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Quantum error-correcting codes (QECCs) require high encoding rates in addition to high thresholds
unless a sufficiently large number of physical qubits are available. Many-hypercube (MHC) codes, defined
as concatenations of the [6, 4, 2] quantum error-detecting code, have been proposed as high-performance
and high-encoding-rate QECCs. However, concatenated codes have the disadvantage that the syndrome
weight grows exponentially with respect to the concatenation level. To address this issue, here we propose
subsystem quantum codes based on MHC codes. In particular, we study the smallest subsystem MHC
codes, namely, subsystem codes derived from concatenated [[4, 2, 2] error-detecting codes. The resulting
codes have a constant syndrome-measurement weight of 4, while keeping high encoding rates. We build
block-MAP and neural-network decoders and show that they demonstrate superior performance to the

bounded-distance decoder.

DOI: 10.1103/xbzn-vn37

I. INTRODUCTION

Quantum error-correcting codes (QECCs) [1,2] are
widely accepted as a means of performing quantum com-
putations fault-tolerantly. A quantum circuit on physical
qubits is encoded into one on logical qubits, protected from
noise by the repetition of detecting and correcting errors
via syndrome measurements. The surface code is the cur-
rent standard QECC [3-5]. The advantage of the surface
code lies in the fact that it has a high error threshold and is
implemented locally via nearest-neighbor interaction on a
two-dimensional array of qubits. However, fault-tolerant
quantum computations with it require high space over-
heads, that is, one needs d” physical qubits to encode a
single logical qubit with code distance d. Bivariate bicy-
cle (BB) codes, which are representative of the quantum
low-density parity-check (qLDPC) codes, have been pro-
posed as a solution to this problem [6]. With the same code
distance, the encoding rate is much higher than that of the
surface code. The syndrome measurements in the BB code
involve weight-6 check operators, but, unlike the surface
code, they are nonlocal: one needs to interact two qubits
far apart.
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Another solution to the encoding-rate problem has been
proposed based on code concatenation [7-9]. Here, we
refer to the number of codes that are concatenated to
construct a single code block as concatenation level or
simply level, which is denoted by 7 in the following. The
concatenation of the quantum Hamming codes [10,11]
of sizes 7,15,31,...,2""2 — 1 leads to an asymptotically
constant encoding rate of 1/36 as the concatenation level
increases [7]. The concatenation of the [6,4,2] quan-
tum error-detecting code, the resultant codes of which
are referred to as the [6,4,2] many-hypercube (MHC)
codes [8,12,13], has also been proposed. Within interme-
diate sizes, [[6,4,2]] MHC codes have a high encoding
rate of (4/6)". In such concatenated codes, however, the
weights of the syndromes (check operators) grow exponen-
tially as the concatenation level increases. This is because
the weights of lower-level logical operators, which make
up the check operators, also grow exponentially. Specifi-
cally, the level-r concatenated quantum Hamming code has
check operators of weight as high as 4 - 6"~! [7], and the
level-r [[6,4,2]] MHC code has check operators of weight
6-2-18].

A similar problem occurred in the Shor code [14],
which is a concatenated code of the three-qubit repetition
codes for bit-flip and phase-flip errors. When the former
code is defined using logical qubits of the latter code, the
syndrome measurements for bit-flip errors are performed
on six qubits, while those for phase-flip errors on two
qubits. The weight of the check operators can be reduced
by making part of the qubits not engaged in quantum
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computations. The resulting code is known as the Bacon-
Shor code, which is a type of subsystem code [15—17]. The
redundant parts of the qubits are referred to as the gauge
qubits. Since any two operators are equivalent modulo
gauge-qubit operators, the weight of the check operators
is reduced to 2 in the Bacon-Shor code. Another method of
reducing the check-operator weight is by introducing time-
periodic syndrome measurements, known as Floquet codes
[18-26].

