extract GW signals from LISA’s interferometric
data, it is essential to construct intermediate observables
that suppress the most dominant noise sources [e.g., space-
craft motion (jitter) and laser frequency noise] to ulti-
mately reduce the number of effective lasers from six to
three. This is achieved through the derivation of intermedi-
ary variables, starting from the basic interferometric mea-
surements collected onboard the spacecraft. Since there is
already a plethora of material in the literature regarding
TDI, we will report only a brief summary that is rele-
vant for the overall scope of this work. On this subject,
we will not describe all instrumental noise sources that
are both well-characterized and measurable. This includes,
for example, the optical tilt-to-length coupling induced by
spacecraft motion and clock noise (see Refs. [34-36]).
Residual noise sources refers to additional sources of noise
that cannot be mitigated by the initial noise-reduction
pipeline. We can group these residual noise sources into
two main types: a test-mass (TM) acceleration noise and
a general optical metrology system (OMS) noise contribu-
tion associated with each individual interspacecraft link.
We refer the reader to Ref. [37] for extensions involving
multiple OMS noise components).

For our analysis, we will consider only three IFO mea-
surements [12] (see Fig. 1 for reference) for each optical
bench:

(a) scij, the science IFO measuring the optical path
between the laser hosted in the optical bench of the distant
S/Cj and the local laser i;

(b) refy;, the reference IFO interfering the local laser i
with the laser in the adjacent optical bench ; ;

(c) tmiy;, the test-mass IFO interfering the laser in the
adjacent optical bench j with the local laser i once it has
bounced off the test mass.

Note that here, the indices ij refer to signals emitted by
S/C j and received by S/C i. In this work, we formu-
late the TDI observables in terms of total-frequency rather

than phase measurements [38]. In this representation, time
delays experience Doppler effects and are therefore imple-
mented via Doppler-delay operators that account for the
light-travel time between spacecraft [39].

A. Construction of time-delay-interferometry
variables

The first step in postprocessing is the formation of
the first class of intermediary variables, &;, which are
designed to suppress spacecraft jitter. These are computed
as follows:

1
gij = SCi[j + E(refij - tmll])
1. .
+ 5D (refy — tmij), M

where Dij is the Doppler-delay operator associated with
the light-travel time from S/C; to S/C i.

For a generic time series x(f), the Doppler delay is
applied as [40,41]

D;x(H) = (1 — dy)Dyx(?)
= (1 — dy)x(t — dy (1)), 2)

with dj; (t) denoting the (possibly time-varying) light-travel
time and dij the time derivative of the light-travel time
between S/C j and S/C i with arm length L;, in which
dij (l) = Llj (t)/C.

Next, one constructs the second class of intermediary
variables, n;;, which serve to reduce the full system to three
effective, independent laser-noise sources:

1.
N2 =&+ lez(rele — refy3), (3a)

1
N3 = &3+ E(reflz — refi3), (3b)

with four other variables, 1,1, 123 and 131, 132, given by
cyclic index permutations of the equations in (3).

To simplify the notation of nested delays, we define
chained delay operators [40]:

Diliz---in = DilizDi2i3 T Din—lin’ 4)

which apply delays recursively. For instance,

Djjx(f) = Dy Dyx(®) = [1 — dy (][ — di(t — dy (1) ]x
X (f —dyj (1) — dy(t — dj; (f))) )

demonstrating the noncommutative nature of Doppler-
delay operators when arm lengths vary over time.

Using the n; variables, one can construct Michelson-
like TDI combinations that cancel laser frequency noise.
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FIG. 2. Top-left and top-right plots: for first- and second-generation TDI variables [Eq. (25)], we compute the gap augmentation
with JC = 45 for all Lagrange interpolants as a function of the gap duration. The purple diamonds and blue dots in the top-left plot
compare the numerical and theoretical gap augmentation in the first-generation TDI variables using LISAINSTRUMENT and PYTDI and
Eq. (35a). The second plot is the same but for second-generation TDI variables with black diamond/cyan dots depicting the gap
augmentation using PYTDI, and Eq. (35b), respectively. Bottom-left and bottom-right plots: here, we compare the gap augmentation
using LISAINSTRUMENT and PYTDI against our analytical result of Eq. (35a) (left plot) and of Eq. (35b) (right plot) as a function of
the order of the interpolant (set equal for all delay operators). As we can see, there exist three regimes where the gap augmentation
changes slope with respect to the order of the interpolant [see Eq. (21) for similar behavior with justification outlined in Appendix B].
As one can see, our analytical result (dashed blue, yellow, and green dots) matches the numerical simulations (solid blue, yellow, and
green curves) for both plots for various sets of contiguous NaNs Nif
these plots is available from https://github.com/OllieBurke/gaps_tdi.

First- and second-generation TDI observables, which
incorporate increasingly longer sequences of delays to
accommodate time-dependent arm lengths, are given in

factorized form [33] as

X; = (1 = Dy21) (13 + Di3n3r)
— (1 =Di30)(m2 + Diama),

Xy = (1 — Dz — Dizis1 + Disia121) (713 + Diznzi)
— (1 =Dz — Dizio + D1213131)(7712 + D127721)-

= {1, 10,25}. A JUPYTER notebook with code to reproduce

The other TDI observables {Y;,Y,} and {Z,Z,} are com-
puted through cyclic permutation of the indices. The TDI
observables form the backbone of LISA data analysis,

enabling the extraction of GW signals through canceling
the otherwise dominant laser noise. Many more TDI com-
binations can be built [42,43]; here, we will only discuss
the Michelson TDI because it is the current baseline used
for LISA data analysis [44].

®)

B. Fractional delays

Let x(¢) be a generic and continuous time-domain func-

(6)
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in which ¢ is the initial starting time and At =1t,,| — ¢,
is the sampling interval. We define the observation time
Tops = KAt forn e [0,1,...,K —1].

To ease notation in this section, we will only consider
the usual delay operator D rather than the Doppler delay
D since the term d,] will vanish for our configuration, as
discussed later. Our results are easily extended for more
general LISA-based orbit configurations, which we will
leave for future work.

In general, due to the discrete nature of our time series,
the quantity x(¢ — dj; (¥)) will not exist as a discrete sam-
ple and must be approximated via interpolation schemes.
The most common approach used throughout the literature
is Lagrange interpolation [45,46]. Lagrange interpolation
has a maximally flat transfer function at f = 0, which
implies that this interpolation method is very accurate
for low frequencies, where LISA will operate. A more
efficient—and numerically more stable—interpolant was
recently developed in Ref. [47], which avoids: (1) patho-
logical behavior at higher frequencies; (2) an elevated
number of terms (coefficients) in the interpolation scheme
required to accurately compute the delay; and finally (3)
prominent time-domain glitches and associated spectral
leakage that occur when time-varying delays cross integer
multiples of the sampling period. The interpolation method
found in Ref. [47] could easily be incorporated into this
work, but this would not change the results significantly.

Now, suppose the delay dj; (1) € RT. Then, following
Ref. [48], we can always make the split

dy (1) = dii* () + d*° (o), (7)
for integer part d;;‘t(t) and fractional part dgac ®. In
our discrete notations, d(f) &~ d};‘t[n] with integer shift
Nl;“t € N and fractional shift ]\’Uf.raC [#] € [0, 1) given by
Ldij[n]/ At] = Ly [n]/cAt],

NiMn] = (8)

N{*[n] = dj[n]/ At — N} [n]. )

Notice that the integer part Nl;“t[n] could be (1) time
varying due to the orbital dynamics and (2) unequal but
constant between individual links (i, ), in case of constant
but not equal arm lengths. Figure 3.5 of Ref. [49] depicts a
different scenario. If we are to assume the individual links
to be equal and constant, then N lnt[n] N, i.e., a constant
integer delay that is common across all arm links. Simi-
larly, for a static and equal-arm-length LISA configuration,
the fractional quantity &V, frac[n] = N ¢ [0, 1) will also be
constant across all smgle links.

In terms of continuous IFO measurements, we have

Dij 1f0,] (1 = ifOi/ (t— d,] )
= ifo;; (t — dj.j‘?‘(z) — dgac(t)), (10)
which, in discrete notation, is given by
D;x() ~ (Dyx)[n]
p
~ Z ifo;; [n — N‘m[n] + k1er(— M;rac[”]),
k=—p+1
11
with p = (L + 1)/2 for IC of the order of the Lagrange
interpolant, and £,(x) the Lagrange basis functions
defined by
P ox—j
e =[] = i#r (12)
J=-p+l1 J

The expression of Eq. (11) is used to approximate the
delay of a time series at a particular (fractional) point.
First- and second-generation TDI variables defined by
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Egs. (5) and (6) feature nested delays. Following Ref. [50],
for simplicity, let 4,45, ...,A4, represent potential S/C
index pairings. Note that

Day..4,X(0) = Dy Dy, ... Dy, x(2)
= x(t — diotal (1)),
with total time delay
droa (1) = di () + Dy, do(t) + - + Dy, a, dn(D),

which can be computed recursively in the following man-
ner:

n

diota(t) = Y 24(2), (13)
k=1
with
z1(t) = di (1), (14)
q—1
z,(t) = d, (z -~ sz(z)> : (15)
k=1

Equation (15) is then computed using Lagrange interpo-
lation. In the general orbital case, where the LISA-arms
are neither equal nor constant, the delays are smooth func-
tions with very-low-frequency content. For this reason, the
recursive computation defined via Eq. (15) can be per-
formed with very low interpolation orders that still result
in highly accurate interpolated measurements [51].

To provide a simple analytic treatment that describes
the impact of data gaps on TDI computations, we will
consider a few simplifications to the orbital motion of
LISA. We will assume that the arm lengths of LISA are
equal (and set to the average arm length of L = Ly =
2.5 x 10° m) and constant (Ll-j = (0). We will neglect the
effect of having three clocks with different time offsets
and drifts, allowing us to discard the clock sideband mea-
surements from the analysis. In the conclusions, we will
discuss how this choice could impact our results. Overall,
we do not expect our results to change considerably for
more complex orbits.

To conclude, for the remainder of this paper, we will
consider fractional delays acting on the time series that can
be approximated by

l)A1 oDy, x(t) & (DA1 .. DAmx)[n]

P

~ Y x(n—N+bt(—e), (16)
k=—p+1
with
N = |mxd| (integer part),
e =mxd—N (fractional part),

where m is the number of delay operators and d is the aver-
age light-travel time (d = 8.34 s [52]) defined between any
two links.

III. EFFECT OF MISSING DATA ON TDI
VARIABLES

A. Loss of scientific telemetry

In the context of GW parameter estimation and general
data analysis, it is reasonable to assume that missing data
can be reflected via imputation with zeros [19,24]. This
amounts to a multiplication of the original time series by a
gating function that is 0 for # € Ty, and 1 otherwise. From
a parameter-estimation point of view, it has been shown
that the “windowing” method returns identical statistical
quantities (likelihoods, signal-to-noise ratios, information
matrices, etc.) to the masking methods in either the time
or frequency domain (more details can be found in Ref.
[19]). After TDI has been performed, the global-fit anal-
yses should, in theory, be invariant to whether you apply
windows or masks to the data stream, provided that the
likelihood is consistent with the noise-generation process.

For the noise-mitigation pipeline, this is not the case.
We observed that treating missing data in telemetry vari-
ables with zeros results in a failure to cancel laser noise at
the boundaries of the gaps. Imputing the scientific teleme-
try data with zero values is particularly dangerous since
this would lead to spurious noise artifacts at the gap
boundaries in the final TDI streams. These pathological
artifacts could then result in biased parameter-inference
schemes conducted throughout global-fit-based pipelines.
A much cleaner and more elegant method is to assume
complete ignorance of missing data via imputation with
unrepresentable and undefined floating points: NaNs [53].

For the discussion that follows, we will define

(a) Valid data: the contiguous set of defined numerical
data that are not corrupted by NaNs.

(b) Missing data: specific elements of data that are
undefined and cannot be represented by floating-point
numbers. We will treat these numerically with NaNs.

(c) Gap: the contiguous set of missing data values
between two sets of valid data (a missing packet of data
is an element of a gap).

(d) Gap augmentation: the additional loss of scientific
data (gap widening) after applying series of delays, e.g.,
computing intermediary variables or TDI Michelson-like
variables.

To simplify the discussion, we will assume that each of the
IFOs has missing data at the same time stamps. Similarly,
for now, we will also assume that we only have one set of
contiguous NaNs, implying a single gap in the data stream.

More formally, let n = ng € {0,...,K — 1} be the first
instance (and discrete index) of a missing data packet in

034041-6



IMPACT OF MISSING DATA ON THE CONSTRUCTION OF LISA...

PHYS. REV. APPLIED 25, 034041 (2026)

a contiguous sequence of missing scientific telemetry data
(IFO measurements) of length Nif® . Now, defining the set

$Ii\Tf§Ns as the set [54] of indices n € Sifo _ such that the IFO
time series has contiguous missing data, we have

S = {ng,no+1,...,mp+ N® 1}, (17)
such that

ifo; [n € Si 1 = sciy[n € S 1]
= tmi;[n € S ]

if
= refj;[n € Syl

= NaNs. (18)

The string of equalities in Eq. (18) should be interpreted
as a loss of communication between the instrument and
ground segment; however, this is only one of many pos-
sible occurrences of data loss. For instance, we may find
that the IFOs on board S/C 1 exhibit significant glitchy
behavior that results in total data loss, whereas the IFOs
on S/C 2 and S/C 3 operate at normal level. Until more
realistic LISA-based simulations are conducted, we cannot
derive a complete scenario of possible collections of miss-
ing data (gaps). For this reason, and since this work will
form the basis for more detailed missing-data studies on
noise-mitigation pipelines (pre global fit), we will assume
that all the IFO measurements are corrupted and lost at the
same time stamps. We will discuss how one could com-
pute the extra missing data due to TDI calculations when
considering more general scenarios in later stages of our
work.

B. Gap augmentation in the intermediary variables

The goal here is to understand how many extra miss-
ing data values are present in the intermediary variables
n; when a fixed number of missing data values exists in
the interferometric measurements.

Recall from Eq. (18) that each of the IFO measure-
ments exhibits the same missing data at the same time
stamps. From the perspective of missing data values, this
implies that the computed intermediary variables n; will
have missing data at the same time stamps. In other words,
defining the set Sy.ys as the ordered set of missing data
values in the intermediary variables, then from Egs. (3)
and (18), for static instrument configurations, we must
have n;; [n € S;’,aNS] = NaNs for all six S/C pairings. This
means that we only need to focus on computing the gap
augmentation in a single intermediary variable, since all
other intermediary variables will host the same set of NaNs
at precisely the same indices.

We can rewrite Egs. (1) and (3) to focus on the indi-
vidual components hampered by missing data. The goal

here is to understand the gap augmentation of the following
equation:

We name the standard 7; variables as 7); since we do
not consider the specific numerical [IFO measurements but
the overall number of missing data values (NaNs) in our
calculations. This will simplify the expressions that feed
into the TDI variables. In the discrete domain, we need to
compute

p
fy[n] ~ ifo[n] + Y ifoy[n—N+k.  (20)
k=—p+1

Since we are only interested in the number of extra miss-
ing data values, we can neglect £;(—¢) since it will be
unnecessary in our calculations.