In this work, we propose subsystem codes made from
MHC codes [8], which are referred to as subsystem MHC
codes. As a simple example, we study the [[4,2,2]] sub-
system MHC codes, which are the subsystem codes of the
concatenated [[4, 2, 2]] error-detecting codes. The [[4,2, 2]
code is the smallest stabilizer code that can detect a single-
qubit error [27,28]. The resulting code at concatenation
level ris a [4",2",g,2"] code, where g = 4" 4+2"—2.3"
is the number of gauge qubits. The syndrome measure-
ments are performed on four qubits at an arbitrary level,
while the original level-r [4,2,2]] MHC code has check
operators of weight as high as 4-2"~'. However, the
decoding becomes problematic due to the large number
of gauge qubits. We overcome this problem by building
two kinds of decoders for the new codes: a block-MAP
(maximum-a-posteriori) decoder [29] up to level 3 and a
neural-network (NN) decoder [30,31] up to level 4. We
evaluate the performance of the [4, 2, 2] subsystem MHC
codes and show that they outperform the theoretical per-
formance of the bounded-distance (BD) decoder and also
the performance evaluated with belief propagation with
ordered statistics decoding (BP-OSD) [32].

In the following, we denote the [4,2,2] and [[6,4,2]
error-detecting codes by D4 and Dg, respectively, and their
concatenated codes by D, ..., when the level-i code is
D,,, following the notation of [12]. Specifically, the origi-
nal level-r [4,2,2] MHC codes are denoted by D4 (e.g.,
Dy 4 for level 2 and Dy 44 for level 3) and we refer to the
level-r subsystem ones as the subsystem D4 codes.

The rest of this paper is organized as follows. In Sec. I,
we explain the definition of the subsystem D4 codes in
more detail. In Sec. III, we present our decoders and show
their performance. Finally, we present our conclusions in
Sec. IV.

IL. [[4,2,2]] SUBSYSTEM MHC CODES

A. D4 code
We start with the definition of the D, code [27,28]. The
Dy code is a stabilizer code defined on four qubits and has
two stabilizer generators given by
SxV = x X%, SZV =2,2,2:7,, (1)
where X; and Z; are the Pauli operators on qubit j,
and the number in the superscript indicates the level of
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FIG. 1. A circuit for an encoder of |yy,); state and the
syndrome measurement of the D4 code.

concatenation. The logical operators of the two encoded
qubits are given by

{XL(II) = XX, {X;; =X\ X, o
70 =22, |2 =27,
The code space is spanned by

= (60)" (x2) 200 @)

where ¥, ¥, = 0, 1 and |00), = (|0000) + [1111))/+/2 is
the Greenberger-Horne-Zeilinger state. A quantum circuit
for an encoder [33] followed by the syndrome measure-
ment of (1) using two ancilla qubits [34] for the D4 code
is shown in Fig. 1. This syndrome extraction method can
detect harmful errors that spread into data qubits [34].

B. D44 code

Let the four physical qubits of the D4 code be aligned
along the x axis fromx = 1 to 4. Atlevel 2, we prepare four
sets of the D4 code, each of which is specified by its posi-
tion along the y axis from y = 1 to 4. The D4 4 code is then
defined on 4? = 16 physical qubits on two-dimensional
lattice sites [8].

The logical operators and part of the stabilizer genera-
tors of Dy 4 are constructed using the logical operators of
Dy. There are two logical qubits per each D4 code, for a
total of eight logical qubits. The D44 code consists of two
Dy codes, each of which is defined by four level-1 log-
ical qubits. Let the jth level-1 logical operators at y be
denoted by XL(jl)y and Z\)  wherej € [1,2] and y € [1,4].

J Lj.y>
One obtains the level-2 stabilizer generators [Fig. 2(a)]

4
SX~(2)y — ®X(l)
J

L3—j .y

2)y
Z( )y ®Z](‘]1)va (4)

y=I1
and the logical operators
kt1

(2) (1) (2) (1)
XLJk - ® XLJ 2 ZL/k ®ZLJ N )
y=3—k =
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FIG. 2. The logical-qubit operators, gauge-qubit operators, stabilizer generators, and check operators of (a) Dy 4, (b) subsystem Dy 4,
(c) subsystem Dy 44, (d) Dsg, (€) subsystem Dg g, and (f) subsystem Dg 6 codes are shown. In (c),(f), the stabilizer generators that
extend along the x, y, and z directions are shown separately. The logical-qubit (gauge-qubit) operators are defined on qubits shown by
red squares or cubes (yellow lines). Notice that the logical X and Z operators of the same logical or gauge qubits are not defined on the
same sets of qubits; they share an odd number of qubits so that they anticommute with each other. Two types of stabilizer generators,
SX and SZ, are defined on the same sets of qubits shown by blue lines, rectangles or cuboids. This is also the case for the X and Z

check operators (black lines).

where j,k = 1,2. Here y in the superscripts in (4) indi-
cates that the stabilizer generators extend along the y axis
[Fig. 2(a)]. The stabilizer generators with the same sub-
script are made to be defined on the same set of physical
qubits. Combined with the level-1 stabilizer generators,
there are 12 stabilizer generators and four logical qubits
that have weight-4 logical operators, forming a [42, 22, 22]]
code. Eight of the 12 stabilizer generators are weight-4
operators and the remaining ones given by (4) are weight-8
operators [Fig. 2(a)].