Following Eqs. (17) and (18), let N/ _ denote the num-
ber of NaNs in the telemetry variables. For both constant
and equal arm lengths, let L represent the length of a sin-
gle LISA link, ¢ the speed of light, and At the sampling
interval. The integer delay defined in Eq. (20) is then given
by N = [L/(cA?)|. As derived in Appendix A, the overall
gap augmentation in the intermediary variables [Eq. (20)]
is given by the piecewise function

Nao? = (K, Nif _ N)

K+ N ifl <K <1+2N —2Nifo |
=15 N T2V -2NR <K <2V -1,
K K>2N -1,

e2))

for KC of the order of the Lagrange interpolant for the 7;
variables. The overall number of missing data values in the
time series is given by

i ifo—
Nyne = Nio + Nyowa'- (22)

We remark that, in general, if one were to use the
more numerically stable (and efficient) interpolant found
in Ref. [47], the result given in Eq. (21) will remain
unchanged. The interpolation scheme in Ref. [47] requires
far fewer coefficients (22) than the Lagrange interpolants
used throughout this work (with default Lagrange interpo-
lation order set to 45). This implies that there would be less
gap augmentation since we use fewer terms to approximate
the delayed sample.

We remind the reader that the calculations leading to
Eq. (21) have assumed a static and equal-arm-length con-
stellation. In the more general case of time-varying arm
lengths, the value of the integer time shift N will now
depend on (1) a specific instance of time and (2) the S/C
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pair (ij). In other words, N := N,? [n], as reported in Eq.
(11). The LISA arm lengths vary by approximately 3%
peak to peak over the course of the mission, correspond-
ing to deviations of about approximately £1.5% around
the mean arm length [52]. As a result, depending on the
chosen simulation start time and duration, the mean arm
length can take values as large as Linax = 2.54 x 10° m
or as small as Ly, = 2.455 x 10° m. The integer part
of the delay N = |L/cAt| € {32,33} for L € {Luin, Lmax},
respectively. In contrast, for the numerical simulations in
our results section (IV A), for equal and constant arm links
with L = 2.5 x 10° m, one obtains N = 33 for the inte-
ger part of the delay. Making reference to Eq. (21), the
integer time shift primarily determines which of the three
gap-augmentation regimes must be considered when pre-
dicting the overall widening of the gap. This means that our
assertion that L = 2.5 x 10° m will manifest as an overes-
timation of the gap widening by a single data point per gap
at most. This is in the very specific case that we have an
interpolant of order K and an original gap length NP _ that
satisfy the intermediary regime set in Eq. (21), the regime
in which the integer time shift determines the size of the
gap widening.

To conclude, we strongly believe that our results (and
conclusions) in Sec. IV will not change if we were to
consider more complex orbital configurations.

In the next section, we compute the overall missing data
in the first- and second-generation TDI variables.

C. Gap augmentation in TDI Michelson variables

We will assume that we have a single set of contigu-
ous missing data in the telemetry variables, resulting in a
single gap. We remind the reader that since the teleme-
try variables all have the same missing data at the same
time stamps, we understand that each of the six interme-
diary variables will all have missing data at the same time
stamps. A result of this is that the missing data in the TDI
variables {X;, X,} will also be the same as {Y;,Y,} and
{Z,,,Z,}. As a result, we will only provide the calculation
for the TDI X variables since the other variables for Y and
Z follow trivially.

A computationally favorable scheme for computing
both generations of TDI variables X; and Xj, defined in
Egs. (5) and (6), is given in Ref. [55]. First, we can define
the quantities

(23a)
(23b)

ar = Nz + Dianay,
ay = N3 +Diznsy,

which can be understood as a single photon-path round
trip. Then, defining a second photon-path round trip

r1 =a; +Daz, (24a)

ry = a; + Diziay, (24b)

it is possible to compute first-generation TDI variables
X]ZI"Z_I"]. (25)

Note that to build X;, we require only four interpolation
schemes rather than the six required for the nonfactorized
first-generation TDI expressions [38,45].

The second-generation variables require a final set of
variables

(26a)
(26b)

q1 = (1 +Di2131)r1,
¢ = (1 +Dy3121)72,

which can be combined to give the second-generation TDI
variables

Xo =q1 — ¢, 27)

which require only six interpolations rather than the
14 interpolations required to compute unfactorized TDI
variables. This implies that the cost of computing the
second-generation factorized TDI variables is significantly
less than for the unfactorized quantities. We discuss in
Appendix B how to compute the gap augmentation on
factorized variables that make use of quantities such as

y(@® = x@) + Dijgi;..i,x (D). (28)

Notice that each of Egs. (23), (24), and (26) is of a similar
form to Eq. (28) provided that each has missing data at
the same time stamps (as assumed previously). For nested
delays, we can use the formula (B3) defined in Appendix
B, which is a generalization of Eq. (21) for multiple delay
operators. The goal then is to (repeatedly) compute the gap
augmentation as Eq. (28), with the gap augmentation given
by
Nuaxie = f (K, Niays: Ln x L/ (cAD))),

for n delay operators for each of Egs. (23), (24), and (26),
and N, the number of missing data values present in
the x variables, is determined by Eq. (28).

We begin by computing the gap augmentation in each
of the a; and a; single-round-trip variables defined in
Egs. (23a) and (23Db). Since each IFO has missing data
at precisely the same time stamps, this implies that the
gap augmentation in a; should be identical to that in a,.
The gap augmentation on both a; and a, is given by the
following quantity:

NTTAAD :f(K:aNIgaNsﬂ LZ‘/(CAIJ)’ (29)

with the overall numbers of missing data values in a; and
a, given by

Nysiia = Nyloys + NT7002), (30)

in which Nyl is given by Eq. (22). In a similar manner,
we can use Eq. (B3) to compute the gap augmentation for
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71 and . We thus have
N®127r02 = £(K, Nys, 2L/ (cAD]),  (31)

with the total number of NaNs present in the | and r;
variables being
Nuaiié = Nudid -+ N“127702, (32)
For second-generation variables, we have a final set of
nested delays that require computing in Eq. (27). Given the
overall number of NaNs present in the round-trip variables
N;Ighf;, we compute

N"027402) = £ (K, Nyoied, [4L/ (cAt]),  (33)
Nyosia = Nyaia + N'a2740.2), (34)

where Eq. (33) determines the overall gap augmentation in
the ¢; and ¢, variables. By construction, these have the
same missing-data placements as the second-generation
TDI variables X;.

The quantities Eqgs. (21), (29), (31), and (33) can be
used to find out the total number of missing data values
in both first- and second-generation TDI variables. Com-
bining each of these equations leads to the main result of
our paper:

X1 __ pjifo ifo—>n 1=>4a(1,2) 41,2)77(1,2)
NNaNs - NNaNs + NNaNs + NNaNs + NNaNs H

(35a)

X _ arXi 7(1,2)74(1,2)
NNaNs - NNaNs + NNaNs . (35b)

Equations (35a) and (35b) determine the overall gap
augmentation in both the first- and second-generation TDI
variables.

IV. RESULTS

We begin by verifying our analytical results derived in
Sec. LI C, specifically Eq. (35), using publicly available
LISA simulation codes. Once we show in Sec. IV A that
our cheap-to-compute gap-augmentation codes are faithful
to LISA-based simulations, we will upscale our time series
and consider a full four-year LISA-like dataset with a real-
istic missing-data and gap scenario in Sec. IV C. We make
use of our analytical results because with the current ver-
sion of LISAINSTRUMENT, we cannot run a four-year-long
simulation due to memory-usage limitations. We will then
compute the corrected duty cycle when accounting for the
gap augmentation due to TDI.

A. Verification
1. Simulation setup

In this section, we will make use of LISAINSTRUMENT
[32] to generate a small-scale LISA-based simulation for
a static constellation with equal arm lengths set to L =
2.5 x 10° m. We will consider a sampling rate f; = 4 Hz
and disable all noise sources except for laser, TM, and
OMS noise. The overall simulation will be around 8.3 h
in duration.

From the LISA simulation, we can extract the relevant
scientific telemetry data. Specifically, we can obtain the
measurements of the six interferometers for each craft.
To construct segments of missing data, we will use LIS-
AGLITCH [56] to generate a binary mask w[n] with w[n] =
1 for nAt & T4, and w[n] = NaN for nAt € Ty, Here,
Tgqp 1s the time interval of the missing data values. We
enforce a gap in the telemetry variables by multiplying
each of the ifo; measurements (sci;, tmi;, and refj;) by
the masking function w. We do not apply a mask to the
IFO sidebands and MPRs since we do not account for the
effects of clock noise or evolving LISA arm lengths.

These masked telemetry data are fed into PYTDI [33] to
compute the intermediary variables and resultant first- and
second-generation TDI X variables. For the first analysis,
where we compute the gap augmentation as a function of
gap duration, we fix the order of the interpolants for both
the intermediary and Michelson variables to IC = 45. An
order IC = 45 is standard within current noise-mitigation
pipelines since this choice balances computational effi-
ciency and interpolation noise. See Ref. [55] for more
information. In the second analysis, we will investigate
the gap augmentation for three gap-duration scenarios as
a function of the interpolant order X € [25, 80]. For all
investigations, we compare the result of our analytical cal-
culation Eq. (35) with the numerical gap augmentation
outputted using PYTDI.

In our analysis, we do not correct for the group delay
introduced when the phasemeter data are filtered and dec-
imated from 80 MHz to 4 Hz. Compensating for this
delay would require a time shift of the telemetry, which
in turn would increase the number of missing samples by
A, the order of the Lagrange interpolant used for the shift
[57]. These extra gaps would then propagate through (35)
and (21). Since our focus here is on gap growth in the sci-
entific data rather than the full noise-reduction pipeline, we
ignore this effect; the additional widening is small and does
not change our conclusions.

2. Discussion

Our results are given in Fig. 2. In all four panels of this
figure, we show that our analytical result of Eq. (35) is
consistent with the numerical gap augmentation obtained
using both LISAINSTRUMENT and PYTDI. In the upper plots
of the two panels in Fig. 2, we report the gap augmentation
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with respect to the number of NaNs (or equivalently to the
duration of the gap) when a fixed interpolation order of 45
has been chosen. In the lower panels, we also analyze three
scenarios, with 1, 10, and 25 NaNs, and we study the gap
augmentation with respect to the order of interpolation.

In the upper plots, for both first- and second-generation
TDI variables (X; and X;), for gaps larger than 2.5 s (or
equivalently for number of NaNs > 10), the augmentation
becomes constant and is equal to

(a) 50.25 s for first-generation variables,
(b) 89.25 s for second-generation variables.

This is interesting since it shows that the gap augmenta-
tion is not strongly dependent on the gap duration; e.g.,
for gap durations >2.5 s, the gap augmentation appears
to be constant. Intuitively, this can be understood from
(1) the overall number of delays required to compute
the Michelson-like variables and (2) the gap-augmentation
regime one enters that is subject to the gap duration, inte-
ger time shift, and order of Lagrange interpolant. For
gap durations of approximately 2.5 s, we find that the
third gap regime in Eq. (21) is the primary consideration,
where the gap augmentation is driven only by the order
of the interpolant. Counting the number of delay opera-
tions between Egs. (6) and (23), we find a total of eight.
Each delay incorporates a gap augmentation equivalent to
IC. Hence, the overall gap augmentation is approximately
8 x I x At =8 x 45 x 0.25 = 90 s. Notice further that
the third gap augmentation is independent of the gap dura-
tion. Small deviations in this number come from the earlier
stages of the noise-mitigation pipelines (computing 7, a,
etc.) and from the potential for new gaps resulting from
the interpolant merging (second regime).

Frequent and short gaps may be the most concerning.
A loss of a single packet of data (approximately 0.25 s)
can lead to an additional loss of approximately 86.75 s in
TDI X,. This is particularly relevant for LISA if very short
but highly frequent data gaps occur (e.g., antenna-related
gaps last around a few hours, while PAAM-related gaps
are typically around 100 s), as the cumulative excess loss
from TDI could become significant. By contrast, less fre-
quent and longer gaps are less affected by TDI. While TDI
X, can extend a gap by approximately 90 s, this is negli-
gible compared with scheduled long gaps (e.g., estimation
of tilt-to-length coupling coefficients), which can last up to
approximately 40 h. Although any additional loss of data is
undesirable, its relative impact in this case will be minimal.
In summary, when comparing losses from TDI operations
with those caused by the gaps themselves, short and fre-
quent gaps pose the greatest risk. For example, short gaps
are expected to occur frequently in the planned schedule
(1095 year™!, approximately 100 s each), making the TDI-
induced loss comparable to the intrinsic loss. Conversely,

for long gaps, which are rare (6 year™!), the additional TDI
loss is negligible compared with their planned duration.

We will now conclude this section with a small dis-
cussion focused on more generic orbital motions of the
craft. As discussed previously, the LISA arm lengths vary
at most by approximately 3%, resulting in an integer time
shift (see Eq. (21)) N € {32,33}. The situation becomes a
touch more interesting when considering multiple delays,
with the overall delay expressed by

mL
{cAtJ . (36)
For multiple delays that determine the prefactor (n) in Eq.
(36), the choice of L € [Luyin, Lmax] Will govern smaller or
larger values of the integer time shift, where Luin and Lyax
can be estimated from the precomputed orbits given in Ref.
[52]. The value of this integer time shift determines the
regime of gap augmentation located in Eq. (B3). Note that
the only regime in which the integer time shift features
directly in the gap augmentation is the secondary regime
in Eq. (B3). For second-generation TDI variables, we can
compute |4L/(cAt)] € [131,135] for L € {Lmin, Lmax}. TO
compare in our case, assuming L = 2.5 x 10° m, this
results in [4L/(cAf)] = 133. As one can see, the gap aug-
mentation could either increase or decrease (by only a few
points) only if our order of interpolant, and the number of
NaNs present in any of the steps previous to the TDI cal-
culations, force us to fall within the intermediary regime
[see for example r, a, and 1 in Egs. (21), (29) and (31)].
We have indeed checked our analytical formula for
more generic orbits of LISA using LISAINSTRUMENT and
PYTDI With L € [Liin, Lmax], and our observations were as
expected. For X; and X,, we found that we underesti-
mated the overall gap augmentation by around 1 and 3
points, respectively, if L = Liyax O L = Ly for a short
simulation of approximately 8.3 h. For longer LISA-based
simulations, the arm lengths are slowly oscillating around
amean value, so the gap augmentation can decrease as well
as increase. We believe that our average value provides
a solid baseline for drawing scientific conclusions. As a
result, we strongly believe that our conclusions would not
change significantly if we were to consider more general
orbits of the LISA constellation.