C. Subsystem D44 code

An [[n, k,g,d] subsystem code encodes k-qubit states
on n physical qubits with code distance d. It contains
g gauge qubits. We construct a [[4%,22,2,2%] subsystem
code from the D44 code by assigning four-qubit operators
atx = 4 and y = 4 as the gauge-qubit operators [Fig.2(b)].
Specifically, they are given by the level-1 stabilizer

generators SX 4(1), SZS) at y = 4 and two operators

(6)

4 4
Q) Xay, X Zay
y=1 y=1

atx = 4, where X,, and Z,, are Pauli operators of the phys-
ical qubit at (x,y). The gauge-qubit operators do not share
physical qubits with the level-2 logical-qubit operators (5).
Since these operators are now irrelevant to the code, the
level-2 stabilizer generators (4) are equivalent to weight-4
check operators [Fig. 2(b)]. As a result, there are 14 inde-
pendent check operators with weight 4 in the subsystem
Dy 4 code.

The check operators form a gauge group G, from which
a subsystem code is defined [16,26]. The stabilizer group
is the Abelian subgroup of G defined by Z(G) N G, where
Z(G) is the centralizer of G [2]. The stabilizer generators
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are weight-8 operators, which are the products of two adja-
cent parallel check operators [Fig. 2(b)]. Therefore, we
can determine the syndrome outcome by measuring the
weight-4 check operators and calculating the products of
the measurement outcome. Notice that while the measure-
ment outcome of the check operators is determined proba-
bilistically since they are not commutable with each other,
their products are not. There are 10 stabilizer generators in
the subsystem D44 code. The logical-qubit operators are
part of the generators of Z(G) that are not included in G,
and are the same as those of the D4 4 code (5).

D. Subsystem D4 codes

The subsystem Dy code is defined on 4" qubits form-
ing an r-dimensional hyperlattice of linear dimension 3.
Along each axis, there are 4"~! parallel lines that connect
four qubits, for a total of - 4! lines. We define weight-4
check operators as the products of X and Z on these lines,
respectively. The gauge group G is generated by the check
operators. The stabilizer generators of S = Z(G) NG are
operators on hypercuboids of 4 - 2"~! physical qubits (four
in one of the r directions and two in the others). For each
direction, there are 2 -3"~! stabilizer generators. How-
ever, not all the stabilizer generators defined in this way
are independent; there are 2(3" — 2") independent stabi-
lizer generators in the subsystem D4 code. The syndrome
outcome of the stabilizer generators (weight 2"+1) is deter-
mined by the products of the measurement outcome of 2"~
check operators (weight 4). This indicates that the mea-
surement weight is reduced from 2"*! to 4 by making the
Dyr code into a subsystem code.

The remaining generators of Z(G) not included in S
form 2" logical qubits, whose operator weight is 2". The
remaining generators of G not included in S form gauge
qubits. In total, there are 2" logical qubits, 2(3" — 2")
stabilizer generators, and 4" 4 2" — 2 - 3" gauge qubits.

The operators of the subsystem D4 code are defined
recursively from the lower-level codes. Let the stabilizer
generators and logical-qubit operators of the subsystem
Dy-1 code at x, € [1,4] be denoted by

SA(V Dxp

]l"']n"']r lxr

r—1
A;jl";rflgxr’ (7)
where n € [1,r — 1] is the direction along which the oper-
ator extends and 4 = X, Z. Here, ji - - -, - - - j, indicates a
set of indices obtained from ji - - - j, by omitting j,, where
J1s---»jn—1 take values 1 and 2 while j,,4 1, . . . ,j, run from 1
to 3. On the other hand, the subscript indices of the logical
operators take values 1 and 2.

From these operators, the stabilizer generators at level »
are given by

Jrtl

= () 5477 ®)

g 1 dne g1
Xr=Jr

A(V)xn
J1dnJr

forn € [15 r— 1]’jr S [1, 3], and
4
() r—1)
SX]& “frJr ®XL3—11 B 1% 9
xp=1
4
(r)xy _ (r—1)
SZ.fl"'jr—l]r - @Zl‘jl"'jr—laxr‘ (10)
Xp=
The logical-qubit operators at level » are given by
4_jr
(r) (1)
Xijyojy = ® Xy ofr 0 (1)
=3_jr
Jrt+l
(r) (r—1)
ZLJI “Jr ® ZL/1 1 (12)
Xr=jr

for j, € [1,2]. We choose the gauge-qubit operators within
the hyperplane at x, =4 (n €[1,7]) so that there is
no intersection between the gauge- and logical-qubit
operators.

Specifically, the operators of the subsystem D, 44 code
are shown in Fig. 2(c). The code is defined on 43 = 64
physical qubits. There are 8 logical qubits, the operators
of which are defined on 2 x 2 x 2 physical qubits, 38 sta-
bilizer generators consisting of 18 operators that extend
along the x direction and are defined on 4 x 2 x 2 phys-
ical qubits, 12 along the y direction on 2 x 4 x 2 physical
qubits, and 8 along the z direction on 2 x 2 x 4 physical
qubits. In addition, there are 18 gauge qubits.

E. Encoding and syndrome measurements of Dy

For encoding, one needs to fix the gauge to specify the
encoded states. Specifically, we encode a physical state
within the codespace of the original D4 codes following
[8]. Due to the absence of the gauge qubits in the original
codes, there is a one-to-one correspondence between the
physical and encoded states, that is, we can fix the gauge
degrees of freedom.

We measure check operators parallel to each direction
in order from x; to x,. That is, we first measure the 2 - 4”1
check operators parallel to x;, then measure those parallel
to x;, and so on. After measuring all the directions, a single
step of the syndrome measurement is completed. For each
line in the hyperlattice, we attach two ancilla qubits for
the syndrome measurements of X and Z check operators,
respectively, as in Fig. 1. We need 2 - 4! ancilla qubits
to measure all the check operators parallel to each other.
Since we can reuse the ancilla qubits for measuring check
operators in the other directions, the space overhead due to
the syndrome measurements is 3/2.

The syndrome outcome is the eigenvalues of the sta-
bilizer generators and agrees with the products of the
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measurement outcome of the check operators. Hence, we
need to measure only the weight-4 check operators in the
syndrome measurements.

F. Subsystem Dg- codes

The construction of the subsystem Dg- codes from the
original D¢ codes is done in a similar way to that of
the subsystem Dy codes. Compared with the original Dgr
codes, the syndrome-measurement weight is reduced from
6-2"""to6.

The D¢ codes are defined on qubits placed on an r-
dimensional hyperlattice of linear dimension 5. There are
r- 6! lines of length 5. We define weight-6 check oper-
ators as the product of X and Z on these lines, which
form the gauge group. The procedure of constructing the
subsystem Dg codes from this point onward is similar
to that of the subsystem D4 codes in Sec. IID. The
resulting code has 4" logical qubits, 2(5" — 4") stabilizer
generators, and 6" 4+ 4" — 2 - 5" gauge qubits. Specifically,
the operators of the D¢, subsystem D¢, and subsystem
Dg 6 codes are shown schematically in Figs. 2(d)-2(f).
We assign gauge-qubit operators within the hyperplanes at
x, =4 mel,r]).

I11. DECODERS

In the following, we focus on the subsystem D4 codes
and evaluate their performance up to » = 4 assuming bit-
flip errors. The other errors such as measurement errors
or circuit-level noise are not considered and left for future
work. We used stim [35] to simulate the syndrome
outcome.

Our codes have a large number of gauge qubits, the
number of which grows exponentially with respect to the
concatenation level. Compared with the original D4 codes,
the number of stabilizer generators decreases by that of
the gauge qubits, that is, less information is available for
decoding. In addition, the amount of error degeneracy is
2# ofthe gauge qubits tipeg a5 Jarge as that for the Dy codes
since any two errors that are equivalent modulo gauge-
qubit operators are regarded as the same error. This makes
optimal or nearly optimal decoders, which enumerate all
the error degeneracy, infeasible at least within reasonable
calculation time. For this reason, we build an NN decoder
to empirically learn the decoding up to level 4. In addition,
we use the block-MAP decoder, which is optimal, up to
level 3.