B. LISA-based gap simulations

It is expected that LISA should operate normally for
four years with, a quoted approximately 82% of usable
data, the so-called duty cycle of the mission [1]. Gener-
ating a full four-year-long LISA simulation sampled at
4 Hz using both LISAINSTRUMENT and PYTDI is not only
extremely expensive but prohibitively memory intensive.
Instead, using the results of the previous section and the
details outlined in Appendix C, one can compute the over-
all extension of missing data in TDI variables relatively
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cheaply. Our results can inform performance and opera-
tion personnel on the loss of data in case gaps are present
in the raw phasemeter data and TDI-augmented data.

Table I, inspired by Ref. [18] and extended to include
additional gap scenarios arising from the design of LISA,
outlines a potential situation in which the spacecraft is
affected by both planned and unplanned data gaps. To the
authors’ knowledge, this table represents our best under-
standing of potential gap scenarios LISA may face. Here,
we define planned gaps as those due to routine instrumen-
tal maintenance, whereas unplanned gaps correspond to
unexpected instrumental malfunctions or complete com-
munication losses caused by environmental effects, leading
to a total loss of usable data (i.e., not attributable to routine
maintenance).

Such malfunctions can either produce excessive noise
bursts that are subsequently removed from the data (glitch
subtraction) or cause communication outages leading to
the loss of interferometric variables required for TDI com-
putations. These artifacts may result in corrupted data that
cannot be used in parameter-inference pipelines. While
such data segments can be entirely removed (masked), this
approach enables the application of simpler and more cost-
effective search and parameter-estimation techniques, as
demonstrated in Refs. [18,19,21].

We sample the planned data gaps at regular intervals
following the rate (year™') given in Table I, with an
approximately 10% random jitter applied to the gap dura-
tion (start time) of each subtype of gap. For the unplanned
data gaps, the gap durations (start times) are sampled from
an exponential distribution derived according to the rate
(year™!) given in Table I. The result is a binary mask
with the integer value 1 representing valid data and NaNs
representing missing data. The simulation techniques for
the (un)planned binary masks have been drawn from
Ref. [18].

TABLE 1.

In what follows, we will assume that the instrument
loses data in all IFO measurements at precisely the same
time stamps. We will construct three masks—one for
planned gaps, one for unplanned gaps, and one with both
planned and unplanned gaps—with rate parameters and
durations given by the second and third columns of Table I.

Based on approximately 2000 seeded realizations of the
four-year masking function, sampled at Az = 10 s with the
parameters specified in Table I, Table I summarizes the
median number of masked segments, total hours lost, and
duty cycles. The distributions of the telemetry duty cycles
are given in Fig. 3. These results illustrate the following:

(a) Unplanned data gaps account for the majority data
loss for the instrument, accounting for a median of approx-
imately 11.855%, computed considering an 88.145% duty
cycle.

(b) Planned data gaps only account for a median of
approximately 3.888%, computed considering a 96.112%
duty cycle.

(¢c) Therefore, the overall (median) duty cycle is
100% — (11.855 + 3.888)% = 84.257%, which is greater
than the quoted 82% nominal duty cycle [1,18].

This latter point means that we retain approximately
2.257% (35.61 days) of scientific data compared with the
previously estimated (nominal) 82% duty cycle [1,18]. The
nominal 82% duty cycle only accounts for the individual
gaps affecting the LISA data rather than their combina-
tion [58], which is outlined in Table I. This would result
in an increase of approximately 35.61 days to garner
more science from GW observations. We remark here that
these conclusions are based on a specific gap scenario, as
outlined in Table I, with approximately 82% duty cycle
computed via nonoverlapping gap segments.

Details of potential situations in which the spacecraft is affected by planned and unplanned data gaps. The first column

represents the class of gaps, be they planned, unplanned, or a mixture of both. The second column represents the subtype of gap, with
the third and fourth columns giving expected rates per year and durations (in hours). The fifth, sixth, and seventh columns respectively
represent the median number of gap segments, total hours of missing data, and overall duty cycle for approximately 2000 seeded
masking simulations sampled at Az = 10 s with an assumed four-year mission duration. The median total duty cycle reflects the
proportion of the year uncontaminated by gaps. The distributions of the duty cycles are given in Fig. 3. We note that the total number
of gated segments in the “planned + unplanned” configuration is smaller than in the planned-only case, since some of the more frequent
but shorter planned data gaps are absorbed into the longer and less-frequent unplanned gaps.

Gap type Subtype Rate (year™!)  Duration (h)  (Masked) segments  Total hours  Duty cycle (%)
Planned Long 6 40 4339 1363.38 96.112
Medium 26 33
Short 1095 0.028
Unplanned Platform 3 60 126 4156.82 88.145
Payload 4 66
Environmental 30 24
Planned + unplanned — — — 3944 5367.04 84.257
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TABLE II. Summary of the effects of simulated gaps in telemetry and TDI variables. The first column represents the gap type, with
gap parameters defined in Table I. The second column is the median duty cycle in the masking function used to mask the telemetry
variables. The third column is the overall duty cycle in the TDI variables after the gap augmentation has been taken into account. The
final column is the potential loss of science data due to propagating missing data from the scientific telemetry to the final TDI variables.
In this simulation, we use 600 seeded telemetry-based masking functions sampled at 4 Hz assuming a mission duration of four years.

Gap type Duty cycle (telemetry) (%) Duty cycle (TDI) (%) Data lost (days)
Planned 96.12 95.81 4.4852
Unplanned 88.02 88.01 0.1291
Planned + unplanned 84.65 84.37 4.0725

C. Full-scale gaps in second-generation TDI Michelson
variables

We can go further and compute the extra loss of data due
to TDI data streams with missing data. We begin by sim-
ulating 600 seeded data gaps with rate parameters defined
in Table I, at a sample rate of 4 Hz. To compute the overall
number of missing data values in the telemetry variables,
for arbitrary numbers of gaps and arbitrary durations, we
refer the reader to Appendix C. Specifically, we will use the
equations that lead up to Eq. (C9) to compute the widen-
ing of the individual gaps for second-generation Michelson
TDI variables. Our median results are presented in Table II.

1. Unplanned gaps

Here, we will see that although the unplanned data gaps
are comparatively much larger than the planned data gaps
(see Table I), the impact of the extra missing data governed
through TDI is far less severe than that of the planned gaps.
The results are summarized in Table II. Here, the first col-
umn reports the type of gap considered, the second column
gives the duty cycle of the telemetry data, the third column
shows the duty cycle after applying TDI—where some
data are lost due to gap augmentation—and the last column
presents the difference between the two duty cycles, i.e.,
the total data loss over the four-year observation period.

For unplanned data gaps, we lose out on approximately
3 h of data after applying TDI (see Table II), a small frac-
tion when compared with the overall loss of data due to
the unplanned data gaps. Since the order of the interpolant
has been fixed to IC = 45, the gap widening becomes con-
stant for gaps longer than 2.5 s. This has been previously
depicted in Fig. 2, which shows that the gap augmentation
becomes constant for gap durations longer than seconds.

Although the gaps are large in duration compared with
the planned data gaps, the gap widening is constant and
small, resulting in an augmentation (after TDI has been
applied) of approximately 90 s per gap.

Given the family of unplanned gaps tabulated in Table I,
when not accounting for the merging of the gaps for the
unplanned dataset, we would expect approximately 4 x
30+ 4+ 3) x 89.25 s & 0.15 days of lost data, where we
have considered the total rates, the gap augmentation of
89.25 s for TDI X;, and four years of observation. This

is a reasonable (but overestimated) approximation when
compared with Table II, which shows the true gap aug-
mentation in the TDI variables that accounts for potential
merging of gaps.

2. Planned gaps

For the planned data gaps, we see that after apply-
ing TDI, the overall loss of data is much larger than for
the unplanned gaps, approximately 4.4852 days, which
is approximately 35 times more data lost than for the
unplanned data gaps. This is primarily due to the high-rate
and short-duration data gaps with rate 1095 year™'. Indeed,
from a back-of-the-envelope calculation, we see that there
should be 4 x (6 +26 + 1095) x 89.25 s ~ 4.66 days of
lost data. We see from Table II that our estimate is reason-
able, with the true result for the total lost LISA data for
the planned scheme being approximately 4.48 days, where
here we have accounted for gap merging.

Finally, the combination of both planned and unplanned
data gaps results in a loss of duty cycle of approximately
0.28%, which is approximately 4 days of data.

To conclude, what we learn here is that gaps of short
duration but high rates of occurrence will result in the
greatest amount of extra lost data when run through TDI-
based noise-mitigation pipelines. Our results here support
reports in the literature that short and frequent gaps may
result in a greater impact on the science for LISA than
longer-duration but less frequent gaps.

V. CONCLUSIONS AND FUTURE WORK

The primary focus of this analysis is to understand the
impact that missing raw phasemeter (scientific telemetry)
data has on the resultant TDI observations. By treating
missing instrumental telemetry data (and sets of miss-
ing data—gaps) as unquantifiable floating points (NaNs),
we have shown that ignorantly masking the telemetric
data will result in a gap augmentation in the resultant
first- and second-generation TDI streams for X, Y, and
Z. Since the delay operators are computed using finite-
impulse-response filters, we found that the gap augmen-
tation depends linearly on the order of the kernel (and
thus the order of the Lagrange interpolant used in this
work). Analytical results were obtained [see Eq. (35)] that
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can cheaply compute the gap augmentation in the inter-
mediary and first- and second-generation TDI Michelson
variables (X; and X;) for any family of gaps with arbi-
trary durations and rates. For first- and second-generation
TDI variables, with a fixed Lagrange-interpolant order of
45 and gap duration >2.5 s, we observe losses of data
lasting approximately 90 and 50 s, respectively. The loss
of data is greatest for second-generation TDI variables,
rather than first-generation TDI variables, and this is due
to the overall number of fractional delay computations
(and thus interpolants) applied to the data (with six in total
applied to second generation rather than four for first gen-
eration). In Fig. 2, we found that the gap augmentation
for first- and second-generation variables is largely insen-
sitive to the gap duration for data gaps of longer than
2.5 s. As demonstrated in Fig. 2, we found that a sin-
gle packet of lost telemetry data (in other words, losing a
single sample) may result in a loss of TDI-based data last-
ing approximately 86.25 s. This highlights the severity of
short but frequent gaps in the raw phasemeter data, which
can lead to substantial data loss once propagated through
TDL

With analytical results in hand that can cheaply and
accurately predict the gap augmentation in TDI variables,
we then investigated a LISA-based simulation study on
data gaps assuming a realistic gap scenario given by
Table I. We demonstrated that the median effective duty
cycle is 84.6% when accounting for both planned and
unplanned data gaps, which is approximately 2.6 per-
centage points higher than what has been quoted in the
literature [59]. This is due to the realistic case of over-
lapping gaps in both the planned and unplanned con-
figurations. Averaging over multiple realizations of four-
year-long binary masks sampled at 4 Hz, we used our
cheap-to-evaluate analytical results to quote median gap-
augmentation results in the second-generation TDI vari-
ables. Our results are given in Table II. We conclude that
for planned gaps, short-duration but high-rate data gaps
lead to the greatest additional loss of data after performing
TDI, compared with the initial data loss in the telemetry,
resulting in an effective duty-cycle loss of approximately
0.3%, which corresponds to approximately 4 days of lost
data.

This loss of data due to TDI is not as severe for the
unplanned data gaps (gaps with smaller rates but greater
durations), with an overall loss of approximately 0.01%,
i.e., 3 h of lost data.

High-rate and short-duration gaps that may appear
harmless upstream in the noise-mitigation pipeline may
have drastic consequences downstream during the global-
fit analyses. Not only is the loss of scientific data never
warranted, but these gaps could also have serious conse-
quences on the search and parameter-estimation schemes.
Parameter-estimation schemes rely on a solid understand-
ing of the statistical properties of the noise process. The

presence of many short-duration and high-rate gaps may
begin to impact assumptions relating to the process, in
particular, whether the between-gap segments are indepen-
dent or dependent. Spectral leakage, if not fully accounted
for in the noise covariance matrix, could also signifi-
cantly increase the uncertainty in the parameter posterior
[19,22,30,31]. No matter the domain—time, frequency, or
time-frequency [60,61]—all analyses would be negatively
impacted by these short-duration gaps.

A clear take-home message here is that shorter and more
frequent gaps will return a greater loss of data than longer
but less frequent gaps (with the same duty cycle as the for-
mer). An outcome of this research is that, if possible, one
should maintain the instrument in such a way as to reduce
the number of frequent gaps that could occur.

There are a number of future projects that could stem
from the details contained in this work. For instance, we
study here only the current baseline Michelson TDI X;
however, other TDI combinations, such as the Sagnac type
[42,62,63], might behave differently because they involve
shorter delays, and therefore gaps are less spread out. Simi-
larly, techniques such as TDI-Infinity could be better suited
to avoiding losses due to gaps [64]. Moreover, the top-right
panel of Fig. 2 demonstrates that for kernel orders C = 45,
if a single packet of data is lost (of duration approximately
0.25 s), then one could lose a significantly larger amount
of data in comparison (say, approximately 86.25 s). Here,
we provide a worst-case scenario in which a single miss-
ing data value results in a major loss of data; however,
one could use more sophisticated interpolation techniques
that are able to account for unevenly sampled data points.
Smaller sets of contiguous missing data could be interpo-
lated or potentially imputed using probabilistic techniques.
Interpolating the missing data will force the time series to
be evenly sampled, facilitating the use of spectral methods
for downstream signal-extraction analyses.

Nonetheless, it is of paramount importance that the
key idea of TDI is maintained: the overall subtraction
and mitigation of laser noise that enables gravitational-
wave inference. In practice, this means that any inter-
polation (or imputation) method that is used to recover
missing samples must be accurate enough to preserve
the laser-noise cancelation. For example, if a single data
point is missing and we replace it using interpolation, the
reconstructed value must be consistent with what would
have been measured so that the subsequent TDI combi-
nations still achieve near-complete laser-noise removal.
At the same time, interpolation is performed not only
over noise but also over the underlying gravitational-wave
signal. If the interpolation is inaccurate, it can distort
the signal locally and introduce systematic biases in the
recovered waveforms and astrophysical parameters. There-
fore, interpolation schemes must simultaneously ensure
robust laser-noise cancelation and safeguard the fidelity of
gravitational-wave inference.
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In this work, we have assumed that all telemetry losses
occur at the same time stamps across the interferometers,
i.e., all observations are lost simultaneously. In reality,
however, data gaps may occur at different times in dif-
ferent interferometer measurements. A natural extension
of this study would be to explore the impact of such
asynchronous data losses on TDI computations. In this
case, the action of delay operators on the intermediary
variables would cause each individual gap to widen dif-
ferently in each interferometer stream. As these propagate
downstream, the resulting TDI observables would exhibit
multiple gaps, distributed across the X, Y, and Z com-
binations at different time intervals. We expect that this
scenario would lead to a greater effective loss of data in the
TDI outputs, since the gap segments in different channels
are no longer fully overlapping and may become mutually
exclusive. From an implementation perspective, this effect
could be represented as three distinct binary masks—one
for each TDI variable—each containing gap segments at
different time positions and with varying durations. This
could be easily explored using the LISA simulation tools
LISAINSTRUMENT and PYTDI. We purposefully chose not to
explore this further without a clearer understanding of the
LISA instrument and what could result in such losses of
information.