For comparison, we evaluate the logical error rate using
BP-OSD [32], which is the standard for the qLDPC codes.
We used the bp-osd package [36,37] with 200 iterations
and OSD order 2. All the results are compared with the the-
oretical performance of the BD decoder that successfully
corrects up to d/2 — 1 errors, where d = 2" is the code dis-
tance of the subsystem D4 code. The logical error rate of

the BD decoder is given by

(13)

=l
POpy=1- 3" (j )pfa—p)“’—f,

Jj=0

where p is the bitflip probability of each qubit. When p «
1, P (p) x p?~'. BP-OSD shows better performance
than the BD decoder at high bitflip probability, while the
logical error rate does not obey sz at lower p [Figs. 3(a)
and 3(b)]. The performance of BP-OSD deteriorates as the
concatenation level increases [Fig. 3(b)].

A. Block-MAP decoder

Let us review the block-MAP decoder, which deduces
the most probable error £ € P, by evaluating the maxi-
mum a posteriori (MAP) probability for a given syndrome
outcome s [29], where P, is the n-qubit Pauli group. In
evaluating the MAP probability, all the error operators
that are equivalent modulo the gauge group need to be
identified. In general, a bitflip error operator £ can be
decomposed as

E=LETE)GE), (14)
where L(E) is a logical operator, T(E) is a pure error oper-
ator, and G(E) is an element of the gauge group G. Since
Pauli operators X and Z are completely decoupled in our
codes, all the components L(E), T(E), and G(E) are com-
posed solely of X operators. The pure error 7(£) has a
one-to-one correspondence with the syndrome outcome
s. Specifically, T(F) is a product of pure error opera-
tors {TX (r)j" -}, each of which flips the eigenvalue of

the stabilizer generator with the same indices following

{SZl(r)xJ" ' TX/ (r):” ; } = 0, but has no other effect. Here,
LT

{SZ(V)X" } are the level-r stabilizer generators in Egs. (8)

and ( 10) the eigenvalues of which are the syndrome out-
come s, The logical operator L(E) is specified by a set of
indices 1V by

(r)

o
Ly =TT ()"

J1idr

(15)

As a result, the problem of finding the most probable error
operator E reduces to finding the maximum conditional
probability P17 |s™) of 1) from a given syndrome out-
come s, Since P17 [s®) = PA,s7)/ >y PAD,s),
the maximum conditional probability is equivalent to the
maximum joint probability. As the probability is evaluated
exhaustively, the performance of the block-MAP decoder
must be optimal [29].

Here, we decompose the syndrome outcome s into
s"¥1¥—1 and s> which correspond to Egs. (8) and (10),
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FIG. 3. The performance of (a) the subsystem Dj44 code,

(b) the subsystem D4 444 code, and (c) the subsystem Dy 4 to
Dy 444 codes with the neural network (NN) decoder. In (a),(b),
the dashed lines are the theoretical performance of the bounded-
distance (BD) decoder (13) and the solid lines are numerically
evaluated by belief propagation with ordered statistics decoding
(BP-OSD) (black), the NN decoder (red), and the block-MAP
decoder (green), respectively. The vertical axis of (a),(b) is the
relative logical error rate compared with that of the BD decoder
(13), while the insets show the bare logical error rate on a log
scale. In (c), we plot the logical error rate estimated with the NN
decoder from level 2 to 4. The inset shows the schematic picture
of the NN at level 2.

respectively. As we saw in Sec. I D, the level-r operators
are constructed from the level-(» — 1) ones. Let the indices
of the level-(» — 1) codes be denoted by 1"~V and s" V.

From Egs. (10) and (11), s»¥ and 1) are determined by
10=D  while s"*1*1 is determined by s~ . This reduces
to a recursive relation of the joint probability given by [29]

P(l(r),s(r)) — Z B(I(r),l(r_l))S(S(r)x’,l(r_l))
1—=1

x Z 5(S(V)x1"'xr71 , s(rfl))p(l(rfl)’ s(rfl))’

sr—1)

(16)

where & denotes the indicator function, which is 1 when
two sets of indices are consistent and 0 otherwise.

We numerically evaluate the joint probability and
decode the subsystem D4 codes up to » = 3. The logical

error rate is proportional to sz and is smaller than the
other decoders as it should be [Fig. 3(a)]. Decoding the
subsystem Dy 444 code with the block-MAP decoder was
not available within a reasonable calculation time.