Lastly, the impact of clock noise on TDI process-
ing—which is closely tied to the specifics of the data-
processing pipeline—and therefore on gap propagation has
not been taken into account here. In the case of long-
term clock drifts, the relative frequency offsets between
spacecraft clocks can accumulate to significant values over
the mission lifetime. For example, a relative offset of
O(107%) will lead to a timing error of O(100) s over
four years (approximately 108 s). While such drifts appear
as common-mode terms in the applied delays and time-
stamp offsets and therefore do not strictly need to be
corrected prior to TDI, they would result in delays well
outside the nominal arm-length scale L adopted through-
out this work. It is thus preferable to correct for these
large drifts, ensuring that the delays remain within a
physically meaningful and constrained range. The in-band
impact of clock correction depends on the chosen imple-
mentation strategy. Two main approaches are considered
in the literature: (i) applying the correction jointly with
the primary delays and Doppler shifts when construct-
ing laser-noise-reducing TDI combinations [38], or (ii)
applying it in a subsequent step after laser-noise reduc-
tion [36]. In either case, the required clock measurements
are typically reconstructed through sensor fusion of side-
bands, carrier tones, and possibly additional references
such as pseudorandom noise codes, ground-based signals,
or TDI-ranging [65,66]. The propagation of telemetry gaps
through this reconstruction is nontrivial. For instance, in a
simple sensor-fusion scheme, the sideband-frequency fluc-
tuations are integrated to recover the clock signal; if a data

gap interrupts this process, the integration will be forced to
restart.

This work forms the foundation for understanding miss-
ing data in space-based noise-mitigation pipelines, and we
leave further exploration of these concepts for future work.

VI. DATA RELEASE

The authors feel strongly about providing open-source
software that others can use to build upon this work.
The work here would not have been possible without
the use of open-source software—in particular LISAIN-
STRUMENT, PYTDI, and LISAGLITCH [32,33,56]. We have
released our repository on Zenodo [67] and GitHub at
https://github.com/OllieBurke/gaps_tdi.
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APPENDIX A: DERIVATION OF GAP
AUGMENTATION FOR INTERMEDIARY
VARIABLES

1. Preliminaries

In our prescription, missing data will be represented
via symbolic NaNs, and any binary operation (addition,
multiplication, division, subtraction) involving NaNs will
return NaNs. Let n = ng be the first instance (and discrete
index) of a missing data packet in a contiguous sequence
of missing data of length N _.

This means that all of the IFO measurements will exhibit

missing data for indices n € S with ordered set

Sli\Tf;)Ns = {n05n0+ 1,...,”0 +NI:Ifa(1JNS - 1}’ (Al)
with
ifo, [n € Sli\IfZNs] = sci;[n € ng;’Ns]
= tmi;[n € Sliqf;’Ns]
=refj;[n € Sliqf;’Ns]
= NaNs. (A2)
We define
n}iffst = no, (A3)
A = o+ NI 1, (A4)

as the first and last indices of the gapped segment in the
telemetry variables. The goal now is to count the missing-
data extension (gap augmentation) of the intermediary
variables defined in Eq. (20). We are not interested, quan-
titatively speaking, in the specific values of valid data in
the intermediary variables. For this reason, we can neglect
terms such as £;(—e) in Eq. (11). Given that

P
(Dyifo;)[n] ~ Z ifo;i [n — N + k],
k=—p+1

(A5)

the first and final indices (ordered left to right) of the NaN
placement in Eq. (A5) are respectively given by

ii ifo
nlﬁ)r/st( = ng+N —p, (A6a)

D;; (ifo) i
la;t Y= no + (NNf;)NS -D+N-~0-p). (A6b)

We can thus write the set of NaN index placements in Eq.
(AS) as

+ 1,04 (A7)

D(ifo) __ Dj; (ifo)  Dj; (ifo)
SNaNs - { first > Mirst

D; (ifo) }

Notice that the number of contiguous NaNs between the
first and last indices (via an inclusive difference) of the
equation above is

D;(ifo) Dy (ifo)

(n last Mfirst (A8)

+ 1) =K+ N,

The goal now is, given a number of contiguous NaNs
in the set Si° _ defined in Eq. (A1), to compute the gap
augmentation in the expression

The overall extension of the missing telemetry data (gap
augmentation) depends on the overall placement of the
missing data in both the sets Si, . As we will see in the
next few subsections, there are three regimes that must be
considered, depending on the order of the interpolant /C,

the integer time shift N, and the number of contiguous
missing data points in the telemetry N .

2. Regime 1: No merging
Let us suppose that the NaN placements in the telemetry
variables do not have the same time stamps as the delayed
telemetry variables defined in (A5). Mathematically, this
can be written using the set notation defined in the previous
section,

: D;; (ifo)
Sifo NSys =10

(A10a)
In other words, the two sets defined by Eqs. (A1) and (A7)
are mutually exclusive and have no common elements. This
means that the extra missing data induced via the delay
operator are given by the size of the set (A7). As shown in
(A8), the gap augmentation Nio.” is given by
ifo— i
Ny’ = K + N, (All)

with the total number of missing data values in the inter-
mediary 7);; [n] variables given by

U _ ifo ifo
NNaNs - NNaNs + ,C + NNaNs
—— ~———

Telemetry ~ Gap augmentation

— ’C + 2Nifo

NaNs*

(A12)

The gap augmentation (A11l) and total number of NaNs
(A12) are correct only if the criteria defined in (A10) are
satisfied. The moment that S C Syi” and Si,_ N
# (), the overall gap augmentation changes. We

Dl/ (ifo)
SNaNs
discuss this in more detail in the next section.
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3. Regime 2: Partial merging

We are interested in finding the moment where the
set defined in Eq. (A7) starts to merge with the original
telemetry NaNs identified via Eq. (A1). This occurs when
the last index of the set S equals the first index of the

D (ifo) .
set Syoys > 1-€.,

D;; (ifo)

ifo ifoy _ g, Dij(ifo)
SNaNs m SNaNs }

= {nlast - {nﬁrst } (A13)
The choice of Lagrange interpolant allowing this condition
is

K =1+2N - 2N

Nans - (A14)
Notice that the transition point now depends on the choice
of integer delay NV and the number of missing data samples
in the telemetry variables N\ . Similarly, another transi-
tion point is the first instance where the missing telemetry
dataset is entirely contained within the delayed missing
dataset. Mathematically,

D” (ifO)

ifo _ cifo
SNaNs N SNaNS - SNaNs’

(A15)

which will only happen when the first telemetry NaN index

ifo - . D (ifo) .
of Sifo is equal to the first NaN index of SNE{D?SO), ie.,
D;; (ift i . .
when {nﬁrjst(l 0)} = {ngfst}, giving the solution
K=2N—-1. (A16)

The gap augmentation with respect to the telemetry vari-

ables is then given by the (inclusive) difference between
. oDy (i o

the last element in SN;N(; ® and the last element in S

. NaNs*
A short calculation shows

ifo—n Dj; (ifo) if ,C + 1
NNaNS = nlasjt - nia[;t + 1= + N’

. (A17)

which is valid under the condition that K>14+2N—
2Njo and K < 2N — 1. The overall number of contigu-
ous NaNs in Eq. (11) is given by

; K+1
NI:I7aNs = Nlilfa(:Ns + T +N . (A18)
—— _—

Telemetry Gap augmentation

Our third and final regime for the gap augmentation occurs
. D;; (ifo)
due to a complete merging between the two sets Syays

and Sif°__and this will be the focus of the next section.

4. Regime 3: Complete merging

We now focus on the final (and simplest) case, in which
the set of telemetry NaNs are contained within the set of

delayed telemetry NaNs. In other words, when D;;ifo;; [n €

A o D (if
Sifo ] = NaN with S, < SN%‘S )f
The statement that Si°, - C SN;;N(; ® means that the gap

segment in the telemetry variables is encapsulated within
the missing data segment. From Eq. (A8), we understand
that the total number of NaNs will be K + N . This
means that the overall gap augmentation for L > 2N — 1
must be

Mo = K, (A19)

and the overall number of missing data points is given by
if
Npans = Njowe + K (A20)

Telemetry Gap augmentation

Putting all the pieces together, with the gap augmentations
in Egs. (Al1), (A18), and (A19), specific to the constraints
in Egs. (A14) and (A16), results in Eq. (21) defined in the
main body of the text.

APPENDIX B: GAP AUGMENTATION WITH
NESTED DELAYS

The gap-augmentation formula leading to Eq. (21) holds
when considering single delay D;; on the IFO measure-
ments. Deriving the gap augmentation where nested delays
are used follows a near identical procedure to that dis-
cussed above. Consider, for example,

yin]l = x[n] + Dy, .., x[7] (B1)
P
~x[n]+ Y x[n— N +kl, (B2)
k=1—p

with integer part N = |m x L/(cAf)]. Understand now
that Eq. (B2) is in the same form as Eq. (A9) only with
a different integer part N given by the sum of delays of
individual links at specific time stamps. We remark here
that this simple expression is only valid for equal and con-
stant arm lengths. From near-identical calculations to those
that lead to Eq. (21), we can compute the gap augmentation
induced in Eq. (B2):

Narie = (K, Nawss N)
K+N:,. ifl<K<1+2N-2N5 .,
=18 4N 142N 2N, <K <2N -1,
K K >2N—-1.
(B3)

Here, N, the number of contiguous NaNs in the
sequence of x. Notice that the notation outlined in Eq. (B3)
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can be used to compute the gap augmentation in the n;;[n]
variables, where NJin® = £(KC, Nj® | N).

The factorized expressions for the first- and second-
generation TDI variables, derived from Egs. (23), (24),
and (26), are written in an identical form to (B2). Equation
(B3) is used extensively in Sec. III C.

APPENDIX C: MULTIPLE GAPS IN TELEMETRY
VARIABLES

For multiple gaps in the telemetric data streams, we can
construct the full set of G gaps:

if¢ if¢ 0 if¢ 1
S;a(;)s {(SII\T;)NS)( ) (SIiI;)Ns)( )’ et

= {(Sﬁlngs)(l)}z 0 °

where each element of (Sg]ngS)(’) € Sy is a gap consist-

ing of a contiguous set of missing data of the form identical
to (A1),

if¢ G—1
(S D),

(ChH

(S;If;)NS)(l) — {I’lg),l’l(()l) +1,.. (l) + (N;I?Ns)(l) —1}.
(C2)
Here, ng) indicates the first index of the ith gap segment
with i € {0, ..., G — 1} for G total data gaps present. Each

gap segment (S )@ contains at most (N ) points
and the segments do not overlap, i.e.,

G—
ﬂ(S;{;NJ") =0 (C3)

We will now discuss how to compute the gap augmen-
tation in the intermediary variables n;;[n] for the general
case where we have arbitrary numbers of gapped segments
(G > 1), each potentially having different missing data
durations (N )@ £ (Njfo )0,

For each gap segment representing missing data in
the telemetry variables (S, )@, we proceed in a simi-
lar fashion to Appendix A, Eq. (A6), by computing the
first and last indices of the summation term in Eq. (A5),
where missing data are identified for each gap segment
i€{0,...,G—1},

(ngl O =

(i)
st + N _p7 (C4)

;i (ifo)
( la; )(Z)

=n® + W) _ 1) 4N —(1—p). (C5)

With these indices, we can then construct the masked

datasets fori € {0,...,G — 1},
D;; (ifo) ij (ifo) | (; G-1
Som” = {Sune O} (co)

with the first (C4) and last (C5) indices of the missing
data placement in the ith missing data segment (SN;{N(SO) @,

To construct the overall gated segment in the intermediary
variables 7;; [n], corresponding to Eq. (A9), we merge the

set (SN;{N(;O ) (in other words, take the union) with the
orlgmal telemetry set (S )@, giving the missing data
placements in gap i,

D, (ifo)
(SgaNs ) (l) NajNS

Dy (S O, (C7)
We now arrive at the complete dataset representing the
indices of NaNs present in the intermediary variables:

gaps {(SgaNs)(O)a (SgaNs)(l) RN (SgaNs)(G_l)} (Cg)
The overall gap augmentation is then calculated by com-
puting the difference of missing data values between Sgaps
and S .

Repeated application of the procedure allows one to
construct the gapped sets for the Michelson-like TDI vari-
ables Spihs and Sus for arbitrary numbers of gaps with
varying durations. A very similar approach to that in Sec.
11 C is followed, where one computes the gapped datasets
for the a2, 112, and g, variables defined by Egs. (23),
(24), and (26). The only considerable change is the over-
all integer delay that must be considered when moving
from masked datasets a; 5, 712, and g; . Due to the extra
delays, we must modify the first and last NaN indices of
the delayed datasets [Egs. (C4) and (C5)] to have N =
|2L/(cAt)| when augmenting from ajp — rizgand N =
|4L/(cAt)] when augmenting from r12 = q12. Follow-
ing this procedure allows one to construct both first- and
second-generation masked datasets for arbitrary families

of gap types:

She = 1St (Sttue) ™, - -+ (Sie) ), (C2)

)(G 1)

Sg(zfps - {( NaNs)(O)’( NaNs)(l) (Cgb)

( NaNs
where the overall gap augmentation and final total number
of missing data elements can then be easily calculated.

The procedure above is a general method to compute the
overall number of missing data points through propaga-
tion of gated telemetry through TDI. We use the formalism
presented in this section when we analyze a full-scale four-
year long LISA dataset sampled at 4 Hz in Sec. IV C.
Such simulations are too memory intensive and expensive
to be generated using LISA simulation software such as
LISAINSTRUMENT and PYTDI.

Our discussion in this appendix is general, and it is
applicable to any family of gap types with any duration and
rate. Our only requirement is that the missing data values
are consistent across all IFO measurements.

Although the methods discussed here will always be
cheaper than propagating corrupted telemetry data through

034041-17



BURKE, MURATORE, and WOAN

PHYS. REV. APPLIED 285, 034041 (2026)

PYTDI, they can still be quite expensive to compute.
Datasets that are four years in length sampled at 4 Hz are
large to store and, although the operations discussed above
are relatively simple, there is still a vast quantity of data
that must be processed. A cheaper and still very accurate
way to compute the gap augmentation is simply to compute
the gap augmentation in the various TDI variables using
the analytical formulas (35). Given the list of missing-data
telemetry sets (C2), one can compute Eq. (35) and sum the
total amount of missing data predicted from each segment.

This is a very cheap way to estimate the number of miss-
ing data values in the overall TDI expressions, with the
only caveat being a potential overestimation of the number
of missing data values. Such scientific claims should then
be understood as conservative. Making reference to Fig. 2,
we see that for a fixed order of interpolant IC = 45, the
maximum loss of data is approximately 90 s. This means
that if there are multiple (telemetry-based) gaps contained
within a 90-s interval, then the cheap gap-augmentation
procedure outlined above will not account for the inter-
secting data gaps as a result of widened edges. Using this
cheap method leads to the possibility that we will slightly
overestimate the number of missing data elements, which
is ultimately conservative at heart.
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