B. Neural-network decoder

To learn the decoding of the subsystem D4 codes, we
use fully connected deep neural networks [30,38—41]. The
NNs learn the relation between the syndrome outcome and
the indices of the most probable set of errors. We assign
the syndrome outcome s as the input and the indices 1
for the logical operator L(E) in Eq. (15) as the output. This
class of decoders are called as high-level decoders in the
sense that the output is not errors of the individual phys-
ical qubits but those of the logical qubits [38]. We train
the NN to minimize the binary cross entropy between the
predicted 17, which takes real values between 0 and 1, and
their ground truth, a set of Os or 1s. As we assume bitflip
errors, there are 3" — 2" input nodes and 2" output nodes at
level r.

The NN are trained using sets of the syndrome outcome
and logical indices simulated by a circuit with a specific
bitflip probability p. The same NNs are used for decoding
circuits with general p. Specifically, we consider a fully
connected NN with three hidden layers with 16 x 3" nodes.
The numbers of hidden layers and nodes are determined so
that the performance is well converged at level » = 2,3 and
is the best at level » = 4 [42]. We trained the NNs with 222
samples simulated with p = 0.04 at level 2, 22° samples
with p = 0.04 at level 3, and 2% samples with p = 0.03 at
level 4.

The logical error rate of the NN decoder is better than
that of the BD decoder, which indicates that the NN suc-
cessfully corrects more errors than the bounded distance.
In addition, the NN decoder performs better than BP-
OSD across the entire range of p. However, considering
the performance difference between the block-MAP and
NN decoders at level 3 [Fig. 3(a)], the NN decoder may
not fully utilize the potential of the subsystem D4 codes,
which we leave for future work. The threshold for the
bitflip error is estimated about 2%.
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IV. CONCLUSIONS

In this work, we have proposed subsystem MHC codes
as subsystem codes of MHC codes. In the case of the
[[4,2, 2] subsystem MHC codes, the weight of the check
operators is reduced to 4 regardless of the concatena-
tion level, and hence the problem of an exponentially
large operator weight common to concatenated codes is
resolved. In addition, the net encoding rate including
ancilla qubits at level 7is 1/(3 - 2"~1), which inherits a high
encoding rate from the original MHC codes. The subsys-
tem MHC codes proposed here can be extended to arbitrary
MHC codes including those with the [6, 4, 2] code [8].

Due to the presence of an exponentially growing number
of gauge qubits, the numerical cost of exhaustive searches,
such as brute-force or block-MAP decoding, grows far
faster than the original [[4,2,2] MHC codes as the con-
catenation level increases. Thus, we have built a fully
connected deep NN decoder to reduce the numerical cost
in decoding. The performance of the NN decoder exceeds
that of the BD decoder and BP-OSD. Compared with the
original [4,2,2]] MHC codes, the estimated threshold for
the bitflip error is reduced from 7% to 2% (see Appendix).
This reduction could be due to reduced information from
the syndrome measurements, and also due to the decoder
that is not sufficiently optimized. Indeed, the performance
of the NN decoder has not reached that of the block-MAP
(optimal) decoder. Closing this gap could potentially be the
focus of future work.

Compared with the teleportation-based error correction
proposed in Ref. [8], the advantages of the proposed syn-
drome extraction by ancilla measurements are that the
number of ancillas is reduced by a factor of 1/4 (1/6)
for subsystem D4 (Dg) codes, and that this method is
free from the need to prepare logical Bell states. How-
ever, syndrome extraction with ancillas in general requires
repeated measurements, which would make the time over-
head larger than that for teleportation-based error correc-
tion. In addition, entangling data qubits with ancillas could
lead to error spreading, which is not considered in this
work. We will discuss the circuit-level noise separately in
a forthcoming paper.
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FIG. 4. The performance of the D4 codes by (a) BP-OSD and
(b) the level-by-level minimum distance decoder [8]. Numeri-
cally evaluated logical error rates are plotted from level 2 to
level 4.

APPENDIX: Dy CODES

In this appendix, we show the performance of the
original Dy codes.

The original and subsystem Ds codes share the same
logical-qubit operators, while the stabilizer generators are
slightly different. Unlike the subsystem D, codes, the
original one inherits the lower-level stabilizer generators
after concatenation. In total, there are 4" — 2" stabilizer
generators, which constitute a [4”, 2", 2"] stabilizer code.

We numerically evaluate the performance of the Dy
codes, assuming bitflip error, in Fig. 4. We employ the
BP-OSD and the level-by-level minimum distance (MD)
decoder [8]. The threshold for the bitflip error estimated
with the MD decoder is about 7%.
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